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Çàïðîïîíîâàíî ìîäèôiêàöiþ îöiíîê ëîêàëüíî-ëiíiéíî¨ ðåãðåñi¨ äëÿ îöiíþâàííÿ íåâiäîìèõ ôóí-

êöié ðåãðåñi¨ êîìïîíåíò ñóìiøi çi çìiííèìè êîíöåíòðàöiÿìè. Äîñëiäæóþòüñÿ ìîæëèâîñòi òå-

õíiêè êðîñ-âàëiäàöi¨ äëÿ âèáîðó ïàðàìåòðà çãëàäæóâàííÿ îöiíêè. ßêiñòü îòðèìàíèõ îöiíîê ïî-

ðiâíþ¹òüñÿ ó iìiòàöiéíèõ åêñïåðèìåíòàõ ç ÿêiñòþ ìîäèôiêîâàíèõ îöiíîê Íàäàðàÿ-Âàòñîíà.

Êëþ÷îâi ñëîâà: Ìîäåëü ñóìiøi çi çìiííèìè êîíöåíòðàöiÿìè, íåïàðàìåòðè÷íà ðåãðåñiÿ, òå-

õíiêà êðîñ-âàëiäàöi¨, ëîêàëüíî-ëiíiéíà ðåãðåñiÿ.

We consider a generalization of local-linear regression for estimation of components' regression

functions by observations from mixture with varying concentrations. A cross-validation technique is

developed for the bandwidth selection, based on minimization of conditional integrated mean squared

error. For the simulations, two approaches on bandwidth selection are used: the naive method, based

on the optimal choice for the modi�ed Nadaraya-Watson estimator, and cross-validation technique,

mentioned earlier. Performance of the obtained estimator is compared with the modi�ed Nadaraya-

Watson estimator performance by simulations. Simulations show that the modi�ed local-linear estimator

overcomes boundary e�ect inherent in the Nadaraya-Watson estimator and its modi�cation for the

mixture with varying concentrations.

Key Words: Mixture with varying concentrations, nonparametric regression, cross-validation techni-

que, local-linear regression.

Communicated by Rozora I.V.

1 Âñòóï

Ìîäåëi ñóìiøåé çi çìiííèìè êîíöåíòðàöiÿìè
ïðèðîäíî âèíèêàþòü â çàäà÷àõ àíàëiçó äà-
íèõ ìåäèêî-áiîëîãi÷íèõ òà ñîöiîëîãi÷íèõ äîñëi-
äæåíü [1]. Ïðî ìîæëèâîñòi çàñòîñóâàííÿ öi¹¨
ìîäåëi ó àíàëiçi íåéðîáiîëîãi÷íèõ äàíèõ äèâ.
[2].

Äëÿ áàãàòîâèìiðíèõ äàíèõ çàëåæíiñòü ìiæ
çìiííèìè äëÿ ðiçíèõ êîìïîíåíò ñóìiøi ÷àñòî
áóâà¹ ïðèðîäíî îïèñóâàòè ðiçíèìè ðåãðåñié-
íèìè ìîäåëÿìè. Ó ðîáîòi [3], çàïðîïîíîâàíî
ìîäèôiêàöiþ êëàñè÷íî¨ íåïàðàìåòðè÷íî¨ îöií-

êè Íàäàðàÿ-Âàòñîíà [4],[5] íà âèïàäîê ñïîñòå-
ðåæåíü ç ñóìiøi. Àëå öi îöiíêè, ÿê i îöiíêè
Íàäàðàÿ-Âàòñîíà äëÿ îäíîðiäíèõ âèáiðîê, âè-
ÿâëÿþòü òàê çâàíèé êðàéîâèé åôåêò: íàäçâè-
÷àéíî âåëèêå çìiùåííÿ íà êiíöÿõ iíòåðâàëó
çìiíè íåçàëåæíî¨ çìiííî¨. Îäíèì ç ìîæëèâèõ
ñïîñîáiâ óñóíåííÿ öüîãî åôåêòó ¹ âèêîðèñòàííÿ
òåõíiêè ëîêàëüíî-ëiíiéíî¨ ðåãðåñi¨ [6].

