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V daniti pobomi mu po3eanadaemo cyOKPUMUYHL Ma CYNEPKPUMUGHT 2LAAACTIVE NPOUECY, 3 TMMIZP0-

UIEN0, WO 3ANEANCUMD 610 NOKOATHHA HaACMUHOK. Y pobomi dosedeno UeHMPAAbHI 2PAHUYHE MEOPEMU
0As Paykmyayitl 2iAAACMO20 NPOUECY 3 M-3AAEHCHON IMMIZDAUIEI Y SUNGOKY KOAU CEPEOHT SHAUEHHA
IMMIZPYIOYUL YACTNUHOK NPAMYOMS Jo0 HecKinwennocmi. Bemanosaeno caabky 36iocuicmsy daykmya-
Uit CYyneprpUMUYH020 NPOUECY 00 CMAHIAPMHO20 HOPMAALHO20 PO3NOJIAY 30, NPUNYUELHHA PELYAAPHOT
BMIHU HA HECKIHYEHHOCTT CePednbo20 ma JUCTEPCH IMMIZPAUItiH020 NPOUECY, Ma CAADKY 30idICHICMD
Ppayxmyayit cybrkpumuHo20 npoyecy 9o cmandapmmoz0 HOPMAALH020 PO3N0JiaYy 63 MaKozo Npuny-
WEHHA.
Kaaonosi carosa: Tiaracmi npouecu, iMMIZPAULA, M-3ANEHCHICTD.

In this paper we consider subcritical and supercritical discrete time branching processes with generati
on dependent immigration. We prove central limit theorems for fluctuation of branching processes with
immigration when the mean of immigrating individuals tends to infinity with the generation number
and immigration process is m—dependent. The first result states on weak convergence of the fluctuati-
on subcritical branching processes with m—dependent immigration to standard normal distribution. In
this case, we do not assume that the mean and variance of immigration process are reqularly varying at
nfinity. In contrast, in Theorem 3.2, we suppose that the mean and variance are to be reqularly varying
at infinity. The proofs are based on direct analytic method of probability theory.
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the (k — 1)—th generation and £ is the number
of immigrants in the k—th generation. In this
interpretation W (k) is the number of individuals
in the k—th generation. Assume that a = EY;; <
00. Process W (k) is called subcritical, critical or
supercritical depending on a < 1, a =1or a > 1,
respectively.

The asymptotic behavior the distribution
of W(n) as n — oo has been studied by
many authors, see, e.g., the survey of Vatutin
and Zubkov [45]. Early contribution is due to
Sevast’yanov [42], who derived limit theorems
for continuous-time Markov branching processes
when immigration {e,,n > 1} is an independent
and distributed by Poisson law. Then many

1 Introduction

Let

two

{Yiei,k>1,i>1} and {ex,k>1} be
sequence of mnon-negative integer-valued
random variables such that the two fami-
{Ykﬂ',k‘ = 1,i = 1} and {é‘k,k‘ = 1}
independent, {Y};, k > 1,i > 1} are independent
and identically distributed (i.i.d.). We consi-
der branching processes with immigration
{W (k) ,k > 0} defined recursively as

W (k—1)
W(0)=0, W(k)= > Yiitep k=1
=1

(1)
We can interpret Y ; as the number of offspri-
ngs produced by the :—th individual belonging to

lies are
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research works appeared in which various generali-
zations of the immigration process were consi-
dered. For instance, when the sequence {¢,,n > 1}
is i.i.d. the asymptotic behavior of W (n) is well
studied (see [10], [40], [41], [12], [30] and references
therein). In the critical case, Nagaev [29] consi-
dered a wide-sense stationary immigration process
{en,m > 1}, and proved weak convergence of di-
stribution of n7!W (n) as n — oo to a gamma
distribution. Asadullin and Nagaev [1| managed
to weaken conditions of [29] up to the condition
"type of ergodicity". More precisely, they studi-
ed weak convergence of n~!W (n) under more
general situation that there exists a random vari-
n
able ¢, such that n™'E ‘ S (ex —€)
k=1

oo. Badalbaev and Zubkov [5] for the sequence
of special random processes (including branchi-
ng processes with immigration) proved a limit
theorem which contains results of [29] and [1] as a
special case. Concerning functional limit theorems
for (1), we refer to Wei and Winnicki [46], Sriram
[43], Li [25],]24], Ispany et al.[14],[15], Khusanbaev
[19], [21], Iksanov and Kabluchko [13] and see
references therein. We refer to papers [18], [20],
[39] where the rates of convergence in central li-
mit theorem for (1) were studied.

