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Ocnosra mema uict pobomu noaazae Yy 008edenl ICHYBANNA ONMUMAALHOL cmpamezii dai cma-
dapmmoi ma pobacmmoi 3a0a4 MAKCUMIZAUTT PYHKUTT KOPUCHOCTNE 3G YMOB HENOBHOT MOJENT DUHKY, KOAU
THBECTNOP HE 6MeHeHUT Y UMOBIPHICHIT MOJet Ta He CNPULUMGE AK PUUK, MK | HEGUSHAYEHICTDL
modeni. Ienyroui pesyavmamu 0ocaiodcens 0as cmpoeo Ysienymux Gynryitd KopucHocms Y3azasoHeno
ons ne ysienymux Pynrylld Kopuchocms. Kpim mozo, chopmyabosarno ymosu, 3a AKUT ONMUMAALLHA
cmpamezia OAf 3a0a4 3 YBIeHEH010 OYHKUIEID KOPUCHOCTE 30120€MbCA 3 ONMUMAALHOIO CIMPAMELIEI0
O0AS NOUAMK0680I PyHKYil KOpUCHOCMA.

Pesyavmamu docaidorcerns donosidasucy na Miokcnapoonit nayxosit xongepenyii “Modern Stochasti-
cs: Theory and Applications. V” (MSTA-V).

Knowoei crosa: ynryionan maxcumizayii Gynrkuyii KopucHocmis, onmMuUMGAbHT CMpamezii, onmu-
MANDHT THBECTNUYLEL, YBI2HEHHA.

The main goal for this paper is to prove the existence of the optimal investment strategies for
the standard and robust problems of maximization for the concavified utility function in an incomplete
market model. We extend the existing results for strictly concave utility functions to concavification of
non-concave utility functions. Moreover, we present an assumption under which the optimal strategies
for concavified problems are also optimal strategies for non-concave problems.

Keywords: standard utility mazimization, robust utility mazximization, optimal investments, non-
concave utility, concavification.

1 Introduction do not assume that the market model is complete.

_ _ _ We consider the discounted price process with
The optimal investment problem is one of the 7 j5sets which modeled by a stochastic process
most actual problem nowadays. There is a lot of ¢ _— (S)o<t<r. We assume that S is a d-
aspects that can bg consid'ered in ﬂ.lis problem  gimensional locally bounded semimartingale on
such as the concavity of utility function, market (Q, F,P) with respect to a filtration (F)o<i<r-
model, the assumptions on the value process, the Tpe pair (z,§) is a self-financing trading strategy,
set of probability measures and the possibility where # € R is the initial wealth and € =
of constructing the optimal investment strategies (&)o<t<r is a d-dimensional predictable and S

etc. The main interest in constructing the opti- g ap integrable process. The corresponding value
mal investment in the very general setup, with an process X satisfies

incomplete market, general sets of prior models
and non-concave utility functions.

t
Xt:Xo—k/ﬁrdSr, 0<t<T.
0

2 Model setup
By X(z), z > 0 we denote the set of all such

We will consider the model as in [3] with the processes X, with X < 2 which are also admi-
additional assumption that the discounted price ssible in the sense that X; > 0, for 0 <t < T.
process is locally bounded. We impose the no- Additionally, the authors of [3]| impose the
arbitrage type condition that the set of all equi- assumptions on the set of probability measures Q
valent local martingale measures M, # &, but we on (2, F).
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Assumption 1. (i) Q is convex;

(ii) P[A] = 0 if and only if Q[A] = 0 for all
Qe

(iii) The set Z := {dQ/dP|Q € Q} is closed in
LO(P).

We add the following extra assumption to this
set:

(iv) The set Z. :={dQ/dP|Q € Q.} is closed in
LO(P),

where Q. denotes the set of measures in Q that
are equivalent to IP.

Let an investor have utility function U(x); the
conditions on U (z) will be specified later. Consider
the following value function of the robust utility
problem:

u(zx) := sup inf EglU(X7)].
(x) = sup int, FQlU(Xr)
Denote

u@(x) == sup Eq[U(X7)],

XeX(x)

the value function of the optimal investment
problem.

