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Summary

Petryna G. O. Asymptotic behavior of solutions of stochastic functional-differential

equations 4Manuscript.

Doctor’s of Philosophy, specialty «111 4 Mathematics» 4 Taras Shevchenko

National University of Kyiv, Kyiv, 2025.

The modern development of applied mathematics and probability theory stimulates

an in-depth analysis of dynamic systems whose future evolution depends on their

past states. Processes characterized by delays or «memory» find wide application in

biology, physics, engineering, and economics. The study is focused on investigating

the asymptotic behavior of solutions of stochastic functional-differential equations
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with delay and on developing practical methods for approximating such systems by

delay-free models.

The research considers both finite-dimensional and infinite-dimensional models

that take into account random perturbations and time delays. Special attention is given

to the development of approaches that allow one to compare the behavior of delayed

systems with the corresponding delay-free models, which significantly simplifies the

analysis of the long-term dynamics of processes where the influence of previous states

is critical. This approach has enabled not only the description but also the prediction

of the stability and changes in the systems under consideration.

The proposed approximation methods allow the reduction of complex infinite-

dimensional objects to finite-dimensional models while preserving the main dynamic

characteristics of the original systems. The developed schemes cover both cases of

classical point delays and integral delays, as well as situations in which the systems are

governed by unbounded linear operators. For each such case, conditions are established

under which the solutions of the approximating systems converge to the solutions of

the original problems both in the mean-square sense and almost surely.

An analysis of the modern literature indicates that most previous studies on

asymptotic equivalence and approximation have concentrated on deterministic sys-

tems or linear models, where the impact of stochastic perturbations has been less

explored. The approaches presented here extend these results by taking into account

both nonlinear effects and random perturbations, thereby opening new possibilities

for applying delay analysis methods to more complex models. The issue of numerical

modeling is especially relevant, as the proposed approximation schemes contribute

to the development of efficient algorithms for forecasting the behavior of dynamic

systems in real-time settings.

A key aspect of the study is its comprehensive approach to addressing both

theoretical and practical problems. At the theoretical level, issues such as the existence

and uniqueness of solutions, their stability, and the conditions for asymptotic equi-

valence between delayed systems and their approximating analogues are examined.

The practical part of the study demonstrates how these theoretical results can be

used to develop new numerical methods that enhance both the accuracy and speed of

computations in complex models.

Moreover, a comparative analysis of various approaches to modeling processes
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with delays is carried out, which allows for the identification of the advantages of the

proposed methods over traditional techniques. In particular, approximation methods

based on reducing an infinite-dimensional space to a finite-dimensional one not only

ensure high accuracy but also reduce computational costs4an aspect that is extremely

important for applications in real-world problems.

The study also examines the impact of system parameters on its asymptotic

behavior and determines the sensitivity of the models to random perturbations. The

results indicate that appropriately chosen approximation schemes can ensure a high

level of convergence of the solutions, thereby opening prospects for their use in the

development of software tools for modeling complex dynamic processes.

In addition, the research thoroughly analyzes the effect of parametric variations

on the accuracy of the approximation. It has been shown that even slight changes in

the initial conditions or model characteristics do not disturb the convergence of the

approximated solutions to the original ones, which confirms the robustness of the

proposed approaches. This opens up further prospects for their use in the analysis and

modeling of dynamic processes across various fields of science and technology.

Future research directions may include extending the application of the developed

methods to multidimensional nonlinear systems that account for both temporal

and spatial delays. It is also promising to study the impact of different types of

stochastic perturbations on the stability of the models, which would allow for a deeper

investigation into the mechanisms behind the emergence of self-oscillations and other

nonlinear phenomena.

Thus, the conducted research presents a comprehensive analysis of the asymptotic

behavior of solutions of stochastic functional-differential equationswith delay, covering

both profound theoretical aspects and practical issues related to approximation and

numerical modeling. The proposed methods contribute to the accurate long-term

forecasting of the dynamics of complex systems, where accounting for delays and

random influences is critically important. The developed approaches provide a basis for

further research in the field of stochastic process analysis and can be adapted to solve

a wide range of practical problems in modern science and technology. Understanding

the impact of delays on the stability and dynamics of stochastic processes.

Keywords: stochastic equations, Wiener process, functional-differential equati-

ons, delay, asymptotic equivalence, approximation, asymptotic behavior, parabolic
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equations, initial data, Cauchy problem, random processes, convergence rate.

%C<EB> BCG5?i>B64A<I CD4JP ;4 F9@BR 8<E9DF4Jiї

#G5?i>4Jiї, 6 S><I BCG5?i>B64AB BEAB6Ai A4G>B6i D9;G?PF4F<

8<E9DF4Jiї

1. %F4A:<JP><= ".  ., #9FD<A4 �. "., �9A<E9A>B !. �. �E<@CFBF<KA4 CB698iA>4

DB;6’S;>i6 EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP. !9?iAi=Ai

>B?<64AAS. 2023 �<CGE> 26 (1), %. 1553165. #9D9>?48 4A7?i=EP>BR: Stanzhytskyi,

O.M., Petryna, G.O., Denysenko, N.L. Asymptotic Behavior of the Solutions of

Stochastic Functional-Di�erential Equations. Journal of Mathematical Sciences 278,

1102–1112 (2024). DOI: 10.1007/s10958-024-06980-x

2. Stanzhytskyi O., Petryna G., Hrysenko M. On the Asymptotic Equivalence of Or-

dinary and Functional Stochastic Di�erential Equations.Journal of Optimization,

Di�erential Equations and �eir Applications (JODEA). 2023. Vol. 31 (1). P. 125–142.

DOI: 10.15421/142307

3. #9FD<A4 �. "., %F4A:<JP><= �. ". �CDB>E<@4JiS E<EF9@ EFBI4EF<KA<I Di6ASAP

i; ;4Ci;A9AAS@ EFBI4EF<KABR E<EF9@BR 59; ;4Ci;A9AAS. �G>B6<AEP><= @4F9-

@4F<KA<= :GDA4?. 2024 �<CGE> 12 (1), %. 1203136. DOI: 10.31861/bmj2024.01.11

4. #9FD<A4 �. "., %F4A:<JP><= ".  .,  4DF<AR> ". �. #DB 4CDB>E<@4JiR

EFBI4EF<KA<I Di6ASAP i; ;4Ci;A9AAS@ G A9E>iAK9AAB6<@iDA<I CDBEFBD4I.

�G>B6<AEP><= @4F9@4F<KA<= :GDA4?. 2024 �<CGE> 12 (2), %. 1683181. DOI:

10.31861/bmj2024.02.16

#G5?i>4Jiї, S>i ;4E6i8KGRFP 4CDB54JiR @4F9Di4?i6 8<E9DF4Jiї

1. Petryna G., Denysenko N. Asymptotic behavior of functional stochastic differential

equations // The 29th Conference on applied and industrial mathematics, CAIM

2022. Chisinau, Republic of Moldova. August 25 3 27, 2022. P. 67368.

2. Petryna G., Stanzhytskyi A. Approximation methods for stochastic systems with

delay // V  i:A4DB8A4 A4G>B6B-CD4>F<KA4 iAF9DA9F->BAH9D9AJiS «$B;6<FB>

EGK4EABї A4G>< F4 BE6iF<: D94?iї, CDB5?9@< S>BEFi, iAAB64Jiї». �4CBDi::S,

'>D4їA4. 29 3 31 FD46AS, 2024. %. 49351.



7

3. #9FD<A4 �., �D469JP �. �A4?i; F4 4CDB>E<@4JiS EFBI4EF<KA<I 8<H9D9AJi4?PA<I

Di6ASAP ; ;4Ci;A9AAS@ // V  i:A4DB8A4 >BAH9D9AJiS, CD<E6SK9A4 145-i=

DiKA<Ji 6i8 8AS A4DB8:9AAS �4AE4 �4A4. +9DAi6Ji, '>D4їA4. 23 3 27 69D9EAS,

2024. %. 81.

4. Petryna G., Murzabaeva A., Khaletska Z. Approximation of Stochastic Systems

with Integral-Type Delay by Stochastic Systems without Delay // International

Workshop on the Qualitative Theory of Differential Equations, QUALITDE 2024.

Tbilisi, Georgia. December 21 3 23, 2024. P. 2273232.