Ó äàíié ðîáîòi çàïðîïîíîâàíà ìîäèôiêàöiÿ
ëîêàëüíî ëiíiéíîãî îöiíþâàííÿ, ÿêà äîçâîëÿ¹
áóäóâàòè îöiíêè ôóíêöi¨ ðåãðåñi¨ äëÿ êîæíî¨
êîìïîíåíòè ñóìiøi îêðåìî. Ïðè öüîìó âèíè-
êà¹ ïðîáëåìà âèáîðó ïàðàìåòðà çãëàäæóâàííÿ
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îöiíêè. Äëÿ ¨¨ ðîçâ'ÿçàííÿ ïðîïîíó¹òüñÿ ìîäè-
ôiêàöiÿ òåõíiêè êðîñ-âàëiäàöi¨. ßêiñòü ðîáîòè
îòðèìàíî¨ îöiíêè ïðè ôiêîâàíèõ çíà÷åííÿõ çà-

ëåæíî¨ çìiííî¨ ïîðiâíþ¹òüñÿ iç ÿêiñòþ îöiíîê
Íàäàðàÿ-Âàòñîíà ó iìiòàöiéíèõ åêñïåðèìåíòàõ.

2 Ïîñòàíîâêà çàäà÷i

Ðîçãëÿíåìî äàíi, ùî îïèñóþòüñÿ ìîäåëëþ ñó-
ìiøi çi çìiííèìè êîíöåíòðàöiÿìè. Êîæåí ñïî-
ñòåðåæóâàíèé îá'¹êò íàëåæèòü äî îäíi¹¨ ç M
ïîïóëÿöié (êîìïîíåíò ñóìiøi). Ðîçïîäië ñïîñòå-
ðåæóâàíî¨ õàðàêòåðèñòèêè ξj = (Xj , Yj) j-ãî
îá'¹êòà âèçíà÷à¹òüñÿ íåïàðàìåòðè÷íîþ ðåãðå-
ñiéíîþ ìîäåëëþ:

Yj = g(κj)(Xj) + εj , j = 1, n, (1)

äå κj ¹ íîìåðîì êîìïîíåíòè, äî ÿêî¨ íàëåæèòü
j-èé îá'¹êò, g(m) ¹ íåâiäîìîþ ôóíêöi¹þ ðåãðå-
ñi¨ äëÿ m-î¨ êîìïîíåíòè, εj ¹ öåíòðîâàíîþ ïî-
õèáêîþ ç ñêií÷åííîþ äèñïåðñi¹þ σ2

(m) äëÿ m-
î¨ êîìïîíåíòè. Ñïðàâæíi çíà÷åííÿ íîìåðiâ κj
¹ íåâiäîìèìè, àëå âiäîìi éìîâiðíîñòi çìiøóâà-
ííÿ (êîíöåíòðàöi¨) p(m)

j:n = P{κj = m}, j = 1, n,

m = 1,M . Ðîçïîäiëè ðåãðåñîðiâ Xj ¹ àáñîëþòíî
íåïåðåðâíèìè âiäíîñíî ìiðè Ëåáåãà, ïðè öüîìó
iñíóþòü ùiëüíîñòi ðîçïîäiëó ðåãðåñîðà äëÿ âñiõ
êîìïîíåíò ñóìiøi f (m), m = 1, . . . ,M . Öi ùiëü-
íîñòi ¹ íåâiäîìèìè. Âèïàäêîâi âåëè÷èíè Xj , εj
j = 1, . . . , n ââàæàþòüñÿ íåçàëåæèìè â ñóêóïíî-
ñòi ïðè ôiêñîâàíié ïîñëiäîâíîñòi κj .

Ïîòðiáíî îöiíèòè íåâiäîìi ôóíêöi¨ ðåãðåñi¨
g(m) äëÿ êîæíî¨ êîìïîíåíòè ñóìiøi, m = 1,M .

