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THE AVERAGING METHOD FOR THE OPTIMAL CONTROL PROBLEM OF A PARABOLIC 
INCLUSION WITH FAST-OSCILLATING COEFFICIENTS ON A FINITE TIME INTERVAL 
 

In this paper we investigate the optimal control problem for a parabolic differential inclusion with rapidly oscillating variables in the 
finite interval. There are many approaches intended for the investigation of control problems for differential equations and inclusions. In 
particular, the asymptotic methods are used fairly extensively. Among these methods, we can especially mention the averaging method, 
which was mathematically rigorously substantiated by M. M. Krylov and M. M. Bogolyubov. The well-known Krasnoselski – Krein theorem 
and its multi-valued analogue play an essential role for the investigation of the above-mentioned problems. The averaging method was 
substantiated, in particular, for ordinary differential inclusions, inclusions with partial derivatives, and inclusions with the Hukuhara deriv-
ative. When dealing with multi-valued mappings one faces specific problems, such as closedness, convexity of the family of solutions, 
existence of limit solutions, selection of solutions with given properties, etc. However, the well-developed apparatus of mathematical 
analysis applied to the study of multi-valued functions makes it possible to apply the averaging method to the optimal control problem 
described above. Thus, using the averaging method, the convergence of optimal controls and optimal trajectories of solutions of the exact 
problem to optimal control and the trajectory of the averaged problem is proved in the paper. 
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Introduction  
The intensive development of science and technology regularly stimulates the search for effective methods of control 

various natural, economic, social, and technical processes. Mathematical models of such situations are optimal control 
problems for different classes of evolutionary systems. The existence and properties of solutions of evolutionary systems 
were studied in the works of (Zadoyanchuk, & Kas'yanov, 2007; Zadoіanchuk, & Kas'yanov, 2012; Kasimova, Kupenko, & 
Tsyganivska, 2023). Interesting results that establish the conditions for the practical stability of evolutionary systems were 
obtained in (Pichkur, 2019; Pichkur, & Linder, 2021; Pichkur, Linder, & Tairova, 2021). Among the studies dedicated to the 
tasks of optimal control of evolutionary systems, the following works should be noted (Kapustyan, & Nakonechnyi, 1999; 
Kapustyan, O. V., Kapustyan, O. A., & Sukretna, 2009; Koval'chuk, Lavrova, & Mohyl'ova, 2021; Hermosilla, & Palladino, 
2022; Hermosilla, Palladino, & Vilches, 2024). But considerable attention is paid to mathematical models of processes in 
the form of differential equations with a small parameter. For their solution asymptotic methods are widely used, in 
particular, the averaging method, the strict mathematical justification of which was proposed by M. M. Krylov and 
M. M. Bogolyubov. Since the differential inclusion is a natural generalization of the differential equation, the next step in 
the development of asymptotic methods was the justification of the averaging method for differential inclusions. The main 
idea of this approach is that a non-autonomous differential equation (or inclusion) is matched by an autonomous differential 
equation using the averaging method (Koval'chuk, Mohyl'ova, & Shovkoplyas, 2020; Kapustian et al., 2022). This makes 
it possible to apply effective numerical methods for solving the averaged control problem. The optimal control problem for 
systems of differential inclusions with fast-oscillating parameters is considered in (Zhuk, Kasimova, & Ryzhov, 2022; 
Kichmarenko et al., 2023; Kasimova, Zhuk, & Tsyganivska, 2023). 

The object of research in the present paper is the optimal control problem for a parabolic differential inclusion with fast-
oscillating parameters. The aim and objectives of the research in the present paper are the application of the averaging 
method to the study of the mentioned problem.  

In the present paper, we use the averaging method for the investigation of the optimal control problem for a parabolic 
differential inclusion with rapidly oscillating variables in the finite interval. In particular, by using the direct method of variational 
calculus, the solvability of the original and averaged problems is proved. Moreover, the convergence of optimal controls and 
optimal trajectories of the exact problem to the optimal control and optimal trajectory of the averaged problem is established.  

1. Methods 
The methods of the research – the averaging method and the direct method of the calculus of variations. 
2. Statement of the problem  
Let Ω ⊂ ℝ௡ be a bounded domain. In cylinder 𝒬் = ሺ0,𝑇ሻ × Ω we consider an initial boundary-value problem for a parabolic 

inclusion: 

© Kapustyan Oleksiy, Kasimova Nina, Sobchuk Valentyn, Stanzhytskyi Oleksandr, 2024 



~ 34 ~ В І С Н И К  Київського національного університету імені Тараса Шевченка 
 

 
ISSN 1728-3817 

൞ డ௬డ௧ ∈ 𝐴𝑦 + 𝑓 ൬௧ఌ ,𝑦ሺ𝑡, 𝑥ሻ൰ + 𝑔ሺ𝑦ሻ𝑢, ሺ𝑡, 𝑥ሻ ∈ 𝒬் ,𝑦|డஐ = 0,                                                                              𝑦|௧ୀ଴ = 𝑦଴ሺ𝑥ሻ.                                                                      (1) 

Here 𝜀 > 0 is a small parameter, 𝑓 is a given multivalued mapping, 𝑔 is a given real-valued mapping, 𝐴 is an elliptic 
operator, 𝑦 is an unknown state function, 𝑢 is an unknown control function, which are determined by requirements 𝑢 ∈ 𝒰 ⊆ 𝐿ଶሺ𝒬்ሻ, (2) 𝒥ሺ𝑦,𝑢ሻ = ׬ 𝑞൫𝑥, 𝑦ሺ𝑇, 𝑥ሻ൯𝑑𝑥 ஐ + ׬ 𝑢ଶሺ𝑡, 𝑥ሻ𝑑𝑡𝑑𝑥 𝒬೅  → 𝑖𝑛𝑓, (3) 

where 𝑞  is a given function. 
We consider the problem of finding an approximate solution of (1)–(3) by transition to averaged coefficients. For this purpose we 

assume that uniformly w.r.t. 𝑦 ∈ ℝ there exists  𝑓ሺ̅𝑦ሻ ≔  lim்→ஶ ଵ் ׬ 𝑓ሺ𝑠, 𝑦ሻ𝑑𝑠.଴்  (4) 