While most of previous
concerned with stationary immigration, the non-
stationary (time-dependent or state-dependent)
immigration case were studied by Foster and Wi-
lliamson [7] and by Pakes [32]. In this class of
processes, unlike in classical models, immigrati-
on rate may depend on time of immigration. For
further investigations for branching processes wi-
th non-stationary immigration we refer to Pakes
[31], Hering [11]|, Badalbaev and Rahimov [4],
Mitov and Yanev [26]-[28] (see also [2], [3]).
Rahimov |[33]-[34] studied the case when immi-
gration process is non-stationary and increasing
and obtained for all cases central limit theorems
(CLT’s) for fluctuation of (1). A key reference is a
monograph by Rahimov [35], where one can find
a variety of results and references related to this
process. Later, Rahimov [36] proved functional li-
mit theorems for a fluctuation of critical process
defined by (1). For deterministic approximation
for W(n), we refer to Rahimov [37], Khusanbaev
[16]-[17] and see references therein.

However, in all of previous works, the immi-
gration process was assumed to be independent.

—0asn—

literature was
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Guo and Zhang [9] proved a functional limit
theorem for fluctuations of the critical branching
process (1) under the condition of m— dependent
immigration. Recently, Khusanbaev et al. [22]-[23]
obtained functional limit theorems for fluctuati-
on of (1) when immigration process satisfies
¢—mixing condition. The results of above cited
papers showed that the limit behavior of fluctuati-
ons of process (1) clearly depends on the rate of
convergence to infinity of the mean number of
immigrants.

The purpose of this paper is to establish CLTs
for fluctuations of subcritical and supercritical
process W (n) defined by (1) in the case when
the immigration process is m—dependent and the
mean of immigrants tends to infinity.

The paper is organized as follows. In Section
2, we provide basic facts and definitions. Section
3 contains main results and their proofs.

2 Notations and definitions

We begin by introducing basic facts. First, let us
recall the notation of m-dependence.

Osnavenns 2.1, It is sald that a sequence
of random variables {X,,n > 1} satisfies the
m—dependence condition for some m > 0 if the
random vectors (X1, ..., Xz) and (Xg4my1,...,) are
independent for all k£ > 1 (see [6]).

Throughout the paper, we will assume that
the immigration process is heterogeneous, i.e.,
random variables {e,k > 1} are non-identically
distributed and m—dependent, and the particles
entering the population act independently of the
other particles and according to the same law
as particles of the population. We denote by
Z!(k), k=1i,i+1,..,1<j <e¢, the branching
Galton-Watson process generated by j—th parti-
cles arriving at the moment ¢ with Z7 (i) = 1.
According to our assumptions branching processes
Z!(k),k > i;i,j > 1 are independent and
Zij (k+1),k =0,1,... has the same distribution
as Zt (k) , k=1,2,....

From now on, we assume that
b? := Var(Yy 1) < o0,

v = EYl,l (Y171 — 1) (Y171 — 2) < 00.

We also assume that «(n) = Ee, < oo and
B (n) = Var(ey,) < oo for all n € N.
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Osnavenns 2.2 ([8]). A measurable function [ :

(0,00) — (0, 00) is slowly varying if for all A > 0
tim (A7)
200 l(x)

Osnavenns 2.3 ([8]). A measurable function f :
(0,00) — (0, 00) is called regularly varying at infi-
nity if it can be represented in the form

flz) = 2Pl (x),

where p is called index of regular variation and
p € (—o0,00) and I, (x) is a slowly varying functi-
on.

Osnavenns 2.4 (|8]). A sequence of positive
numbers {z(n),n > 1} is called a regularly varyi-
ng sequence of index p if there is a sequence of
positive terms {y(n),n > 1} satisfying as n — oo

2(n) ~ Cy(n), n(l—(y(n—1)/y(n))) = p < .

