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INTERPOLATION PROBLEM FOR MULTIDIMENSIONAL HARMONIZABLE
STABLE SEQUENCES

The problem of estimation of unobserved values of stochastic processes is of constant interest in the theory and appli-
cations of stochastic processes. The problem of forecasting future values of economic and physical processes, the problem
of restoring lost information, cleaning signals, or other data from observations with noise is magnified in an information-laden
world. Therefore, the development of estimation methods is one of the main tasks of the modern theory of stochastic processes.
In this paper, we consider the problem of optimal linear interpolation of a functional that depends on the unknown values of a
vector-valued harmonizable symmetric alpha-stable random sequence from observations of the sequence with noise. We use
the classical approach to derive formulas for computing values of the mean-square error and the spectral characteristic of the
optimal linear estimate of the functional. The crucial assumption of this approach is that the spectral densities of the involved
stochastic sequences are exactly known. However, in practice, complete information on the spectral densities is impossible in
most cases. In this situation, one finds a parametric or non-parametric estimate of the unknown spectral density and then ap-
plies one of the traditional estimation methods provided that the selected density is the true one. This procedure can resultin a
significant increase in the value of the estimation error. To avoid this effect, one can search for the estimates that are optimal for
all densities from a certain class of admissible spectral densities. These estimates are called minimax because they minimize the
maximal values of the errors of estimates for all densities from a given class. Therefore, in the case of spectral uncertainty, we
use the minimax approach and propose formulas that determine the least favorable spectral densities and the minimax spectral
characteristics of the optimal estimates of the functional for some classes of admissible spectral densities.

Keywords: harmonizable stable random sequence, periodically harmonizable stable random sequence, optimal linear
estimate, minimax-robust estimate, minimax spectral characteristic, least favorable spectral density.

AMS 2020 classification: 60G10, 60G25, 60G35, 62M20, 93E10, 93E11.

Introduction

The problem of estimation of the unknown values of harmonizable random sequences and processes were investigated
in papers (Cambanis, 1983; Cambanis, & Soltani, 1984; Hosoyd, 1982; Masani, & Wiener, 1957). The interpolation problem
for harmonizable symmetric a-stable random sequences were investigated in papers (Weron, 1985; Pourahmadi, 1984).

Basic results concerning estimation of the unknown (missed) values of stochastic processes are based on the assump-
tion that spectral densities of processes are exactly known. In practice, however, complete information on the spectral
densities is impossible in most cases. In such situations one finds parametric or nonparametric estimates of the unknown
spectral densities. Then the classical estimation method is applied under the assumption that the estimated densities are
true. This procedure can result in significant increasing of the value of error as Vastola and Poor have demonstrated with
the help of some examples (Vastola, & Poor, 1983). This is a reason to search estimates which are optimal for all densi-
ties from a class of admissible spectral densities. These estimates are called minimax since they minimize the maximal
value of the error. A survey of results (till 1985) in minimax (robust) methods of data processing can be found in the paper
(Kassam, & Poor, 1985). The paper (Grenander, 1957)) should be marked as the first one where the minimax extrapola-
tion problem for stationary processes was formulated and solved. Later Franke and Poor (Franke, & Poor, 1984; Franke,
1984, 1985) applied the convex optimization methods for investigation the minimax-robust extrapolation and interpolation
problems. The book (Moklyachuk, & Masyutkd, 2012) is dedicated to minimax-robust extrapolation, interpolation and fil-
tering problems for vector-valued stationary processes and sequences. In the book (Moklyachuk, & Golichenkd, 2016) the
minimax-robust extrapolation, interpolation and filtering problems for periodically correlated processes are investigated. In
the paper (Moklyachuk, & Ostapenka, 2016) minimax-robust interpolation problems are studied for harmonizable stable
sequences.

In this paper the problem of optimal estimation is investigated for the linear functional

-

Ané = Z(d’(a’)f ()

-

that depends on the unknown values £(j),5 = 0,1,..., N, of a vector-valued harmonizable symmetric a-stable random
sequence £(j) = {§k(j)}kT,:1, from observations of the sequence £(j) + 77(j) at points j € Z\ {0,1, ..., N} where £(j) and
77(j) are mutually independent harmonizable symmetric a-stable random sequences which have the spectral densities f(6)
and ¢(0) satisfying the minimality condition.

The problem is investigated under the condition of spectral certainty as well as under the condition of spectral un-
certainty. Formulas for calculation the value of the error and spectral characteristic of the optimal linear estimate of the
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functional are derived under the condition of spectral certainty where spectral density of the sequence is exactly known.
In the case where spectral density of the sequence is not exactly known sets of admissible spectral densities is available,
relations which determine least favorable densities and the minimax-robust spectral characteristics for different classes of
spectral densities are found.

1. Harmonizable symmetric a-stable random sequence
Definition 1. (symmetric a-stable random variable) A real-valued random variable ¢ is said to be symmetric a-stable, Sa.S,
if its characteristic function has the form Eexp(it§) = exp(—c|t|*) for some ¢ > 0 and 0 < a < 2. The real random variables

&1,&2, ..., &, are jointly SaS if all linear combinations Y~;'_, axéx are SasS, or, equivalently, if the characteristic function of
the random vector 5: (&1,...,&n) is of the form
¢e(t) = Eexp (iztk£k> = exp {—/ >ty ng(f)} :
k=1 Sn k=1
where ' = (t1,...,tn),t1,...,t, are real numbers and Fg(f) is a symmetric measure defined on the unit sphere S,, € R",
called the spectral measure of the random vector f = (&1,...,&n). There is a one-to-one correspondence between the

distribution of £ and its spectral measure I'#(Z) (Cambanis, 1983).