5. Petryna G. Investigations into the Asymptotic Equivalence between Stochastic

Functional Differential Equations and Ordinary Differential Equations //  i:-

A4DB8A4 A4G>B64 >BAH9D9AJiS « 4F9@4F<>4 F4 iAHBD@4Ji=Ai F9IAB?B7iї»,

CD<E6SK9A4 55-DiKKR H4>G?PF9FG @4F9@4F<>< F4 iAHBD@4F<><. +9DAi6Ji, '>D4-

їA4. 28 3 30 69D9EAS 2023. %. 1103111.

6. #9FD<A4 �. ". #DB 4E<@CFBF<KAG 6i8CB6i8AiEFP DB;6’S;>i6 ;6<K4=A<I F4

EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP // )II  i:A4DB8A4

A4G>B6B-CD4>F<KA4 >BAH9D9AJiS « 4F9@4F<>4. IAHBD@4Ji=Ai F9IAB?B7iї. "E6i-

F4». �GJP>, '>D4їA4. 2 3 4 K9D6AS 2023. %. 32.

7. PetrynaG. Conditions for asymptotic equivalence of Functional StochasticDifferenti-

al Equations //  i:A4DB8A4 A4G>B64 >BAH9D9AJiS «#D<>?48A4 @4F9@4F<>4 F4

iAHBD@4Ji=Ai F9IAB?B7iї», CD<E6SK9A4 60-DiKKR >4H98D< CD<>?48ABї @4F9@4-

F<>< F4 iAHBD@4Ji=A<I F9IAB?B7i=. +9DAi6Ji, '>D4їA4. 22 3 24 69D9EAS 2022.

%. 2863287.

8. Petryna G. On the asymptotic equivalence of ordinary and functional stochastic

differential equations // International Conference of Young Mathematicians, The

Institute of Mathematics of the National Academy of Sciences of Ukraine. Kyiv,

Ukraine. June 1 3 3, 2023. https://www.imath.kiev.ua/~young/youngconf2023/

Abstracts_2023/DEMF/Petryna.pdf

9. #9FD<A4 �."., )4?9JP>4 �. #. #DB A45?<:9AAS EFBI4EF<KA<I E<EF9@ ; ;4Ci-

;A9AAS@ // )III  i:A4DB8A4 A4G>B6B-CD4>F<KA4 >BAH9D9AJiS « 4F9@4F<>4.

IAHBD@4Ji=Ai F9IAB?B7iї. "E6iF4». �GJP> 3 %6iFS;P, '>D4їA4. 31 FD46AS 3 2

K9D6AS, 2024. %. 60361.



�@iEF

�EFGC 10

1 "7?S8 ?iF9D4FGD< 25

2 #BC9D98Ai 6i8B@BEFi 37

2.1 (GA>JiBA4?PAB-8<H9D9AJi4?PAi Di6ASAAS. %>iAK9AAB6<@iDA<=

6<C48B> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.2 (GA>JiBA4?PAB-8<H9D9AJi4?PAi Di6ASAAS. !9E>iAK9AAB6<@iDA<=

6<C48B> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

2.3 �0- A4Ci67DGC< F4 BC9D4FBD< . . . . . . . . . . . . . . . . . . . . . . 41

2.4 Q-S89DA<= CDBJ9E �iA9D4 F4 EFBI4EF<KA<= iAF97D4? CB APB@G . . 44

2.5 %FBI4EF<KAi HGA>JiBA4?PAB-8<H9D9AJi4?PAi Di6ASAAS . . . . . . 47

3 �E<@CFBF<KA4 9>6i64?9AFAiEFP EFBI4EF<KA<I HGA>JiBA4?PAB-

8<H9D9AJi4?PA<I Di6ASAP 50

3.1 �E<@CFBF<KA4 9>6i64?9AFAiEFP. !9?iAi=A<= 6<C48B> . . . . . . . 51

3.1.1 #BEF4AB6>4 ;484Ki . . . . . . . . . . . . . . . . . . . . . . . . 51

3.1.2 �B6989AAS BEAB6AB7B D9;G?PF4FG . . . . . . . . . . . . . . . 53

3.1.3 #D<>?48 ;4EFBEG64AAS . . . . . . . . . . . . . . . . . . . . . 63

3.2 �E<@CFBF<KA4 9>6i64?9AFAiEFP. �iAi=A<= 6<C48B> . . . . . . . . . 63

3.2.1 #BEF4AB6>4 ;484Ki . . . . . . . . . . . . . . . . . . . . . . . . 63

3.2.2 �B6989AAS BEAB6AB7B D9;G?PF4FG . . . . . . . . . . . . . . . 65

3.2.3 #D<>?48 ;4EFBEG64AAS . . . . . . . . . . . . . . . . . . . . . 86

3.3 �<EAB6>< 8B DB;8i?G 3 . . . . . . . . . . . . . . . . . . . . . . . . . . 87

4 �CDB>E<@4JiS EFBI4EF<KA<I E<EF9@ i; ;4Ci;A9AAS@ E<EF9@4@<

59; ;4Ci;A9AAS 89

8



9

4.1 �CDB>E<@4JiS G E>iAK9AAB6<@iDAB@G 6<C48>G . . . . . . . . . . . 89

4.1.1 #BEF4AB6>4 ;484Ki . . . . . . . . . . . . . . . . . . . . . . . . 89

4.1.2 �9@4 CDB @B8G?P A9C9D9D6ABEFi . . . . . . . . . . . . . . . 91

4.1.3 �B6989AAS BEAB6AB7B D9;G?PF4FG . . . . . . . . . . . . . . . 93

4.2 �<C48B> iAF97D4?PAB7B ;4Ci;A9AAS . . . . . . . . . . . . . . . . . . 107

4.2.1 #BEF4AB6>4 ;484Ki . . . . . . . . . . . . . . . . . . . . . . . . 107

4.2.2 �9@4 CDB @B8G?P A9C9D9D6ABEFi . . . . . . . . . . . . . . . 109

4.2.3 �B6989AAS BEAB6AB7B D9;G?PF4FG . . . . . . . . . . . . . . . 110

4.3 �CDB>E<@4JiS G A9E>iAK9AAB6<@iDAB@G 6<C48>G . . . . . . . . . 117

4.3.1 #BEF4AB6>4 ;484Ki. "EAB6A<= D9;G?PF4F . . . . . . . . . . . 119

4.3.2 �B6989AAS BEAB6AB7B D9;G?PF4FG . . . . . . . . . . . . . . . 125

4.3.3 #D<>?48 ;4EFBEG64AAS . . . . . . . . . . . . . . . . . . . . . 128

4.4 �<EAB6>< 8B DB;8i?G 4 . . . . . . . . . . . . . . . . . . . . . . . . . . 130

�<EAB6>< 132

%C<EB> 6<>BD<EF4A<I 8:9D9? 134

�B84FB> 146



�EFGC

�>FG4?PAiEFP F9@<. �<E9DF4Ji=A4 DB5BF4 CD<E6SK9A4 6<6K9AAR 4E<@CFB-

F<KABї CB698iA>< DB;6’S;>i6 EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I

Di6ASAP.

�E<@CFBF<KA4 CB698iA>4 DB;6’S;>i6 EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9A-

Ji4?PA<I Di6ASAP є B8AiєR ; >?RKB6<I CDB5?9@ EGK4EAB7B A9?iAi=AB7B 4A4?i;G

8<A4@iKA<I E<EF9@ i; C4@’SFFR. %>iAK9AAB6<@iDA<= 6<C48B> є A48;6<K4=AB

64:?<6<@ 8?S CD4>F<KA<I ;4EFBEG64AP, BE>i?P>< 5474FB D94?PA<I CDBJ9Ei6 G

5iB@98<J<Ai, 9>BAB@iJi, Ii@iї, Hi;<Ji F4 F9IAiJi BC<EGRFPES @B89?S@< ; B5@9-

:9A<@ K<E?B@ H4;B6<I ;@iAA<I. ' F4><I E<EF9@4I 6D4IG64AAS 6<C48>B6<I

;5GD9AP F4 ;4FD<@B> G ;@iAi EF4AG CD<;6B8<FP 8B CBS6< E>?48A<I HGA>JiBA4?P-

A<I ;4?9:ABEF9=, MB GE>?48ARRFP S> 4A4?iF<KA9 8BE?i8:9AAS, F4> i K<E9?PA9

@B89?R64AAS.