3 Ïîáóäîâà îöiíêè

Íàãàäà¹ìî ñõåìó ïîáóäîâè ëîêàëüíî ëiíiéíèõ
îöiíîê ó âèïàäêó îäíîðiäíî¨ âèáiðêè, òîáòî êî-
ëè ó ìîäåëi (1) ¹ ëèøå îäíà êîìïîíåíòà (M = 1)
i ôóíêöiÿ ðåãðåñi¨ g(m)(x) = g(x) ¹ ñïiëüíîþ äëÿ
âñiõ ñïîñòåðåæåíü. Äëÿ òîãî, ùîá îöiíèòè g(x)
â ôiêñîâàíié òî÷öi x = x0, ðîçãëÿäàþòü ëiíiéíå
íàáëèæåííÿ g(x) ≈ a+b(x−x0) i ïiäãàíÿþòü íå-
âiäîìi êîåôiöi¹íòè a i b, ìiíiìiçóþ÷è ëîêàëüíèé
ôóíêöiîíàë ìåòîäó íàéìåíøèõ êâàäðàòiâ (2.1)
[6]:

J(a, b) =

n∑
j=1

K

(
x0 −Xj

h

)
(Yj−a−b(Xj−x0))

2,

äå K � ÿäðî (iíòåãðîâíà ôóíêöiÿ ç íå-
âiä'¹ìíèìè çíà÷åííÿìè), h > 0 � ïàðàìåòð
çãëàäæóâàííÿ. ×èì ìåíøèì îáðàíî h, òèì

áëèæ÷å äî x0 ïîâèííî ïîòðàïèòè Xj äëÿ òî-
ãî, ùîá âïëèâ j-òîãî ñïîñòåðåæåííÿ íà ïiäiãíà-
íi çíà÷åííÿ áóâ ïîìiòíèì. Ëîêàëüíî-ëiíiéíîþ
îöiíêîþ ĝ(x0) äëÿ g(x0) ¹ êîîðäèíàòà â òî÷êè
ìiíiìóìó (â, b̂) ôóíêöiîíàëó J . Ôîðìóëè (2.1)-
(2.4) [6] äàþòü ÿâíèé âèãëÿä öi¹¨ îöiíêè.

Äëÿ óçàãàëüíåííÿ öèõ ôîðìóë ìè ââåäåìî
äîäàòêîâå íàâàíòàæåííÿ ìiíiìàêñíèìè âàãîâè-
ìè êîåôiöi¹íòàìè ùîá âèäiëèòè ïåâíó êîìïî-
íåíòó. Öi êîåôiöi¹íòè îïèñàíi ó [1]. Ó [3] âîíè
âèêîðèñòàíi äëÿ ìîäèôiêàöi¨ îöiíîê Íàäàðàÿ-
Âàòñîíà.

Ââåäåìî ñïî÷àòêó äåÿêi ïîçíà÷åííÿ. Äëÿ
ìàñèâiâ êîíöåíòðàöié p = (pmj:n, j = 1, n, m =

1,M, n ⩾ 1) òà âàãîâèõ êîåôiöi¹íòiâ a =
(amj:n, j = 1, n, m = 1,M, n ⩾ 1) áóäåìî ïî-
çíà÷àòè pm = (pm1:n, . . . , p

m
n:n)

T âåêòîð-ñòîâïåöü
êîíöåíòðàöié m-î¨ êîìïîíåíòè äëÿ âñiõ ñïîñòå-
ðåæåíü i, àíàëîãi÷íî, am = (am1:n, . . . , a

m
n:n)

T .
Îïåðàöiþ óñåðåäíåííÿ ïî âñié âèáiðöi ïî-

çíà÷èìî êóòîâèìè äóæêàìè:

⟨pm⟩n =
1

n

n∑
j=1

pmj:n.

Âñi àðèôìåòè÷íi îïåðàöi¨ íàä âåêòîðàìè, ÿêi
âêàçàíi â êóòîâèõ äóæêàõ, âèçíà÷àþòüñÿ ïîåëå-
ìåíòíî. Áóäåìî ïîçíà÷àòè ⟨pm⟩ = lim

n→+∞
⟨pm⟩n,

ÿêùî òàêà ãðàíèöÿ iñíó¹. Çàóâàæèìî, ùî îïå-
ðàöiÿ óñåðåäíåííÿ ⟨akpm⟩n çàäà¹ ñêàëÿðíèé äî-
áóòîê ak òà pm ó Rn.