We consider the following optimal control problem 

൞ డ௬డ௧ ∈ 𝐴𝑦 + 𝑓ሺ̅𝑦ሻ + 𝑔ሺ𝑦ሻ𝑢, ሺ𝑡, 𝑥ሻ ∈ 𝒬் ,𝑦|డஐ = 0,                                                                 𝑦|௧ୀ଴ = 𝑦଴ሺ𝑥ሻ.                                                         (5) 

𝑢 ∈ 𝒰 ⊆ 𝐿ଶሺ𝒬்ሻ, (6) 𝒥ሺ𝑦,𝑢ሻ = ׬ 𝑞൫𝑥, 𝑦ሺ𝑇, 𝑥ሻ൯𝑑𝑥 ஐ + ׬ 𝑢ଶሺ𝑡, 𝑥ሻ𝑑𝑡𝑑𝑥 𝒬೅    𝑖𝑛𝑓. (7) 

Under the natural assumptions on 𝑓,𝑔,𝑢, 𝑞 we prove, that the optimal control problem (1)–(3) has a solution 𝑦ఌ ,𝑢ఌ, i.e. for 
every 𝑢 ∈ 𝒰 and for any solution 𝑦ఌ of (1) with control 𝑢 we have  𝒥൫𝑦ఌ,𝑢ఌ൯ ≤ 𝒥ሺ𝑦ఌ ,𝑢ሻ. 
Note that we can apply similar arguments to problem (5)–(7). 

Assume that 𝑦,𝑢 is a solution of (5)–(7). The main goal of the paper is to prove the convergence 𝒥൫𝑦ఌ ,𝑢ఌ൯ → 𝒥ሺ𝑦,𝑢ሻ, 𝜀 → 0. (8) 

3. Preliminaries and Notations 
We suppose that the following assumptions for the parameters of the problem are fulfilled. 
(f1) Multi-valued function 𝑓:ℝା × ℝ → 𝑐𝑜𝑛𝑣 ሺℝሻ is continuous and there exists 𝐶ଵ > 0 such that  ∀𝑡 ≥ 0  ∀𝑦 ∈ ℝ ‖𝑓ሺ𝑡, 𝑦ሻ‖ା ≔ supక∈௙ሺ௧,௬ሻ‖𝜉‖ℝ ≤ 𝐶ଵሺ1 + ‖𝑦‖ℝሻ,   (9) 

where ‖𝜉‖ℝ denotes the Euclidian norm of 𝜉 ∈  ℝ; 
(g1) function 𝑔:ℝ → ℝ is continuous and there exists 𝐶ଶ > 0 such that  ∀𝑦 ∈ ℝ       ‖𝑔ሺ𝑦ሻ‖ℝ ≤ 𝐶ଶ; (10) 

(q1) function 𝑞:Ω × ℝ → ℝ is Carateodori function and there exists 𝐶ଷ > 0 and functions 𝒦ଵ ∈ 𝐿ଶሺΩሻ, 𝒦ଶ ∈ 𝐿ଵሺΩሻ such that ‖𝑞ሺ𝑥, 𝜉ሻ‖ℝ ≤ 𝐶ଷ‖𝜉‖ℝ + 𝒦ଵሺ𝑥ሻ,   𝑞ሺ𝑥, 𝜉ሻ ≥ 𝒦ଶሺ𝑥ሻ (11) 

for all 𝜉 ∈  ℝ and a.a. 𝑥 ∈  Ω; 
(u1) 𝒰 ⊆ 𝐿ଶሺ𝒬ሻ is closed and convex, 0 ∈ 𝒰; 

(A1) uniformly w.r.t. 𝑦 ∈ ℝ there exists the limit (4). 
Let us consider a triplet of Hilbert spaces 𝑉 ⊂ 𝐻 ⊂ 𝑉ᇱ with compact dense embeddings, and the scalar product on 𝑉 × 𝐻  we 

denote by ሺ∙,∙ሻ. We denote by ‖ ∙ ‖ and | ∙ | the norm in  𝑉 and 𝐻 respectively. We will use the following spaces 𝑉 = 𝐻଴ଵሺΩሻ, 𝐻 = 𝐿ଶሺΩሻ, 𝑉ᇱ = 𝐻ିଵሺΩሻ. (12) 
In the sequel we shall fix time interval ሾ0,𝑇ሿ; in addition to the triplet 𝑉,𝐻,𝑉ᇱ we also consider spaces 𝐿ଶሺ0,𝑇;𝑉ሻ, 𝐿ଶሺ0,𝑇;𝐻ሻ, 𝐿ଶሺ0,𝑇;𝑉ᇱሻ which are the spaces of the square summarable functions defined on the interval ሾ0,𝑇ሿ and with values, 

respectively, in 𝑉,𝐻,𝑉ᇱ.  
Let us consider the space  𝑊 = ൜𝑦 ∈ 𝐿ଶሺ0,𝑇;𝑉ሻ ∶   𝑦ᇱ = 𝜕𝑦𝜕𝑡 ∈ 𝐿ଶሺ0,𝑇;𝑉ᇱሻൠ 

