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THE AVERAGING METHOD FOR THE OPTIMAL CONTROL PROBLEM OF A PARABOLIC
INCLUSION WITH FAST-OSCILLATING COEFFICIENTS ON A FINITE TIME INTERVAL

In this paper we investigate the optimal control problem for a parabolic differential inclusion with rapidly oscillating variables in the
finite interval. There are many approaches intended for the investigation of control problems for differential equations and inclusions. In
particular, the asymptotic methods are used fairly extensively. Among these methods, we can especially mention the averaging method,
which was mathematically rigorously substantiated by M. M. Krylov and M. M. Bogolyubov. The well-known Krasnoselski— Krein theorem
and its multi-valued analogue play an essential role for the investigation of the above-mentioned problems. The averaging method was
substantiated, in particular, for ordinary differential inclusions, inclusions with partial derivatives, and inclusions with the Hukuhara deriv-
ative. When dealing with multi-valued mappings one faces specific problems, such as closedness, convexity of the family of solutions,
existence of limit solutions, selection of solutions with given properties, etc. However, the well-developed apparatus of mathematical
analysis applied to the study of multi-valued functions makes it possible to apply the averaging method to the optimal control problem
described above. Thus, using the averaging method, the convergence of optimal controls and optimal trajectories of solutions of the exact
problem to optimal control and the trajectory of the averaged problem is proved in the paper.
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Introduction

The intensive development of science and technology regularly stimulates the search for effective methods of control
various natural, economic, social, and technical processes. Mathematical models of such situations are optimal control
problems for different classes of evolutionary systems. The existence and properties of solutions of evolutionary systems
were studied in the works of (Zadoyanchuk, & Kas'yanov, 2007; Zadoianchuk, & Kas'yanov, 2012; Kasimova, Kupenko, &
Tsyganivska, 2023). Interesting results that establish the conditions for the practical stability of evolutionary systems were
obtained in (Pichkur, 2019; Pichkur, & Linder, 2021; Pichkur, Linder, & Tairova, 2021). Among the studies dedicated to the
tasks of optimal control of evolutionary systems, the following works should be noted (Kapustyan, & Nakonechnyi, 1999;
Kapustyan, O. V., Kapustyan, O. A., & Sukretna, 2009; Koval'chuk, Lavrova, & Mohyl'ova, 2021; Hermosilla, & Palladino,
2022; Hermosilla, Palladino, & Vilches, 2024). But considerable attention is paid to mathematical models of processes in
the form of differential equations with a small parameter. For their solution asymptotic methods are widely used, in
particular, the averaging method, the strict mathematical justification of which was proposed by M. M. Krylov and
M. M. Bogolyubov. Since the differential inclusion is a natural generalization of the differential equation, the next step in
the development of asymptotic methods was the justification of the averaging method for differential inclusions. The main
idea of this approach is that a non-autonomous differential equation (or inclusion) is matched by an autonomous differential
equation using the averaging method (Koval'chuk, Mohyl'ova, & Shovkoplyas, 2020; Kapustian et al., 2022). This makes
it possible to apply effective numerical methods for solving the averaged control problem. The optimal control problem for
systems of differential inclusions with fast-oscillating parameters is considered in (Zhuk, Kasimova, & Ryzhov, 2022;
Kichmarenko et al., 2023; Kasimova, Zhuk, & Tsyganivska, 2023).

The object of research in the present paper is the optimal control problem for a parabolic differential inclusion with fast-
oscillating parameters. The aim and objectives of the research in the present paper are the application of the averaging
method to the study of the mentioned problem.

In the present paper, we use the averaging method for the investigation of the optimal control problem for a parabolic
differential inclusion with rapidly oscillating variables in the finite interval. In particular, by using the direct method of variational
calculus, the solvability of the original and averaged problems is proved. Moreover, the convergence of optimal controls and
optimal trajectories of the exact problem to the optimal control and optimal trajectory of the averaged problem is established.

