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Y pobomi npononyemuvcs Hosull nioxio 00 nobyd0su mMooeiel mouKkosux degpexmis, wo 6a3yemvcs Ha
PO38 A3aHHI SPAHUYHUX 3a0a4 3 He2AadKuMu Koepiyicumamu. Heoonopionicms exaouaemocs y GU3HA4AIbHE
pieHsanHs epanuunoi 3a0aui. Takuil nioxio 0036o0ns€ opmanizyeamu Oe@exmu Ha emani SUKOPUCHAHHSL
PIBHAHbL CMAHY, A OmdHCce ABMOMAMUYHO Y32000CYE Oehekm 3 2inome3amu NOHUNCEHHS POZMIPHOCIE Md He
nopywye enepeemuunoi samkHenocmi. P036’A30K po3uwiykyemvcsa y 6uenadi ciabko 30ixcHUX padié no
V3A2anbHeHUM (QYHKYIAM. 3anponoHosanuil nioxio CHpowye MeXauiuHy IHmepnpemayio napamempis
deghexmis ma NPoOeMOHCMPOBAHULL HA KITbKOX npukiadax. B nepuiomy npuxnadi 6yoyemuvcs @yuxyis I pina
0I5l 2APMOHIUHUX KOAUBAHb NPYICHOL OAnKu, wo Mmicmumb mouxosutl Oeghekm. Moodenv Oegpexmy €
SPAHUYHUM CMAHOM HPYICHO20 GKIIOYEHHS 3 OCAAOneHHaM 4Yu 30 3Miynennam. B Opyeomy npuxnadi
PO32IAHYMO BKIIOUEHHST eNinmUu4HOi Gopmu 6 3a0ayi Npo 2aPMOMIUHI KOMUBAHHS HPYHCHOI NIACTHUHU.
Tlobyoosano nepuie HabaudCceHHs: eKGIBANEHMHOL 00 €EMHOT CUTU MA 8KA3AHO WLISAX 00 ROOYO08U HACTIYNHUX
Habnuxcenb. B mpembomy npukiadi nodyoosana Mmooeib KPuxkoi mpiwuHu 3 6Ii00MUM CMPUOKOM
nepemiuierv 05 CmamuyHol 0808UMIPHOL 3a0aui Meopii npyAHCHOCHI.

Kurouosi cnosa: yzacanvheni Gyukyii, Mooemoeans HeoOHOPIOHOCmel, CYYiibHe cepedosuye.

The paper proposes a new approach to the construction of point defect models, based on the solution of
boundary value problems with non smooth coefficients. Heterogeneity is included in the determining
equation of the boundary problem. This approach allows us to formalize defects at the stage of use of state
equations, and thus automatically reconciles the defect with the hypotheses of diminution of dimension and
does not break the energy closed. The solution is sought in the form of weakly convergent series of
generalized functions. The proposed approach simplifies the mechanical interpretation of defect parameters
and is demonstrated in several examples. In the first example, the Green function for harmonic oscillations
of an elastic beam with a point defect is constructed. The defect model is a limiting state of elastic inclusion
with weakening or strengthening. The second example considers the inclusion of an elliptical shape in the
problem of harmonic oscillations of the elastic plate. The first approximation of the equivalent volumetric
force is constructed and the path to the following approximations is indicated. In the third example, a model
of a brittle crack with a known displacement jump is constructed for a static two-dimensional problem of
elasticity theory.

Keywords: generalized functions, inhomogeneity modeling, continuous environment.

CrarTio ipenctaBuB 1.¢.-M.H., mpod. XKyk .0.
MOJIeTIeH, M0 OMUCYIOTh JIOKaIi30BaHI HEOJHOPIIHI
Beryn BmoueHHs  [1,2,3,4]. Bonm  Bu3Ha4aroThCA
B MexaHiIi CyliibHOrO CepeIoBUIla Ta MEXaHilli  (I3MYHUMH  BJIACTHBOCTSMH,  BIIMIHHUMH  BiX
nepopmoBaHoro Tima, 30KpeMma, IiCHye 0araTo XapaKTepHCTHK OCHOBHOI'O Marepialy Ta MOXYTh
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BKITIOUCHHSI TOBHOI PO3MIPHOCTI, TPINMHOMOAIOHI
nedexry, BKITIOYCHHS 3i CTOXaCTUYHHMH
XapaKTepUCTUKAMH, 10 MOXYTh OYTH 3MOJEIbOBaH1
aHcaMOlleM TOYKOBHX Je(peKTiB 3 HEBH3HAYCHUMH
xapakrepuctukamu Touio (Puc. 1).