For real-valued jointly Sa.S random variables &, n with 1 < « < 2 the covariation of £, ) is defined by
el = [ @@l (a0),
2

where (y) <7~ = |y|"1y.
For jointly Sa.S random variables £ = & + €2 and n = n1 + in2 the covariation of £ with 7 is defined as (Cambanis,
1983)

[6777]04 = / (Il + 1I2)(y1 + iy2)<a71>dr'51v52ﬂ717"72 (I17x27y1’y2)7
Sa
where 2<#> = |2|°~z for a complex number z and 8 > 0.

The covariation in general is not symmetric and linear on second argument and for &, &1, &2, n jointly SaS has the
following properties (Cambanis, 1983; Weron, 1985)

[51 +f2:77]a = [€17n}0¢+[€27n]a7 (1)
(@&, bnla = a(®)* " [£,7]a, 2)
[€,m]e =0 if £ and n are independent, (3)
[£,m +m2a = [§,m]a +[€,m2]e T m and n2 are independent, (4)
1€, 7ol < [1éllalInlla ™, (5)
the functional
1€]]a = [€, €15/ (6)

is a norm in a linear space of Sa.S random variables which is equivalent to convergence in probability

1D €lls =D llgela (7)
k=1 k=1

when 1, ..., &, are independent, the mapping
£ = [€1]a (8)
is a bounded linear functional with the norm ||||2~* on the linear space of Sa.S random variables, and every bounded linear
functional on such a space is of this form for some 7.
It should be noted that || - ||~ is not necessarily the usual L* norm.

Definition 2 (symmetric a-stable stochastic sequence). A stochastic sequence {{(n),n € Z} is called symmetric a-stable,
SasS, if all linear combinations Zlm:1 am&(nm) are SaS random variables.

A vector-valued stochastic sequence £(n) = {gk(n)}le ,n € Z, is called symmetric a-stable, Sa.S, stochastic se-
quence, if all linear combinations 3" ™' _ a,,, &k () are Sa.S random variables.

Let Z = {Z(t) : —oco < t < oo} be a complex Sa.S process with independent increments. The spectral measure of the
process Z is defined as u{(s,t]} = | Z(t) — Z(s)||a-
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The integrals [ a(t)dZ(t) can be defined for all a(t) € L*(u) with properties for all a € L*(u),b € L*(p) (Cambanis,
1983; Cambanis, & Soltani, 1984; Hosoya, 1982):

H / a(t)dZ (1)

= [laFauco, ©)

[ awazao). [saz)] = [awoen=>aue, (10)
and for vector-valued functions @(t) = {ax(t)};_, ,ax(t) € L*(u), b(t) = {br(t)}1_, ,be(t) € L*(u),and Z(t) = {Zx(t)}}_,

—

[ [@wraza, [ (E(t))TdZ(t)} = [@en" auteEen==>, (1)

where p is the matrix-valued spectral measure corresponding to the process Z(t).

Definition 3 (harmonizable symmetric a-stable sequence). A symmetric a-stable, Sa.S, stochastic sequence {£(n),n € Z}
is said to be harmonizable, HSa.S, if there exists a SaS process Z = {Z(0) : 6 € [—=, ]} with independent increments
and a finite spectral measure p such that sequence £(n) has the spectral representation

&(n) :/ e™dz(0), nez,
and the covariation has the representation

[€(n), ()] = / " im0 g6), i € 7.

A vector-valued symmetric a-stable, Sa.S, stochastic sequence &£(n) = {&x(n) r -y, n € Z,is said to be harmonizable,
HSas, if there exists a vector-valued Sa.S process Z(6) = {Z;c(@)}kT):_O1 ,0 € [—m, ) with independent increments and a

—

finite matrix-valued spectral measure p such that sequence £(n) has the spectral representation

£(n) = /W ™ aZ(0),n € 7,

and the covariation has the representation

— —

), E(m)]a = / ¢4 (0), m,m € Z.
Definition 4 (periodically harmonizable Sa.S sequence). A symmetric a-stable, Sa.S, stochastic sequence {¢(n),n € Z} is
said to be periodically harmonizable, P H SasS, if the vector-valued stochastic sequence £(n) = {£(nT + k) Z;Ol ,neZ,is
harmonizable symmetric a-stable, HS«.S, stochastic sequence.

Note that a HSaS stochastic sequence is not necessarily stationary even second order stationary, but for « = 2 the
HSaS sequences are stationary with Gaussian distribution.

In this article we consider the case where 1 < o < 2.

Denote by H(¢) the time domain of the HS«aS sequence {{(n),n € Z}, which is a closed in the norm || - ||, linear
manifold generated by all values of the HSaS sequence {£(n),n € Z}. It follows from the spectral representation of the
HSasS sequence {£(n),n € Z} that the mapping £(n) « ¢, n € Z, extents to an isomorphism between the spaces H (€)
and L*(y). Under this isomorphism to each n € H(&) corresponds a unique f € L*(x) such thatn = [ f(0)dZ(6).

For a closed linear subspace M C L*(u) and f € L%(u), there exists a unique element from M which minimizes the
distance to f. This element is called projection of f onto M or the best approximation of f in M. This projection is denoted
by Py f and is uniquely determined by the condition (Singer, 1970)

[ g(f — Puf)<> " du=0, gel. (12)

Similarly, for HSasS stochastic sequence {{(n),n € Z} and a closed linear subspace H~ (§) of the space H () there
is a uniquely determined element ¢{(n) € H ™ (£) which minimizes the distance to {(n) and is uniquely determined from the
condition

[mem—Em)] =0, nen (. (13)
From linearity of the covariation with respect to the first argument from this relation we have that

660) = Em)lE = [¢(m),6(m) —€m)] = [m).&m) —€m)] = [e(m),€m) = Em)] - (14)

[e%

This relation plays a fundamental role in the characterization of minimal HSa.S stochastic sequences {£(n),n € Z}.
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2. Interpolation problem. Observations with noise. Projection approach
Consider the problem of the optimal estimation of the linear functional

