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V pobomi poseasdaemuvesa cmoxacmuyme Jupepenyiasvhe PIGHAHKA 6 YACTKOBUL NOTIONUT, G CAME
cmoxacmuyre JuPeperyianvHe PIBHAHHA MENAONPOSIoHocmi 3 biaum wymom. Ilobydosaro cmamucmuyuny
ouiHKyYy napamempy Judysii, docaidHCEHO BAGCTNIUBOCTE OMPUMAHOT OUTHKU, G CAME KOH3UCTMEHMHICTIL
ma ACUMNIMOMUYHE HOPMANOHICTND.

Knowoei caosa: cmoracmudre dudeperiiansvhe DIGHAHHA MENAONPOGIOHOCTNI, OUIHKA, ACUMNIMOMUYHA
HOPMAALHICTND, KOH3UCTEHITIHICTND.

This paper deals with stochastic differential heat equation which is the typical example of stochastic
partial differential equations(SPDE). In particular , paper is devoted to the estimation of diffusion
parameter o for the random field which is the solution of stochastic differential heat equation for R%, d =
1,2,3. The estimtion of diffusion parameter was constructed in accordance with observations on the
grid. It was shown that the constructed estimate is strictly consistent and asymptotically normal, the
asymptotic variance was calculated.

Key Words: stochastic partial differential equations, stochastic differential heat equation, estimate,
asymptotical normality, consistency.
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1 Introduction According to [1], the solution to such equation

is given by
Stochastic partial differential equations (SPDEs)
appeared in literature in the mid-70s of the last t
century. One of the first publications to consider u(t, z) = U/O R Gt — s, — y)W(dy)ds,
such was Walsh’s work [1]. SPDEs had been in- t>0,zeR?
troduced due to necessity of modeling and de-
scribing of random phenomena in physics, chem-  where function G is the Green function defined as
istry and biology (problems of filtration in differ-
ent substances, wave propagation in random en- G(t,2) {(27Tt)—d/2 exp (—@)7 ift >0,

b X =

(2)

vironment, diffusion processes under the various 5 # e

. . i i o(z) if t =0.
conditions, modeling of biology populations) on
one hand and due to development of analysis and
the theory of random processes, on another.

This paper deals with stochastic heat equa-
tion, which is a typical example of SPDE. Specif-
ically, paper is devoted to the estimation of diffu-
sion parameter o for the random field being the Dy = {(i15, oy igb) i, ig e {1, ... ,N}}.
solution of following stochastic heat equation with
a Gaussian white noise W in dimension d = 1,2,3:  Our aim is to construct an estimator for o based

Statistical formulation of the problem is the
following: for a fixed time ¢ > 0 and a fixed step
d > 0, the random field u given by (2) is observed
on the grid

on these observations and to study its asymptotic
Fri EAU (t,z) =W (z),t >0,z € R?, properties as N — oo. Our approach is based on
J the ergodicity, as a function of spatial variable x,

u(0,2) =0,z € R". (1) of the random field w.
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2 Properties of u /2 2
= G(1, )ds dy =
0 \f

We first establish some properties of the solution

1 2
u. ex —— | — X
/ / (5152) d/Q (2m)d /]Rd p( 251’ vl )

2 _
Theorem 2.1. 1. The field u(t,z) given by (2) is eXp (—|x — Y| >dy ds1dsy =
well defined with
/ / (s152) d/2 2m)d
ClSldSQ _
/ / (27 (s1 + 52))¥/2 / exp( yP (s +SQ))alyals dsy =
4(2— \[tS/? d=1 28182
‘1 23ﬁ ’ 281827T d/2
- %, d=2 (3) d/g d81d$2 -
2(— 1+\f)ﬁ J—3 8182 271‘) S1 + S2
7372 ’ / /
= d81d$2
d/2
2. For the fized t € [0,T], the random field 0 Jo (2m(s1 +32)) /
u(t,-) is stationary. o The last integral exists for 1 < d < 3. Comput-
3. For d =1, the following is true: ing it for each case d = 1,2,3, we arrive at (3).
X Thereby, the field u(t, x) given by formula (2) is
26XP( 27) 3/2 well defined.
cov(u(t, 0), u(t, x)) - 3v2r - 2. Let us transform the covariance:
2
R ), L2l P <m> N cov (u(t, ), u(t, 2 + ) =
3V 2 3 3 Vi

t
2 = G(t — 51,2 — h)dsy x
+4tzd <az —2tx—1\/?exp (—x>>< /Rd/ ( ! Jds1
T

\/ﬂ> 3 2t

{(sf—seXP@j))H(@_%Xp(gw o
+6exp<zt>\/ﬁx<2@ <\2>—1)]+ /Rd/ G (u1, —y) dul/ G (ug, x — y)dus dy.