with norm  ‖  ∙  ‖ௐ = ‖  ∙  ‖௅మሺ଴,்;௏ሻ + ‖  ∙  ‖௅మሺ଴,்;௏ᇲሻ . 
Remark 1. The space W is continuously embedded into Cሺ0, T; Hሻ. (Zgurovsky, & Mel'nik, 2004)  
Remark 2. The space W is compactly embedded into Lଶሺ0, T; Hሻ. (Zgurovsky, & Mel'nik, 2004) 
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Let us consider a differential inclusion from (1) in the following form: 𝑦ᇱ − 𝐴𝑦 ∈ 𝐹ሺ𝑡,𝑦ሻ, 0 ≤ 𝑡 ≤ 𝑇, (13) 𝑦ሺ0ሻ = 𝑦଴, (14) 
where F:ℝା × ℝ → 𝑐𝑜𝑛𝑣 ሺℝሻ,  𝐹ሺ𝑡, 𝑦ሻ =  𝑓 ቆ𝑡𝜀 , 𝑦ሺ𝑡, 𝑥ሻቇ + 𝑔ሺ𝑦ሻ𝑢ሺ𝑡ሻ. 
Definition 1. We say that the problem (13) – (14) has a weak solution if there exists 𝑦 ∈ 𝑊 and 𝑓 ∈ 𝐿ଶሺ0,𝑇;𝐻ሻ , 𝑓ሺ𝑡ሻ ∈ 𝐹൫𝑡,𝑦ሺ𝑡ሻ൯, a. e. in ሾ0,𝑇ሿ such that  𝑦ᇱ − 𝐴𝑦ሺ𝑡ሻ = 𝑓ሺ𝑡ሻ,   𝑦ሺ0ሻ = 𝑦଴. 

In the sequel we denote by Ξఌ (or Ξ) a set of all pairs ሼ𝑦,𝑢ሽ, where 𝑦 is a solution of (1) (or (5)) with control 𝑢. 
Let us consider the result about solvability of the problem (1)–(3) (resp. (5)–(7)). 

Theorem 1. Under assumptions (f1) – (A1) problem (1)–(3) (resp. problem (5)–(7)) has a solution 𝑦ఌ ,𝑢ఌ (resp. {𝑦 ,𝑢 }).  
Proof. In what follows, assume that 𝜀 > 0 is fixed. First of all, note that by Theorem 1 (Denkowski, & Mortola, 1993) the set of 
admissible pairs Ξఌ is not empty. For further investigations let us consider some a priory estimates for solutions. Taking into 
account the definition of weak solution for parabolic inclusion, suppose that ∀𝜑 ∈ 𝐻଴ଵሺΩሻ 𝑑𝑑𝑡 ሺ𝑦,𝜑ሻ + ሺ∇𝑦,∇𝜑ሻ = ሺ𝑓ଵሺ𝑡ሻ,𝜑ሻ + ሺ𝑔ሺ𝑦ሻ𝑢,𝜑ሻ 

for a.a. 𝑡 ∈ ሾ0,𝑇ሿ, 𝑓ଵሺ𝑡ሻ ∈ 𝑓൫𝑡, 𝑦ሺ𝑡ሻ൯. (15) 
From (15) we get the following equality ׬ ൫𝑦ᇱሺ𝑡ሻ, 𝑦ሺ𝑡ሻ൯ 𝑑𝑡௦଴ + ׬ ሺ∇𝑦,∇𝑦ሻ 𝑑𝑡௦଴ = ׬  ൫𝑓ଵሺ𝑡ሻ,𝑦ሺ𝑡ሻ൯ 𝑑𝑡௦଴ + ׬ ൫𝑔ሺ𝑦ሻ𝑢, 𝑦ሺ𝑡ሻ൯ 𝑑𝑡௦଴ . (16) 
Using integrating by parts, Young's inequality and Assumption (g1), we get  |𝑦ሺ𝑠ሻ|ଶ + 2𝐶 ׬ ‖𝑦ሺ𝑡ሻ‖ଶ𝑑𝑡௦଴ ≤ |𝑦ሺ0ሻ|ଶ + ׬ ሺ|𝑓ଵሺ𝑡ሻ|ଶ + |𝑦ሺ𝑡ሻ|ଶሻ𝑑𝑡௦଴ + 𝐶ଶ൫׬ |𝑢ሺ𝑡ሻ|ଶ𝑑𝑡௦଴ + ׬ |𝑦ሺ𝑡ሻ|ଶ𝑑𝑡௦଴ ൯, (17) 

where 𝐶 is the constant from the inequality |∇𝑦|ଶ ≥ 𝐶‖𝑦‖ଶ  for an arbitrary 𝑦 ∈ 𝐻଴ଵሺΩሻ. 
Using (9) we have |𝑓ଵሺ𝑡ሻ|ଶ ≤ 2ሺ𝐶ଵଶ|Ω| + 𝐶ଵଶ|𝑦ሺ𝑡ሻ|ଶሻ, 

where |Ω| is Lebesgue's measure of bounded set Ω. 
Then from (17) we have:  |𝑦ሺ𝑠ሻ|ଶ + 2𝐶 ׬ ‖𝑦ሺ𝑠ሻ‖ଶ𝑑𝑡௦଴  ≤ |𝑦ሺ0ሻ|ଶ + ׬ 2𝐶ଵଶ|Ω|𝑑𝑡௦଴ + ׬ ሺ2𝐶ଵଶ + 𝐶ଶ + 1ሻ|𝑦ሺ𝑡ሻ|ଶ𝑑𝑡௦଴  +𝐶ଶ ׬ |𝑢ሺ𝑡ሻ|ଶ𝑑𝑡௦଴ . 
Then using Gronwall inequality we obtain  |𝑦ሺ𝑡ሻ|ଶ ≤ ൫|𝑦ሺ0ሻ|ଶ + 2𝐶ଵଶ𝑇|Ω| + 𝐶ଶ‖𝑢‖௅మሺ଴,்;ுሻଶ ൯ ∙ 𝑒ሺଶ஼భమା஼మାଵሻ் ≔ 𝑀ଵ.  (18) 