1. Methods

The methods of the research — the averaging method and the direct method of the calculus of variations.

2. Statement of the problem

Let @ c R™ be a bounded domain. In cylinder Q; = (0,T) x Q we consider an initial boundary-value problem for a parabolic
inclusion:
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)

a—f EAy+f (é,y(t, x)) + 9y, (& x) €Qr,
Ylaa =0,
Yle=0 = Yo ().

Here € > 0 is a small parameter, f is a given multivalued mapping, g is a given real-valued mapping, 4 is an elliptic
operator, y is an unknown state function, u is an unknown control function, which are determined by requirements

u€UCL*(Qr), (2)
Jly,u) = fnq(x,y(T, x))dx + fQTuz(t,x)dtdx - inf, (3)

(1

where q is a given function.
We consider the problem of finding an approximate solution of (1)—(3) by transition to averaged coefficients. For this purpose we
assume that uniformly w.r.t. y € R there exists

fO) = Jim 2 [ f(s,y)ds. @)
We consider the following optimal control problem

Feay+fO)+ g0 (6 €0r,

Ylaa =0, ()
Yle=0 = Yo (x).
u€UC L*Qr), (6)
J@.w) = [,q(x,y(T,x))dx + fQT u?(t,x)dtdx inf. (7)

Under the natural assumptions on £, g, u, g we prove, that the optimal control problem (1)—(3) has a solutiony®, u*, i.e. for
every u € U and for any solution y# of (1) with control u we have

IG5 T) < I w.

Note that we can apply similar arguments to problem (5)—(7).
Assume that y,u is a solution of (5)—(7). The main goal of the paper is to prove the convergence

IO ) > IGw, £~ 0. (®)
3. Preliminaries and Notations
We suppose that the following assumptions for the parameters of the problem are fulfilled.
(f1) Multi-valued function f: R, x R - conv (R) is continuous and there exists C; > 0 such that

Vt>=0VyeR
f &Ny = sup ll§llg < (1 + llyllr), 9)
Sef(ty)

where ||¢||gr denotes the Euclidian norm of ¢ € R;
(g1) function g: R — R is continuous and there exists C, > 0 such that

vyER [lgWllr < Cz; (10)
(o) function q: Q x R — R is Carateodori function and there exists C; > 0 and functions ¥; € L?>(Q), ¥, € L*(Q) such that
lla(x, OlIr < Glillr + K1 (x), q(x,§) = K, (x) (11)

forallé € Randa.a. x € Q;
(u1) U € 12(Q) is closed and convex, 0 € U;

(A1) uniformly w.r.t. y € R there exists the limit (4).

Let us consider a triplet of Hilbert spaces V ¢ H c V' with compact dense embeddings, and the scalar producton V x H we

denote by (+,). We denote by || - || and | - | the norm in V and H respectively. We will use the following spaces
V =HNQ), H=I1*(Q), V' = H Q). (12)

In the sequel we shall fix time interval [0, T]; in addition to the triplet V, H, V' we also consider spaces L?(0,T; V), L?(0,T; H),
L?(0,T; V") which are the spaces of the square summarable functions defined on the interval [0,T] and with values,
respectively, in V,H,V"'.

Let us consider the space

0
W= {y €L2(0,T;V) ¢ y = a—’t' € 12(0, T;V’)}
with norm
- Mlw =11 Mz + 11 - Nz, -

Remark 1. The space W is continuously embedded into C(0, T; H). (Zgurovsky, & Mel'nik, 2004)
Remark 2. The space W is compactly embedded into L?(0, T; H). (Zgurovsky, & Mel'nik, 2004)
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Let us consider a differential inclusion from (1) in the following form:
y' ' —Ay €F(t,y), 0<t<T, (13)
y(0) = y,, (14)
where F: R, X R - conv (R),

Fit,y)=f (gy(t. x)) +g@u(t).