As in [4, 5], we will consider the following
“abstract version” of X'(x):

C(z) == {g € LYL(Q, Fr,P)|
0 < g < Xr for some X € X(z)}.

It is easy to see that

u(x) = sup inf EglU(X
(@)= sw it FolU/(xr)
= sup inf FglU(g);
o a0 @lU(9)]
sup EglU(X7)] =

XeX(x)

sup Eq[U(g)].
g€C()

uq(z) =

3 Main result

The aim of this article is to present the optimal
investment strategies for the standard as well as
the robust problem of maximization the concavi-
fied utility function, i.e. sup E[U.(Xr)] and
XeX(x)

sup inf Eg[U(Xr)]. The results and proofs of
XeXx(z) QEQ
the present article borrow their main ideas and
techniques from [3]. The main difference is that,
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contrary to [3], we do not assume the concavified

utility function is strictly concave and we obtain

results for a fixed probability measure. Moreover,

we present a sufficient assumption for optimal

strategies for concavified problems to be optimal

strategies for non-concave problems as well.
Denote

sup E[U.(X7)].
XeX(x)

up(z) =

To avoid trivialities, throughout the article we
assume that

up(x) < oo for some x > 0.

(1)

3.1 Duality theory

In this section we will work with the convex
conjugate V of U:

V(y) = it;g(U (z) — zy),

y > 0.

We do not assume that U is concave or sati-
sfies the Inada condition in zero. As a result, in
general, the concave envelope U, is not strictly
concave and the Inada condition in zero does not
hold as well. Hence, the convex conjugate V' in
general is not smooth and not strictly decreasing.
Nevertheless it follows from the [1, Lemma 2.9]
that the utility U and its concave envelope U, have
the same convex conjugate and that the function
V' is convex, non-increasing and finite on (0, c0).
Moreover, it holds that

Ue(z) —2y =V(y) <=2 € —0V(y)
=y € 0U(x).

(2)
The dual value function vp for up is given by

inf E[V(Yr)],

y >0,
YeY(y)

vp(y) =

where the space Y(y) is defined as

V() ={Y 20|Yo =y and XY is a
[P — supermartingale for all X € X(1)}.

In addition to C(x), consider also the

“abstract version” of Y(y):

D(y) = {h € L(Q, Fr,P)|
0<h<YpforsomeY € Y(y)}.
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It is easy to see that

up(z) = sup E[U(g)]
geC()
up(r) = sup E[Uc(g)]
geC()
vp(y) = heigfy)E[V(h)]'

Moreover, the optimal g or h (if it exists)
corresponds to some X € X(x) or Y € Y(y).
Recall that a subset S of L% (Q,Fr,P) is
called solid if from 0 < f < g and g € S it follows
that f € S.
By [4, Proposition 3.1|, we have

(i) C(z) and D(y) are subsets of LY (2, Fr,P)
which are convex, solid and closed in the
topology of convergence in measure.

(if)

geC(x) <= g=>0and sup Elhg] <zy

heD(y)

he€ D(y) <= h>0and sup E[hg] < xy.

9€C()
(3)

(iii) C(z) is a bounded subset of L9 (Q, Fr,P),
containing the constant function x.

3.2 Optimal investments for the
standard concavified utility functi-
onal problem

In this section we are going to present the optimal
investment strategies for the problem of maximi-
zation the standard concavified utility function,

sup E[U.(X7)].
XeX(x)
Assume that

l.e.

Then, for all y > 0,
V(y) = sup(Ue(x) — zy) = Uc(0) = 0

>0
Va(y) sup (Ue(z) — 2y) = Uc(0)

0<z<n

= 0.