From (17) and (18) we conclude that ∃𝑀 > ׬ :0 ‖𝑦ሺ𝑡ሻ‖ଶ𝑑𝑡଴் ≤ 𝑀. (19) 
From (18) we have: |𝑓ଵሺ𝑡ሻ|ଶ ≤ 2𝐶ଵଶሺ|Ω| + 𝑀ଵሻ, 

and as a consequence  |𝑓ଵሺ𝑡ሻ| ≤ √2𝐶ଵ(|Ω |+𝑀ଵሻଵ/ଶ  a. e. in  ሾ0,𝑇ሿ. (20) 
Due to (15), (1), (10), (19), (20) we conclude that there exists 𝐿 > ׬ 0 ‖𝑦ᇱ(𝑡ሻ‖௏ᇲଶ 𝑑𝑡଴் ≤ 𝐿, (21) 

and in consequence, there exists 𝑀ଶ ≔ √2𝐶ଵ𝑇ଵ/ଶ(|Ω| + 𝑀ଵሻଵଶ 
such that   ‖𝑓ଵ‖௅మ(଴,்;ுሻ ≤ 𝑀ଶ. (22) 

Taking into account (18), and Ass. (q1) we get that 𝒥(𝑦,𝑢ሻ ≤ 𝐶ଷ|Ω|భమඥ𝑀ଵ + |Ω|భమ‖𝒦ଵ(𝑥ሻ‖௅మ(ஐሻ + ‖𝑢‖௅మ(଴,்;ுሻଶ  < ∞. (23) 
Thus the cost functional in (7) has sense. 

Now let {𝑦௡,𝑢௡}௡ஹଵ be a minimizing sequence, that is, lim௡→ஶ𝒥(𝑦௡,𝑢௡ሻ = inf௬,௨∈ஆഄ 𝒥(𝑦,𝑢ሻ =:𝒥ఌ , (24) 

Due to Ass. (q1) for an arbitrary 𝑦,𝑢 ∈ Ξఌ 𝒥(𝑦,𝑢ሻ ≥ −‖𝒦ଶ‖௅భ(ஐሻ,   
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therefore 𝒥ఌ ≥ −‖𝒦ଶ‖௅భ(ஐሻ ≻ ∞. 
From (24) for sufficiently large 𝑢 𝒥(𝑦௡,𝑢௡ሻ ≤ 𝒥ఌ + 1. (25) 
On the other hand  𝒥(𝑦௡,𝑢௡ሻ ≥ −‖𝒦ଶ‖௅భ(ஐሻ + ‖𝑢௡‖௅మ(଴,்;ுሻଶ . (26) 

Inequalities (25), (26) imply that {𝑢௡}௡ஹଵ is bounded in 𝐿ଶ(0,𝑇;𝐻ሻ, therefore up to a subsequence 𝑢௡ → 𝑢  weakly in  𝐿ଶ(0,𝑇;𝐻ሻ. (27) 
Due to convexity of 𝒰 we have that 𝑢 ∈ 𝒰. From (18), (19), (21), (22) we get that {𝑦௡}௡ஹଵ is bounded in 𝐿ଶ(0,𝑇;𝑉ሻ ∩𝐿ஶ(0,𝑇;𝐻ሻ, డ௬೙డ௧ ௡ஹଵ is bounded in 𝐿ଶ(0,𝑇;𝑉ᇱሻ. 
Using Compactness Lemma (Lions, 1969) we conclude that up to a subsequence 𝑦௡ → 𝑦 weakly in 𝐿ଶ(0,𝑇;𝑉ሻ, 𝑦௡ → 𝑦 in 𝐿ଶ(0,𝑇;𝐻ሻ, ∀𝑡 ∈ ሾ0,𝑇ሿ𝑦௡(𝑡ሻ → 𝑦(𝑡ሻ weakly in 𝐻, 𝑦௡(𝑡, 𝑥ሻ → 𝑦(𝑡, 𝑥ሻ a.e. in 𝒬், 𝑦௡ᇱ → 𝑦ᇱ weakly in 𝐿ଶ(0,𝑇;𝑉ᇱሻ. (28) 
Let us show that 𝑦,𝑢 ∈ Ξఌ.We have that 𝑦௡ is a weak solution of the following problem, 

൞డ௬೙డ௧ = 𝐴𝑦௡ + 𝑓ଵ௡ + 𝑔(𝑦௡ሻ𝑢௡,𝑦௡|డஐ = 0,                                 𝑦௡|௧ୀ଴ = 𝑦଴(𝑥ሻ,                       (29) 

where 𝑓ଵ௡(𝑡ሻ ∈ 𝑓൫𝑡, 𝑦௡(𝑡ሻ൯. 
From (9) and boundness of 𝑦௡ in 𝐿ଶ(0,𝑇;𝐻ሻ we deduce that 𝑓ଵ௡ → 𝑓ଵ in 𝐿ଶ(0,𝑇;𝐻ሻ. 