Definition 1. We say that the problem (13) — (14) has a weak solution if there exists y € Wand f € L2(0,T; H),
f(t) € F(t,y()), a. e. in [0,T] such that
y' —Ay(®) =@,
y(0) = y,.
In the sequel we denote by Z, (or £) a set of all pairs {y, u}, where y is a solution of (1) (or (5)) with control u.
Let us consider the result about solvability of the problem (1)—(3) (resp. (5)—(7)).

Theorem 1. Under assumptions (f1) — (A1) problem (1)—(3) (resp. problem (5)—(7)) has a solution'y _, u, (resp. {y,u}).

Proof. In what follows, assume that € > 0 is fixed. First of all, note that by Theorem 1 (Denkowski, & Mortola, 1993) the set of
admissible pairs =, is not empty. For further investigations let us consider some a priory estimates for solutions. Taking into
account the definition of weak solution for parabolic inclusion, suppose that Vo € H3(Q)

d
E(y, ©) + (Vy, Vo) = (f1(D), @) + (@u, )

fora.a. t €[0,T], (D) € f(t,¥(®)). (15)
From (15) we get the following equality
L' @.y®) de+ [0y, Vy) dt = [J(i(©),y(®) dt + [, (g»u,y(©)) dt. (16)
Using integrating by parts, Young's inequality and Assumption (g1), we get
ly()[2 +2¢ [Ily@©l12dt < [y(0)[2 + [ (f(D? + ly@®)Ddt + C(f; lu(®)[2dt + []|y(®)|2dt), (17)

where C is the constant from the inequality |Vy|? = C||y||*> for an arbitrary y € H(Q).
Using (9) we have
i1 < 2(CE1al + CEly 1),
where |Q] is Lebesgue's measure of bounded set Q.
Then from (17) we have:

ly(S)I? + 2€ [ ly()IIPde < [y(0)[2 + [} 2C2|Qldt + [7(2C2 + C;, + Dy(D)[2dt +C, [, [u(t)|?dt.
Then using Gronwall inequality we obtain
ly@®I2 < (Iy )12 + 2C2TIQ| + Collullfz (g ) - € @CEH DT o= My, (18)
From (17) and (18) we conclude that 3M > 0:
[ ly@112dt < M. (19)
From (18) we have:
IAW®I? < 2¢2(1Q] + My),
and as a consequence

IO €V2¢,(9Q [+M)Y2 a.e.in [0,T]. (20)
Due to (15), (1), (10), (19), (20) we conclude that there exists L > 0
Iy @©lIZdt < L, 1)

and in consequence, there exists

1
M, = 2C,TY2(|Q| + M,)z
such that
||f1||L2(o,T;H) < Mz- (22)
Taking into account (18), and Ass. (q1) we get that
J@w) < GlQly My + Q136G ()l 2qy + llullz o rmy < oo (23)

Thus the cost functional in (7) has sense.
Now let {y,, u,}n>1 be a minimizing sequence, that is,

—&
lim J(y,up) = inf Jy,w) =:J, (24)
n—-oo Y UEE,
Due to Ass. (q1) for an arbitrary y,u € 2,
J@w) 2 =17l 2 )
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therefore
—&
J = =%l ) > o.

From (24) for sufficiently large u

IOmu) <T +1. (25)
On the other hand
IO up) = _”7(2“1}(0) + IIunllfz(o,T;H)- (26)
Inequalities (25), (26) imply that {u,},»; is bounded in L?(0, T; H), therefore up to a subsequence
u, - u weakly in L2(0,T; H). (27)

Due to convexity of U we have that u € U. From (18), (19), (21), (22) we get that {y,},»; is bounded in L2(0,T; V) n
L°(0,T; H), 2= _ is bounded in L2(0, T; V).