From the last inequality and the assumption (1),
appealing to the proof of [4, Lemma 3.4|, we obtain
that

(5)

vp(y) = sup(up(z) — zy) for each y > 0.
>0
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Theorem 2. Let (1) and (4) hold.
Then, for any xo > 0, there exists some g e
C(z0), y > 0 and h € D(y) such that

(1) up(zo) = vp(¥) + x0¥,
(i) up(w0) = inf (vp(y) + o).
If, in addition, vp(y) < oo for all y > 0, then
(iii) vp(G) = E[V(h)],
(iv) (o) = E[UL(3)].
Moreover, vp(+) is conver.
Proof. Fiz x¢g > 0. For all y > 0, we have

(6)

up(wo) < sulg[ﬂ%(fﬁ) — zy] + Toy-
x>

Let us prove that there exists y > 0, such that for
all x > 0, the following holds:

up(wo) = up(x) — 2y + w0y, (7)
equivalently,

() — up(ao) < Gl - 20).

Since u% is concave (see [3, Lemma 3.1 (b)]), such

y exists. Moreover, from the inequality up(zd) <
up () it follows that § € [up(zg), up(zq ).

Then, using (7),

up(20) > suplus(x) — 2] + 207
x>

Therefore, noting (6), we have

up(xo) = suplup(z) — zy] + woy.
x>0

As a result, (5) implies (7).
To prove (ii), observe that from (5) we have
for all g,y >0

up(ro) < vp(y) + zy.
Hence,

up(zo) < inf (vp(y) + zoy).
y>0

Using (1), we get

up(wo) = inf (vp(y) + zoy),
y>0

which yields (i1).

12
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From the definition of vp(y) it follows that
there exists a sequence (hy) € D(y) such that

lim E[V(hy,)] = inf E[V(h)].

i BV ()] = | inf E[V(R)
Due  to  the  Kolmos-type  argument /2,
Lemma Al.1], there is sequence (hp)nen €

conv(hn,ILn+1,...) such that h, converges a.s.
to some h > 0.

Thanks to the convexity and closedness with
respect to convergence in measure of D(y), D(y) is
closed under countable conver combinations, hence
(hy) € D(5). Moreover, since D(7)) is closed in the
topology of convergence in measure, we have that
h € D(y).

Further, for each n € N, there exists a
sequence off € RY such that Y o = 1 and

N 1€N
hn = Z a?hn—&-i—l-

1€N

Using the continuity of V' on (0,00) (which
follows from its converity) and the assumptions of

the theorem, we have
ieN

inf E[V(h)].
. [V (h)]

lim sup E[V(ﬁn)] =limsupE

n—roo n—oo

< 1imsupZa?-]E 1%

(hnti-1)] =

Since lim inf E[V(En)]

n—oo

< limsup E[V(ﬁn)] and

N n—oo

hn, € D(Yy), we obtain
lim E[V(h,)] = inf E[V(h)].
Jim E[V (hn)] . [V (h)]

Noting that V(y) > 0, y > 0, we have

E[V(h)] = E[lim in inf V (hy)]
< liminf E[V (7)) = jdnf E[V(),

arriving at (1i1).
Since vp(y) < oo fory > 0, it follows from
(i) that

T—00 X

Hence, (iv) is an implication of [5, Lemma 1]. It

remains to show that vp(-) is convex. For 0 < \ <

1 consider

+ (1= Nop(y2) = AE[V (ha)] +
> E[V (A + (1= A)hs)]

E[V(R)] = vp(Ayr + (1 = A)ga);

Avp(y1)

> inf
heD(Ay1+(1—XN)yz2)

13
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here we have used that (Nh14(1— )\)hg) € D(A\y1+
(1 = Nyz). for hy € D(y1) and hy € D(y2). The
proof is now complete

Theorem 3. Assume that vp(y) < oo for all
y > 0 and that (1), (4) hold.

Then, for any x > 0, there exists an optimal
strategy X € X (z) such that

up(z) = E[U(Xr)]

There also exists some y > 0 and Y e V() such
that

vp(§) = E[V (V)] and ufp(z) = vp(§) + 27.

Moreover, Xp € —0V(Yp) and XY is a marti-
ngale.

Proof. By Theorem 2 (iv), for all x > 0, there
exists an optimal strateqy X € X(x) (with g =
Xr1). Also from Theorem 2 (i), (i4i) there exists
some § > 0 and Y € Y(7) (with h = Yr) such
that

up(x) = E[U(X7)]

vp(§) = E[V (V)]
() = vp(§) + 7.