Puc. 1. Tunu HeomaHOpIiTHOCTEH

[Mpu ¢dopmymoBaHHI MaTeMaTHYHUX 3amad s
TiI 3 TaKUMU HEOTHOPIAHOCTIMU
BHKOPHCTOBYIOTBCS PI3HOMAHITHI MiJXOAWU: METOJ
YacTKOBHX oOnacreil [2], rpaHUYHUX IHTErpasbHUX
piBHsHb [3,4], Bapiamiiini Meromu [1]. B Garathox
BUMQJIKaX TIpH PO3B’SA3aHHI MOJENBHUX 3ajad
HEOJHOPIHOCTI BKJIIOYAIOTHCS B TPaBl YaCTHHU
BU3HAYAJIBHUX PIBHSIHb y BHIIISAIl EKBIBaJEHTHHX
PO3IOIUIEHUX Ta TOYKOBUX CHHTYJISIPHOCTEH.

Y poboTi NpPOMOHYETHCS HOBUH MiAXiL 0
moOyIOBH  MOJAEICH TOYKOBUX JedekTiB, 110
0a3yeTbcsi Ha pO3B’S3aHHI TPaHUYHUX 3alad 3
HErJIaJKUMKM  KoedillieHTaMu.  3alporOHOBaHUI
MiXiJ Ha BIAMIHY BiJ METOMIB, IIO0 MOTPEOYIOTh
BUKOHAHHSI TPUHIIMITY CYIEPIO3UIlil, MOXKe OyTH
3aCTOCOBAaHMK [0 HEMHIHHHX 3aJa4, B SKHX
BHUKOPHUCTOBYETHCS JIiHiITHE PIBHSHHS PiBHOBATH.

Hexait piBHsSHHS piBHOBard cyOQi3U4HOTO
CNIEMEHTY Ma€ BUTJIISL:

LDgp+X =0, (1)
ne L — miniitauii nudepeniansamii oneparop, D —
onepaTop, 10  BHU3HAYAETHCS  MOJCIUIIO  Ta
PIBHSHHSMH CTaHy, X —y3arajbHEHE HaBaHTaKCHHS,
a onepatop D wmictuth Hernmamgki KoedirieHTu. Sk
MoOXHa Tokazatd, (1) Moke OyTH 3BEIEHO B
3arajibHOMY BUTJISIIL IO PIBHSHHS BHLY

Lo=-X+L(Eo) , 0 =53, )

B SKOMYy TIpaBa YacTHHA MICTUTh Yy3arajbHEHI
(G yHKITIL.

Po3B’s13KM TakMX piBHAHB MOXYTh OyTH 3HaWEeH]
METOJIaMH Teopii y3araabHeHUX QyHKIIH [5,6].

59

3alPOMOHOBAHOTO IMAXOAy A0 3aJa4 MeEXaHiKH
neOpMOBAHOTO TBEPAOTO Tija.

ToukoBa HeOTHOPIAHICTH B OAHOBUMIPHIl
moaeni Kiprxoga
Posrnsnemo 3amauy moOymoBu ¢yHKIi ['pina
JUIT TapMOHIMHWUX KOJIMBaHb TpPYXHOI Oankm 3
HEOJTHOPIJHICTIO, [0 XapaKTePHU3YEThCS 3MIHOIO
moayns FOnra |AE|<1 , mae posmip 2/ <<1, Ta
HEHTPabHY KOOpAHMHATY y . PIBHSHHS TpaHHYHOT

3ajgadi (1) mae BUTIISII:

2
dw
2

d2
—\ E(x)I
= (x)

~0’pw=35(x~&), 3)
ne E(x)=E,(1-AEf(x)),

Sy =Hx=(z=0)=Hx=(x+0)) ,

H (x) - dynxuis Xesicaiiza.

Micns  poskmany  f(x) AHATHYHUN Y

mpocTopi y3aranbHeHuX QyHKUid psag mo £, (3)
HaOyBae BUTIIAAY (4):

(1= AEF ()W (x,&) =k w(x, &) =
F&(x-&)+

0

20EW] (x,€)D

k=0

5 (x— Z)gzlm "

2k +1)!

5% (x— Z)KZkH
2k +1)! '

“4)

0

+HAAEWD (x,6)) ]
k=0
HIngxom

20*AE

(2i-1)!