© Ot n>

Using Compactness Lemma (Lions, 1969) we conclude that up to a subsequence

¥, — y weakly in L2(0,T; V),

y, = yin L2(0,T; H),
vt € [0,T]y,(t) —» y(t) weakly in H,

ya(t, x) > y(t, x) a.e. in Qr,

yn — y' weakly in L2(0,T; V). (28)
Let us show that y,u € E..We have that y,, is a weak solution of the following problem,

Oyn
a_yt = Ayn + fln + g(yn)un'

ynlaﬂ = 01
Ynle=o = Yo (x),

(29)

where fi,(t) € f(t, yn(1)).
From (9) and boundness of y,, in L?(0, T; H) we deduce that

fin = f1In L2(0,T; H).
From (28) we get
Y — y weakly in W. (30)

From Lemma 3.2 (Lions, 1969) we have that y, -y in C(0,T; H), and f; € f(t,y(t)), having that from the Dominated

Convergence Theorem and (28) we see that
9Gn) = g») in L2(0,T; H), n - oo.
Due to pointwise convergence
q(x%,yu(T, ) = q(x,y(T,x)) a. e. in Qr,

Fatou's lemma and weak convergence (27) we have
J- q(x, yn(T,x))dx + lim J-uz(t, x)dtdx = J(y,u).
Q or

n—co

J =1imJ(Gpuy) = lim
n—oo

n-oo

Therefore y,u is a solution of (1)—(3).
4. Main result
We assume thatvn > 0,38 >0,Vt >0,Vy,z€R

”y - Z”]R <§f= diStH(f(t' Y)rf(t' Z)) < n (31)

where disty (4, B) is Hausdorff metric between sets A and B.

Theorem 2. Suppose that assumptions (f1), (g1), (q1), (u1), (A1), (4) and (31) hold and, moreover, the problem (5) has the
unique solution for every u € U. Let {y°,u°} be a solution of (1)~(3). Then

JG ) - g@.u) -0 (32)

and up to subsequence
y >y in L*(0,T; H), (33)
u° > u weakly in L2(0,T; H), (34)

where {y,u} is a solution of (5) — (7).
Proof. Let e, - 0,3",u" be a solution of (1)—(3) for € = &,. Due to the optimality of 3", %" we have

JG"E") < I 0)
where y,, is a solution of (1) with e = ¢, and u = 0.
Then from (23) and (26)

—_nn2 1 1
N7 2y + ||un||L2(O‘T;H) < G|Qlzy My + 1Q[2(|K [l 2 (q)- (35)
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Repeating arguments used in the proof of Theorem 1 we conclude that on subsequence for some y, :

u" - @ weakly in L2(0,T; H), n — oo; (36)
¥y - ¥ in the sense of (28), n — . (37)

Let us prove that 9,1 € E, i. e. J is a solution of the averaged problem (5) with control @. For this purpose it is sufficient to
pass to the limit in the equality

G"(T,9), — Go @u + [ (VI V ) dt = [[(f7(t), ¢),dt + [] (g(7")", ) ,dt (38)
where

rwer(o7)

for an arbitrary ¢ € V.
The possibility of passing to the limit in the left hand side of (38) is a direct consequence of (37). From the Dominated
Convergence Theorem we see that

9(3") > 9@ in 120, T; H), n — oo,
Then (37) implies convergence in the last term of (38). Let us prove that vT > 0, Vy € V
fQT 1sn(t) @dtdx - fQTff"(t)(pdtdx, n - oo, (39)

Let us consider the following inequalities:

| f e @drax— f F@)pdrdx =
0

Qo0

Q
= disty ( J fT () pdtdx, f fT f(y)wdtdx> < disty ( J fT f<i,§n(t,x)> pdtdx, f f ?(y)q)dtdx).
Qo Qo Qo Qo

We will show that

disty ( Jo fOT f (é,y"(t, x)> dtdx, [, fOTf(y)q;dtdx) 0. (40)
First of all let us note that due to (4) and (Hermes, 1968) V0 < a < b Vy € H we have
distyy (fﬂ I (i.wm) pdtdz, [, [} f(w(x))wdtdx> 0. (41)