ANE= D@08 = [ (An(e")TdZ o)

J=0
where
N ..
An(e) = (e,
7=0
that depends on the unknown values E(j),j = 0,1,..., N, of a vector-valued harmonizable symmetric a-stable random

sequence .{(j) = {gk(j)}le, from observations of the sequence E(j) +7(j) at points j € Z\ {0,1,...,N}.
. We consider the problem for mutually independent vector-valued harmonizable symmetric a-stable random sequences

&) = {§k(j)}f:1 and 7(5) = {mx (j)};‘::l which have absolutely continuous spectral measures and the spectral densities
f(0) and ¢(0), satisfying the minimality condition (Pourahmadi, 1984|; Weron, 1985)

[ [+ gon ] db < oo (15)

Denote by HY (¢ + n) the closed in the || - || norm linear manifold generated by values of the harmonizable symmetric
a-stable stochastic sequence f(j) +7(j), 5 € Z\ {0,1,...,N} in the space H({ + n) generated by all values of the
harmonizable symmetric a-stable, HSa.S, stochastic sequence £(5) + 77(j), j € Z-

The optimal estimate ANfof the functional ANgis a projection of ANEon the subspace H™ (¢ +n) which is determined
by the relations

[n:ANg_ ANg]Ot:()v VUEHN(5+77)7

or, equivalently, by relations

[gk(]) +77k(])>AN€_ ANE]& 207 .] S Z\{Ovlv---vN}> k= 17T (16)

It follows from the isomorphism between the spaces H({+n) and L*(F +G) that the optimal estimate AN{ofthe functional
ANfis of the form

AnéE= /:Tuz(e)f (aZ¢(6) +aZ"(0)). (17)

It is determined by the spectral characteristic k() of the estimate which is from the subspace L% (F + G) of the L®(F 4+ G)
space generated by functions

6ij0(5k, 51@:{6“}?1:1, k=1,...,T, jEZ\{O,l,...,N}.

The spectral characteristic h(9) = {hi(6)}._, of the optimal estimate satisfies the following equations

T . <a—1> _ .
/ e’ [f(0> (4() - (o) = 9(0) (h(9))=* ﬂ 9 =0, 5 € Z\{0,1,...,N}. (18)
It follows from these equations that the spectral characteristic 1(6) of the estimate is determined by the equation

[70) (4 = 1@) ™ = g0 (o)< | = (e (19)

N
Cn(e) =Y ag)e ",
j=0

where &(j) = {ck(j)}f:1 ,7=0,1,..., N are unknown coefficients.
The unknown coefficients ¢(j),7 = 0,1,..., N, are determined from the condition h(0) € L% (f + g), which gives us the
system of equations
/ e "% n0)do =0, k=0,1,...,N. (20)
The variance of the optimal estimate of the functional is calculated by the formula
~ @ " . T . <a—1>
| Ave —dne|" = / (An(e™) = 1(®) 70 (An(e®) ~ ()" o+

™

+[ " (h(0)" 9(8) (h(8))<"1> do. (21)

ISSN 1728-3817



DI3BUKO-MATEMATUYHI HAYKMWU. 2(81)/2025 ~ 51~

In the case where the dimension of the sequence T' = 1, this formula can be written in the form

| Axe — Awe|” /

We can conclude that the following theorems hold true.

™

f(6)de +/ |h(6)]* g(0)db. (22)

-

@

An(e") — h(6)

Theorem 1. Let£(j) = {€1(j)}i_,, j € Zandij(j) = {nx(j)}}_, , j € Z be mutually independent harmonizable symmetric
a-stable HSasS, stochastic sequences which have absolutely continuous spectral measures and the spectral densities f ()
and g(0) satisfying the minimality condition ({3). The optimal linear estimate A ~E& of the functional A€ = Z;.V: olags ))Té (),
that depends on the unknown values £(5),7 = 0,1,..., N, of the sequence £(j), from observations of the sequence & )+
7(4) atpoints j € Z\{0,1, ..., N'} is calculated by formula ({{7). The spectral characteristic h(6) of the estimate is determined
by equation ([T9), where the unknown coefficients &(j ),7 =0,1,..., N, are determined from the system of equations (0.
The variance of the optimal estimate of the functional is calculated by formula 1) (by formula ([22) in the case where
dimension T = 1).

Theorem 2. Let the vector-valued harmonizable symmetric a-stable, HS«.S, stochastic sequences
£(n) =T + R} 2y, in) = (n(nT+ )} ), n € Z,

that correspond to periodically harmonizable symmetric a-stable, PH S«.S, stochastic sequences &(n) and n(n), n € Z,
have absolutely continuous spectral measures and the spectral densities f(6), g(), satisfying the minimality condition ({8).
The optimal linear estimate A N{ of the functional

R N N T-1
AnE = (a(j => > ar()EUT + k),
j=0 j=0 k=0
where @(j) = {ax(j)}1=L, £(j) = {€(JT + k)}'=}, that depends on the unknown values £(j),j = 0,1,...,T(N + 1) — 1,
of the sequence £(j) from observations of the sequence £(j) + n(j) at points j € Z\ {0,1,...,T(N + 1) — 1} is calculated
by the formula (7). The spectral characteristic h(0) of the estimate is determined by equation ({I9), where the unknown
coefficients ¢(j) = {ck(j) f;ol ,j=0,1,...,T(N +1) — 1, are determined from the system of equations (20). The variance

of the optimal estimate of the functional is calculated by the formula (1) (by formula (22) in the case where period T = 1).

