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Posenanyma modenvna 3adaua npo 2apMOHIUHI KOMUBAHHA WAPHIPHO 3AKPINJIEHOi NIACMUHU, WO
BHAXOOUMbCSL N0 GNAUBOM OESKO20 YUCLA MOYKOBUX 30cepeddceHux cul. Beascaemuves, wo modens
nracmunu 3a00601vHsae ymoeam Kipxeopa. Ocnosnum npeomemom pozensdy € 3a0aua npo 6UHAYeHHs
ONMUMATLHUX XAPAKMEPUCMUK 30Y0XCEHHsL - KITbKOCMI CUl, KOOPOUHAM iIXHb020 NPUKIAOAHHS, AMALIMYO
ma ¢asz. Kpumepii onmumanvuocmi 6uby008yemvpcst sIK cepeoOHbO K8AOpAmuyHe GiOXUNEHHSI KOMNIEKCHUX
npoeunie 6i0 3a0anoi Gyuxyii npoghino. [lpu 3adanux xapaxmepucmuxax 30y0xiceHHs, 3a0a4a U3HAYEHHS
KOUBAHL PO38 A3VEMbCA Y 6uensoi cynepnosuyii pyuxyi I pina 3 cunzyiapHocmsamu 8 moykax npukiadanus
cun. @yuryis I'pina nobyoosana y euenndi psdy @yp’e no konositi koopounami. lllnaxom euxopucmanms
pienocmi Ilapcesans ¢ npocmopi L, , yinbosa @yukyio onmumizayiinol 3a0ayi npedcmasiena y eueisioi
KOMOIHaYil TiHItHOL ma epmimosoi popm 8IOHOCHO KOMNLEKCHUX AMIIIMYO CUL, MAMPUyi SKUX HeaiHiuHuM
(ma He ONYKIUM YUHOM) 3anedHcamb 8i0 KOOpOUHam moyox cuneyiaprocmi. 1lposedeno nosne 00cniodicenus
Yinbosoi (ynxyii. Busnaueno oocmamui ymosu 0nsi pedyKyii posmMipHoCmi npoCmopy YRPAGIiHHSA WISAXOM
AHATIMUYHO20 BUBHAUEHHS aMnimyo cul. Ompumani eupasu 0isi NIOPAXYHKY 2padieHmie yinbogoi (yHryii
1O KYymogum ma padiaibHum KOOPOUHAMAM.

Kurouosi cnosa: capmonitini KonueanHa naamieku, onmumaibHe 30Y04CeHHsL.

A model problem of harmonic oscillations of a hinged plate, that is is under the influence of a certain
number of point concentrated forces, is considered. The plate model is considered to satisfy Kirchhoff's
conditions. The main task of the consideration is to determine the optimal characteristics of excitation - the
number of forces, coordinates of their application, amplitudes and phases. The optimality criterion is
constructed as the standard deviation of the complex deflections from a given profile function. With the given
excitation characteristics, the problem of determining the vibrations is solved in the form of a superposition
of the Green functions with singularities at the points of application of forces. The Green function is
constructed as a Fourier series by a circular coordinate. By using Parseval equality in L, the objective
function of the optimization problem is represented as a combination of linear and Hermitian forms with
respect to complex amplitudes of forces whose matrices are nonlinear (and not convex) dependent on the
coordinates of singular points. A complete study of the objective function is performed. Sufficient conditions
are determined for reducing the dimension of the control space by analytical determination of the amplitudes
of forces. Expressions were obtained to calculate the gradients of the objective function by angular and
radial coordinates. A partial case of grouping of excitation forces on concentric circles is considered, that
leads to the degeneration of the problem.

Key words: harmonic plate oscillations, optimal excitation.
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3amaya  Tpo  BU3HAYEHHS  ONTUMAIBHHX
XapaKTepUCTUK 30YIKEHHST KOJHMBAaHb  KPYIJIOI,
MIApHIPHO 3aKPilUIEHOI TUIACTHHH, IO 33/I0BOJIBHSIE
ymoBaM mozeni Kiprxoda [1,2,4], mae pursn [3]:

I(R) 4 min , (1)
q(r.p)
Jie UThoBa (DYHKILis
1 f 2

I(R):;!rdri|R(r,<p)| dop+yS, (2)
BU3HAYAETHCS HEB SI3KOI0 HaOIMKEHHS
KOMIUIGKCHOIO ~ aMIUTITY/I0}0  KOJIUBaHb  w(r,)
(w(r,@,t) =w(r,p)e'") 3a/1aHOTO npodino

noBepxHi W (r,p) [5]:

R(r,@)=w(r,@)-W(r,p).