Due to Egorov's theorem V& > 0 399 < Q; such that u(9¢) < & and
y" — 9 uniformly on @ \ 9%, as n — co. (42)
Here u is Lebesgue's measure on
(0,T) x O c R™1,
On the other hand, there exists a sequence of step functions

YMED) = ) W @rp®, DR} H,

k=
{47 = (a", b))} is a covering of (0,T) such that
y™ - ¥ in L?2(0,T;H) and a.e.in Qr. (43)
Moreover, V& > 0 39¢ c Q; such that

uo3)<s
and
y™ - $ uniformly on Q9 \ 9%, as m — o. (44)

Further we have

disty f f(é,?(t,x)) pdtdx, f F(9(t, %)) pdtdx | < disty f f(gi,y”(t,x)> pdtdx, f f(gi,y(t,x)> pdtdx |+
QT QT QT

n QT n
+disty <fQTf (é,j/‘(t, x)) (pdtdx,fQT]_‘(fl(t, x))godtdx> = 11(") + Iz(n).

Then due to (42), Holder's inequality, (18) and (9) we have

Il(n) < Qf disty [f (é (¢, x)),f (é,f/(t, x)) dtdx < f disty [f (é,?n(t, x)) f (é.)?(t, x)>

or\@?

+ fdistH [f (gi,i”(t, x)),f (gi.?(t,X)>
of " "
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. t _n t
< [ distulr (27 @0 ) (.90 || HoGOlldeax +2 [ 6,0+ lvlle) patax <
n n
or\o} B

1 1 1
< Jop o2 distu [f( BAG X)> f(é,f/(t, x))] lo () llrdtdx + 2Cill@lly - 62 - T + 2C, Mozl |l - 62 - T (45)

Due to (31)foragiven§ >03AVvn=>1Vvt >0
1

t t
ly — zllg < 2= disty (f (=) £ (= z)> < 52,
gn gn
Therefore, choosing n; such that vn > n,

sup  [[7"(t,x) -9t 0| <
(tx)eQr\Q¢
we get from (45) that vn > n,

11 1 1 1 - 1
1" < 622l - T+ 2Cillglly - 62 - T + 2C,Mizllgll 4 - 62 - T < C(T)8z, (46)
On the other hand, for every step function y™(t, x) we have due to (41): vm = 1,

disty ff(gi y™M(t, x)) @dtdx, ff(ym(t x))pdtdx | =

= disty Z ff ( Ry (x))fpdtdx Zf ff(ym(t x))gdtdx | <

1A Q k=10 A
< Y disty <fn fAmf< Y (x)) pdtdx, [, fAZLf(ym(t,x))godtdx) -0, n— oo, (47)
Sovm =1 3n, =n,(m) Vn =n,
disty <fQ ( y™(t, x)> @dtdx, fg For, x))(pdtdx) 8. (48)

Furthermore, 3myYym>myvn > 1

disty f f(gi,f/(t,x))(pdtdx, f f(si,ym(t,x)> edtdx | <

or\o} or\od
1 1 1
= IQT\Qg disty (f <é,37(t, x)>,f (é,ym(t. x))) llollgdtdx < 8zuz(Qp)l@lly - T2, (49)
disty f F(3(t,x))pdtdx, f Fly™(, x))(pdtdx <
0r\93 or\9? . .
< Jopge distu (f(g(t,0))pdtdx, f(y™(t, ) llplirdtdx < 82uz(Qp)ll@lly - T (50)

Combining (47)—(50) we get vm = my Vn = n,(m)

19 < 285030l - T2 + 8 < E(T)s:. (51)
Inequalities (46), (51) imply (40). So we can pass to the limit in (38) and obtain that 9,4 € E. Now let us prove that 7,4 is
an optimal process in (5)—(7).
Fatou's lemma implies
lim J(3",u") =2 J(9,0). (52)
n—oo
On the other hand, for every u € U and any y, — solution (1) with control u and ¢ = ¢,,, we get

JG" ") < IO w.

Using the same arguments as in the proof of the Theorem 1 for {y,} we derive that y,, - y in the sense of (28), where y
is an unique solution of (5) with control wu.