By the definition of the convex conjugate V,

V(h) +gh—Ue(g) = 0
Hence,
0 < E[V(h) + §h — Ue(§)] = vp(D) + E[gh] — ufp(2)
op@) tag-up@) =0. @)
Thus,

V(h) +gh — Ue(g) = 0
From (2) we have
ge —av(h).
Equivalently,
X7 € 0V (Yr).

But (8) implies that E[XI?T] = E[gh] = 7.
As a result, since XY is a P-supermartingale
for all X € X(x), we have

E[X7Y7|F] < X,Ys,s < T.
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This leads to It is easy to see that wvg(y) =
. o inf  Eo[V(h)).
E[X7Yr] < E[X,Y:] < XoYo = 7. heDq(y)

Consequently, all the above inequalities turn to
equalities, and for all 0 < s < T it holds that

E[X,Y,] = XoY) = 7). (9)
Assume that there exists A € F such that P(A) >
0 and E[Xth].FS}SAXSYS onAAAfor some(0 < s <t
. Then we get E[X;Y:] < E[X,Ys], which contradi-
cts (9). Therefore, B[ X, Y| Fs] = XsYs P—a.s., for
all0 <s <t

3.3 Optimal investments for the
robust concavified utility functi-
onal problem

In this section we are going to present the optimal
investment strategies for the problem of maximi-
zation the robust concavified utility function, i.e.
—p nf) Eq[Ue(Xr)]

For a strictly increasing, strictly concave,
continuously differentiable utility function, defi-
ned on the domain (0, 00) and satisfying the Inada
conditions, this problem was solved by authors of
[3] in general incomplete market. The concavified
utility function U, does not satisfy these assumpti-
ons. However, U, is strictly increasing, concave,
continuously differentiable on the (0, c0) and sati-
sfies the Inada conditions in the co.

Moreover, we will assume that (4) holds, and,
hence, V(y) > 0 and V,,(y) = sup (Uc(z)—zy) >

<x<n

0 for all y > 0.
In this section we will often use the results of
the [3], so we present the notation that they used.
Consider first the sets

Yo(y) ={Y > 0]Yp =y and XY is a
@ — supermartingale for all X € X' (1)}
Do(y) = {h € LS(Q, Fr,P)|0 < h < Yr

for some Y € Vo(y)}

Noting |3, Lemma 3.4]

(10)

Denote the dual value function vg by

vg(y) : yeli}g(y) EqQ[V(YT)].

The dual value function of the robust problem

defined by

= inf .
v(y) nggevcg(y)

Assume that for all Q € Q,,

(11)

Theorem 4. Let Q € Q. and assume that (11)
and (4) hold.

Then, for any xo > 0, there exist some g €
C(z0), ¥y > 0 and h € Dg(y) such that

ug (w) < oo for some z > 0.

(1) ug(zo) = vQ(y) + zoy,
(it) ug(xo) = ;T;%(UQ(ZJ) + Zoy)

If in addition vg(y) < oo for all y > 0, then

~

(i) vq(y) = Eq[V(h)];
(i) ug (o) = EQ[Ue(9)]-
Moreover, vg(-) is convex.

Proof. The proof is similar to the proof of
Theorem 2.

Now we are going to present a similar theorem,
but for the robust problem. To ensure that the
dual value function is finite, we introduce the
following assumption:

vo(y) < oo forall @ € Q. and all y > 0. (12)

Theorem 5. Suppose that Assumption 3.1, (11)
(4) and (12) hold. Additionally, assume that

vl _ 0, for each Q) € Q..

=
Then, for any xo > 0, there exist some @ €
Qe, ¥ > 0 and h € Dy(y) such that

(i) u(zwo) (z0),
(i) u®(zwo)

lim
Tr—r00

:uc/\

Q

;I;%(’U(y) + woy),
(i) u(zo) = v(Y) + 2oy,

(iv) v(§) = va(@) = EglV(h)].
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Proof. The proof of (i) follows from [3, Lemma

3.4].