If a sequence {x(n),n > 1} is regularly varyi-

ng with index p, we will write {z(n),n > 1} € R,,.

Under the above assumptions A(a,n) =

EW (n) and B? (a,n) = Var(W (n)) are finite for
all n > 1. Denote

fio (t) = B 210y (1) = Ee™ B, k> 1,

Denote by @ (z) distribution function of the
standard normal law. In this paper, a, ~ b,

denotes lim ¢ = 1 and a, = o(b,) denotes
n— o0 bn
. . P
lim ¢ = 0, a Ab = min(a,b) and — denotes
n—oo “n

the convergence of random variables in probabi-
lity. C' denotes a generic constant which may be
different from place to place.

3 Main results and their proofs

Now we are ready to formulate our main results.
We begin with a simple Lemma which provides
formulas for A(a,n) and B?(a,n) when immigrati-
on processes are dependent.

Lemma 1. Let W (n),n > 0 be a branching
processes with immigration given in (1). Then, for
alln>1,

n
n) = E a" (i
i=1

B%(a,n) = A? (a,n) + o% (a,n) + 2w (a,n), (2)
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where

= > a5 ),
i=1

i—1
n) = Z Z a7k cov (g4, ).
=2 k=1

Jlosedenna. By (1) and recurrence, for all n > 1,

W(n 1)
E[ ) Yail+Ee,=
i=1

=aEW(n—1)+ =

_E:anz

B%(a,n) = EW(n — 1)Var(Ya,;)+

W(n—1)

+Var(W(n —1))(E(Ya,1))* + 2 cov( Z Yo €n)

=b2A(n — 1) + a*Var(W (n — 1))+

+8 (n) + 2 cov( Z Yo, €n)-

Note that

W(n 1)

cov ( E Yoien) =

W(n—1) W(n—1)

Yoi—E Yai)(e

) )

i=1 i=1

n — Eey)]

= E[(aW(n — 1) — aEW (n — 1)) (e, — Ee,,)] =

=acov(W(n—1),e,) =

(> Yo riten1—aEW (n—2)-Ee,_1)(en

—Ee,)]
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W(n 2)
Z Yo—1,i—aEW (n — 2)4e,_1—Eep_1)

= (12 cov

(W(n —2),en) + acov(en—1,6,) =

n—1
.= Z a7 cov(ej, en).
=1

By iteration, we get (2). The Lemma 1 is
proved. O

First result deals with CLT for a fluctuati-
on of subcritical branching process (1) with
m—dependent and increasing immigration.

Theorem 3.1. Let a < 1, v < oo and the
immigration process {en,n = 1} is m—dependent.
Suppose a (n) € Ry and B (n) € Rg with a, 5 > 0.
If a(n) — oo and B(n) = o(a(n)) as n — oo,
then, as n — o0

7

osedenns. First of all, we note that the process
W (k) can be represented as

k&
=337/ (k), k>1

i=1 j=1

W (n) — A(a,n)
B (a,n)

<x>%<b(m), xz € R.

(3)

By (3), in view of the independence of random
variables Z/ (k), it follows

=E H Fog ()
k=1

Indeed, le(k) are independent of e,,n >
1, since by assumption sequences
Yii,k>21,i>1} and {en,n 1} are
independent, obtain

two
=

n

n)) = Eexp(it Z 2

i=1 j=1

] (n)

)

U, (t) = Eexp(itW (

Hexp thZ]

n

E[] JIE(itz1 (n)))""):

=1

v€n)l]

o(e1,e2, ...
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Therefore

En (BJ) (a/'ln()a = —ztEEZ Z) E ¢

IIﬁ%(B( )