3. Interpolation problem. Observations without noise. Projection approach
Consider the problem of the optimal estimation of the linear functional

Zﬁ' )0 = [ (ante)Taz )

where
N
=2 die",
j=0
that depends on the unknown values E(j),j = 0,1,..., N, of a vector-valued harmonizable symmetric a-stable random

sequence .{(j) = {gk(j)}le, from observations of the sequence E(j) atpoints j € Z\ {0,1,...,N}.
We consider the problem for vector-valued harmonizable symmetric a-stable random sequence £(j) = {.fk(j)}f:l

which have absolutely continuous spectral measure i and the spectral density f(0), satisfying the minimality condition
(Pourahmadi, 1984; Weron, 1985)

/ Tr [(f(e))*l/““”] o < co. (23)
Denote by H" (¢) the closed in the || - || norm linear manifold generated by values of the harmonizable symmetric
a-stable random sequence £(j), j € Z\ {0,1,..., N} in the space H(¢) generated by all values of the HSa.S sequence
) ={at jez. | )
The optimal estimate A ¢ of the functional Ax¢ is a projection of Ax ¢ on the subspace H™ (¢) which is determined by
the relations

~ —.

[, AnE — AnEla =0, Vne HY(9),
or, equivalently, by relations

[€6(j), AnE — AnEla =0, j € Z\{0,1,...,N}, k=1,T. (24)

It follows from the isomorphism between the spaces H(¢) and L (1) that the optimal estimate Ax¢ of the functional AnE
is of the form

AnE = / (h(6)) T dZ(6). (25)
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It is determined by the spectral characteristic h(0) of the estimate which is from the subspace L% () of the L*(u) space
generated by functions §
6”951@, O = {(5kl}lT=1, k=1,...,T,5 € Z\{O,l,...,N}.

The spectral characteristic h(6) = {h1()}+_, of the optimal estimate satisfies the following equations

9 =0, jez\{0,1,...,N}. (26)

[ s (ante ~wo) "

-

It follows from these equations that the spectral characteristic 1(6) of the estimate is determined by the equation
i0 <a-1> i0 i0 i
10) (Av(e) = n(0) T = On(e”), On(e) =D ah)e ™,
j=0
where &(j) = {ex(j)};—,,j = 0,1,...,N are unknown coefficients. It follows from the last relation that the spectral

characteristic h(0) of the estimate is of the form

1
<=7~

hO) = An(e”) = (£ O)Cn () . (27)

The unknown coefficients ¢(j),7 = 0,1, ..., N, are determined from the condition h(6) € L% (u), which gives us the system
of equations

/ e % h(6)do =0, k=0,1,...,N. (28)

These equations are of the form
. v N B N B <ati>
/ e 'Ok (Z o'i(j)e”9> - ((f(@))_l ( E’(j)e_”9>> dd =0, k=0,1,...,N. (29)
- j=0 j=0
The variance of the optimal estimate of the functional is calculated by the formula
o . o ™ 1 o <atr>]" <21
|ané - Ané] ) :/ (11 @Cn (™) 76) (F7T@)Cn () do. (30)

In the case where the dimension of the sequence T' = 1, this formula can be written in the form

fove el = [ i

We can conclude that the following theorems hold true.

f(0)do. (31)

(11 @Cn (™)

™

Theorem 3. Let £(j) = {&x(J)}}_, , j € Z be a vector-valued harmonizable symmetric a-stable, HSaS, stochastic se-
quence which has absolutely continuous spectral measure ((6) and the spectral density f(6), satisfying the minimality
condition (83). The optimal linear estimate Ax¢ of the functional An& = Zj.v: ola(y ) TE(4), that depends on the unknown

— — —

values £(j),j = 0,1,..., N, of the sequence £(j), from observations of the sequence £(j) at points j € Z\ {0,1,...,N}
is calculated by the formula ([28). The spectral characteristic h(0) of the optimal estimate is determined by the equation
([©7), where the unknown coefficients &(j),7 = 0,..., N, are determined from the system of equations (29). The variance
of the optimal estimate of the functional is calculated by the formula (30) (by formula (81) in the case where dimension of
the sequence T' = 1).

Theorem 4. Letthe vector-valued harmonizable symmetric a-stable, HS«a.S, stochastic sequence E (n) ={&(nT + k) 5;01 ,

n € Z, that corresponds to periodically harmonizable symmetric o-stable, PH S«.S, stochastic sequence {£(n),n € Z}, has
absolutely continuous spectral measure 1(9) and the spectral density f(0), satisfying the minimality condition (23). The
optimal linear estimate A Nf of the functional

AnE= 3 (@) €6 =D Y- ar(DEGT + k),

a(j) = {an()YEZL, €(j) = {€(T + k)YLZL, that depends on the unknown values £(j),j = 0,1,...,T(N + 1) — 1, of
the sequence &(j) from observations of the sequence £(j) at points j € Z\ {0,1,...,T(N + 1) — 1} is calculated by the
formula ([25). The spectral characteristic h() of the optimal estimate is of the form (£7), where the unknown coefficients
é4) = {ex()¥Zg,d = 0,1,...,T(N + 1) — 1, are determined from the system of equations (29). The variance of the
optimal estimate of the functional is calculated by the formula (Bd) (by formula (81) in the case where period T = 1).