Ðîçãëÿíåìî ìàòðèöþ Ãðàìà íà îñíîâi îïå-
ðàöi¨ óñåðåäíåííÿ ïî äîáóòêàì ïîêîìïîíåíòíèõ
âåêòîðiâ êîíöåíòðàöié: Γn = (⟨pkpl⟩n)Mk,l=1. Íà-

äàëi áóäåìî ïðèïóñêàòè, ùî {pm}Mm=1 ¹ ëiíiéíî
íåçàëåæíèìè, à òîìó det Γn ̸= 0. Âàãîâi êîåôi-
öi¹íòè amj:n, âèçíà÷åíi çà ïðàâèëîì

amj:n =
1

det Γn

M∑
m=1

(−1)m+kγkmpmj:n,

äå γkm ¹ k,m-èì ìiíîðîì ìàòðèöi Γn, íàçèâà-
þòü ìiíiìàêñíèìè âàãîâèìè êîåôiöi¹íòàìè. Ç
âëàñòèâîñòÿìè îòðèìàíèõ êîåôiöi¹íòiâ ìîæíà
îçíàéîìèòèñÿ ó [1].

Îöiíêà ëîêàëüíî-ëiíiéíî¨ ðåãðåñi¨ iç íàâàí-
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òàæåííÿì íà m-òó êîìïîíåíòó ìà¹ âèãëÿä:

ĝ(m)(x0) =

∑n
j=1 w̃

m
j:nYj∑n

j=1 w̃
m
j:n

, (2)

äå

w̃m
j:n = (ŝm2 (x0)− ŝm1 (x0)(Xj − x0))a

m
j:nw

x0
j:n, (3)

ŝml (x0) =
n∑

j=1

amj:nw
x0
j:n(Xj − x0)

l, (4)

l = 1, 2, òà wx0
j:n = K((Xj − x0)/h).

ßêùî â ôîðìóëàõ (2)-(4) ïîêëàñòè amj = 1,
îòðèìó¹ìî çâè÷àéíi ôîðìóëè ëîêàëüíî-ëiíiéíî¨
îöiíêè äëÿ îäíîðiäíî¨ âèáiðêè (2.1)-(2.4) [6].
ßêùî ó (2) âàãîâi êîåôiöi¹íòè w̃m

j:n ç (3) çàìiíè-
òè íà amj:nw

x0
j:n, îòðèìà¹ìî ìîäèôiêîâàíi îöiíêè

Íàäàðàÿ-Âàòñîíà, ùî ðîçãëÿäàëèñü ó [3].

4 Âèáið ïàðàìåòðà çãëàäæóâàííÿ

Íà¨âíèé âèáið ïàðàìåòðà çãëàäæóâàííÿ.

Ó ðîáîòi [3] ïîêàçàíî, ùî óçàãàëüíåíà îöiíêà
Íàäàðàÿ-Âàòñîíà ¹ êîíçèñòåíòíîþ òà àñèìïòî-
òè÷íî íîðìàëüíîþ, êîëè ïàðàìåòð çãëàäæóâà-
ííÿ âèáèðà¹òüñÿ â çàëåæíîñòi âiä îáñÿãó âèáið-
êè ÿê h = hn = Hn−1/5, ïðè n → +∞. Ç òî-
÷êè çîðó ìiíiìiçàöi¨ àñèìïòîòè÷íî¨ ïðîiíòåãðî-
âàíî¨ ñåðåäíüîêâàäðàòè÷íî¨ ïîõèáêè, òåîðåòè-
÷íî îïòèìàëüíèì çíà÷åííÿì H ¹ Hopt, ùî âè-
çíà÷à¹òüñÿ íàñòóïíèì ÷èíîì:

Hopt =

(
d2L2

4D2L1

)1/5

, äå

D =

+∞∫
−∞

u2K(u)du, d2 =

+∞∫
−∞

(K(u))2du,

L1 =

(
(g(m))

′
(x0)(f

(m))
′
(x0)

f (m)(x0)
+

(g(m))
′′
(x0)

2

)2

,

L2 =
1

(f (m)(x0))2

M∑
k=1

f (k)(x0)⟨(am)2pk⟩∆m,k,

∆m,k = (σ2
(k) + (g(m)(x0)− g(k)(x0))

2).