From (28) we get 𝑦௡ → 𝑦 weakly in 𝑊. (30) 
From Lemma 3.2 (Lions, 1969) we have that 𝑦௡ → 𝑦 in 𝐶(0,𝑇;𝐻ሻ, and 𝑓ଵ ∈ 𝑓൫𝑡, 𝑦(𝑡ሻ൯, having that from the Dominated 

Convergence Theorem and (28) we see that   𝑔(𝑦௡ሻ → 𝑔(𝑦ሻ in 𝐿ଶ(0,𝑇;𝐻ሻ,  𝑛 → ∞. 
Due to pointwise convergence  𝑞൫𝑥, 𝑦௡(𝑇, 𝑥ሻ൯ → 𝑞൫𝑥, 𝑦(𝑇, 𝑥ሻ൯ a. e. in 𝒬், 
Fatou's lemma and weak convergence (27) we have 𝒥ఌ = li m𝒥௡→ஶ (𝑦௡,𝑢௡ሻ ≥ lim௡→ஶ න𝑞൫𝑥, 𝑦௡(𝑇, 𝑥ሻ൯𝑑𝑥 

ஐ + lim௡→ஶ න𝑢ଶ(𝑡, 𝑥ሻ𝑑𝑡𝑑𝑥 
𝒬೅ ≥ 𝒥(𝑦,𝑢ሻ. 

Therefore 𝑦,𝑢  is a solution of (1)–(3). 
4. Main result  
We assume that ∀𝜂 > 0, ∃𝛿 > 0, ∀𝑡 ≥ 0, ∀𝑦, 𝑧 ∈ ℝ  ‖𝑦 − 𝑧‖ℝ < 𝛿 ⟹ distୌ൫𝑓(𝑡, 𝑦ሻ,𝑓(𝑡, 𝑧ሻ൯ < 𝜂, (31) 

where distୌ(𝐴,𝐵ሻ is Hausdorff metric between sets A and B. 
Theorem 2. Suppose that assumptions (f1), (g1), (q1), (u1), (A1), (4) and (31) hold and, moreover, the problem (5) has the 
unique solution for every 𝑢 ∈ 𝒰. Let {𝑦ఌ,𝑢ఌ} be a solution of (1)–(3). Then  𝒥൫𝑦ఌ ,𝑢ఌ൯ → 𝒥(𝑦 ,𝑢 ሻ, 𝜀 → 0 (32) 
and up to subsequence 𝑦ఌ → 𝑦   in  𝐿ଶ(0,𝑇;𝐻ሻ, (33) 𝑢ఌ → 𝑢  weakly in  𝐿ଶ(0,𝑇;𝐻ሻ, (34) 
where { 𝑦,𝑢} is a solution of (5) – (7). 

Proof. Let 𝜀௡ → 0, 𝑦௡,𝑢௡ be a solution of (1)–(3) for 𝜀 = 𝜀௡. Due to the optimality of 𝑦௡,𝑢௡ we have 𝒥൫𝑦௡,𝑢௡൯ ≤ 𝒥(𝑦௡, 0ሻ 
where 𝑦௡ is a solution of (1) with 𝜀 = 𝜀௡ and 𝑢 ≡ 0.  

Then from (23) and (26) 

-‖𝒦ଶ‖௅భ(ஐሻ + ฮ𝑢௡ฮ௅మ(଴,்;ுሻଶ ≤ 𝐶ଷ|Ω|భమඥ𝑀ଵ + |Ω|భమ‖𝒦ଵ‖௅మ(ஐሻ.  (35) 
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Repeating arguments used in the proof of Theorem 1 we conclude that on subsequence for some 𝑦ො, 𝑢ො:  𝑢௡ → 𝑢ො weakly in 𝐿ଶ(0,𝑇;𝐻ሻ,  𝑛 → ∞; (36) 𝑦௡ → 𝑦ො in the sense of (28),  𝑛 → ∞. (37) 
Let us prove that 𝑦ො,𝑢ො ∈ Ξ, i. e. 𝑦ො is a solution of the averaged problem (5) with control 𝑢ො. For this purpose it is sufficient to 

pass to the limit in the equality ൫𝑦௡(𝑇ሻ,𝜑൯ு − (𝑦଴,𝜑ሻு + ׬ ൫∇ 𝑦௡,∇ 𝜑൯ு𝑑𝑡଴் = ׬ ൫𝑓ଵఌ೙(𝑡ሻ,𝜑൯ு𝑑𝑡଴் + ׬ ൫𝑔൫𝑦௡൯𝑢௡,𝜑൯ு𝑑𝑡଴்  (38) 

where  𝑓ଵఌ೙(𝑡ሻ ∈ 𝑓 ൬ 𝑡𝜀௡ ,𝑦௡൰, 
for an arbitrary 𝜑 ∈ 𝑉. 

The possibility of passing to the limit in the left hand side of (38) is a direct consequence of (37). From the Dominated 
Convergence Theorem we see that  𝑔൫𝑦௡൯ → 𝑔(𝑦ොሻ  in 𝐿ଶ(0,𝑇;𝐻ሻ,  𝑛 → ∞. 