We have the following inequality: Vy,u € E

J@) < lim (3", 7") < lim G, w) = I, w. (53)
n—-oo n-—-oo

This means that J, 1 is a solution of (5) — (7).

Now we substitute u = 4 in the previous arguments. Then y = 9 due to uniqueness. Thus, from (53) we get

J@,0) < lim J(¥",7") < 3@, ). (54)
n—oo
These inequalities mean that up to a subsequence
JF" ) = 3@), n— . (55)
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Since
J@, ) = inf J(y,uw),
YVUEE

then convergence in (55) holds for the whole sequence. Therefore, (32) is proved.
O
Discussion and conclusions
We use the averaging method to study the optimal control problem for a parabolic inclusion with fast-oscillating
parameters. In the future, we are planning to apply the averaging method to the study of optimal control problems for
evolutionary variational inequalities and differential inclusions of the second order.

Authors' contribution: Oleksiy Kapustyan — formal analysis, application of formal methods for analysis and synthesis of empirical
research data, writing — revision, editing and additions; Nina Kasimova — conceptualization, methodology, design and creation of a
mathematical model, validation of theoretical results, writing; Valentyn Sobchuk — discussion of results, writing — original draft; Oleksandr
Stanzhytskyi — discussion of results.

Acknowledgments, funding sources. This research was supported by NRFU project No. 2023.03/0074 "Infinite-dimensional
evolutionary equations with multivalued and stochastic dynamics".

References

Denkowski, Z., & Mortola, S. (1993). Asymptotic behavior of optimal solutions to control problems for systems described by differential
inclusions corresponding to partial differential equations. Journal Optim Theory Appl, 78, 365-391. https://doi.org/10.1007/BF00939675

Hermosilla Cristopher, & Palladino Michele. (2022). Optimal Control of the Sweeping Process with a Nonsmooth Moving Set.
SIAM Journal on Control and Optimization, 60(5). https://doi.org/10.1137/21M1405472

Hermosilla, C., Palladino, M., & Hamilton—Jacobi-Bellman Vilches, E. (2024). Approach for Optimal Control Problems of Sweeping
Processes. Applied Mathematics and Optimization, 90(33). https://doi.org/10.1007/s00245-024-10174-x

Hermes H. (1968). Calculus of Set Valued Functions and Control. Journal of Mathematics and Mechanics, 18(1), 47-59.

Kapustian, O. A., Kapustyan, O. V., Ryzhov, A., & Sobchuk, V. (2022). Approximate Optimal Control for a Parabolic System with Perturbations
in the Coefficients on the Half-Axis. Axioms, 11(4), 175. https://doi.org/10.3390/ axioms11040175

Kapustyan, O. V., Kapustyan, O. A., & Sukretna, A. V. (2009). Approximate bounded synthesis for one weakly nonlinear boundary-value
problem. Nonlinear Oscill, 12, 297-304. https://doi.org/10.1007/s11072-010-0078-0

Kapustyan, O. A., & Nakonechnyi, A. G. (1999). Optimal bounded control synthesis for a parabolic boundary-value problem with fast
oscillatory coefficients. Journal of Automation and Information Sciences, 31(12), 33-44. https://doi.org/10.20535 /SRIT.2308-
8893.2019.2.08

Kasimova, N. V., Kupenko, O. P., & Tsyganivska, I. M. (2023). Optimal Control Problem for Non-Linear Degenerate Parabolic Variation
Inequality: Solvability and Attainability Issues. Journal of Optimization, Differential Equations and their Applications (JODEA), 31(1), 1-21.
https://doi.org/10.15421/142301

Kasimova, N., Zhuk, T., & Tsyganivska, |. (2023). Approximate solution of the optimal control problem for non-linear differential inclusion on
the semi-axes. Georgian Mathematical Journal, 30, (6), 883-889. https://doi.org/10.1515/gmj-2023-2054