OTmxe, w Mae OyTH pO3B’SI3KOM IPaHUYHOI 3a]1avi:

Nw—k*w=q,0<r<l, 0<p<2m ,
w(l,@)=0

2 2 , 3
a»; y 6_w+6v: 0 3)
or or  0p” )

e k= pha)z /D , D - nuiaiHIpuYHa KOPCTKICTD,

v - koediuient Ilyacona, g =q(r,p;u,,...,u,) -

fu i

3OBHiIlIH€ HaBaHTaXXCHHSI, nmapaMeTpu
KEpyBaHHs HABAHTAKECHHSIM.

Awmrmnityza ta ¢asa 3agaHoro npodiaro moBepxHi
B 3arajJJbHOMy BHIIaAAKY MOXYTh 3aJICKaTu Bi):[

MIPOCTOPOBUX KOOPANHAT:

W (r,@)e™ = A(r,p)e™ . 4

B cuny ocecumerpuuHOCTI 00MacTi, po3B’SI30K
(3) posmrykyBaBcs B BUINIAIL po3KIIaaiB B psix Dyp’e
10 KYTOB1i KOOpIMHATI:

M
w(r,p)= > w,(r)e", (5)
n=—M
Ta, aHAJIOTIYHO,
N
W(rp)= D, W,(re", (6)
n=—N
M .
R=Y R (rk". (7)
n=—M

ne, B cuny (4), W .(r)y=W_(r) , w,(r)zw_ () ,
M >N - nopsiiok HaOIKEHHS.
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B naHiii po0OoTi po3rissHYyTO 30YIKEHHS KOJMBaHb
CYKynHicTiO [+1 TOYKOBMX CHII, NPHUKIAJICHUX B

r=0 (105 ) 3

amrutitynamu Fy, F, k=11 :

TOYKax KOMITIJICKCHUMH

9

q(nw;{ﬂ,r@ P, }:1 ) =

1
:zE(5(r—r§k,qo—q0§k)+Fo5(r).

k=1

()

TakuM 4yuHOM, MapaMmeTpaMu KepyBaHHS B (2)
€(F'k =Uy +ivk5r§k5(/)§k)a F() =U, +V0 ) kzl,l .

3rigHo 3 (5), po3p’s30k (3) MOXKHa TOmATH Yy
BUIJISI [6]:

ottt )

/
ZE(W* (r’r'fk ’qo_qp'f/; )+FE)W;0 (r):

k=1

ne w*(r,go;ré,gog), wgo(r) - ¢yuknii 'pina 3amgaqi
(3) 3 nmpaBUMH YacTHHAMH B  PIBHAHHIX
1 1 . .
—5(r—r.)6(o— Ta ——JO(r) BIOMOBIAHO.
2 ( f) ((D (Pg) 21 ( )
Koedimieatn Dyp’e byHKIi

+M

* * ; o

w (r,ré,qo): E w, (r,ré)e’"(” MO)KHA 3HAUTH SIK
n=—M

CYNEpHO3HUILiI0 (PyHIAMEHTATBHOTO Ta OJHOPIIHOTO

PO3B’sI3KIB 3BHYAHHOTO udepeHIiaTbHOro

PIBHSHHS 4-TO TOPS/IKY, IO 3BOAUTHCS IO PIBHSHB
,

Beccens [6]: w: (r,ré): wf(r,r )+ wj*(r, 5).
B pesynbrari mobynou ¢ynkiiii ['pina moxna

JIOBECTH, 1110 BUKOHYEThCS

TBepa:xenns 1.

gn(r,rél r<r,

W"(r’ré): gn(ré,rl r>r e
gn(r,ré)zDLn(An(rg)Jn(kr)+Cn(r§)1n(kr)).

[puitmaroun g0 yBaru (5)-(7) Ta BHUKOPHUCTaBLIH
piBuicts  IlapceBans s mpocropy L°[0,27],
3amaya (1) Moke OyTH 3BeleHa A0 3HAXOKCHHS
MIHIMYMIB QYHKIIIT:

(R)=22 3 |

n=-M (

2

rdr

Rn (l’,(ﬂ;{ﬂ:”g > P, }::])
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no 3MiHHUM F, { kol 2P, }] a, OTXKe, JO
nocnimkennas EpmitoBoi hopmu [7]:
I(R)=F KF-2Re(bF )+C, 9)

ne K=ZKn - Marpuns JiHiHHOT (opMu Ta
n

b= an - BEKTOp JIiHIIHOT popMHU € QYHKIISIMU Bif

C=>C,-

BHU3HAYAETHCS uepes (4).
Jlerko nokasaru, 1110 BUKOHYETBCS
TBepa:xenns 2.