Example. Consider the problem of the optimal linear estimation of the functional Ao = a£(0), that depends on the unknown
value £(0) of a harmonizable symmetric a-stable, HS«.S, stochastic sequence £(n) that has absolutely continuous spectral
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measure p(6) and the spectral density f(6), satisfying the minimality condition (3), from observations of the sequence
&(n) atpoints n € Z \ {0} (Moklyachuk, & Ostapenka, 2016).
In this case the spectral characteristic h(0) of the optimal estimate of the functional is of the form

h(O) = a— c“F1” (F(0)F T
The variance of the optimal estimate of the functional is calculated by the formula
where the constant c is a solution of the equation

/:r (a S (f(@))‘ﬁ) 6 = 0,

1

ST (J(0)

o

f(0)ds,

(27Ta)<a—l>

(47, (o))~ vae) ™

In the case of a = 2 we have the Kolmogorov (Kolmogorov, 1992) results

MO =a— ()"
e=a (5 [ (o)

[ - el =2ria (55 [ (o) )an)

Cc =

—1>-

—1

4. Interpolation problem. Minimax approach
The value of the error

A (h(fo,90); f,9) = HAN5* AN?HZ

and the spectral characteristic h(f,g) = h(6) of the optimal estimate Ay ¢ of the functional Ax¢ = Z;V:O(d(j))Tf(j) that

depends on the unknown values f(j),j =0,1,..., N, of the sequence f(j), from observations of the sequence g(j) + 7(5)
at points j € Z \ {0,1,..., N} can be calculated by the proposed formulas only in the case where we know the spectral

—

densities f(6) and g(6) of the mutually independent harmonizable symmetric a-stable H Sa.S, stochastic sequences £(j) =
{€() Yo s 5 € Zand () = {ne(i)} iy » § € Z.

However, in practice we can’t exactly evaluate the spectral densities of stochastic sequences, but, instead, we often
can have a set D = Dy x D, of admissible spectral densities. In this case we can apply the minimax-robust method of
estimation to the interpolation problem. This method let us find an estimate that minimizes the maximum of the errors for
all spectral densities from the given set D = Dy x D, of admissible spectral densities simultaneously (Moklyachuk, &
Masyutka, 2012; Moklyachuk, & Golichenkg, 2016).

Definition 5. For a given class of spectral densities D = Dy x D, the spectral densities fo(8) € Dy, go(8) € D, are called
the least favorable in D = Dy x D, for the optimal linear estimation ANfof the functional ANE, if the following relation hold
true

A (fo,90) = A(h(fo,90); fo,90) =  max  A(h(f,9);f 9).

(fvg>€Df><Dg

Definition 6. For a given class of spectral densities D = D; x D, the spectral characteristic h° = h(fo) of the optimal
estimate AN{of the functional ANéis called minimax (robust) for the optimal linear estimation ANé, if the following relations
hold true

ey eHo= () L(f+9),

(f,9)€EDfxDgy

min max A(h;f,g)= max A (kK% f,q).
Jmin - max A (hif.g) = max, (h"; £, 9)

The least favorable spectral densities f5(6), go(#) and the minimax spectral characteristic h° = h(fo, go) form a saddle
point of the function A (h; f, g) on the set Hp x D. The saddle point inequalities

A(h,fO,gO) 2 A (ho;f07go) > A (h07fyg)7 Vh € HD7 vf € Df7 v.g € Dg
hold true if h° = h(fo, go) and h(fo, go) € Hp, where (fo, go) is a solution to the conditional extremum problem

max A (h(fo,90); f,9) = A (h(fo,90); fo, 90) s (32)

(f,9)€ED XDy
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A 905 7.9) = [AnE= v = [ (ante) = 0) " 100) (ante) ~0) ™ ap
+/” (1°(6)) " g(6) (h°(6)) """ . (33)
The constrained optimization problem (B2) is equivalent to the unconditional extremum problem
Ap(f,9) = —A(h(fo,90); f,9) + 6(f,g|Ds x Dg) — inf, (34)

where §(f, g|Ds x D, ) is the indicator function of the set D = D x D,. Solution ( fo, go) to the problem (B4)) is characterized
by the condition 0 € A (fo, go), Where OAp( fo) is the subdifferential of the convex functional Ap(f, g) at point (fo, go).
This condition makes it possible to find the least favorable spectral densities in some special classes of spectral densities
D = D¢ x Dy (loffe, & Tihomiroy, 1979; Pshenichnyj, 197 1; Rockafellar, 1970).

Note, that the form of the functional A(R(fo, g0); f,g) is convenient for application the Lagrange method of indefinite
multipliers for finding solution to the problem (B2). Making use the method of Lagrange multipliers and the form of subdif-
ferentials of the indicator functions we describe relations that determine least favourable spectral densities in some special
classes of spectral densities.

Summing up the derived formulas and the introduced definitions we come to conclusion that the following lemmas hold
true

Lemma 1. Let £(5) = {& (N}, j € Zand(j) = {m(j)};_, , j € Z be mutually independent harmonizable symmetric
a-stable random sequences which have absolutely continuous spectral measures and the spectral densities fo(0) and go(0)
satisfying the minimality condition ({T8). Let the spectral densities (fo,g0) € Dy x D, give a solution to the constrained
optimization problem (B2). The spectral densities (fo, go) are the least favorable ones in Dy x D, and h° = h(fo, go) is the
minimax spectral characteristic of the optimal linear estimate A NE ofthe functional A N§ that depends on the unknown values
f(j),j =0,1,..., N, of the sequence E(j), from observations of the sequence E(j) +7j(j) at points 5 € Z\ {0,1,...,N}, if
ho = h(fo,go) € Hp.

Lemma 2. Let £(j) = {&k(j )}Y+_,, j € Z be a harmonizable symmetric a-stable random sequence which has absolutely
continuous spectral measure and the spectral density fo(6) satisfying the minimality condition (23). Let the spectral density
fo € Dy gives a solution to the constrained optimization problem

max A (h(fo); f) = A (h(fo); fo), (35)

feDy

where

T a—1

At = [axé=ané [ = [T (5 @) o) (F@esEn) T a. os)

The spectral density fo is the least favorable spectral density in Dy and h° = h(fo) is the minimax spectral characteristic
of the optimal linear estimate Ax¢ of the functional An€ that depends on the unknown values & (4),5=0,1,...,N, of the
sequence £(j), from observations of the sequence £(j) at points j € Z\ {0,1,...,N}, if h® = h(fo) € Hp.