2z 3 < 2| > Slnce. the gxpressmn does not depend on z, the
3 V2t field is stationary. .
3. Let us evaluate the covariance:

Proof. 1. The integral in (2) is well defined if the
integrand is square integrable. cov (u(t,0), u(t,z)) =
) ) t t
v® = E(u(t,z))” = = / / G(s1,x — y)ds1 / G(s2, —y)dsady =
t 2 R
= / (/ (G(t— s,z — y))dS) dy ds
R¢ \Jo ) NG X
1
Let introduce the substitution ¢ — s — s, in that ¢ | ’ ds
case X/ G<17 y )de:
V527 \/52
t 2
o2 — / </ G(s,x — y)d5> dy / / /ex |33 - y|2 yl* dy dsidss _
Re \JO 2s9 ) 2m./5159
At next steps we will use the properties of / / o ( ]w\Q ) dsydss
. = X — e
function G 2(s1 + s2) 27(s1 + s2)

v2:/}Rd </{:G(s,a¢—y)ds>2dy: / \/;exp< )du+
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+/2t2t—ue < |z|?
«p [ =
+ V21mu P 2u

where in the last equality we have integrated over
$1 + s2 = u. A direct computation then gives the
required formula. O

Theorem 2.2. For fixed t > 0, the random field
{u(t,z),z € RY} is ergodic.

Proof. Since the field {u(t,z), 2 € R%} is centered
Gaussian, it suffices to prove that

r(z) = cov(u(t,0),u(t,

= Fu(t,0)u(t,x) = 0,2 — oo.

Using the definition of the function GG, we have

t
:/ /G(t—sl,x—y)dslx
R Jo
t
></ G(t — s2,—y)dsady =
0
G
t
|~y
X Gl|1,
fo(

e (5

dydsidsy
(2m)(sy159) 42

- /ot /ot o (_ ) (2n(

— 0,z > o00. [

— | dsy
) (s1)%2

dSQ
(52) /2 Y

)

lz =yl |yl

X
232 )

51

jz/?

S1 + S92

d81d52

S1+ S2

))d/Q —
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3 Main results

By the results of the previous section, the field
u(t, ), k € Z% is strictly stationary and ergodic.
Therefore, for any Borel function ¢ : R — R such
that E|g(u(t,0))] < oo, thanks to ergodic theo-
rem, almost surely it holds that

Ni 2 9

-Z'kEDN

— Eg(u(t,z)), N — oo.

(4)
This gives the idea to consider the following esti-
mator for o

u(t, xg))

. 1
U2:NTQ}2 Z u(t, zp)?,
xkEDN
where
= dsidso =
// (27 (51 + 82))7/2 o1
2 ft3/2 .
3\/’ 9 dila
_ ) tln2 _
= ;‘,f\[ d=2,
2(—14+v2)VE
CLEVE =3,

Taking into account (4), we we have the fol-
lowing theorem.

Theorem 3.1. 62 is a strictly consistent estima-
tor for the parameter o® for N — 0o, it means

62 = o, N = 0, a.s.

Now let us investigate the asymptotic normal-
ity of the estimator 2. Consider the case d = 1;
for other cases the proofs are similar.

Denote

Vn — E|V]
T = Vv — ElVy]

D(Vy)
where

N
Z Txk
k=1

Since 1//7\/ is an element of the second Wiener chaos
(w.r.t. the noise W), we may use the Nualart—
Peccati Fourth moment theorem [4].

Consider first the variance of V.
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Lemma 1. The following convergence is true:

o
— 20" +4) p(i)® =
=1

D(Vn)
N
(5)

[e.e]

_QZp

i=—00

, N — 00,

where

0'2:

D(u(T, z1))
p(i) = cov(u(T, z;),u(T,0)).

Proof. Transform

cov w(T, )2, u(T, 0)2) =

= No? -I—QZ
:2NJ4+4Z(N—
i=1

Therefore,
N-1 .
D(Vy) 4 ¢ N2 _
=20 +4Z<1 N)p(z) -

= 20" + 42(1 — %) p(i)2.