Çðîçóìiëî, ùî öå çíà÷åííÿ íå ìîæíà áåçïîñå-
ðåäíüî âèêîðèñòîâóâàòè äëÿ îöiíþâàííÿ çà ðå-
àëüíèìè äàíèìè, îñêiëüêè äëÿ éîãî îá÷èñëåí-
íÿ ïîòðiáíî çíàòè íåâiäîìi ïàðàìåòðè ìîäåëi.
Ó äàíié ðîáîòi âîíî âèêîðèñòîâó¹òüñÿ äëÿ ïî-
ðiâíÿííÿ ìîæëèâîñòåé ëîêàëüíî-ëiíiéíèõ îöi-
íîê òà îöiíîê Íàäàðàÿ-Âàòñîíà. Íàäàëi áóäåìî

íàçèâàòè íà¨âíèì ïiäõîäîì âèáið äëÿ ëîêàëüíî
ëiíiéíèõ îöiíîê ïàðàìåòðà çãëàäæóâàííÿ h =
Hoptn

−1/5, òîáòî òåîðåòè÷íî-îïòèìàëüíèé äëÿ
îöiíîê Íàäàðàÿ-Âàòñîíà.

Âèáið ïàðàìåòðà çãëàäæóâàííÿ íà

îñíîâi êðîñ-âàëiäàöi¨. Âèçíà÷èìî òåîðåòè÷íó
ïðîiíòåãðîâàíó ñåðåäíüîêâàäðàòè÷íó ïîõèáêó
iç íàâàíòàæåííÿì íà m-òó êîìïîíåíòó ÿê:

ISE(h;m) =

+∞∫
−∞

(ĝ(m)
n (x)− g(m)(x))2f (m)(x)dx

Áóäåìî øóêàòè çíà÷åííÿ h > 0, ÿêå çàáåçïå-
÷ó¹ (íàáëèæåíó) ìiíiìiçàöiþ ISE(h;m). Îñêiëü-
êè g(m) òà f (m) íåâiäîìi, ïîáóäó¹ìî îöiíêó äëÿ
ISE(h;m). Çàïèøåìî ISE(h;m):

ISE(h;m) = I
(m)
1 − 2 · I(m)

2 + I
(m)
3 ,

I
(m)
1 =

+∞∫
−∞

(ĝ(m)
n (x))2f (m)(x)dx,

I
(m)
2 =

+∞∫
−∞

ĝ(m)
n (x)g(m)(x)f (m)(x)dx,

I
(m)
3 =

+∞∫
−∞

(g(m)(x))2f (m)(x)dx.

Iíòåãðàë I
(m)
3 íå çàëåæèòü âiä h, à òîìó íå

âïëèâà¹ íà ìiíiìiçàöiþ. Âiäêèíóâøè éîãî, ìà-
¹ìî ôóíêöiîíàë, åêâiâàëåíòíèé äî ISE(h;m):

CV∗(h;m) = I1 − 2 · I2

Îöiíèìî iíòåãðàëè â CV∗(h;m) íàñòóïíèì ÷è-
íîì. ßêùî ââåñòè äîäàòêîâå ñïîñòåðåæåííÿ
(X(m), Y (m)), ðîçïîäië ïåðøî¨ êîîðäèíàòè ÿêî-
ãî ìà¹ ùiëüíiñòü f (m), íåçàëåæíå âiä âèáiðêè
X = {(Xj , Yj)}nj=1, òî:

E[(ĝ(m)
n (X(m)))2 | X] = I1,

E[g(m)(X(m))ĝ(m)
n (X(m)) | X] = I2

Òîáòî iíòåãðàëè I
(m)
1 òà I

(m)
2 ìîæíà áóëî á íà-

áëèçèòè çâàæåíèìè âèáiðêîâèìè ñåðåäíiìè, ÿê-
áè ó íàñ áóëè äîäàòêîâi ñïîñòåðåæåííÿ íåçàëå-
æíi âiä òèõ, ïî ÿêèõ áóäóâàëàñü îöiíêà. Â òà-
êèõ âèïàäêàõ äëÿ îöiíþâàííÿ âèêîðèñòîâóþòü
òåõíiêó êðîñ-âàëiäàöi¨.
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Ââåäåìî íàñòóïíi îöiíêè äëÿ iíòåãðàëiâ:

I
(m)
1 ≈ Î

(m)
1 =

n∑
j=1

amj:n(ĝ
(m)
j− (Xj))

2,

I
(m)
2 ≈ Î

(m)
2 =

n∑
j=1

amj:ng
(m)(Xj)ĝ

(m)
j− (Xj),

äå ĝ
(m)
j− ¹ îöiíêîþ äëÿ g(m) íà îñíîâi âñiõ ñïî-

ñòåðåæåíü, îêðiì j-ãî. Ïðîáëåìà âèíèêà¹ â îöi-
íþâàííi g(m) â Î(m)

2 . ßêùî âèêîðèñòîâóâàòè äëÿ

îöiíþâàííÿ âñþ âèáiðêó, òî g(m) i ĝ(m)
j− (Xj) áó-

äóòü çàëåæíèìè ìiæ ñîáîþ. Ùîá óñóíóòè öþ
çàëåæíiñòü, ðîçiá'¹ìî âèáiðêó íà äâi ïîëîâè-
íè ç ïðèáëèçíî îäíàêîâîþ êiëüêiñòþ ñïîñòåðå-
æåíü: ïåðøà ÷àñòèíà âèáiðêè iäå íà îá÷èñëåííÿ
îöiíîê êðîñ-âàëiäàöi¨, à äðóãà âèêîðèñòîâó¹òüñÿ
äëÿ îöiíþâàííÿ ôóíêöi¨ ðåãðåñi¨ g(m).

Ïiäñòàâëÿþ÷è çàìiñòü iíòåãðàëiâ ïîáóäîâà-
íi îöiíêè, îòðèìó¹ìî îöiíêó äëÿ CV∗(h;m):

ĈV(h;m) =

[n/2]∑
j=1

amj:[n/2](ĝ
(m)
j− (Xj))

2−

− 2 ·
[n/2]∑
j=1

amj:[n/2]ĝ
(m)
n−[n/2](Xj)ĝ

(m)
j− (Xj),

äå ĝ(m)
j− (x) ïiäðàõîâó¹òüñÿ çà ïåðøèìè [n/2] ñïî-

ñòåðåæåííÿìè ç âèáiðêè (çà âèêëþ÷åííÿì j-ãî),

à ĝ
(m)
n−[n/2](x) íà îñíîâi òèõ ñïîñòåðåæåíü, ùî çà-

ëèøèëèñÿ. Îöiíêà ïàðàìåòðà çãëàäæóâàííÿ íà
îñíîâi òåõíiêè êðîñ-âàëiäàöi¨ âèçíà÷à¹òüñÿ ÿê
òî÷êà ìiíiìóìó îöiíåíîãî ôóíêöiîíàëó:

h
(m)

ĈV
= argmin

h>0
ĈV(h;m)

5 Iìiòàöiéíèé åêñïåðèìåíò

Ïðîàíàëiçó¹ìî ïîâåäiíêó îöiíêè, ïîðiâíþþ-
÷è çàïðîïîíîâàíi îöiíêè ç óçàãàëüíåíîþ îöií-
êîþ Íàäàðàÿ-Âàòñîíà ç [3] äëÿ îäíîãî ìîäåëü-
íîãî ðîçïîäiëó äàíèõ. Iìiòàöiéíi åêñïåðèìåí-
òè áóëî ïðîâåäåíî íà âèáiðêàõ îáñÿãó n =
100, 250, 500, 750, 1000. Äëÿ êîæíîãî îáñÿãó âè-
áiðêè áóëî çãåíåðîâàíî ïîB = 1000 íåçàëåæíèõ
êîïié âèáiðîê, ïî ÿêèõ áóäóâàëèñü îöiíêè.