5. Least favorable spectral density in classes D = Dy x D,

Consider the problem of the mean-square optimal interpolation of the functional ANfin the case when spectral densities
of sequences belong to the class of admissible spectral densities D = D§ x DF k =1,2,3,4, where

o= {s® |y [ 0w =y .

D! = {gw)

Trg(0) = (1 - )Trgu(0) + £Tru(®), o /_7; Trg(6)d = q};
D = {f(a) ‘% /:T Srr(0)dO = pr, k =1,T },

D? = {gw)

g (0) = (1 — €) gk (0) + ewi (6), % /7r 9rk(0)d0 = qi, k = ﬁ};
i ={so|p [ wsepa =y |,

D = {4(0)| (B2 9(6)) = (1= &) (o, 31 00) + € o) 5 [ (g0 0 =

%/_Zf(@dezp},

0! = {a(0)jat0) = (1= 0:(0) + <o), 5 [ at0)0 =2}

Dt = {fw)
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where ¢1(0) is a known and fixed spectral density matrix while w(6) is an unknown spectral density matrix, p, ¢, pr, gx,
k =1,T are given numbers, P, Q, B1, By are given matrices.

From the condition 0 € 9Ap(fo,g0) we find the following equations which determine the least favourable spectral
densities for these given sets of admissible spectral densities.

For the first pair D§ x D} we have equations

(An(e®) = 2°®)) ((An(e™) - ho(e))T)<“_l> — o’E, (37)
w0 (W°0)T) T =8 +00), (38)
where y(0) < 0and v(0) = 0if Trgo(8) > (1 —&)Trg:1(0).
For the second pair DZ x D? we have equations
(An(e) = 120)) ((Ane®) =10 T) ™" = {adsu}r . (39)
10) ((°O)7) T = {8+ w@)dudy, (40)
where v (8) < 0and v,(0) = 0if g (0) > (1 — €)gii(6).
For the third pair D3 x D2 we have equations
() = 1°0) ((Aw(e = 100) ") = a®By, @1)
B0) ((h°0)7) " = (8 0B, (42)
where () < 0and v/ (0) = 0if (B2, g0(9)) > (1 — €){(Bz, g1(0)).
For the fourth pair D} x D? we have equations
(An(e™) @) (v — 100 ") " =aa, (43)
w0 (0e)™) " =35 1), (44)

where I'(0) < 0and I'(8) = 0if go(8) > (1 — £)g1(6).
Thus, the following statements hold true.

Theorem 5. Let the minimality condition ({I8) hold true. The least favorable spectral densities fo(8), go(8) in the classes
Do x D. for the optimal linear interpolation of the functional A NE are determined by relations (B37), [B8) for the first pair
D¢ x D! of sets of admissible spectral densities; (39), (¢0) for the second pair D3 x D? of sets of admissible spectral densities;
(#1), [2) for the third pair D3 x D2 of sets of admissible spectral densities; (¢3), ([4) for the fourth pair D§ x D? of sets of
admissible spectral densities; constrained optimization problem (33) and restrictions on densities from the corresponding
classes Dy x D.. The minimax-robust spectral characteristic of the optimal estimate of the functional A NE is determined
by the formula ({9).

Corollary 1. Let the minimality condition ([23) hold true. The least favorable spectral densities fo(6) in the classes D§,
k= 1,2, 3,4, for the optimal linear interpolation of thg functional A Ng, which depends on the unknown values of the

sequence £(j) based on observations of the sequence £(j) at points j € Z\ {0, 1, ..., N}, are determined by the following
equations, respectively,

(1 O () T (T @enE)T) T = o, (45)
(5O ) T (O @) ) = {atou)], . (46)
(15 @) T (G @ E@)T) T = 0B (47)
(5 @0 (@) T (G @) T) T —a-a (48)

constrained optimization problem (B8) and restrictions on densities from theqcorresponding classes DE, k =1,2,3,4. The
minimax spectral characteristic of the optimal estimate of the functional Ax¢ is determined by the formula (27).

Corollary 2. Let the minimality condition [23) hold true. The least favorable spectral densities fo(6) in the classes DF,
k= 1,2, 3,4, for the optimal linear interpolation of thg functional An¢&, which depends on the unknown values of the

sequence £(j) based on observations of the sequence £(j) at points j € Z\ {0, 1, ..., N}, are determined by the following
equations, respectively,

P BN

(17O ) T (O @) ) = (8 +0)E, (49)
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< a—1

(5 @Cw () ™ (U OCN ) T) " = {8 + w0}y, (50)

a—1
<a=1~

(5 OCx ) T (GO0 T) T = (84 (0) B, 1)

1
<g=7~> (

(2 O)Cn () G @Cn@)T) " = F- 5 + 1), (52)

constrained optimization problem (B8) and restrictions on densities from theﬁcorresponding classes DF, k =1,2,3,4. The
minimax spectral characteristic of the optimal estimate of the functional An€ is determined by the formula (27).

6. Least favorable spectral density in classes D = DY x Das

Consider the problem of mean square optimal interpolation of the functional ANfin the case when spectral densities
of the sequences belong to the class of admissible spectral densities D = DY x Das,

oY ={10)|Tro@) <T@ < Truto), o [ Tesoa0 =p},

Dis={a0) 55 [ 1Tetat0) ~ o) P a0 < 5}

Py = {f<e>

() < 50) < w0, 3= [ @0 =pr k=TT,

1 4 L
o [ loa®) -~ b @ <50 =TT}

D3, = {g<0>

0t = {10 (5100 < (150 < Bruto). 5 [ (B sy a0 =),
Dis = {9055 [ 1B2900) -~ o0 ap < 5.