#D4>F<KA4 ;A4K<@iEFP 8BE?i8:9AAS CB?S74є G @B:?<6BEFi 6<;A4K9AAS EF4-

5i?PABEFi, 8B67BEFDB>B6Bї 8<A4@i>< F4 9H9>F<6ABEFi @4F9@4F<KA<I @B89?9=. 3>

CB>4;4?< >?4E<KAi DB5BF< Keener F4 Sneyd [58], 4 F4>B: Keller i Segel [59], @B89-

?R64AAS 5iBHi;<KA<I CDBJ9Ei6 i Ii@iKA<I D94>Ji= A9@B:?<69 59; 6D4IG64AAS

6<C48>B6<I 6C?<6i6 i ;4FD<@B>, MB I4D4>F9DAi 8?S CD<DB8A<I E<EF9@. &4>B:

8BE?i8:9AAS, CD98EF46?9Ai Dawson [36] F4 Jianhong [54], 8B;6B?SRFP DB;L<D<F<

@9FB8B?B7iKA<= 4C4D4F 8?S 4A4?i;G EFBI4EF<KA<I 96B?RJi=A<I Di6ASAP, MB

;4EFBEB6GRFPES G E>iAK9AAB6<@iDAB@G 6<C48>G.

!48;6<K4=AB 64:?<6<@ є = 4A4?i; DB;6’S;>i6 EFBI4EF<KA<I Di6ASAP A9=-

FD4?PAB7B F<CG, 6 S><I ;4Ci;A9AAS EFBEGєFPES A9 ?<L9 ;A4K9AP HGA>Jiї, 4?9 = її

CBIi8A<I. ' JPB@G A4CDS@>G ;A4KA<= 6A9EB> ;DB5<?< DB5BF< Kolmanovskii F4

Nosov [61], 4 F4>B: Kolmanovskii F4 Shaikhet [62], MB 8BE?i8<?< G@B6< EF45i?P-

ABEFi F4 iEAG64AAS iA64Di4AFA<I @iD G E<EF9@4I i; ;4Ci;A9AAS@<. �BE?i8:9AAS

Boufoussi, Hajji F4 Lakhel [24] DB;L<DRRFP DB;G@iAAS 9>ECBA9AJi4?PABї EFi=>BEFi

10



11

F4><I Di6ASAP, MB є >D<F<KAB 64:?<6<@ 8?S CB5G8B6< A48i=A<I @B89?9= 6

G@B64I A96<;A4K9ABEFi.

� B7?S8G A4 EGK4EA<= EF4A 8BE?i8:9AP, ;DBEF4є CBFD954 G DB;DB5Ji AB6<I

9H9>F<6A<I @9FB8i6 4CDB>E<@4Jiї E>?48A<I EFBI4EF<KA<I @B89?9= ;6<K4=A<@<

8<H9D9AJi4?PA<@< Di6ASAAS@<. *9= Ci8Ii8 8B;6B?Sє A9 ?<L9 ECDBEF<F< 4A4?i;,

4?9 = ;459;C9K<F< CD4>F<KAG ;4EFBEB6AiEFP BFD<@4A<I D9;G?PF4Fi6 8?S @B89-

?R64AAS D94?PA<I CDBJ9Ei6. $B;DB5>4 G@B6 iEAG64AAS, EF45i?PABEFi DB;6’S;>i6

F4 CB5G8B6< 4CDB>E<@i;4Ji=A<I EI9@ G E>iAK9AAB6<@iDAB@G F4 A9E>iAK9AAB-

6<@iDAB@G 6<C48>4I 6i8>D<64є AB6i @B:?<6BEFi 8?S iAF97D4Jiї @9FB8i6 F9BDiї

8<H9D9AJi4?PA<I Di6ASAP i; EFBI4EF<KA<@< ;5GD9AAS@< F4 ;4Ci;A9AAS@<.

#D4>F<KA4 ;A4K<@iEFP 84ABї F9@4F<>< Ci8F69D8:GєFPES 8BE?i8:9AAS@<

A<;>< 6i8B@<I 6K9A<I. $B5BF< Keener i Sneyd [58] CDB89@BAEFDG64?<, S> @B-

89?R64AAS 9?9>FDBHi;iB?B7iKA<I CDBJ9Ei6 G E9DJ96i= 8iS?PABEFi 54;GєFPES A4

4A4?i;i EFBI4EF<KA<I @B89?9= ; ;4Ci;A9AAS@<. �A4?B7iKAB, 8BE?i8:9AAS Keller

F4 Segel [59] ;BE9D98:9Ai A4 4A4?i;i Ii@iKA<I CDBJ9Ei6, ;B>D9@4, CDBJ9Ei6 I9@BF4-

>E<EG. �A9EB> Dawson [36] F4 Jianhong [54] G F9BDiR EFBI4EF<KA<I 96B?RJi=A<I

Di6ASAP 8B;6B?<6 CB7?<5<F< DB;G@iAAS 8B67BEFDB>B6Bї 8<A4@i>< E<EF9@, 4

DB5BF< Kolmanovskii, Nosov [61] i Kolmanovskii, Shaikhet [62] ECD<S?< DB;6<F>G

F9BDiї A9=FD4?PA<I E<EF9@ i; ;4Ci;A9AAS@<. �BE?i8:9AAS Boufoussi, Hajji F4

Lakhel [24] 6i8>D<64RFP AB6i C9DEC9>F<6< 8?S 4A4?i;G 9>ECBA9AJi4?PABї EF45i?P-

ABEFi EFBI4EF<KA<I @B89?9=, MB є 64:?<6<@ 8?S їI CD4>F<KAB7B ;4EFBEG64AAS.

"F:9, 8BE?i8:9AAS 4E<@CFBF<KABї CB698iA>< F4 4CDB>E<@4Jiї DB;6’S;>i6

EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP є A9 Fi?P>< 4>FG4?PA<@

; F9BD9F<KABї FBK>< ;BDG, 4?9 = @4є ;A4KA<= CD4>F<KA<= CBF9AJi4?. $B;DB5>4

AB6<I @9FB8i6 4A4?i;G F4 4CDB>E<@4Jiї F4><I Di6ASAP G E>iAK9AAB6<@iDAB@G F4

A9E>iAK9AAB6<@iDAB@G 6<C48>4I ECD<SF<@9 Ci86<M9AAR 489>64FABEFi @4F9@4-

F<KA<I @B89?9=, MB 6<>BD<EFB6GRFPES 8?S BC<EG 8<A4@i>< E>?48A<I E<EF9@.

$9;G?PF4F< 84ABї 8<E9DF4Ji=ABї DB5BF< @B:GFP EF4F< 54;BR 8?S CB84?PL<I

8BE?i8:9AP i DB;DB5>< CD4>F<KA<I 4?7BD<F@i6 G Di;A<I 74?G;SI A4G>< F4 F9-

IAi><, ;459;C9KGRK< 5i?PL 7?<5B>9 DB;G@iAAS HGA84@9AF4?PA<I CDBJ9Ei6, S>i

6i85G64RFPES Ci8 6C?<6B@ 6<C48>B6<I H4>FBDi6 F4 ;4FD<@B>.
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�6’S;B> DB5BF< ; A4G>B6<@< CDB7D4@4@<, C?4A4@<, F9@4@<. �BE?i8:9-

AAS CDB6B8<?<ES A4 >4H98Di ;474?PABї @4F9@4F<>< @9I4Ai>B-@4F9@4F<KAB7B

H4>G?PF9FG �<ї6EP>B7B A4JiBA4?PAB7B GAi69DE<F9FG i@9Ai &4D4E4 ,96K9A>4 6i8-

CB6i8AB 8B C?4Ai6, C9D9854K9A<I G �<ї6EP>B@G A4JiBA4?PAB@G GAi69DE<F9Fi i@9Ai

&4D4E4,96K9A>4, G @9:4I 89D:5R8:9FA<I A4G>B6B-8BE?i8A<I CDBє>Fi6 "3>iEA<=

4A4?i;, >9DG64AAS F4 @9FB8< 4CDB>E<@4Jiї G A9>BD9>FA<I F4 A9?B>4?PA<I 89-

F9D@iAB64A<I i EFBI4EF<KA<I 96B?RJi=A<I ;484K4I"(�9D:46A<= D9єEFD4Ji=A<=

AB@9D: 0121U109988), "�E<@CFBF<KA4 CB698iA>4, EFi=>iEFP F4 >9DB64AiEFP G A9-

E>iAK9AAB6<@iDA<I 96B?RJi=A<I E<EF9@4I i; 89F9D@iAB64A<@< F4 6<C48>B6<@<

;5GD9AAS@<"(�9D:46A<= D9єEFD4Ji=A<= AB@9D: 0124U001412) F4 6 @9:4I CDBє>FG

"!9E>iAK9AAB6<@iDAi 96B?RJi=Ai Di6ASAAS i; 5474FB;A4KABR F4 EFBI4EF<KABR

8<A4@i>BR"!4JiBA4?PAB7B HBA8G 8BE?i8:9AP '>D4їA< (D9єEFD4Ji=A<= AB@9D

CDBє>FG 2023.03/0074).