Note that Z , which is the density correspondi-
ng to Cj, 18 an almost sure limit of a sequence
Zn € Z. and also that ug (vo) — u(xo)(see [,
Lemma 4.1 (a)]). Moreover, it follows from the fi-
st part of the proof of [3, Lemma 4.1 (a)/ that

) <

+

Zg lim sup u®

n—oo

ucl( lim inf u On (m ) <

n—oQ

(13)

From Theorem 4 (ii) we deduce that for all Q € Q.
and y > 0,

ug (zo) < vo(y) + woy-
Consequently,

inf w

) + xoy).
0co. Q(y) oY)

S(xo) < inf
ol@o) < Juf (

Hence, it follows from the (10) and definition of
the dual value function for robust problem that

u(wg) <

Since y > 0 is arbitrary, we have

v(y) + 0y

u(20) < inf (u(y) + 20). (14)

y>0

To prove the opposite inequality, consider sequence
Qn (or, equivalently, Z, ) from the first part of the
proof, and write

u(xg) = nh_)ng() ug, (o).

From the Theorem 4 (i) it follows that for each @y,
there exists §, € [uy, (xg),u’, (zg)] such that

Qn\To
uCQn (l‘o) = VQ, (yn) + xOZ//\n-

Passing, if necessary, to a subsequence, we can
assume that sequence (yp) converges to some y €
[ (zd), u (zg )], due to (13). Since u is strictly
increasing, we have iy > 0. Therefore,

Qn (gn) + xO@\n)
nf(vy) + 7o) (15

u(xg) = nh%rrgo ug, (vo) = nlbrr;o (v

> limsup (v(Yn) + oY) =
n—oo

In view of (14), we obtain (ii).
In order to prove (iii), we will use the results
of the [3]. Thanks to (4), V(y) = 0 and V,,(y) > 0.
Due to assumption (12), we have v(y) < oo.
Hence, it follows from the [3, Lemma 3.7] that v(y)
is convez, thus it is continuous on (0, 00). Since Y,

15
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converges almost surely to y > 0, we derive from
(15) that

uc(xO) = nlggo (U(Z//\n) + wO/y\n) = U(Z//\) + in/\' (16)

Thus, it remains to show (iv). Combining (15)
and (16), we get

lim vg,, (Jn) = v(Y)-

n—oo

Theorem 4 (iii) yields for eachn € N the existence
of hl, € Dq, (yn) such that

Q. (Jn) = EqQ, [V (hy,)].

This is equivalent to the existence of hy, € D(Yn)
such that

h

3l

where Z, € Z. are the densities which correspond
to the measures Q.

Due to the Kolmos-type argument, see [2,
Lemma Al.1], there exists a sequence (hp)nen €
conv(hp, hnt1,...) such that h, converges P-a.s.
to some h. N

Now we will show that h € D(y). For each
n € N, there is a sequence of o € [0,1] such that

Za =1 and h, = Za hp+i—1. Recalling (3),

we obtain that

hp, =20 and sup Elh,g] < zyp. (17)
9€C()
Now for all g € C(z) we have
]E[Eg] = E[ lim Za?hnﬂ,lg hm 1ana hnti—19)
n—00 4=

(17)
< hmmfZa TYnti-1

n— o0

—;vhmmfZa Ynii1 == hm Un = TY

n— oo

Therefore, since h > 0, it follows from (3) that
h € D(y). Hence, it follows from the proof of [3,
Lemma 3.7] that

A

v(y) =E

This is equivalent to
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forh e DQ(@\).
From the definitions we have

~

v(§) < v(@) < BglV (B,

for Q € Qe, 7> 0 and h € Dg(7).
Thus, in view of (18), we arrive at (iv).