DYt = {f(@)

0(6) < 0) < u(6), 5 /j F(0)d0 = P} ,

pts = {900

where spectral densities v(6), u(6), g1(6) are known and fixed. The class DY describes the “strip” model of stochastic
processes, Dys describes "d-district” in the space L, of the given bounded spectral density g1 (6).

From the condition 0 € 9Ap(fo, g0) we find the following equations which determine the least favourable spectral
densities for these given sets of admissible spectral densities.

For the first pair Dgl x D35 we have equations

1 [" 2 R

(An(e™) = 1°®) ((An () =12 T) ™ = (@ + 1) +2()E, (53)
w0 (0°0)T) T = BT ) - 6 O)E, (54)
o [ 1T (00(®) — 10 a0 =5, (55)

where v10) < 0and ~v1(0) = 0if Tr fo(0) > Trv(0), v2(0) = 0 and v2(0) = 0if Tr fo(N\) < Tru(h).
. U2 2 .
For the second pair Dy~ x D3s we have equations

(AN(ew) - hO(G)) ((AN(@ie) - hO(Q))T)<O¢*1> = { (o} +7x(0) + 72’“(9))5’”}:,1:1 7 (56)
n°0) (R 0)T) ™ = {5R0) — gl )}, (57)
% _W |92%(0) — gii (0)|” dO = 64, k=T, T, (58)

where ’ylk(e) < 0and ’Y1k(9) =0if f,?k(é?) > ’l}kk(e), ’YQk(e) > 0 and ng(e) =0if f;?k(a) < ukk(e)
For the third pair DY* x D2; we have equations

<a—1>

(An () =1°©0) ((An(E) =°O)T) " = (@* +41(6) +7%(8) By, (59)

O ((1°0)T) T =B (B2 g0(0) — g1 O)) I, (60)
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i ™
2 J_ .
where ~1(0) < 0and v1(0) = 0if (By, fo(0)) > (B1,v(0)), v2(0) > 0 and 15(8) = 0 if (B, fo(0)) < (B1,u(d)), I is a matrix
of ones. .
For the fourth pair DY" x D3; we have equations

(B2, go(0) — g1(0))|* db = 4, (61)

(An(e) = 10®) ((An(e) = 10@)T) ™ =@ @ +11(0) +T2(0) ©2)
120) (n°0)7) T = {8,065 0) ~ a5 O}, (63)
= j 19%(0) — gL (O)[do = 65, i,j = 1,7, (64)

where I'; (§) < 0and I'1 (8) = 0 if fo(0) > v(6), I'2(8) > 0and I'z(0) = 0'if fo(0) < u(8).
The following theorem and corollaries hold true.

Theorem 6. Let the minimality condition ({I8) hold true. The least favorable spectral densities fo(8), go(6) in the classes
D = DY x D, for the optimal linear interpolation of the functional Ax¢ are determined by relations (63) — (B3) for the first
pair DY" x D15 of sets of admissible spectral densities; (58) — (58) for the second pair DY> x D25 of sets of admissible
spectral densities; (B9) — (61) for the third pair DY’ x D35 of sets of admissible spectral densities; (62) — (64) for the fourth
pair D54 x D35 of sets of admissible spectral densities; constrained optimization problem (B2) and restrictions on densities
from the corresponding classes D = DY x D,s. The minimax-robust spectral characteristic of the optimal estimate of the
functional A N{ is determined by the formula ({19).

Corollary 3. Let the minimality condition (23) hold true. The least favorable spectral densities fo(6) in the classes D"fk,
k= 1,2, 3,4, for the optimal linear interpolation of thg functional An¢&, which depends on the unknown values of the

sequence £(j) based on observations of the sequence £(j) at points j € Z\ {0,1, ..., N}, are determined by the following
equations, respectively,

(15 O () T (GO @) ) T = (0 + 7 (0) 4 1a(0) P, (65)
(55 @ewe) ™ (7 @0 ) T =

= {(0} +7k(0) + 72100t} ,_, » (66)

(15 @0 (@) (@O ) ) 7 = (2 +94(0) +24(0) B, (67)

(75 1<9>0N(e”>)<ﬁ> (0 1(9>0N(ei9>>T)<g> =a-a" +T1(0) +T2(0), (68)

constrained optimization problem (B8) and restrictions on densitie§ from the corresponding classes ng. The minimax
spectral characteristic of the optimal estimate of the functional An¢ is determined by the formula (27).

Corollary 4. Let the minimality condition (23) hold true. The least favorable spectral densities fo() in the classes DXy,
k = 1,2,3,4, for the optimal linear interpolation of the functional A N{, which depends on the unknown values of the

sequence £(j) based on observations of the sequence £(j) at points j € Z\ {0, 1, ..., N}, are determined by the following
equations, respectively,

(5 OO ) ™ (T @O @) ) = BT (fo(0) - 9 O)E, (69)
(fgl(a)cN(ew))<ﬁ> ((fgl(e)cN(eié))T)<3:1> = {BR(f(0) = ghn ()i}, (70)
(17 O @) ™ (@O ) T) T = 8 (Bay £o(0) — 1O . )

T
i,j=1

(4 O (™) ™ (G O @) = (8, (75(60) - (o)}

constrained optimization problem (38) and the following restrictions on densities from the classes DE;, k = 1,2,3,4, re-
spectively,

(72)

o [T (o) — 1 (0 a0 =, (73)

1 s
o | 1540) ~ glu(0)] do = 50 k=TT, (74)
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1 s
o [ 1B 100~ a0 a0 = (75)
1 g 2 [ —
The minimax spectral characteristic of the optimal estimate of the functional A N{ is determined by the formula (£7).

Discussion and conclusions

We propose methods for solving the optimal linear estimation problem for the linear functionals that depend on the
unknown values f(j), j = 0,1,..., N, of a vector-valued harmonizable symmetric a-stable random sequence f(j) =
= {&(4)}}_,, from observations of the sequence £(j) + 77(j) at points j € Z\ {0,1,..., N} where £(j) and 77(j) are
mutually independent harmonizable symmetric a-stable random sequences which have the spectral densities f(¢) and
g(0) satisfying the minimality condition.