 9F4 F4 ;4684AAS 8BE?i8:9AAS. "EAB6ABR @9FBR 8BE?i8:9AAS є 4A4?i;

4E<@CFBF<KABї CB698iA>< DB;6’S;>i6 EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9A-

Ji4?PA<I Di6ASAP F4 DB;DB5>4 9H9>F<6A<I @9FB8i6 їIAPBї 4CDB>E<@4Jiї E<EF9-

@4@< EFBI4EF<KA<I 8<H9D9AJi4?PA<I Di6ASAP 59; ;4Ci;A9AAS. �?S 8BES7A9AAS

CBEF46?9ABї @9F< 6 DB5BFi 6<DiLGRFPES F4>i ;4684AAS:

• �BE?i8<F< 4E<@CFBF<KAG CB698iA>G DB;6’S;>i6 EFBI4EF<KA<I HGA>JiBA4?P-

AB-8<H9D9AJi4?PA<I Di6ASAP A4 A9E>iAK9AABEFi.

• �EF4AB6<F< ;6’S;B> @i: EFBI4EF<KA<@< E<EF9@4@< F4 6i8CB6i8A<@< E<EF9-

@4@< ;6<K4=A<I 8<H9D9AJi4?PA<I Di6ASAP.

• �BE?i8<F< G@B6< 4E<@CFBF<KABї 9>6i64?9AFABEFi EFBI4EF<KA<I HGA>JiBA-

4?PAB-8<H9D9AJi4?PA<I Di6ASAP 8B E<EF9@ 59; CiE?S8iї G A9?iAi=AB@G F4

?iAi=AB@G 6<C48>4I.

• $B;DB5<F< F4 B5ґDGAFG64F< @9FB8< 4CDB>E<@4Jiї EFBI4EF<KA<I E<EF9@ i;

;4Ci;A9AAS@ E<EF9@4@< 59; ;4Ci;A9AAS G E>iAK9AAB6<@iDAB@G CDBEFBDi.

• �EF4AB6<F< EI9@< 4CDB>E<@4Jiї 8?S E<EF9@< ; iAF97D4?PA<@ ;4Ci;A9AAS@.

• $B;DB5<F< 4A4?B7iKAi EI9@< G A9E>iAK9AAB6<@iDAB@G 6<C48>G.

• �B69EF< F9BD9@< CDB E9D98APB>648D4F<KAG ;5i:AiEFP 4CDB>E<@4Ji=A<I

EI9@ G Di;A<I >?4E4I EFBI4EF<KA<I Di6ASAP.
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"5’є>FB@ 8BE?i8:9AAS є EFBI4EF<KAi HGA>JiBA4?PAB-8<H9D9AJi4?PAi Di6-

ASAAS, MB BC<EGRFP 96B?RJi=Ai CDBJ9E< ; 6<C48>B6<@< 6C?<64@< F4 ;4Ci;A9A-

AS@.

#D98@9FB@ 8BE?i8:9AAS є G@B6< 4E<@CFBF<KABї 9>6i64?9AFABEFi DB;6’S;-

>i6 EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP F4 6i8CB6i8A<I

Di6ASAP 59; CiE?S8iї, 4 F4>B: CB698iA>4 DB;6’S;>i6 CD< ;@9AL9AAi iAF9D64?G

;4Ci;A9AAS.

 9FB8< 8BE?i8:9AAS. ' DB5BFi 6<>BD<EFB6GRFPES @9FB8< F9BDiї HGA-

>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP, @9FB8< 4E<@CFBF<KABї F9BDiї, EFBI4EF<-

KAB7B 8<H9D9AJi4?PAB7B K<E?9AAS, F9BDiї A4Ci67DGC F4 @9FB8< F9BDiї G;474?PA9-

A<I HGA>Ji=.

!4G>B64 AB6<;A4 B89D:4A<I D9;G?PF4Fi6. ' 8<E9DF4Jiї BFD<@4AB A4EFG-

CAi AB6i D9;G?PF4F<:

• �B6989AB F9BD9@< CDB 4E<@CFBF<KAG 9>6i64?9AFAiEFP DB;6’S;>i6 EFBI4-

EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP F4 6i8CB6i8A<I E<EF9@

;6<K4=A<I 8<H9D9AJi4?PA<I Di6ASAP G A9?iAi=AB@G 6<C48>G.

• �EF4AB6?9AB G@B6< 4E<@CFBF<KABї 9>6i64?9AFABEFi G E9D98APB@G >648D4-

F<KAB@G F4 ; i@B6iDAiEFR 1 G ?iAi=AB@G 6<C48>G.

• �4CDBCBAB64AB AB6i EI9@< 4CDB>E<@4Jiї EFBI4EF<KA<I E<EF9@ i; ;4Ci;A9A-

AS@ E<EF9@4@< 59; ;4Ci;A9AAS.

• �B6989AB ;5i:AiEFP G E9D98APB@G >648D4F<KAB@G DB;6’S;>i6 Di6ASAP i; ;4-

Ci;A9AAS@ 8B DB;6’S;>i6 6i8CB6i8A<I EFBI4EF<KA<I Di6ASAP 59; ;4Ci;A9AAS.

• �A4?B7iKAi C<F4AAS 6<6K9AB 8?S Di6ASAP i; iAF97D4?PA<@ ;4Ci;A9AAS@.

• "5ґDGAFB64AB EI9@G 4CDB>E<@4Jiї 8?S EFBI4EF<KA<I HGA>JiBA4?PAB-8<-

H9D9AJi4?PA<I Di6ASAP G A9E>iAK9AAB6<@iDA<I CDBEFBD4I i; A9B5@9:9A<@

7B?B6A<@ BC9D4FBDB@.

#D4>F<KA9 ;A4K9AAS B89D:4A<I D9;G?PF4Fi6. "FD<@4Ai 6 8<E9DF4Jiї

D9;G?PF4F< @B:GFP 5GF< 6<>BD<EF4Ai 8?S:

•  B89?R64AAS 96B?RJi=A<ICDBJ9Ei6 i; 6<C48>B6<@<6C?<64@<F4C4@’SFFR

6 9>BAB@iJi, 5iB?B7iї, F9IAiJi F4 Hi;<Ji.
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• #B5G8B6< 9H9>F<6A<I K<E9?PA<I @9FB8i6 8?S 4A4?i;G EFBI4EF<KA<I E<EF9@

i; ;4Ci;A9AAS@, MB є @B89?S@< i; DB;CB8i?9A<@< C4CD4@9FD4@<.

• "CF<@i;4Jiї E<EF9@ >9DG64AAS, MB BC<EGRFPES EFBI4EF<KA<@< HGA>Ji-

BA4?PAB-8<H9D9AJi4?PA<@< Di6ASAAS@<, L?SIB@ їI ;4@iA< 6i8CB6i8A<@<

Di6ASAAS@< 59; CiE?S8iї.

"EB5<EF<= 6A9EB> ;8B5G64K4. 'Ei D9;G?PF4F< 8<E9DF4Ji=ABї DB5BF< B89D-

:4Ai ;8B5G64K9@ E4@BEFi=AB. �<;A4K9AAS ;474?PAB7B C?4AG A4CDS@>G 8BE?i-

8:9AP 8<E9DF4Jiї i CBEF4AB6>4 ;484K A4?9:4FP A4G>B6B@G >9Di6A<>B6i %F4A:<-

JP>B@G "?9>E4A8DG  <>B?4=B6<KG. ' DB5BF4I [101, 126, 127, 134] ECi646FBD4@

A4?9:<FP B57B6BD9AAS @B:?<6<I L?SIi6 8BE?i8:9AAS, C9D96iD>4 F4 4A4?i;

BFD<@4A<I D9;G?PF4Fi6.