BBEJICHHS MaJoro napamerpy

4)

3

& =

1 ,i=12,..., PO3B’A30K

wW=w, +&W, +&W, ++-+  MOXKHA BIIIIYKaTH

CHCTEMH PO3AUICHHX PiBHSIHb:
(4) 4r4. —
W, =7 k'wy, =Fo(x=&),
w® _ 7T4k4wi _ w0§4)5(2i—2)(x — )+

2w, V8% (x = 1) + w25 (x - x)

)

Jlerxo otpumaru [5], 1m0 B (5)

2i-s

—55 W (%,8)
dx .

d2

dx*

2i=2
= Z CS
2i-2
=0

(2)

X

(6% (x =),

5% (x = x).
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Heoanopignicts B niiactuni moaeni Kiprxodga
Posrnsinaerbess 3ajada rapMOHIMHUX KOJIMBaHb
MPYXXHOI  IUTACTUHKKA 3  HEOMHOPIAHICTIO, IO
XapaKTepPU3YETHCA 3MiHOIO Wi HAPUIHOT
KOPCTKOCTI |AD|<1 Ta BHU3HAYA€THCS (YHKIIEO

) P>0
obmacti [5]: O(P)= {0 Peo P(x,y)=0 3]

VP oo 0 . PiBusHHS TpaHuuHOI 3amavi (1) mae
BUTJISIL:
L(-DLw)+k’w+q =0, 6)
2 2 2
z[eL=6—2a—2 0 ,L:M=-DLw,
x° Oy~ Ox0Oy
AD
=D,|1-—0(P) | .
DO
3acToCyBaBIIM  ONMHMCAHUH  MIAXiA, OTPUMAEMO
PIBHSHHS 3 CHHTYJISIPHICTIO B TIpaBiif YaCTHHI BUY:
-0 o’ o’
L@O(P)v)=—(0v,)+2 P (9v ) + (9v )
X
v=-DM.
BBakaroun, 1m0 00JacCTh HEOIHOPITHOCTI €

LIEHTPAJIbHUM EJTIIICOM 3 TOJIOBHMMH IIBOCSIMH a,b,
JIETKO OTPUMATH, 3riAHO 3 [5] , 1m10:

00(P) \ P\
< or ’¢>"<5(P)ax’¢>

ne dPw =dxdy, wz—b—dx.
2y

2x
[ oo,
a

P=0

ko BBaXxaTH a,b <<1 , JETKO OTPUMATHU:
oP 85 X,

5P L = 2ab 22N 502 1), )
Ox Ox

JloBeneHo

Teepmxkennsi. (7) iHBapiaHTHE MO BiJHOIICHHIO
10 aiHHOTO TIEPETBOP CHHS:

|

Buxopucrasum (7), Mo)KHa 1OKa3aTy, 1110

x'=(x-xDa, +(y-y)a,
y=—(x-xYa, +(y-y)a,

2

(9v)+2666y(9v )+a

2

o v,) =

2019, 1
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o 5(x) 8%5(x)

Oxoy

—ﬂab{v (0) () +2v (0)——

: _ (8)
+v},(0)%5(x)} +0(d>,b%).

(8) BH3Hauae TOYKOBY 00’€MHY CHHTYISPHICTD
, GKBIBAJICHTHY CIINTUYHIA HEOIHOPITHOCTI.

Ilnocka 3apaya cTaTUYHOI Teopil MPYKHOCTI.
MopaenwoBanHs TPIllIMHY Yepe3 3aBIaHHA
cTpulKa nepeMinieHb.

PiBHsIHHS piBHOBarW sl IJIOCKOi 3amadi Teopil
MPYXKHOCTI Mae BUIIAA [2,4]:

L'DLp+X=0 )
ae

2

Ox 1 v 0
L= 9 , D= E slv 1 0 (10)

Oy 1-v
— — 2
| Oy Ox |

" =(u,v) — BeKTOp mepemimIeHb.
Hexaii TpimmHa po3TanioByeThesi Ha pO3IMKHEHIH

KpuBiit P(x,)=0, =1, v=VP=(a,,a,)"

- HOpPMaJNbHHMH  HampsMOK  JI0  TPIlIMHH,

A T o
T=(-a,,0,) — HOTHYHMH HanpsMOK. Beaxaemo,

mo Ha P(x,y)=0 3amaHo CTPHOOK IMEpeMillIeHb:
[1;] =nfu,]+7[u, ]#0. Jlerko 6aunTH, MO B IIHOMY

BHUIIAJIKY KOMIIOHCHTHU TCEH30pa HAIPYXCHb MOXHAa
MOJaTH Y BUIIIAI CYMH PETYJISIPHOI Ta CHHTYJISPHOT
4YaCTHH, A€ BCKTOP CHHIYJIAPHUX HAIIPYXXCHb Mae€
HocieM P=0 Ta HOro BUpa3d B JIOKAJIBHUX
KOOpJIHMHATaX