Since E[Z} (k)]3 < oo then the Taylor series
expansion is valid for the characteristic function

fr (1)

a,n)

fi (t) =1+ atEZL (k) —

3

2 it
~SE[Z} (0] + B[ 2] (),
where |0 <1,k >1
It is well-known (see [3])
EZL (k) = o,
k—1(, k-1
11312 (a )2, %
E[Z] (k)] = p— b +a
k—1(,2k
11313 (a®* —1)
E[Z] (k)] A
3aF1 (ak - l) (ak_l — 1) 9 9 2
+ (a—1) (= 1) (b +a*—a)"+
3ak1 (ak — 1)
+T (b2—{—a2 —CL) +6Lk. (4)
Now using the expansion Inz = (z—1) —
lz—-12+0 ((a: - 1)3), z — 1 and (4), taki-

o(Jt*),

ng into account that O((f,_x(t) —1)3) =
t— 0, we get

ln[e * Hf;;kk<B( >]:

=il (n) + Ix (n) + O(I3 (n))

A(a,n)
B(a,n)

t

a,n)

()

where
it o~
I = n —alk
1 (TL) B(a,n) kila (8/€ Oé( ))7
t2 n an—k (an—k‘ _ 1)
I b?
2(n) 2B2 (a,n) p Ty (a—1) ’

10
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Bg [ab (a2 - 1)
Ii(n) = —r—
3(”) B3(a’n);€k{ 2_q v+
3aF=1 (@ — 1) (aF1 =1
( )( )(b2+a2—a)2+
(a—1)(a®—1)
3aF1 (aF -1
+a(_ : ) (0* +a® —a) +a"}+

1t - 3(n—Fk)
JR S B n k
+B3(a,n);a a (k)

Note that the equality in (5) is understood in
almost surely sense. From [38], Lemma 3.2 we
know that if a < 1, b2 > 0 and « (n) — 00, n — o0
then, as n — oo

() Ao~ S0 i) 02 (am) o 2
20( n
(iii) A? (“’”)”(1_:2)((1)_@' (6)

Thus from assumptions of Theorem 3.1 and (6)
it entails that dominated term of B?(a,n) is
A2 (a,n), ie.,

B%(a,n) ~ A% (a,n) as n — oo. (7)
We treat each term of right hand side of (5)
separately. First we consider I; (n). By Cauchy-
Bunyakovsky inequality, the inequality 2zy <
22 + y? and (6) and also using the properties of
regularly varying functions at infinity, we obtain

2 n
ElL )" = Frra >R+

n—1 (k+m—1)An

B2anZ Z

k=1 j=k+1

a? I F cov (e, ¢5) <

£2B(n) = o)
< =N n
= B2 (a, n) ;a +

n—1 (k+m—1)A
32 ) 2 Z a7k B ()VB (k) <
k=1 j=k+1
28 (n) a** —1

= B2(a,n) a? -1
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1-2

2 n—1 (k+m—1)An ‘
a®I7E (B () + B (k) <

t2

+BZ (a,n)

k=1
n—1 (k+m—1)An

B2anZ Z

a® =7k B (5) <

k=1 j=k+1
28 (n) a®" —1
= B2(a,n) a®—1

t2 -
1 2(n—k)
+53 (@) ); a +
N t2 B 1)Zn:a2(" k
B?(a,n)
k=1
Ct? (2m — 1)

Hence, by Chebyshev’s inequality, we have

I (n)£>0, n — oo.

(8)
Now we consider I3 (n). From (6)-(7), it follows
12

2 —_—
A (a,m) >~

t2

B2 =" op e

n — 0.

(9)
By the Cauchy-Bunyakovsky inequality and taki-
ng into account the properties of regularly varying
functions, we find

Varls (n) <

n— n— 2
¢t |t 1),
= 4B4(a,n) P a2(a —1)*
n—1 (k+m—1)An 2n—2j( n—j 2
a a — 1)
+ B () B (k)
; jzk;rl a?(a — 1)2

t4

< m [Cﬂ (n) (a4” — 1) +
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n— 1 ker 1)/\71 2TL 2](an ] _1

1DDED

X (8(5) + B (k)

2
k=1 j=k+1 a*(a—1)
(2m —1) B (n) b*t* a*" —1
" 4a2(a—1)’B4(a,n) a* —1
C(2m—1)tt

Hence, from the last relation and by (9) and
virtue of the Chebyshev inequality, we get
2

2 )