�CDB54JiS @4F9Di4?i6 8<E9DF4Jiї. $9;G?PF4F< 8<E9DF4Jiї 8BCB6i84?<ES

F4 B57B6BDR64?<ES A4 F4><I @i:A4DB8A<I >BAH9D9AJiSI:

1.  i:A4DB8A4 A4G>B64 >BAH9D9AJiS «#D<>?48A4 @4F9@4F<>4 F4 iAHBD@4Ji=-

Ai F9IAB?B7iї», CD<E6SK9A4 60-DiKKR >4H98D< CD<>?48ABї @4F9@4F<>< F4

iAHBD@4Ji=A<I F9IAB?B7i=, 22324 69D9EAS 2022, +9DAi6Ji, '>D4їA4.

2. III  i:A4DB8A4 A4G>B6B-CD4>F<KA4 iAF9DA9F->BAH9D9AJiS «$B;6<FB> EGK4-

EABї A4G>< F4 BE6iF<: D94?iї, CDB5?9@< S>BEFi, iAAB64Jiї», 30 69D9EAS 2022,

�4CBDi::S, '>D4їA4.

3. )II  i:A4DB8A4 A4G>B6B-CD4>F<KA4 >BAH9D9AJiS « 4F9@4F<>4. IAHBD@4-

Ji=Ai F9IAB?B7iї. "E6iF4», 234 K9D6AS 2023, �GJP> 3 %6iFS;P, '>D4їA4.

4.  i:A4DB8A4 A4G>B64 >BAH9D9AJiS « 4F9@4F<>4 F4 iAHBD@4Ji=Ai F9IAB?B-

7iї», CD<E6SK9A4 55-DiKKR H4>G?PF9FG @4F9@4F<>< F4 iAHBD@4F<><, 28330

69D9EAS 2023, +9DAi6Ji, '>D4їA4.

5. The 29th Conference on applied and industrial mathematics, CAIM 2022, August

25327, 2022, Chisinau, Republic of Moldova.

6. International Workshop on the Qualitative Theory of Differential Equations,

QUALITDE 2024, December 21323, 2024, Tbilisi, Georgia.

7. )III  i:A4DB8A4 A4G>B6B-CD4>F<KA4 >BAH9D9AJiS « 4F9@4F<>4. IAHBD-

@4Ji=Ai F9IAB?B7iї. "E6iF4», 31 FD46AS 3 2 K9D6AS 2024, �GJP> 3 %6iFS;P,

'>D4їA4.
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8. V  i:A4DB8A4 A4G>B6B-CD4>F<KA4 iAF9DA9F->BAH9D9AJiS «$B;6<FB> EGK4-

EABї A4G>< F4 BE6iF<: D94?iї, CDB5?9@< S>BEFi, iAAB64Jiї», 29331 FD46AS 2024,

�4CBDi::S, '>D4їA4.

9. International Conference of Young Mathematicians June 133, 2023, Institute of

Mathematics of NAS of Ukraine (online), Kyiv, Ukraine

10. !4G>B6<= E9@iA4D ; 8<H9D9AJi4?PA<IDi6ASAPA4 54;i >4H98D< iAF97D4?PA<I

F4 8<H9D9AJi4?PA<I Di6ASAP (ECi?PAB ; >4H98DBR ;474?PABї @4F9@4F<><), 12

59D9;AS 2025, �<ї6EP><= A4JiBA4?PA<= GAi69DE<F9F i@9Ai &4D4E4 ,96K9A>4,

�<ї6, '>D4їA4.

#G5?i>4Jiї. �4 D9;G?PF4F4@< 8<E9DF4Jiї BCG5?i>B64AB

• 2 EF4FFi G 6<84AASI, S>i iA89>EGRFPES 6 A4G>B@9FD<KA<I 54;4I Scopus

[101, 134]; B5<86i G 6<84AASI, MB 6IB8SFP 8B >64DF<?S Q3;

• 2 EF4FFi G H4IB6B@G A4G>B6B@G 6<84AAi '>D4їA< >4F97BDiї � [126, 127];

• 9 F9; 8BCB6i89= A4 >BAH9D9AJiSI [80385, 124, 125, 128].

%FDG>FGD4 F4 B5ES7 8<E9DF4Jiї. �<E9DF4Ji=A4 DB5BF4 E>?484єFPES ;i 6EFG-

CG, KBF<DPBI DB;8i?i6, 6<EAB6>i6, EC<E>G 6<>BD<EF4A<I 8:9D9? F4 8B84F>G, S><=

@iEF<FP C9D9?i> CG5?i>4Ji= ;8B5G64K4 ;4 F9@BR 8<E9DF4Jiї F4 6i8B@BEFi CDB 4CDB-

54JiR D9;G?PF4Fi6. #B6A<= B5ES7 8<E9DF4Jiї EF4AB6<FP 148 EFBDiAB>, BEAB6A<=

F9>EF ;4=@4є 124 EFBDiA><.

�@iEF DB5BF<. ' C9DLB@G DB;8i?i CD98EF46?9AB B7?S8 ?iF9D4FGD<, MB

EFBEGєFPES F9@4F<>< A4LB7B 8BE?i8:9AAS. #DB4A4?i;B64AB BEAB6Ai 8:9D9?4, @9-

FB8< F4 Ci8IB8<, S>i 6<>BD<EFB6G64?<ES 6 DB5BF4I CBC9D98A<>i6 8?S DB;6’S;4AAS

CB8i5A<I CDB5?9@. ' JPB@G DB;8i?i 89F4?PAB BC<E4AB, S> DB;6<64?4ES F9@4 ;

K4EB@, DB;>D<64RFPES >?RKB6i A4CDS@>< 8BE?i8:9AP F4 ;4>J9AFB64AB G647G A4

F<I 4EC9>F4I, 89 8BE?i8:9AAS ;4?<L4RFPES A9CB6A<@<.

�69DF4єFPES G6474 A4 iEFBD<KA<= DB;6<FB> CDB5?9@4F<><, DB;7?S84RK<

6A9EB> Di;A<I 8BE?i8A<>i6 G HBD@G64AAS EGK4EAB7B EF4AG 84ABї F9@4F<><. �

D9;G?PF4Fi JPB7B B7?S8G 6<B>D9E?9AB BEAB6Ai A4G>B6i Ci8IB8< F4 >BAJ9CJiї, MB

EF4?< 54;BR 8?S CB84?PL<I 8BE?i8:9AP, 4 F4>B: Ci8>D9E?9AB iEAGRKi CDB74?<A<,

S>i CBFD95GRFP 8B84F>B6B7B 6<6K9AAS. &4><= 4A4?i; 8B;6B?Sє A9 ?<L9 >D4M9
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;DB;G@iF< 96B?RJiR 8BE?i8:9AP G Ji= 74?G;i, 4?9 = B5ґDGAFG64F< 4>FG4?PAiEFP i

AB6<;AG A4LBї DB5BF<.

�Di@ FB7B, 89F4?PAB DB;7?SAGFB EGK4EAi FD9A8< F4 F9A89AJiї, MB 6C?<64-

RFP A4 CB84?PL<= DB;6<FB> F9@4F<><, CDB4A4?i;B64AB C9D9647< F4 A98B?i><

6:9 ;4CDBCBAB64A<I DB;6’S;>i6, MB 84є ;@B7G EHBD@G64F< 6?4EA<= Ci8Ii8 8B

DB;6’S;4AAS CBEF46?9A<I ;4684AP. *9 8B;6B?Sє KiF>B 6<;A4K<F< A4CDS@><, G

S><I A4L9 8BE?i8:9AAS @B:9 ;DB5<F< 6A9EB> i ECD<SF< DB;6<F>G A4G>< 6 Ji=

EH9Di.