Then (37) implies convergence in the last term of (38). Let us prove that ∀𝑇 > 0, ∀𝑦 ∈ 𝑉 ׬ 𝑓ଵఌ೙(𝑡ሻ 𝜑𝑑𝑡𝑑𝑥 𝒬೅ → ׬ 𝑓ଵఌ೙(𝑡ሻ𝜑𝑑𝑡𝑑𝑥 𝒬೅ , 𝑛 → ∞. (39) 

Let us consider the following inequalities: නන𝑓ଵఌ೙(𝑡ሻ𝜑𝑑𝑡𝑑𝑥்
଴

 
ஐ − නන𝑓(𝑦ොሻ𝜑𝑑𝑡𝑑𝑥்

଴
 

ஐ = 

= distୌ  ቌනන𝑓ଵఌ೙(𝑡ሻ𝜑𝑑𝑡𝑑𝑥்
଴

 
ஐ , නන𝑓(𝑦ොሻ𝜑𝑑𝑡𝑑𝑥்

଴
 

ஐ ቍ ≤ distୌ ቌනන𝑓 ൭ 𝑡𝜀௡ , 𝑦௡(𝑡, 𝑥ሻ൱𝜑𝑑𝑡𝑑𝑥்
଴

 
ஐ , නන𝑓(𝑦ොሻ𝜑𝑑𝑡𝑑𝑥்

଴
 

ஐ ቍ. 
We will show that distୌ  ቆ׬ ׬ 𝑓 ቆ ௧ఌ೙ ,𝑦௡(𝑡, 𝑥ሻቇ𝜑𝑑𝑡𝑑𝑥଴் ஐ ׬, ׬ 𝑓(𝑦ොሻ𝜑𝑑𝑡𝑑𝑥଴் ஐ ቇ → 0.   (40) 

First of all let us note that due to (4) and (Hermes, 1968) ∀0 < 𝑎 < 𝑏 ∀𝜓 ∈ 𝐻 we have  distୌ  ቆ׬ ׬ 𝑓 ቆ ௧ఌ೙ ,𝜓(𝑥ሻቇ𝜑𝑑𝑡𝑑𝑥௕௔ ஐ ׬, ׬ 𝑓൫𝜓(𝑥ሻ൯𝜑𝑑𝑡𝑑𝑥௕௔ ஐ ቇ0.  (41) 

Due to Egorov's theorem ∀𝛿 > 0 ∃𝒬ଵఋ ⊂ 𝒬் such that 𝜇൫𝒬ଵఋ൯ < 𝛿 and 𝑦௡ → 𝑦ො uniformly on 𝒬் ∖ 𝒬ଵఋ, as 𝑛 → ∞. (42) 
Here 𝜇 is Lebesgue's measure on  (0,𝑇ሻ × Ω ⊂ ℝ௡ାଵ. 
On the other hand, there exists a sequence of step functions  𝑦௠(𝑡, 𝑥ሻ = ෍𝑦௞௠(𝑥ሻ𝜒஺ೖ೘(𝑡ሻ௠

௞ୀଵ , {𝑦௞௠} ⊂ 𝐻, {𝐴௞௠ = (𝑎௞௠, 𝑏௞௠ሻ} is a covering of (0,𝑇ሻ such that 𝑦௠ → 𝑦ො  in  𝐿ଶ(0,𝑇;𝐻ሻ  and a.e. in  𝒬். (43) 
Moreover, ∀𝛿 > 0 ∃𝒬ଶఋ ⊂ 𝒬் such that  𝜇൫𝒬ଶఋ൯ < 𝛿 

and 𝑦௠ → 𝑦ො  uniformly on  𝒬் ∖ 𝒬ଶఋ, as 𝑚 → ∞. (44) 
Further we have distୌ ቌ න𝑓 ൭ 𝑡𝜀௡ , 𝑦௡(𝑡, 𝑥ሻ൱𝜑𝑑𝑡𝑑𝑥 

𝒬೅ , න𝑓൫𝑦ො(𝑡, 𝑥ሻ൯𝜑𝑑𝑡𝑑𝑥 
𝒬೅ ቍ ≤ distH ቌන𝑓൭ 𝑡𝜀𝑛 , 𝑦𝑛(𝑡, 𝑥ሻ൱𝜑𝑑𝑡𝑑𝑥 

𝒬𝑇 , න𝑓൭ 𝑡𝜀𝑛 , 𝑦ො(𝑡, 𝑥ሻ൱𝜑𝑑𝑡𝑑𝑥 
𝒬𝑇 ቍ + 

+distୌ ቆ׬ 𝑓 ቆ ௧ఌ೙ , 𝑦ො(𝑡, 𝑥ሻቇ𝜑𝑑𝑡𝑑𝑥 𝒬೅ ׬, 𝑓൫𝑦ො(𝑡, 𝑥ሻ൯𝜑𝑑𝑡𝑑𝑥 𝒬೅ ቇ =: 𝐼ଵ(௡ሻ + 𝐼ଶ(௡ሻ. 
Then due to (42), Hölder's inequality, (18) and (9) we have 

𝐼ଵ(௡ሻ ≤ නdistୌ ൥𝑓 ൭ 𝑡𝜀௡ , 𝑦ො௡(𝑡, 𝑥ሻ൱ , 𝑓 ൭ 𝑡𝜀௡ , 𝑦ො(𝑡, 𝑥ሻ൱ ൩𝜑𝑑𝑡𝑑𝑥 
𝒬೅ ≤ න distୌ ൥𝑓 ൭ 𝑡𝜀௡ , 𝑦௡(𝑡, 𝑥ሻ൱ , 𝑓 ൭ 𝑡𝜀௡ , 𝑦ො(𝑡, 𝑥ሻ൱൩𝜑𝑑𝑡𝑑𝑥 

𝒬೅∖𝒬భഃ + 

+ නdistୌ ൥𝑓 ൭ 𝑡𝜀௡ , 𝑦௡(𝑡, 𝑥ሻ൱ ,𝑓 ൭ 𝑡𝜀௡ ,𝑦ො(𝑡, 𝑥ሻ൱൩𝜑𝑑𝑡𝑑𝑥 
𝒬భഃ ≤ 
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≤ න distୌ ൥𝑓 ൭ 𝑡𝜀௡ ,𝑦௡(𝑡, 𝑥ሻ൱ , 𝑓 ൭ 𝑡𝜀௡ , 𝑦ො(𝑡, 𝑥ሻ൱൩ ‖𝜑(𝑥ሻ‖ℝ𝑑𝑡𝑑𝑥 
𝒬೅∖𝒬భഃ  + 2 න𝐶ଵ(1 + ‖𝑦‖ℝሻ 𝜑𝑑𝑡𝑑𝑥 