Iy (n) L n — oo. (10)
Further, taking into account the conditions of the

Theorem 3.1, we obtain as n — oo

E|l3 (n)] <
3 n
Blaa L (e
’ k=1

(b2 +a _a’) ’t| S n—k n—k
2a(a—1) B3 ( n);“ (= 1) )+
+ LM a" Fa (k)+
6B3 (a,n) —
+ U a* R (k) ~
B3 (a,n)
k=1
o omy+ed _am+
B (am) " T B am) "
¢ cle’® cle’®
B (a,n)+633 (a,n)a <nH_B?’ (a,n)a (n) =0

Consequently, by Markov inequality

Ig(n)£>0, n — 00.

(11)
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Thus, combining relations (8)-(11), we obtain

In [ = )] I

as n — o0o. Hence, according to the Lebesgue’s
majorized convergence theorem (see [44], Theorem
3, Chapter 2, p.234 and Remark, p.330), we may
deduce

A(a,n)
B(a,n)

t2

2

t

Hf:;kk (B(

a,n)

A(a,n)
B(a,n) \Ij

it t — _é —
e —_—T e n 0
n B (a7n> Y 9

which finishes the proof of Theorem 3.1. O

The next result provides conditions for vali-
dity of CLT for supercritical branching processes
W(n). Note that in this case the immigration
mean and variance is not assumed to be a regularly
varying at infinity.

Theorem 3.2. Assume a > 1,7 < oo and let
{en,n =1} be a sequence ofm dependent random

variables. If x (a,n) = Z a ?ka (k) — oo and

B(n)=o(x(a,n)) asn—)oo then as n — oo

P(W(n)—A(a,n)

B (a,n)
Remark 1. Note that the condition x (a,n) — oo
holds if lim inf < alnt1) > a®. This means that immi-
gration mean tenés to infinity fast enough. Clearly,
if a(n) € Ry then x (a,n) does not converge to
infinity.

<a:>—><1>(x), z €R.

Jlosedenns. The proof of Theorem 3.2 follows the
lines of Theorem 3.1. Again we use the relation
(5), and we have to evaluate each term involved
in the right-hand side of (5). Before we start, it
should be pointed out the asymptotic behavior of
B2 (a,n) as n — oo. Observe that under conditi-
ons of Theorem 2, we have as n — oo,

B%(a,n) ~ A% (a,n) ~ Ca®"x (a,n). (12)

It is obvious E[[; (n)] = 0. By the same argument
as in proof of relation (8), we have

n

E[Il (n)] B2 (a,n) ZGQ
k=1
n—1 (k+m—1)A A
32 ) 2= > @it FRVET <
k=1 j=k+1
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C (2m — 1) bttt
a2n42 ~ 4(< ;: ( ) ))2 a’n max B (k) =0, n— oo.
<C—m—— a“"x (a,n <k<n
S OB (a ) 2, P+

Thus, by Chebyshev’s inequality

a’ (m —1)t?

n
—2k P t2
e (a,n) 1?1226 (k) kz_:l @ I (n)— —g oo (14)
a’* (m— 1)t ia_%ﬁ (k) ~ Concerning I3 (n), we proceed with the same
B?(a,n) Pt arguments which were made in (11) and we get
t2 3
~C k)—0 — 00.
s AR) 0, 0 o0 Bl ) < 0t )

. X (a,n) \/x (a,n)
Hence, we may claim that

It (1) 50, n o (13) CltfPa (n) Cltf’a (n)

x (a,n) v/x (a;n) — x(a,n)/a*"x (a,n)

Let us consider I (n). From (12) it follows that

t2 t2
]EIQ (n) = —mAQ (a,n) — —5 as n — OQ.

3 3
Now we estimate the variance of Iy (n). Observe  + Clt] + KG) — 0 (15)

that a” V a’2nX (av n) X (CL, n) X (CL, n)

Varls (n) <

as n — o00. Collecting relations (13)-(15), we

2m -1t zn: B (k) a* k) (an_k - 1)2 p4 ~,  obtain the statement of Theorem 3.2. Theorem 3.2

=~ 4B*(a,n) pt a?(a — 1)2 is completely proved. O
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