�DG7<= DB;8i? @iEF<FP BEAB6Ai B;A4K9AAS F4 F9BD9F<KAi F69D8:9AAS, MB

EFBEGRFPES EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP, S>i є >?R-

KB6<@< 8?S A4LB7B 8BE?i8:9AAS.  < DB;7?S84є@B 6<>BD<EF4Ai @9FB8<, ;B>D9@4

F9BDiR HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP, 4E<@CFBF<KAG F9BDiR, EFBI4-

EF<KAi 8<H9D9AJi4?PAi Di6ASAAS, F9BDiR�0-A4Ci67DGC, CBDB8:9AG A9B5@9:9A<@

?iAi=A<@ BC9D4FBDB@, F4>B: ;GC<ASє@B G647G A4 S89DA<I BC9D4FBD4I F4 BC9D4-

FBD4I �i?P59DF4-,@i8F4.

&D9Fi= DB;8i? CD<E6SK9AB 8BE?i8:9AAR 4E<@CFBF<KABї 9>6i64?9AFABEFi EFB-

I4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP. ' C9DLi= K4EF<Ai DB;8i?G

DB;7?S84єFPES A9?iAi=A<= 6<C48B>.  < 4A4?i;Gє@B 86i E<EF9@<, MB BC<EGRFP

96B?RJiR CDBJ9Ei6 ; 6<C48>B6<@< 6C?<64@<.

#9DLBR є 89F9D@iAB64A4 E<EF9@4

3G (C) = 51(C, G (C))3C, (0.0.1)

89 51 : [0,∞) × ℝ
3 → ℝ

3 4 A9C9D9D6A4 HGA>JiS, ?iCL<J964 ;4 ;@iAABR G F4

;48B6B?PASє G@B6G ?iAi=AB7B ;DBEF4AAS. #BDS8 i; A9R DB;7?S84єFPES E<EF9@4

EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP

3~ (C) =
(
51(C, ~ (C)) + 52(C, ~C )

)
3C + f (C, ~C ) 3, (C), (0.0.2)

89

52 : [0,∞) ×�ℎ → ℝ
3, f : [0,∞) ×�ℎ → ℝ

3, ~C = ~ (C + \ ), \ ∈ [−ℎ, 0],

4 {, (C), C g 0} 4 B8AB6<@iDA<= 6iA9Di6EP><= CDBJ9E, 6<;A4K9A<= A4 =@B6iDAi-
EAB@G CDBEFBDi (¬, F ,9) ; 6i8CB6i8ABR Hi?PFD4JiєR.
�6B8SFPES CBASFFS 4E<@CFBF<KABї 9>6i64?9AFABEFi @i: J<@< E<EF9@4@<. �B>D9-

@4, S>MB 8?S >B:AB7B DB;6’S;>G ~ (C) E<EF9@< (0.0.2) iEAGє 6i8CB6i8A<= DB;6’S;B>
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G (C) E<EF9@< (0.0.1) F4 6<>BAGєFPES

lim
C→∞

Ā|G (C) − ~ (C) |2 = 0,

FB @< A4;<64є@B E<EF9@G (0.0.1) 4E<@CFBF<KAB 9>6i64?9AFABR E<EF9@i (0.0.2) G

E9D98APB>648D4F<KAB@G E9AEi.

�A4?B7iKAB, S>MB 8?S >B:AB7B DB;6’S;>G ~ (C) E<EF9@< (0.0.2) iEAGє DB;6’S;B>
G (C) E<EF9@< (0.0.1), 8?S S>B7B

9

{
lim
C→∞

|G (C) − ~ (C) | = 0
}
= 1,

FB F4>4 9>6i64?9AFAiEFP 6EF4AB6?RєFPES ; i@B6iDAiEFR 1.

!484?i HGA>Jiї 51(C, G), 52(C, i), f (C, i) 664:4F<@9@B A9C9D9D6A<@< ;4 EG>G-
CAiEFR ;@iAA<I i; 6<>BA4AAS@ F4><I G@B6:

1. (GA>JiS 51 ;48B6B?PASє G@B6< �iCL<JS F4 ?iAi=AB7B ;DBEF4AAS, FB5FB iEAGє

>BAEF4AF4 ! > 0 F4>4, MB

|51(C, G1) − 51(C, G2) |2 f !2 |G1 − G2 |2, |51(C, G) | f !(1 + |G |),

8?S 8B6i?PA<I G, G1, G2 ∈ ℝ
3 , C g 0.

2. (GA>Jiї 52 F4 f ;48B6B?PASRFP G@B6G �iCL<JS G HBD@i:

|52(C, q) − 52(C,k ) | + |f (C, q) − f (C,k ) |2 f !2
0∫

−ℎ

|q (\ ) −k (\ ) |23\ .

�4G64:<@B, MB ;6i8E< 6<C?<64є A9Di6AiEFP

|52(C, i) − 52(C,k ) |2 + |f (C, i) − f (C,k ) |2 f ℎ!2∥i −k ∥2,

8?S 8B6i?PA<I i,k ∈ �ℎ, C g 0.

3. �iAi=A<= DiEF

|52(C, q) |2 + |f (C, q) |2 f !2(1 + ||q | |2).

!9I4= W > !. �<59D9@B ℎ0 F4>, MB5 6<>BAG64?4EP A9Di6AiEFP

4(5ℎ0!2 + 5!2)ℎ204 (5ℎ0!
2+(5ℎ0!2+5!2)ℎ0+2W)ℎ0

< 1. (0.0.3)

"E>i?P>< HGA>JiS<(ℎ) = 4(5ℎ0!2 + 5!2)ℎ204 (5ℎ0!
2+(5ℎ0!2+5!2)ℎ0+2W)ℎ0 @BABFBAAB

;DBEF4є ;4 ℎ i <(0) = 0, FB iEAGє ℎ0 > 0, MB 8?S 6EiI ℎ f ℎ0 A9Di6AiEFP (0.0.3)

6<>BAGєFPES.

4. �4?i 664:4є@B, MB CD< ℎ f ℎ0 6<>BA4A<@< є F4>i G@B6<:
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1. |52(C, q) | f  4−WC , C g 0, q ∈ �ℎ, ℎ f ℎ0;
2. |f (C, q) | f  4−WC , C g 0, q ∈ �ℎ, ℎ f ℎ0.

�B?B6A<@ D9;G?PF4FB@ JPB7B Ci8DB;8i?G є A4EFGCA4 F9BD9@4.

&9BD9@4 0.1. !9I4= 6<>BAGRFPES G@B6< 1 − 4, FB8i

1. %<EF9@4 (0.0.2) 4E<@CFBF<KAB 9>6i64?9AFA4 E<EF9@i (0.0.1) G E9D98APB>64-

8D4F<KAB@G E9AEi.

2. %<EF9@4 (0.0.2) 4E<@CFBF<KAB 9>6i64?9AFA4 E<EF9@i (0.0.1) ; i@B6iDAiEFR 1.

' A46989Ai= F9BD9@i EGFFє6<@ є @4?iEFP iAF9D64?G ;4Ci;A9AAS. 3>MB :

B5@9:<F<ES ?iAi=A<@ 6<C48>B@, FB 6i8 F4>Bї @4?BEFi @B:A4 6i8@B6<F<ES. �?S

JPB7B @< DB;7?SA9@G E<EF9@G ;6<K4=A<I 8<H9D9AJi4?PA<I Di6ASAP G HBD@i

3G (C) = �G (C) 3C (0.0.4)

; CBK4F>B6<@< G@B64@<

G (C0) = G0, C g C0 g 0, G ∈ ℝ
3,

89 � 4 EF4?4 89F9D@iAB64A4 @4FD<JS. #BDS8 i; JiєR E<EF9@BR DB;7?S84єFPES

E<EF9@4 EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP 6<7?S8G

3~ (C) =
(
�~ (C) +

0∫
−ℎ

�(C, \ )~ (C + \ )3\
)
3C +

( 0∫
−ℎ

� (C, \ )~ (C + \ )3\
)
3, (C) (0.0.5)

; CBK4F>B6<@< G@B64@<

~ (C) = q (C), C ∈ [C0 − ℎ, C0],

89 �(C, \ ) F4 � (C, \ ) 4 A9C9D9D6Ai ;4 C 89F9D@iAB64Ai @4FD<Ji, iAF97DB6Ai ;4
;@iAABR \ ∈ [−ℎ, 0], 4, (C) 4 6iA9Di6EP><= CDBJ9E ; 6i8CB6i8ABR Hi?PFD4JiєR.
#D<CGEF<@B, MB iEAGRFP F4>i HGA>Jiї 1 (C) F4 3 (C):

������
0∫

−ℎ

�(C, \ )q (\ )3\

������ f 1 (C)
0∫

−ℎ

|q (\ ) |3\,

������
0∫

−ℎ

� (C, \ )q (\ )3\

������ f 3 (C)
0∫

−ℎ

|q (\ ) |3\ .