Theorem 6. Suppose that all assumptions of
Theorem 5 hold. R

Then, for any x > 0, there exist some X €
X(x) and Q € Q. such that

[Uo(X7)] = u

Q

(z)
(19)

ul(z) = C;i)relngQ[Uc()?T)] =F 5

There also exist some § > 0 and Y € )/@@) such
that

Moreover, X € —dV(Yr). Also, XY is a Q-
martingale.

v(§) = Eg[V(Yr)] and u(z) = v(j) + 27. (20)

Proof. The equalities (19) follow from |[3,
Theorem 2.6 and Lemma 4.1 (a)] for X = §,
while (20) follows from Theorem 5, with o = x
and ?T — .

To prove the remaining statements, consider,
as in [3, proof of Theorem 2.6/, V(ﬁ) —i—fq\ﬁ— Uc(9).
From the definition of V, we have that

V(h) +Gh — Ue(§) > 0. (21)

Since h € D@(@\), we have that for h = hZ € D(9)
the following holds

Eplghl =E [gﬁn . 2>0}] .

Hence,

Ex

V() +Gh = U.@)] = v(@) +E [GRI 5.y | - u()

(3

< o(y) +ay—u(r) =0 (22)

Thus, noting (21) we have that V (h)+gh—U.(3) =
0. From (2) we get

ge-ov(h),
equivalently,
)?T S —8V(?T)

Observe that (22) implies E@[)?T}/}T] = E@[?]\/ﬁ] =
xy. Hence, the proof of fact that XY is a @—
martingale is similar to the proof of Theorem 3.

16
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3.4 Optimal investments for the
problem of maximization the non-
concave utility functional

The goal of this section is to present assumptions,
under which the solution to the problem of maxi-
mization of the concavified utility function will be
also the solution to the problem of maximization
of the non-concave utility function. To this end,
we will use the result of |1, Lemma 5.7|.

The following theorem works for both the
standard utility maximization problem as well as
for the robust utility maximization problem.

Theorem 7. Suppose that Assumptions 3.1 and
Assumption 5.1 hold.

Additionally, assume that the optimal soluti-
on g* for concavified problem (either standard:
sup E[U.(g)] or robust: sup inf Eqg[U.(g)]) is
g€C(z) geC(z) QEL
such that g* € —0V(A\Z), where Z € Z has a
continuous distribution.

Then, g* is also an optimal solution for the
corresponding non-concave problem.

Proof. For the standard wutility mazimization
problem, the proof is the same as for the [1, Lemma
5.7].

To prove the theorem for the robust wutility
mazimization problem, note that it follows from
the [1, Lemma 5.7] that under assumptions of the
theorem Plg* € {U < U.}| = 0.

Thus,

inf Eq[Uc(9")] = inf Eq[U(g")].

23
QEQ. QEQ. ( )

Since g* is an optimal solution for the concavified
problem, we get

S inf EglU, = inf EglU.(¢")].
o e olUe(9)] = inf Eq[Ue(g")]

Noting that Q. C Q, we have that

inf EolU.(g)] = inf EolU.(¢")] < inf EolU.(g*
g:g%) Jnf, olUc(9)] Jnf, olUc(97)] s QlUc(9")]
(23) . * .
= inf EolU < f EolU(q). (24
ok olU(g")] g:gl(ow) ok QlU(g9)]. (24

From [8, Proof of Lemma 3.4] and the fact that
U < U,., we obtain that

sup inf FEglU.(g)] > sup inf Eg|U(g
st EolU.(g)] > sup iaf BolU(g)
= sup inf Eg[U(g)]-
geC (z) REQe @
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Thus, all inequalities in (24) are equalities. Hence,
the argument of [3, Lemma 3.4] yields

sup inf EglU = inf Egl[U(g")],
Jup olU(9)] = inf, Eq[U(g")]

which concludes the proof.

4 Conclusions

In this paper, we proved the existence of the opti-
mal investment strategies for standard as well as
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the robust maximization problem in incomplete
market model. We considered the concavified uti-
lity function, which is not necessarily strictly
concave. Also we presented assumptions under
which the optimal investments for concavified
problems are the optimal investments for non-
concave utility function, to which this concavifi-
cation corresponds.

In the future, it will be really helpful to study
further the optimal investments in incomplete
market for non-concave utility functions.
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