KOHCTaHTa, 1o

(rgk 5(/)§k) s

K=K ,K=K , K>0.

Sk Hacminok, (6) € OMyKIIOH 1O BiJHOIICHHIO
no F,=u, +iv, , k=0,] Ta HEOOXiTHOIO YMOBOIO
JocsTHeHHA MiHiMymy [(R) mno F, € niHiiiHe

anreOpaiuHe piBHSHHS [5]. OTXe, BUKOHYETHCS:
TBepa:xenns 3.

UAB) e F-F" =KD, (10)
oF
. 0 o .0
ae HpI/II/IHHTO IIO3BHAYCHHA ——=| ——+1— | .
F \Ou, Ov,

Mo:xHa TaKoX I10Ka3aTy, 10 CIIPaBEJIuBE
TBepaxenns 4.

(Y=0),, .10

Sgxmo mnosauntn () =( )rék )

( j —2Re(i§ﬁapt) =
—optT —optT
=F K’ F —2Re(b F ).
Teepmkenns 3 Ta 4 JO3BONSAIOTH 3MEHIIUTH

KUIBKICTh HEBIJOMHX 3ajadl [IIAXOM BH3HAYEHHSA
F 3 (7), ockimbku 3 (8)

—optT _ =0P!

F KF
(11)

OIITUMAJIbHHUX 3HA4YCHb

I
BMILIHBAE, 110 MiHIMI3aI(is [/ (R({Fk,ra N }k_] EF ))

T2 I(R({
PenykyBaHHd mpocTOpy KEpyBaHb  CYTTEBO

CIpOIILyE PO3B’sI3aHHS 3ajayi, ajic BOHO MOXKIIHUBE
quire toni, koau K He BupomkeHa. B Tol ke yac

F opt

I ) .
ko Te P } o )) - eKBiBaJICHTHI.

JIETKO TIOKa3aTH, 10 TpH BUKOHAHHI YMOBH
dl#m:r, =1, @, # @, MaTPHUL dbopmu
BHPOJUKYEThCS, X0ua po3B’s30k KF  =b icHye,

ockinbku rank K =rank (K b) <I+1.
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Bupimennst 1i€i mpoOneMn MOXIHBE IUITXOM

posriany rpyn CHII, poO3TanIoBaHuXx Ha
KOHIOCHTPUYHUX KOJIaXx:
rf/;/ :Rk’jzl’ k
1
9, =D, +(j~DAD, =®, k=1,

K
=1, , A®, =2%k.
k=1

Jlerko GauuTH, MO B 1bOMYy BUMaaky K mae
OJIOKOBY CTPYKTYpY, IO mmoJierinye ii aHami3. Take
OPUIYIICHHS TaKOX MPU3BOAUTH 10 3MCHIICHHS
KUJIBKOCTI HEBIIOMMX 3a1a4i.

B pesynbTati gociimKeHb JoBeIeHe
TeepakeHHs S.

_ K
rankX = rank (K‘b) =Y min@M +1,1,)+1, (13)
i=1

a omke KF =b mae po3B’SI30K TOII 1 JIMIIE TOII,

KOJIN:
K K
> min@M +1L1,) < I,. (14)
k=1 k=1

JloBeZicHEe TBEP/PKEHHS BKAa3ye CIOCIO MOXKIHMBOCTI
obepuennss K uwisixom 30imbmienns M mpu
¢dikcoanomy N . [JlilicHo, N BHU3Ha4YaeThCs 3
BUMOT'H TOYHOCTI HAONIMKEHHS Mpo(diIr0 MOBEpxHi
BinpizkoM psny @yp’e. Orxke, 3 piBHOCTI [TapceBans
crigye, mo MiHIMyM (9) Moxe OyTH JIOCATHYTO MPH

M =N . Ockinbku b B (10) 3a7©KUTh JUIIE Bif
W(r,p), To 30umbieHHs M > N He mpusBene 10

MOTIpIIEHHST  anmpoKcUManii,  ane
YHUKHYTH BUpomkeHHs K .