"EAB6A<@ D9;G?PF4FB@ 8?S ?iAi=AB7B 6<C48>G є A4EFGCA4 F9BD9@4, S>4

6EF4AB6?Rє 4E<@CFBF<KAG 9>6i64?9AFAiEFP @i: 8BE?i8:G64A<@< E<EF9@4@<.
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&9BD9@4 0.2. !9I4= GEi DB;6’S;>< E<EF9@< (0.0.4) є B5@9:9A<@< A4 C ∈ [0,∞). 3>MB
∞∫
0

C |1 (C) | 3C f  1 < ∞,

∞∫
0

C |3 (C) |2 3C f  1 < ∞,

FB8i E<EF9@4 (0.0.5) є 4E<@CFBF<KAB 9>6i64?9AFABR E<EF9@i (0.0.4) G E9D98APB>64-

8D4F<KAB@G E9AEi F4 ; i@B6iDAiEFR 1.

' FD9FPB@G DB;8i?i @< 89F4?PAB 8BE?i8<?< G@B6<, ;4 S><I E<EF9@< EFBI4-

EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAAP (S> A9?iAi=Ai, F4> i ?iAi=Ai)

89@BAEFDGRFP 4E<@CFBF<KAG 9>6i64?9AFAiEFP i; 6i8CB6i8A<@< 89F9D@iAB64A<-

@< E<EF9@4@<. �?S A9?iAi=AB7B 6<C48>G 5G?B 6EF4AB6?9AB 6i8CB6i8AiEFP @i:

DB;6’S;>4@< B5BI E<EF9@ ; FBK>< ;BDG E9D98APB>648D4F<KABї ;5i:ABEFi F4 ;5i-

:ABEFi ; i@B6iDAiEFR 1. �A4?B7iKA<= Ci8Ii8 ;4EFBEB64AB 8B ?iAi=AB7B 6<C48>G, 89

8B84F>B6i G@B6< A4 iAF97D4?PAi I4D4>F9D<EF<>< HGA>Ji=, MB 6<;A4K4RFP 8B84-

F>B6i K?9A<, ;459;C9KGRFP A9B5Ii8AG 4E<@CFBF<KAG CB698iA>G DB;6’S;>i6. &4><@

K<AB@, DB;8i? 3 @iEF<FP S> HBD@G?R64AAS >?RKB6<I B;A4K9AP F4 F9BD9F<KA<I

CB?B:9AP, F4> i 8B6989AAS BEAB6A<I F9BD9@, MB ;4E6i8KGRFP 4E<@CFBF<KAG

9>6i64?9AFAiEFP DB;7?SAGF<I E<EF9@.

+9F69DF<= DB;8i? CD<E6SK9A<= 4CDB>E<@4Jiї EFBI4EF<KA<I E<EF9@ i; ;4Ci-

;A9AAS@ ;4 8BCB@B7BR E<EF9@ 59; ;4Ci;A9AAS. �iA CB8i?9A<= A4 FD< K4EF<A<:

• 4CDB>E<@4JiS G E>iAK9AAB6<@iDAB@G 6<C48>G;

• 6<C48B> iAF97D4?PAB7B ;4Ci;A9AAS;

• 4CDB>E<@4JiS G A9E>iAK9AAB6<@iDAB@G 6<C48>G.

' C9DLi= K4EF<Ai DB;7?S84єFPES A4EFGCA4 ;484K4.

!9I4= G CDBEFBDi ℝ3 @4є@B CBK4F>B6G ;484KG 8?S E<EF9@< EFBI4EF<KA<I 8<H9-

D9AJi4?PA<I Di6ASAP i; ;4Ci;ARRK<@ 4D7G@9AFB@

3G (C) = 5 (C, G (C), G (C − ℎ)) 3C + f (C, G (C), G (C − ℎ)) 3, (C), C ∈ [0,) ], (0.0.6)

G (C) = q (C), C ∈ [−ℎ, 0] .

&GF HGA>Jiї 5 , f : [0,) ] × ℝ
3 × ℝ

3 → ℝ
3 6<;A4K9Ai, A9C9D9D6Ai ;4 EG>GCAiEFR

;@iAA<I.
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IEAGє EF4?4 ! > 0, MB 6<>BA4AB:

1) ?iAi=A<= DiEF:

|5 (C, G,~) |2 + |f (C, G,~) |2 f !(1 + |G |2 + |~ |2) (0.0.7)

8?S 8B6i?PA<I C ∈ [0,) ], G,~ ∈ ℝ
3 ;

2) G@B64 �iCL<JS:

|5 (C, G1, ~1) − 5 (C, G2, ~2) |2 + |f (C, G1, ~1) − 6(C, G2, ~2) |2

f !( |G1 − G2 |2 + |~1 − ~2 |2).
(0.0.8)

�4 E<EF9@BR (0.0.6) CB5G8Gє@B A4EFGCAG E<EF9@G EFBI4EF<KA<I 8<H9D9AJi-

4?PA<I Di6ASAP 59; ;4Ci;A9AAS, S>G A4;69@B 4CDB>E<@GRKBR. � E4@9: ;4Hi>EGє@B

< ∈ ℕ i DB;i5’є@B 6i8Di;B> [−ℎ, 0] FBK>4@< − ℎ
<
9, 9 = 0,< A4< K4EF<A. �<;A4K<@B

HGA>Jiї I 9 (C) ∈ ℝ
3 S> DB;6’S;>< A4EFGCA<I ;484K �BLi




3I0 = 5 (C, I0(C), I< (C)) 3C + f (C, I0(C), I< (C)) 3, (C),

3I 9 (C) = <
ℎ

(
I 9−1(C) − I 9 (C)

)
, C ∈ [0,) ],

I 9 (0) = q
(
−ℎ9
<

)
, 9 = 0,<.

(0.0.9)

";A4K9AAS 0.1. %<EF9@4 (0.0.9) A4;<64єFPES 4CDB>E<@GRKBR 8?S E<EF9@< (0.0.6)

G E9D98APB@G >648D4F<KAB@G, S>MB

sup
C∈[0,) ]

Ā

����G (C − ℎ

<
9) − I 9 (C)

����
2

→ 0, < → ∞, 9 = 0,<.

�4 6<>BA4AAS G@B6 0.0.7) F4 0.0.8) BEAB6A<@ D9;G?PF4FB@ є A4EFGCA4 F9BD9@4.

&9BD9@4 0.3. %<EF9@4 (0.0.9) є 4CDB>E<@GRKBR G E9D98APB@G >648D4F<KAB@G 8?S

CBK4F>B6Bї ;484Ki (0.0.6) Di6AB@iDAB ;4 9 = 0,<, FB5FB

sup
9=0,<

sup
C∈[0,) ]

Ā

����G (C − ℎ

<
9) − I 9 (C)

����
2

→ 0, < → ∞. (0.0.10)

' 8DG7B@G Ci8DB;8i?i DB;7?S84єFPES CB8i5A4 ;484K4, 4?9 6:9 >B?< ;4Ci;A9AAS

ABE<FP DB;@<F<= CB 6i8Di;>G [−ℎ, 0] I4D4>F9D G 6<7?S8i iAF97D4?PAB7B K?9A4.
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$B;7?SA9@B ;484KG�BLi 8?S E<EF9@< EFBI4EF<KA<IHGA>JiBA4?PAB-8<H9D9AJi4?P-

A<I Di6ASAP:



3G (C) = 5

(
C, G (C),

∫ 0

−ℎ G (C + \ )3\
)
3C + f

(
C, G (C),

∫ 0

−ℎ G (C + \ )3\
)
3, (C),

G (C) = q (C), C ∈ [−ℎ, 0],
(0.0.11)

89 HGA>Jiї 5 , f : [0,) ] ×ℝ
3 ×ℝ

3 → ℝ
3 6<;A4K9Ai, A9C9D9D6Ai ;4 6Ei@4 ;@iAA<@<,

F4 iEAGє EF4?4 ! > 0 F4>4, MB 6<>BA4Ai G@B6<:

1) G@B64 ?iAi=AB7B ;DBEF4AAS:

|5 (C, G,~) |2 + |f (C, G,~) |2 f !
(
1 + |G |2 + |~ |2

)
,

8?S 5G8P-S><I C ∈ [0,) ], G,~ ∈ ℝ
3 .