Since (1 — %£)Tp(i)> 1+ p(i)2, N — oo and
S, p(i)? < oo, then, thanks to the dominated
convergence,

Vi)
(NN — 20 4+4Zp N 5 00. O
Lemma 2. The following convergence is true:
E(Vy — EVy)?
( NN2 M) o005
oo 2
+480* Z 2148 (Z p(m)2> = (6
m=1

o0

=12 (
m=—00

2
Z p(m)2> , N — 0.
Proof. Write

E(Vx — EVy)*
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Define u(T,xx)? — 02 = Zg. Since u(T,z) ~
Nk (0,0?), we have u(T, z) — p(0) ~ o2(Ng(0,1) —

1) =: 0?(N — 1). Now write
4
(%)

N
= EZi+4> EZ}Z,+3> EZ}Z}+
k=1 11742 117102

+6 > EZ}ZyZi,+ EZ;, Zi) 2, Z:,,
i1 A3 11 £i2F 1370

E(Vy — EVy)*

where Zil St denotes the some over all j-tuples
(i1,...,1;) of distinct indices from {1,..., N}.
We now consider each term separately.

EZy =0®E(N; —1)* =
= 0%(ENf —4EN} + 6EN;; —4ENE + 1) =
= o3 —4-5146-3!! —4-1!! +1) = 700°.

Further,

EZ} Z;, = c®B((N} — 1))3(N2 — 1).

Denoting by H; the jth Hermite polynomial, we
have

(22 — 1)® = Hg(x) + 12H4(2) + 30H(z) + 8,

therefore, using the Isserlis formula [6],

=o®B((N} — 1))(
—aSE(HG(N“)+12H4( )+
+30H>(N;,) + 8)Ha(Ny,) =

= 300°E(Hy(N;, ) Ha(Ny,)) =

EZ} Z;, N? —1)

2

= 600°[E(N;, Ni,)|? = 6004 p(iy — iz)2.
Further,
EZ} 72 = o®B((N? —1)*(N] —1)?)
Since
(2 = 1)? = 2% — 222 + 1 = Hy(z) + 4Hy(z) + 2
we have
EZ} 72 = o®B((N} —1))*(N2 —

—1)%=
= o®E(Hy(N;,) + 4H5(Ny,) + 2) x

X (Hy(Niy) + 4Hy(Ny,) + 2
= 0®E(Hy(Ny, ) Hy(N;,) + 16 Ho(Ny, ) Ha(N,) + 4)

12
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= oS E(Hy(N;, )Ha(Ny,)) + 320 p(iy — i2)* + 40°
Let us calculate E(Hy(N;,)H4(Ni,)) separately:

E(Hy(N;, ) Hy(Nyy)) =
= E(N;, — 6N} +3)(N;, —6N., +3) =
= E(N} N, —6N;\N_, + 3N}, — 6N} N;, +
+36N; N, — 18N}, + 3N;, — 18N, +9)

Using the Isserlis formula, we obtain

EN{N{L =9(EN2)*(EN})*+
+72EN2 EN(EN;, N;,)? + 24(EN;, N, )* =
=9+ 72(EN;, N;,)* + 24(EN;, N,)*

and

ENANZ =3ENE(EN? )+
+12EN? (EN;, N;,)? = 3+ 12(EN;, N;,)?.

Substituting this result into initial formula, we get

E(Hy(Ny; )Hy(Nyy)) =

= E(N: N — 6N N2 + 3N} — 6N2 N2+

+36N.N;, — 18N}, + 3N;, — 18N}, +9) =

= 9+ T2(EN;,Ny,)2 + 24(EN;, Ny, )*—
—6(3+ 12(EN;, N;,)%) +3 - 3—
—6(3 + 12(EN;, Niy)?) + 36(1 + 2(EN;, Ny, )?) —
~1843-3—-1849 =
= 24(EN;, N;,)*.

Consequently,

EZ} Z; = o®E(Hy(N;, ) Ha(Niy))+

+320p(iy —ig)? + 40® =
= 24p(iy — i) + 320 p(iy — i9)? + 405,

Now

EZ} Z;,Z;, = 0®E(N7 — 1)*(N7 — 1) x
x (N2 —1) = 0®E(N N2 N2 — N N2 —
—N}:NZ + N} —2N2 N2 N? +2N? N2+
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+8EN;, Ni, EN;, N;, EN;, Ny, ;