Kichmarenko, O. D., Kapustian, O. A., Kasimova, N. V., & Zhuk, T. Yu. (2023). Optimal Control Problem for a Differential Inclusion with
Rapidly Oscillating Coefficients on the Semiaxis. Journal of Mathematical Sciences, 272, 267—277. https://doi.org/10.1007 /s10958-023-
06415-z

Koval'chuk, T. V., Lavrova, O. E., & Mohyl'ova, V. V. (2021). Optimal Control for Some Classes of Dynamic Equations on the Infinite Interval of Time
Scale. Journal of Mathematical Sciences, 254, 229-245. https://doi.org/10.1007/s10958-021-05300-x

Koval'chuk, T.V., Mohyl'ova, V.V., & Shovkoplyas, T.V. (2020). Averaging Method in Problems of Optimal Control over Impulsive
Systems. Journal of Mathematical Sciences, 247, 314-327 https://doi.org/10.1007/s10958-020-04804-2

Lions, J.-L. (1969). Quelques méthodes de résolution des problemes aux limites non linéaires. Dunod, Gauthier-Villars.

Pichkur, V. V. (2019). Maximum Sets of Initial Conditions in Practical Stability and Stabilization of Differential Inclusions. In V. Sadovnichiy,
& M. Zgurovsky (Eds), Modern Mathematics and Mechanics. Understanding Complex Systems. Springer, Cham.
https://doi.org/10.1007/978-3-319-96755-4_20

Pichkur, V.V., & Linder, Y. M. (2021). Practical Stability of Discrete Systems: Maximum Sets of Initial Conditions Concept. In
V. A. Sadovnichiy, & M. Z. Zgurovsky (Eds), Contemporary Approaches and Methods in Fundamental Mathematics and Mechanics.
Understanding Complex Systems. Springer, Cham. https://doi.org/10.1007/978-3-030-50302-4_17

Pichkur, V. V., Linder, Y. M., & Tairova, M. S. (2021). On the Practical Stability of Discrete Inclusions with Spatial Components. Journal of
Mathematical Sciences, 254, 280—-286. https://doi.org/10.1007/s10958-021-05304-7

Zadoianchuk, N. V., & Kasyanov, P. O. (2012). Dynamics of solutions of a class of second-order autonomous evolution inclusions. Cybern
Syst Anal, 48, 414—428. https://doi.org /10.1007/s10559-012-9421-z

Zadoyanchuk, N. V., & Kas'yanov, P. O. (2007). Faedo-Galerkin method for nonlinear second-order evolution equations with Volterra
operators. Nonlinear Oscill, 10, 203—228. https://doi.org/10.1007/s11072-007-0016-y

Zgurovsky, M. Z., & Mel'nik, V.S. (2004). Nonlinear analysis and control of physical processes and fields. Springer.
https://doi.org/10.1007/978-3-642-18770-4

Zhuk, T., Kasimova, N., & Ryzhov, A. (2022). Application of the Averaging Method to the Optimal Control Problem of Non-Linear Differential
Inclusions on the Finite Interval. Axioms, 11(11), 653. https://doi.org/10.3390/axioms11110653

OTpumaHo pepakuieto xypHany /| Received: 26.03.24
NMpopeueHsoBaHo /| Revised: 01.11.24
CxsaneHo oo apyky / Accepted: 26.11.24

ISSN 1812-5409 (Print), ISSN 2218-2055 (Online)



~ 40 ~ B 1 C H U K KuiBcbkoro HauioHanbHoro yHieepcurety imeHi Tapaca LleBueHka

Onexcin KAMYCTAH', a-p cis.-mat. Hayk, npocp.
ORCID ID: 0000-0002-9373-6812
e-mail: kapustyan@knu.ua

Hina KACIMOBA', kaHg. cis.-maT. Hayk, aou,.
ORCID ID: 0000-0002-6032-0343
e-mail: kasimova@knu.ua

Banentun COBYYK', a-p TexH. Hayk, npodp.
ORCID ID: 0000-0002-4002-8206
e-mail: sobchuk@knu.ua