𝒬భഃ ≤ 

≤ ׬ distୌ ቈ𝑓 ቆ ௧ఌ೙ , 𝑦௡(𝑡, 𝑥ሻቇ , 𝑓 ቆ ௧ఌ೙ , 𝑦ො(𝑡, 𝑥ሻቇ቉ ‖𝜑(𝑥ሻ‖ℝ𝑑𝑡𝑑𝑥 𝒬೅∖𝒬భഃ + 2𝐶ଵ‖𝜑‖ு ∙ 𝛿భమ ⋅ 𝑇 + 2𝐶ଵ𝑀ଵభమ‖𝜑‖ு ∙ 𝛿భమ ⋅ 𝑇. (45) 

Due to (31) for a given 𝛿 > 0 ∃𝜆 ∀𝑛 ≥ 1 ∀𝑡 ≥ 0 ‖𝑦 − 𝑧‖ℝ < 𝜆 ⇒ distୌ  ൭𝑓 ൬ 𝑡𝜀௡ , 𝑦൰ ,𝑓 ൬ 𝑡𝜀௡ , 𝑧൰൱ ≤ 𝛿ଵଶ. 
Therefore, choosing 𝑛ଵ such that ∀𝑛 ≥ 𝑛ଵ sup(௧,௫ሻ∈𝒬೅∖𝒬భഃฮ𝑦௡(𝑡, 𝑥ሻ − 𝑦ො(𝑡, 𝑥ሻฮ < 𝜆 

we get from (45) that ∀𝑛 ≥ 𝑛ଵ 𝐼ଵ(௡ሻ ≤ 𝛿భమ𝜇భమ(𝒬்ሻ‖𝜑‖ு ⋅ 𝑇 + 2𝐶ଵ‖𝜑‖ு ∙ 𝛿భమ ⋅ 𝑇 + 2𝐶ଵ𝑀ଵభమ‖𝜑‖ு ∙ 𝛿భమ ⋅ 𝑇 ≤ 𝐶ሚ(𝑇ሻ𝛿భమ. (46) 
On the other hand, for every step function 𝑦௠(𝑡, 𝑥ሻ we have due to (41): ∀𝑚 ≥ 1, 

distୌ ቌ න𝑓 ൭ 𝑡𝜀௡ ,𝑦௠(𝑡, 𝑥ሻ൱𝜑𝑑𝑡𝑑𝑥 
𝒬೅ , න𝑓൫𝑦௠(𝑡, 𝑥ሻ൯𝜑𝑑𝑡𝑑𝑥 

𝒬೅ ቍ = 

=  distୌ ቌ෍ නන𝑓 ൭ 𝑡𝜀௡ ,𝑦௞௠(𝑥ሻ൱𝜑𝑑𝑡𝑑𝑥 
ஐ

 
஺ೖ೘

௠
௞ୀଵ ,  ෍න න𝑓൫𝑦 ௠(𝑡, 𝑥ሻ൯𝜑𝑑𝑡𝑑𝑥 

஺ೖ೘
 

ஐ
௠
௞ୀଵ ቍ ≤ 

≤ ∑ distୌ  ቆ׬ ׬ 𝑓 ቆ ௧ఌ೙ , 𝑦௞௠(𝑥ሻቇ𝜑𝑑𝑡𝑑𝑥 ஺ೖ೘ ஐ௠௞ୀଵ ׬, ׬ 𝑓൫𝑦 ௠(𝑡, 𝑥ሻ൯𝜑𝑑𝑡𝑑𝑥 ஺ೖ೘ ஐ ቁ → 0, 𝑛 → ∞. (47) 

So ∀𝑚 ≥ 1 ∃𝑛௡ = 𝑛ଶ(𝑚ሻ ∀𝑛 ≥ 𝑛ଶ distୌ ቆ׬ 𝑓 ቆ ௧ఌ೙ , 𝑦௠(𝑡, 𝑥ሻቇ𝜑𝑑𝑡𝑑𝑥 𝒬೅ ׬, 𝑓൫𝑦௞௠(𝑡, 𝑥ሻ൯𝜑𝑑𝑡𝑑𝑥 𝒬೅ ቁ ≤ 𝛿.  (48) 

Furthermore, ∃𝑚଴ ∀𝑚 ≥ 𝑚଴ ∀𝑛 ≥ 1 distୌ ቌ න 𝑓 ൭ 𝑡𝜀௡ , 𝑦ො(𝑡, 𝑥ሻ൱𝜑𝑑𝑡𝑑𝑥 
𝒬೅∖𝒬మഃ , න 𝑓 ൭ 𝑡𝜀௡ , 𝑦 ௠(𝑡, 𝑥ሻ൱𝜑𝑑𝑡𝑑𝑥 