EN{}N2NZ =3(EN?)*EN2ENE+

+12EN? EN; (EN;, Ny, )*+

+12EN} EN;.(EN;, N;,)*+

+6(EN])*(EN;,Niy)*+

+48EN} EN;, N;, EN;, N;, EN;, N, +

+24(EN;, N;,)*(ENy, N, )2

Therefore,

EZ? Z;,Z;, = 0®E(N}: N2ZNZ — N N2 —
—N}NZ + N} —2N2 N2 N2+
+2N7 N}, +2N. N, — 2N+

+N2NZ — N2 — N2 +1) =
= 30% + 120 p(i1 — i3)*+
+120%p(iy — i2)? + 60 p(ia — i3)>+
+4807p(iy — i2)plia — i3)p(i1 — i3)+
+24p(ir —i9)?p(in — i3)? — 30°—

—120%p(iy —i9)? — 306® — 120 p(iy — i3)*+

+30% — 2(0® 4 201 p(ig — i3)*+
+20%p(iy —i3)? 4+ 20%p(iy — i2)*+
+80%p(iy — ia)p(ir — i3)p(iz — ig))+
+20% + 40 p(iy — i9)% + 205+
+40tp(iy — i3)% — 20% + 204 p(ig — i3)*
= 3202 p(i1 — ia)p(ir — i3)p(ia — i3)+
+24p(i1 — i2)%p(i1 — i3)% + 40 p(iy — i3)%

Finally,
EBZiyZiyZis i = 0" E(N;, = (N}, = 1)x
x(NZ — 1)(NZ — 1) = 0" E(NZ N2 NZ N2~
—NiNENG — NENG NG + NjNG—
_NZ%N%NZ; + szlNi + NZ%Ni—
—N} — NZN2NZ + N2NZ+
FNENE - N+ NENE < N - 2 41,
By the Isserlis formula,

EN? N:N2N? = EN? EN2EN:EN?+

+2(EN? ENZ(EN;,N;i,)*+ EN2 ENZ(EN;, N;, )*+
+EN} EN}(EN;,N;,)* + EN2,ENZ(EN;, N;,)*+
+EN? EN? (EN;, N;,)* + EN.ENZ(EN;, N, )?)+
+8(EN}? EN;,N;, EN;yN;, EN;, N;, +
+EN2EN;, N;,EN;,N;, EN;, N;,+
+EN2EN;,N;,EN;,N;, EN;, N;,+

2 AT2 2 2 72 2 2
+2N;, N;, — 2N; + N;N; — N;, — N;, +1).
By the Isserlis formula,

ENJ NN} = EN.EN],EN}.+
+2EN? (EN;,Niy)* + 2ENZ (EN;, N, )*+
+2ENZ (EN;, Ni, )*+

13
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+ENZEN;, N;, EN;, Niy EN;, Niy )+ Agn = 240" D plia — i3)?,
+4((ENi1Niz)2(ENi3Ni4)2+ i
. SN2 . )
N, N PEN, N Aow =1 Y (plin il — i+
i1 Ao iz
+(ENi1Ni4)2(ENi2Ni3)2)+ . . 21 .2 3. 42 . SN2 /. . \2
+p(in — i3)?pliz — ia)? + p(in — ia)?p(iz — i3)?),
+16(EN'L'1NizENigNigENigNi4ENi1Ni4+ A 16
8N =
+ENilNi3EN7;2Ni3EN7;1NZ'4ENZ'2NZ'4+ . . . . . . . .
+EN;, Niy EN;, Niy ENi, Ni, ENi, Ny, ). x> (plin —i2)p(ia — is)p(is — ia)plin —ia)+
i1 FioFi3 704
Thus, we have +p(in —i3)p(iz — i3)p(i1 — i4)p(iz — i4)+

o +p(in — i2)p(in — i3)p(iz — ia)p(iz — ia)).
EZ; Zi, 2, Zi, = A(p(i1 — i2)?plis — i2)*+

Y plin — i3)2plia — ia)? + p(i1 — ia)?p(ia — i3)2)+ Let is consider each sum separately:
+16(p(i1 — i2)p(iz — i3)p(iz — ia)p(in — ia)+ Ay =2400" > p(iy —in)® = |iy — iy = m| =
—l—p(il — ig) (12 ) (21 — 24) (22 Z4)+ 1742
+p(i1 — i2)p(i1 — i3)p(iz — i4)p(iz — i4) =
) = 4800* Z (N —m)p(m)?.
Collecting everything, m=1
Therefore,
E(Vy — EVy)* = T0No® + 2400* Y~ p(iy — i2)*+
11712 A]_N 48004 >
o S p(m)* — 0, N — oo
L4 4 0 N2 8 N2 N
+3 Z (24p(21 —1i9)" + 320" p(iy —i2)* + 4o )—I— m=1
7 ) Further,
+6 > (320%p(iy — iz)p(ir — is)p(iz — is)+
Ty . . VR . N
117£12F£13 A27N =72 Z 24p(11 — 12) = |11 — 19 =m| =
+24p(in — i2)2p(i1 — i)? + 4o plin — i)?)+ R
+ ) (4plin — i2)?p(is —ia)*+ =144 ) " (N —m)p(m)*.
i1A90F# i3 A0 k=1