Onekcanap CTAHXULIBKUI', n-p cbiz.-mat. Hayk, npod.
ORCID ID: 0000-0002-1456-729X
e-mail: stanzhytskyi@knu.ua

'KniBcbKkuit HauioHanbHWIA yHiIBepcuTeT iMeHi Tapaca LLleByeHka, Kuis, YkpaiHa

METO[ YCEPEAHEHHA ANA 3AO0AYI ONTUMANBbHOIO KEPYBAHHA NAPABONIYHUM BKITIOYEHHAM
31 WBMOKOKONMMBHUMU KOE®ILIEHTAMU HA CKIHHEHHOMY YACOBOMY IHTEPBAITI

HocnidxeHo 3adayy onmumanbHO20 Kepy8aHHS Onsi napaboslivHo20 OughepeHyiaribHO20 8KITHOYEHHS 3i WeUOKOKOSIUBHUMU 3MIHHUMU Ha CKiH-
4eHHoMYy iHmepeani. IcHye 6azamo nioxodie 0o docnidxeHHs1 3a0a4 KepyeaHHs1 Onsi OughepeHyianbHUX PieHSIHL i 8KIOYeHb. [Jlocumb 4acmo, 30k-
pema, sukopucmosytoms acumnmomu4Hi Mmemodu. Ceped HUX MOXHa eUOKpemMumu mMemod ycepeOHeHHSsl, w0 6ye cmpo20 MamemamuyHO
06rpyHmoseanuli y po6omax M. M. Kpunoea ma M. M. Bozonro6oea. Knro4yoey ponb y docnioxeHHi eidizpae meopema KpacHocesnbcbkoz2o — KpeliHa,
a makox if 6azamo3HayHuli aHano2. Memod ycepedHeHHs1 aukopucmoeytoms O1s1 38udaliHux OughepeHyianbHUX 8K/TH04YeHb, @ MaKoX OJisl 8K/THOYEHb
i3 YacmuHHuUMu noxi@Humu ma 3 noxioHoro Xykyxapa. bazamo3HayHicmb nopodxye cneyugiyHi npobsemu, noe 'a3aHi, Hanpuknad, i3 3aMKHeHicmo
i onyknicmto cim'T po3e’siskie, icHyeaHHs1 2paHU4YHUX po3e'A3kie, sudineHHs po3e'a3kie i3 3adaHumu enacmueocmsimu. [lpome Aob6pe po3suHeHuli
anapam MamemMamu4HO20 aHasi3y, 3acmocoeaHull o eus4eHHs1 6acamo3Ha4yHux pyHKyili, 0ae 3Mo2y sukopucmosysamu Memod ycepedHeHHs1 00
32adaHux 3aday onmumMasnibHo20 KepyeaHHsl. Hanpuknad, y nponoHoeaHili po6omi 3a donomoz2oto memoda ycepedHeHHs1 doeedeHo 36ixHicmb on-
mumasibHUX KepyeaHb ma onmumasibHUX mpaekmopili po3e‘sa3kie euxioHoi 3ada4i onmumMasibHO20 KepyeaHHs1 00 onmumasibHUX KepyeaHb ma ofl-
mumanbHUX mpaekmopiti ycepedHeHol 3adadi.

Knw4yoBi cnoBa: 3adaya onmumanbHO20 KepyeaHHsl, napabosiyHe dughepeHyianibHe 8KITHOYEHHS, MEMOO ycepeOHEHHs], WeUOKOKOMUBHI
3MiHHI.

ABTOpM 3asBNAIOTb NPO BiACYTHICTb KOHANIKTY iHTepeciB. CnoHcopu He Gpanu yyacTi B po3pobneHHi AocniaxeHHs; y 36opi, aHanisi umn
iHTepnpeTauii AaHWX; Y HanMCaHHI pyKonucy; B pilleHHi Npo nybnikauito pe3ynbTaris.
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