The problem is investigated under the condition of spectral certainty as well as under the condition of spectral uncer-
tainty. Formulas for calculating the value of the error and the spectral characteristic of the optimal linear estimate of the
functional are derived under the condition of spectral certainty where spectral density of the sequence is exactly known. In
the case where spectral density of the sequence is not exactly known, but a set of admissible spectral densities is available,
relations which determine least favorable densities and the minimax-robust spectral characteristics for different classes of
spectral densities are found.

Authors’ contribution: Mikhail Moklyachuk — methodology, derivation of the main results and preparation of the paper; Oleksandr
Masyutka — derivation of the main results and preparation of the paper.
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3ALAYA IHTEPNONALII BEKTOPHUX TAPMOHIZOBAHUX CTIMKMX NOCNIQOBHOCTEN

3adaya oyiHro8aHHsI He8i0OMUX 3Ha4eHb CIMoxacmu4YHUX npoyecie € akmyasibHOI MPo6s1IeMoro sIK y meopil, mak i  npuknadHuUX 3acmocyeaH-
HSIX cmoxacmu4Hux npouyecie. [lpobnemMu npoaHo3yeaHHsI MaliBymHix 3Ha4eHb €KOHOMIYHUX i ¢hi3u4HUX npouyecie, 8i0HOB/IeHHS1 empayvyeHol
iHghopmayii, oyuuieHHs1 cuezHany abo iHwux daHux 3i crocmepexeHb i3 WyMOM 20CMpPO nocmaroms 8 Hacu4eHomy iHghopmauyjiero ceimi. 3 oansidy
Ha ye po3pobrieHHs1 Memodie ouyiHO8aHHSI € 0OHUM 3 OCHOBHUX 3aedaHb Cy4acHOi meopii cmoxacmu4Hux npouyecis. Y nponoHosaHilt cmammi
po32/1siHymo 3adayvy onmumarsbHoi niHiliHof iHmepnonsyii pyHkyioHana eid HeeidomMux 3Ha4eHb 8€KMOPHOT 2apMOHi308aHOi cuMempPuUYHOT anbga-
cmitikoi eunadkoeoi nocnidoeHocmi 3a crocmepeXxeHHsIMU MocJs1idoeHocmi i3 wymom. BukopucmaHo KnacuyHuli nioxio ons eueedeHHs1 hopmyi
0nsi o64ucieHHs1 3Ha4eHb cepedHbokeadpamu4Hoi Moxubku ma cnekmpasnbHOI XapaKmepucmuKu onmumMasnbHoI NiHilHOT oyiHKu gyHKyioHana.
OCHOBHUM NpUNyuweHHsIM U020 Nidxody € me, Wo crnekmpasbHi WinbHOCMi HasieHUX cmoxacmu4HuUXx nocslidoeHocmeli Mmo4yHo eidomi. OGHak
Ha npakmuyi ompumamu rnoeHy iHghopMayiro npo cnekmpasnbHi winbHocmi e Ginbwocmi eunadkie HeMoxnueo. Y ybomMy eunadky 3Haxo0ssmb
napamempuyHy a6o Henapamempu4Hy OUiHKy HesiOdomoi cnekmpanbHOi winbHocmi, a momiMm 3acmocoeyroms 0OUH i3 mpaduuyiliHux memodie
OUyiHI08aHHS1 3@ yMo8U, W0 obpaHa winbHicms € icmuHHoto. Ljeli nidxio moxe npueecmu 3o 3Ha4HO20 3POCMaHHS 3Ha4YeHHs MoXUGKU OUiHI08aHHSI.
Ans nodonaHHs ybo20 eghekmy MOXKHa WyKamMu OUiHKU, sIKi € onmuManibHUMU 05151 ecix winbHocmel 3 NegHO20 Knacy AonycmumMux cnekmpanbHUX
winbHocmel. Ui oyiHku Hazueatomeb MiHiIMaKCHUMU, OCKi/lbKU 80HU MiHIMi3yromb MaKkcuMasbHi 3Ha4eHHs1 MoxXuboK oUiHOK Ons ecix winbHocmeu
i3 3adaHozo knacy. Tomy y eunadky cnekmpasbHOI Heeu3Ha4YeHOCmi MU 8UKOpUCMOBYEMO MiHiMaKcHUlU nidxid i nponoHyemo ¢hopmynu, w0
eu3Ha4aromb HaliMeHW cripusimiuei cnekmparbHi WinbHOCMi ma MiHiMaKCcHi ciekmparsibHi xapakmepucmuKu onmuma’sibHUX OUiHOK (pyHKUioHana
dns desikux knacie donycmumMux criekmpasnbHuUX winsHocmedu.

Knw4yoBicnoBa: 2apMmoHizoeaHa cmilika eunadkoea nocsidoeHicms, nepioOu4YHo 2apMoHizoeaHa cmilika eurnadkoea noc1idoeHicms,
onmumarsnbHa niHiliHa oyiHka, MiHiMakcHa (pobacmHa) oyiHka, MiHiMakcHa criekmpasibHa xapakmepucmuka, HaliMeHW crpusimiuea crnekmpasnbHa
winbHicms.

ABTOpPYM 3asBNSAOTb NPO BIACYTHICTb KOHMMIKTY iHTepeciB. CnoHcopy He Bpanu yyacTi B po3pobneHHi gocnigxeHHs (y 36opi, aHanisi
4n iHTepnpeTaLii 4aHux, SKWO Le Mano Micue), y HanncaHHi pykonucy Ta B pilleHHi Npo nybnikawito pesynbraris.
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