𝒬೅∖𝒬మഃ ቍ ≤ 

≤ ׬ distୌ  ቆ𝑓 ቆ ௧ఌ೙ , 𝑦ො(𝑡, 𝑥ሻቇ 𝒬೅∖𝒬మഃ , 𝑓 ቆ ௧ఌ೙ , 𝑦 ௠(𝑡, 𝑥ሻቇ൱‖φ‖ℝ𝑑𝑡𝑑𝑥 ≤ 𝛿భమ𝜇భమ(𝒬்ሻ‖𝜑‖ு ⋅ 𝑇భమ, (49) 

distୌ ቌ න 𝑓൫̅𝑦ො(𝑡, 𝑥ሻ൯𝜑𝑑𝑡𝑑𝑥 
𝒬೅∖𝒬మഃ , න 𝑓൫̅𝑦 ௠(𝑡, 𝑥ሻ൯𝜑𝑑𝑡𝑑𝑥 

𝒬೅∖𝒬మഃ ቍ ≤ 

≤ ׬ distୌ ൫𝑓൫̅𝑔(𝑡, 𝑥ሻ൯𝜑𝑑𝑡𝑑𝑥 𝒬೅∖𝒬మഃ , 𝑓൫̅𝑦 ௠(𝑡, 𝑥ሻ൯ ‖𝜑‖ℝ𝑑𝑡𝑑𝑥 ≤ 𝛿భమ𝜇భమ(𝒬்ሻ‖𝜑‖ு ⋅ 𝑇భమ. (50) 

Combining (47)–(50) we get ∀𝑚 ≥ 𝑚଴ ∀𝑛 ≥ 𝑛ଶ(𝑚ሻ 𝐼ଶ(௡ሻ ≤ 2𝛿భమ𝜇భమ(𝒬்ሻ‖𝜑‖ு ⋅ 𝑇భమ + 𝛿 ≤ 𝐶ሚሚ(𝑇ሻ𝛿భమ. (51) 
Inequalities (46), (51) imply (40). So we can pass to the limit in (38) and obtain that 𝑦ො,𝑢ො ∈ Ξ. Now let us prove that 𝑦ො,𝑢ො is 

an optimal process in (5)–(7). 
Fatou's lemma implies lim௡→ஶ𝒥൫𝑦௡,𝑢௡൯ ≥ 𝒥(𝑦ො,𝑢ොሻ. (52) 

On the other hand, for every 𝑢 ∈ 𝒰 and any 𝑦௡ – solution (1) with control 𝑢 and 𝜀 = 𝜀௡, we get  𝒥൫𝑦௡,𝑢௡൯ ≤ 𝒥(𝑦௡,𝑢ሻ. 
Using the same arguments as in the proof of the Theorem 1 for {𝑦௡} we derive that 𝑦௡ → 𝑦 in the sense of (28), where 𝑦 

is an unique solution of (5) with control 𝑢. 
We have the following inequality: ∀𝑦,𝑢 ∈ Ξ 𝒥(𝑦ො,𝑢ොሻ ≤ lim௡→ஶ𝒥൫𝑦௡,𝑢௡൯ ≤ lim௡→ஶ𝒥(𝑦௡,𝑢ሻ = 𝒥(𝑦,𝑢ሻ. (53) 

This means that 𝑦ො,𝑢ො is a solution of (5) – (7). 
Now we substitute 𝑢 = 𝑢ො in the previous arguments. Then 𝑦 = 𝑦ො due to uniqueness. Thus, from (53) we get  𝒥(𝑦ො,𝑢ොሻ ≤ lim௡→ஶ𝒥൫𝑦௡,𝑢௡൯ ≤ 𝒥(𝑦ො,𝑢ොሻ. (54) 

These inequalities mean that up to a subsequence  𝒥൫𝑦௡,𝑢௡൯ → 𝒥(𝑦ො,𝑢ොሻ, 𝑛 → ∞. (55) 
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Since  𝒥(𝑦ො,𝑢ොሻ = inf௬,௨∈ஆ 𝒥(𝑦,𝑢ሻ, 
then convergence in (55) holds for the whole sequence. Therefore, (32) is proved. 

□ 
Discussion and conclusions  
We use the averaging method to study the optimal control problem for a parabolic inclusion with fast-oscillating 

parameters. In the future, we are planning to apply the averaging method to the study of optimal control problems for 
evolutionary variational inequalities and differential inclusions of the second order. 
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МЕТОД УСЕРЕДНЕННЯ ДЛЯ ЗАДАЧІ ОПТИМАЛЬНОГО КЕРУВАННЯ ПАРАБОЛІЧНИМ ВКЛЮЧЕННЯМ  
ЗІ ШВИДКОКОЛИВНИМИ КОЕФІЦІЄНТАМИ НА СКІНЧЕННОМУ ЧАСОВОМУ ІНТЕРВАЛІ 

 
Досліджено задачу оптимального керування для параболічного диференціального включення зі швидкоколивними змінними на скін-

ченному інтервалі. Існує багато підходів до дослідження задач керування для диференціальних рівнянь і включень. Досить часто, зок-
рема, використовують асимптотичні методи. Серед них можна виокремити метод усереднення, що був строго математично 
обґрунтований у роботах  М. М. Крилова та М. М. Боголюбова. Ключову роль у дослідженні відіграє теорема Красносельського – Крейна, 
а також її багатозначний аналог. Метод усереднення використовують для звичайних диференціальних включень, а також для включень 
із частинними похідними та з похідною Хукухара. Багатозначність породжує специфічні проблеми, пов'язані, наприклад,  із замкненістю 
і опуклістю сім'ї розв'язків, існування граничних розв'язків, виділення розв'язків із заданими властивостями. Проте добре розвинений 
апарат математичного аналізу, застосований до вивчення багатозначних функцій, дає змогу використовувати метод усереднення до 
згаданих задач оптимального керування. Наприклад, у пропонованій роботі за допомогою метода усереднення доведено збіжність оп-
тимальних керувань та оптимальних траєкторій розв'язків вихідної задачі оптимального керування до оптимальних керувань та оп-
тимальних траєкторій усередненої задачі. 

 
К л ю ч о в і  с л о в а :  задача оптимального керування, параболічне диференціальне включення, метод усереднення, швидкоколивні 

змінні. 
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