(7. n)
-5

q = q" n+t, 5T MaroTh BUIIIAL;

-5
. SA S A
, t =t’a+t’t

E

A L LI
1= e
¢, = [u,]5(P)
g5 =2 [u,]5(P)
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SIxmo NPUNHATH o yBaru OYEBHIHI AE
CHIBBIJJHOIIIEHHS: E=E,| 1- 7 o), me P(xy)>0 -
0
o6(P) 0 o6(P) 0 a[”n] -0 a[”r] _( OMHO3B’A3HA, ONyKIa Ta CKIHUEHHa, 61’8‘ 20,
- s - s - s - P,=0
ot on on on ~ -
. . IlimP, =K, , Tk, mo km&(R)w =5(R)| 1] -
JICTKO II0Ka3aTH, 1o €KB1BAJICHTH1 CTpI/I6Ky &0 £—0

nepeMimeHb, 00’€MHI HaBaHTAKECHHSI MOXYTh OYyTH
MpeICTaBIICHI SIK:

S ’ 1_ 8 E
A O e A e

S _ (l—V) ’ i E ’
P (S 2wer ev Zuloe) |2

e <a%[un]6(P),(p>=<§(6(P)[u,]),(0> -

A oOTKe, CHHTYISpHAa 4YacTHHA HAIPYKEHb, IO
BU3HAYAETHCS CTPUOKOM IepeMillleHb B 00JacTi
TPIIIMHU CKBIBAJIEHTHA PO3IOJUICHNM Ha MOBEPXHIi
TPIIUHU JUITONSAM 3 IHTEHCUBHOCTSIMH,
MPOMOPIIfHUMA ~ CTPUOKaM  TepeMillleHb, IO
30iraeThcs 3 KJIACHUHUMHU pe3yabTaTamu [2,4].

IInocka 3aga4ya craTHYHOI Teopil MPYKHOCTI.
MopaenoBanHsl TPIIUHY SIK TPAHHYHOTO CTAHY
HEOTHOPIAHOCTI.

Posrisinemo piBHsiHHA (9), MpUAHSBIIM, MO B

(10):

CnuCOK BUKOPHCTAHMX JIZKEPe
Konuun I'Fb. Pacuer 3JIEMEHTOB
KOHCTPYKIIMI H3 yOPYIMX HEOJHOPOAHBIX
MarepuaioB / ['.b. Komunn — Kummnnes:
Kaprs monnosensacka, 1971. — 172 c.
Hosayxuii B. Teopust ynpyroctu / B.
Hosankwuit — M: Mup, 1975. — 872 c.

Aki K. Quantitative Seismology / K. Aki, P.
Richards — University Science Books, ISBN
0-935702-96-2, 2002. — 704 p.

Crouch S.L. Boundary element methods in
solid mechanics / S.L. Crouch, A.M.
Starfield — London: George Allen & Unwin,
1983. -322 p.

Gelfand 1. M. Generalized Functions, Vol. 1/
IM. Gelfand, G.E. Shilov — AMS Chelsea
Publishing, 1964. - 377 p.

Viadimirow V.S. Equations of mathematical
physics / V.S. Vladimirow M: Mir; Rev.
from the 1981 Russian edition, 1984.— 464 p.
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ToOTo, npu cnpssmyBanHi & 10 0 , omykiia 00JacTh
P (x,y)>0 npsmye HermepepBHUM YHHOM JI0 KPUBOL

F(x,y)=0.

[InsxoM  aHAmITHYHUX  [OOYJOB  MOXHA

nokazatu, mo: L'O(P.)o=5(P)tys , ne sk i B
MOTEPEAHBOMY PO3JLTL f,; - BEKTOP HaNpyKeHb Ha

njomanaui 3 HopmMamuno VP, . MoxHa mmokazaTy,
P

0 pe3ylbTaT TPaHUYHOTO TIepexoay MpaBoi
yactuHu (9), mepeOyIoBaHOro SIK BKa3aHo B (2), He
Oy/ie BIAPI3HATHCH BiJl OTPUMAHOTO B MOMEPETHBOMY
NPUKIAAl  pe3ysbTaTy, a ODKe, TpillluHa, M0
pos3raimioBaHa Ha KpuBii F)(x,y)=0 wmoxe Oytn
MPOIHTEPIPETOBaHA TpaHUYHHR CTaH

HeoJHopiaHocTI B obmacti P.(x,y)>0 mpu € -0

SAK

AE
Ta ——>1.
0
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