Jnst  TmepeBipKM OTPUMaHHX pe3yNbTaTiB  Ta
MiATBEP/UKEHHS  e(EKTUBHOCTI  3alpOIIOHOBAHOTO

MiXO0Y PO3IIISIHYTO YUCEIbHUN IPUKIIAT, B IKOMY

JO3BOJINTH

W(r,p)=(=1,(ky) /! Jy(koy)J,(koor) +
+1, (ko)) +
+(_Il(k11)/Jl(kll)Jl(kllr)+Il(kllr))ei(ﬂn

(15)

Jie TIepIIMK YieH € TEePIIOK OCECHMETPHYHOI0, a
IPYrUi - TEPIIOI HE OCECHMETPUYHOI0 (hopMamu
KOJIUBaHb  IIAPHIPHO  3aKPIIJICHOI  IUIACTHHH

(ko =223245, Kk, =3.7336), N=1. Taxuii

npodiib MOBEPXHI BU3HAYAE CYMEPIIO3UIIII0 CTOSIOT
Ta ObKY4Oi B KOJIOBOMY HampsIMKy XBHIIb. JlificHa Ta
ysaBHa vactuHu (15) mpencraBmeno Ha Puc. 1,2
Po3paxyHku npoBOAWINCH i HU3bKUX k =(0.2324,
cepennix £=3.2324 ta Bucokux £=5.2324  yacror.
PosrmstHyro  Tpu  KoOHQirypamii  TpynyBaHHS
YOTHPHOX CHII.
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Re Part of Pattern

Puc.1 [lificna yactTrHa opMu MOBEpXHi

B mepmiit koH(irypamii npuiHATO, MO BCI CHIH
HesanexHi (8 HeBigommx: R,D,,i=14 ), B

JpyroMy - IBi He3aJeXHi IPyIH JABOX JiaMeTpaIbHO

posramoBaHux cuia (4 HeBigomux: R, ,®,,k=1,2),

B TPETbOMY
Bigcramsmu /2

OllHA Tpyna cuil 3 KYTOBUMH
(2 meBimomux: R ,D, ). Jnsa
KOpPEKTHOCTI MOPIBHSHHS B YCIX BUMAJKaX MPHUHATO
M =4 . B pe3ynbrari po3paxyHKiB, ONTHMAIbHI
pO3TalllyBaHHS CHJI, iXHI KOMILUICKCHI aMILIITYIH Ta
3Ha4YeHHS MUIHOBOI (QYHKIIIT CIIBIIAIH 3 BITHOCHOIO
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Im Part of Pattern

Puc.2 YsaBHa yactuHa opmu moBepxHi

TOYHICTIO B Mekax 1072 i Bcix yactor. B Toif ke
yac, JIsI KOKHOI HacTymHoi KoH(pirypamii, uac
PO3paxyHKIiB CYTTEBO 3MeHIIyBaBcs. ONTHMabHE
3Ha4YeHHS 1iTboBOI  (yHKHII 30UIbIIyeThCS 31
301IbIIEHHSIM YacTOTH KOMuBaHb Big 4-107 1o
3-10%, mo € [OpupogHiM Ta MOXe OyTH
CKOMIIEHCOBAHE MIISIXOM 301IBIIEHHS KITLKOCTI CHIL.
MiniMizamiss 1iTb0BOT (QYHKIIT BUKOHYBanach 3
BHUKopucTaHHsM nakery PSG Matlab Interface.

References
1.BAZHANOYV, V.L and GOLDENBLAT, LI i
drugie. (1970) Plastini i obolochki iz

stekloplasticov. Moskva: Visshaya shkola.

2.DONNELL, L.H. (1976) Beams, Plates, and
Shell. New York: McCraw-Hill Book
Company.

3.ZRAZHEVSKY, G.M. and ZRAZHEVSKA
V.F. (2017) Optimizaziyniy pidhid do
rozrahunku garmonichnih kolivan krugloiy
plastini. Bull. of T. Shevchenko National
University of Kyiv Ser.: Phys. & Math. N 3 pp.
63-66.

4. TIMOSHENKO, S. ( 1989) Theory of Plates and
Shells. New York: McCraw-Hill Book
Company.

5.LAWSON, C.L. and HANSON, R.J. (1974)
Solving Least Square Problems. New Jersey:
Prentice-Hall.

6.COURANT, R. and HILBERT, D. (1962)
Methods of Mathematical Physics, Volume II.
New York: Wiley-Interscience.

7.STRANG G. (2016) Linear Algebra and its
Applications. Cambridge: Wellesley- Cambridge
Press.

Haniinura mo penxonerii 15.09.2019