+ap(in —i3)?plia — ia)? + 4p(in — ia)?plia — i3)*+

R s s Similarly to A n, ‘%\27—’2]\[ — 0, N — oo. Further,
+16p(i1 — i2)p(iz — i3)p(iz — i4)p(i1 — i4)+

+16p(i1 — i3)p(iz — i3)p(i1 — ia)p(ia — ia)+ Az y =3 (320%p(i1 — iz)* + 40%) =
+16p(i1 — i2)p(i1 — i3)p(iz — ia)p(iz — ia)) = itz
N-1
8
= TONo® + 3" Ajn, =1920" Y " (N —m)p(m)® + 120*(N? — N).
=1 ’ m=1
Hence
where
AN — 1208 , N — o0.
Ary =2400" Y o'plin — i2)?, N?
géiz Denoting i1 — i3 = m, i1 —t3 = n, we can estimate
Ay y = T2 (i1 —i2)*,
i1 £in Agn =144 Z (i1 — i2)?p(i1 — i3)* <
A3,N =3 Z (3204,0(2'1 o i2)2 + 40_8)7 Z15’5127’513
iz < 144N Z 2 <
Ay n = 144 Z plin —i2)?p(i1 — i3)?, mp=—N
11F£127#£13
A5,N = 1920‘2 Z p(il — ’iz)p(il — ig)p(ig — ig), < 144N Z
m,n=—o0

i1£in i3
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2
Hence, we get = <Z p(ip — i2)2> - Z plin — i2)4 =

Ay N LON o oo i1 #i2 i ia
N2 ’ ’ N-1 2 4
2 2,N
Making similar index changes, = (2 Z (N —m)p(m) > T g
m=1
| A5, v| < 1920°N Z )p(n —m)| < Therefore,
e N-1 2
— Ay N Ayn
Arn =4 N — 2) =2 T
< 1920°N Z p(m)p(n)p(n —m); N 8(2_( m)p(m) > 6 3
m,n=—00 m=1
hence
|Ag n| < 48N Z p(Dp(m+n+1) < N
J=— A — 2
o lim 22N — 48 lim (1= %) plm)?) =
N—oo 2 N—oo N
48NS pm)p(m)p(lp(m +n+1) =
) 7l7_ 0
m,n [oe] — 48 Z p(m)2
therefore, =
A5 0 As.y 0. N Collecting everything
N2 — U, N2 — 0, — 0Q. 5
E(Vy — EVy)* >
Further, ( N e N) 5 120.8 4 480'4 Z p(m)2+
Agn =240" D" pliy —i3)® = m=1
i171i27#13 00 2
2 _
= 240" (N = 2) > pliy —i3)* = +48<Z p(m) ) =
i2§£i3 m=1
N-1 0 ) 2
= 480" (N = 2) ) (N — m)p(m)®. —12< > p(m)) N =00, O
m=1 Mm=-—00
Therefore,
Ag N 4 2 N1 m ) Theorem 3.2. 62 is an asymptotically nor-
N’Q = 960 (1 - N) (1 - N)P(m) — mal estimator of o® with asymptotic variance
met 252 pi)?.

oo
— 4801 Z p(m)? N — oo.

Finally, let us deal with A7y : Proof. From Lemmas 1, 2 it follows that

L . E(Vnx — EVy)?
Ary =12 Y plin —ia)’plis —ia)? = lim 2 g 2N) =
i1 AinFisis N—oo (V)
E(Vy—EVn)*
. . . . _ 1 N2 _
— 12 > plir—iz)*p(iz—is)*— = (D(VN)>2 -
ininisAia{ i1, 92} 7# {43,104} N
2\2
—-12-4 Z 21 — 22 (7,3 — i4)2. 12 (Zz—foo P( ) ) —
i1F£12F#£13 (2 Zi:—oo p( ) )2
Now So we get the statement as a conclusion of the
. SN2 . \2 Fourth moment theorem.
> plin—ia)’plis —ia)? =
i17£12,i37104 ]

{i1,i2}#{is,ia}
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