Ðîçãëÿäàëàñü äâîêîìïîíåíòíà ñóìiø, òîáòî
M = 2. Éìîâiðíîñòi çìiøóâàííÿ âèçíà÷åíi ÿê

P{κj = 1} =
j

n
, P{κj = 2} = 1− j

n
, j = 1, n.

Ðîçïîäië ðåãðåñîðà ¹ ðiâíîìiðíèì íà [0, 1]. Ðîç-
ïîäië ïîõèáîê ¹ öåíòðîâàíèì ãàóññîâèì ç äèñ-
ïåðñi¹þ 1.25, òîáòî εj ∼ N(0, 1.25). Ôóíêöi¨ ðå-
ãðåñi¨ âèçíà÷åíi ÿê

g(m)(x) = (−1)mx(1− x), m = 1, 2.

Â ÿêîñòi ÿäðà îöiíêè áåðåòüñÿ ÿäðî �ïàí¹-
÷íiêîâà K(x) = 3/4(1 − x2)1|x|⩽1. ßêiñòü ïîòî-
÷êîâî¨ çáiæíîñòi îöiíîê õàðàêòåðèçó¹òüñÿ çìi-
ùåííÿì Bias(ĝ(m)(x0)) = E[ĝ(m)(x0) − g(m)(x0)]
òà äèñïåðñi¹þ D[ĝ(m)(x0)], êîòði îöiíþþòüñÿ çà
âèáiðêîâèì ñåðåäíiì òà âèáiðêîâîþ äèñïåðñi¹þ
ïî çíà÷åííÿõ îöiíîê íà ìîäåëüîâàíèõ âèáiðêàõ.
Çîáðàçèìî çíà÷åííÿ ïîòî÷êîâèõ õàðàêòåðèñòèê
âiäíîñíî çáiëüøåííÿ îáñÿãó âèáiðêè:
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Ðèñ. 1: Çìiùåííÿ òà äèñïåðñiÿ îöiíîê äëÿ
g(1)(x0), x0 = 0.5.

Ðèñ. 2: Çìiùåííÿ òà äèñïåðñiÿ îöiíîê äëÿ
g(2)(x0), x0 = 0.5.

Ðèñ. 3: Çìiùåííÿ òà äèñïåðñiÿ îöiíîê äëÿ
g(1)(x0), x0 = 0.
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Ðèñ. 4: Çìiùåííÿ òà äèñïåðñiÿ îöiíîê äëÿ
g(2)(x0), x0 = 0.

6 Âèñíîâêè

Ó ïðîâåäåíèõ åêñïåðèìåíòàõ ïîáóäîâàíà ìîäè-
ôiêàöiÿ îöiíêè ëîêàëüíî-ëiíiéíî¨ ðåãðåñi¨ äëÿ
ìîäåëi ñóìiøi ç äåêiëüêîìà ðåãðåñiÿìè äåìîí-
ñòðó¹ êðàùó ïîâåäiíêó â ãðàíè÷íié òî÷öi íîñiÿ
ðåãðåñîðà (x0 = 0). Ç íàâåäåíèõ âèùå ðèñóí-
êiâ öå äîáðå âèäíî ïîðiâíÿíî ìåíøèì çìiùå-

ííÿì òà äèñïåðñi¹þ âiäíîñíî îöiíêè Íàäàðàÿ-
Âàòñîíà. Â iíøèõ iìiòàöiéíèõ åêñïåðèìåíòàõ,
ÿêi âèêîðèñòîâóþòü iíøi ðîçïîäiëè ðåãðåñîðiâ
òà ôóíêöi¨ ðåãðåñi¨, ïîâåäiíêà ìîæå áóòè ãið-
øîþ.

Òåîðåòè÷íå äîñëiäæåííÿ àñèìïòîòè÷íî¨ ïî-
âåäiíêè çàïðîïîíîâàíèõ îöiíîê ìà¹ áóòè ïðå-
äìåòîì ïîäàëüøî¨ ðîáîòè.
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