2) G@B64 �iCL<JS:

|5 (C, G1, ~1) − 5 (C, G2, ~2) |2+ |f (C, G1, ~1) −f (C, G2, ~2) |2 f !
(
|G1−G2 |2+ |~1−~2 |2

)
.

�<;A4K<@B HGA>Jiї I 9 (C) ∈ ℝ
3 A4 [0,) ] S> DB;6’S;>< A4EFGCA<I ;484K �BLi:




3I0(C) = 5
(
C, I0(C), ℎ<

∑<
9=1 I 9 (C)

)
3C + f

(
C, I0(C), ℎ<

∑<
9=1 I 9 (C)

)
3, (C),

3I 9 (C) =
<

ℎ
[I 9−1(C) − I 9 (C)], 9 = 1,<,

I 9 (0) = q
(
− ℎ9
<

)
, 9 = 0,<.

(0.0.12)

";A4K9AAS 0.2. %<EF9@4 (0.0.12) A4;<64єFPES 4CDB>E<@GRKBR E<EF9@BR 8?S

E<EF9@< (0.0.11) 6 E9D98APB>648D4F<KAB@G E9AEi A4 [0,) ], S>MB

sup
C∈[0,) ]

Ā

����G
(
C − ℎ9

<

)
− I 9 (C)

����
2

→ 0, < → ∞, 9 = 0,<. (0.0.13)

"EAB6A<= D9;G?PF4F Jiєї K4EF<A< CD98EF46?9AB G A4EFGCAi= F9BD9@i.

&9BD9@4 0.4. �4 6<>BA4AAS G@B6 1) i 2), E<EF9@4 (0.0.12) є 4CDB>E<@GRKBR E<EF9@BR

6 E9D98APB>648D4F<KAB@G E9AEi 8?S CBK4F>B6Bї ;484Ki (0.0.11), Di6AB@iDAB ;4 9 = 0,<,

FB5FB,

sup
9=0,<

sup
C∈[0,) ]

Ā

����G
(
C − ℎ9

<

)
− I 9 (C)

����
2

→ 0, < → ∞. (0.0.14)
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� BEF4AAi= K4EF<Ai JPB7B DB;8i?G DB;7?S84єFPES A9E>iAK9AAB6<@iDA9 EFB-

I4EF<KA9 Di6ASAAS i; ;4Ci;A9AAS@ G 7i?P59DFB6B@G CDBEFBDi � ; ABD@BR ∥·∥
6<7?S8G

3D (C) = [�D (C)+5 (C,D (C), D (C−ℎ))]3C+f (C,D (C), D (C−ℎ))3, (C), C ∈ [0,) ], (0.0.15)

D (C) = q (C), C ∈ [−ℎ, 0] .

&GF � : � → �4 A9B5@9:9A<=, ;4@>A9A<=, ?iAi=A<= BC9D4FBD i � (�) ¢ �4

=B7B B5?4EFP 6<;A4K9AAS. �G89@B 664:4F<, MB 6iA є 79A9D4FBDB@ >B@C4>FABї

A4Ci67DGC< ( (C), C > 0 6 � . �, (C)- &-S89DA<=  -;A4KA<= 6iA9Di6EP><= CDBJ9E

, (C) :=
∞∑
8=1

√
_8V8 (C);8, C g 0,

 4 iAL<= 7i?P59DFi6 CDBEFiD. &GF V8 (C) - EF4A84DFAi, B8AB6<@iDAi, A9;4?9:Ai G
EG>GCABEFi CDBJ9E< 5DBGAi6EP>B7B DGIG, {;8, 8 g 1}4 BDFBABD@B64A<= 54;<E 6  ,
CBE?i8B6AiEFP A96i8’є@A<I K<E9? _8 ;48B6B?PASє G@B6<

&;8 = _8;8, 8 = 1, 2, ...

F4 ∞∑
8=1

_8 < ∞,

{FC , C g 0}4 ABD@4?PA4 Hi?PFD4JiS, MB ;48B6B?PASє G@B6<:
1. , (C) є FC -6<@iDA<@;
2. , (C + ℎ) −, (C) A9 ;4?9:<FP 6i8 f-4?795D< FC 8?S 6EiI C g 0 F4 ℎ g 0.

�i8ABEAB 6i8B5D4:9AP 5 i f 5G89@B 664:4F< 6<>BA4A<@< A4EFGCAi G@B6<:

1. 5 : [0,) ] ×� ×� → �, f : [0,) ] ×� ×� → !02 є A9C9D9D6A<@< ;4 EG>GCAiEFR

4D7G@9AFi6;

2. iEAGє EF4?4 ! > 0, MB 6<>BA4AB G@B6G ?iAi=AB7B DBEFG

| |5 (C,D, E) | |2 + ||f (C,D, E) | |2
!02

f !(1 + ||D | |2 + ||E | |2),

8?S 8B6i?PA<I C,D, E ; B5?4EFi 6<;A4K9AAS;

3. G@B64 �iCL<JS

| |5 (C,D1, E1) − 5 (C,D2, E2) | |2 + ||f (C,D1, E1) − f (C,D2, E2) | |2!02
f !( | |D1 − D2 | |2 + ||E1 − E2 | |2),

8?S C ∈ [0,) ] F4 8B6i?PA<I D1, D2, E1, E2 ∈ � ;
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4. CBK4F>B64 A96<C48>B64 HGA>JiS q : [−ℎ, 0] → � є A9C9D9D6ABR.

$B;6’S;B> CBK4F>B6Bї ;484Ki (0.0.15) 5G89@B DB;G@iF< G @’S>B@G E9AEi.

";A4K9AAS 0.3. !9C9D9D6A<= FC 484CFB64A<= 6<C48>B6<= CDBJ9E D : [−ℎ,) ] ×
¬ → � A4;69@B @’S><@ DB;6’S;>B@ CBK4F>B6Bї ;484Ki (0.0.15) A4 [0,) ] S>MB:
1. D (C) = q (C), C ∈ [−ℎ, 0];
2. A4 [0,) ] D (C) ;48B6B?PASє iAF97D4?PA9 Di6ASAAS

D (C) = ( (0)q (0) +
C∫
0

( (C − B) 5 (B,D (B), D (B − ℎ))3B

+
C∫
0

( (C − B)f (B,D (B), D (B − ℎ))3, (B).

(0.0.16)

&GF C9DL<= iAF97D4? DB;G@iєFPES S> iAF97D4? �BIA9D4, 4 8DG7<= S> EFBI4EF<KA<=

iAF97D4? IFB.

�4 Di6ASAAS@ (0.0.15) CB5G8Gє@B A4EFGCAG E<EF9@G EFBI4EF<KA<I 96B?RJi=-

A<I Di6ASAP 59; ;4Ci;A9AAS, S>G @< A4;69@B 4CDB>E<@GRKBR.

�4Hi>EGє@B A4FGD4?PA9< F4 DB;i5’є@B 6i8Di;B> [−ℎ, 0] FBK>4@< − ℎ
<
9, 9 = 0,<

A4< K4EF<A. �<;A4K<@B CDBJ9E< I 9 (C) ∈ � S> DB;6’S;>< A4EFGCA<I ;484K �BLi



3I0(C) = [�I0 + 5 (C, I0(C), I< (C))] 3C + f (C, I0(C), I< (C)) 3, (C),

3I 9 (C) = <
ℎ

(
I 9−1(C) − I 9 (C)

)
, C ∈ [0,) ],

I 9 (0) = q
(
−ℎ9
<

)
, 9 = 0,<.

(0.0.17)

&GF I0(C) DB;7?S84єFPES G @’S>B@G E9AEi, 4 D9LF4< Di6ASAP iAF9DCD9FGRFPES G
;6<K4=AB@G E9AEi, 89 CBIi8A4

3I Ġ (C)
3C
DB;G@iєFPES S> E<?PA4 ;4 ABD@BR CDBEFBDG � .

� [37] 6<C?<64є, MB ;484K4 �BLi (0.0.17) @4є є8<A<= DB;6’S;B> A4 [0,) ], 89 CDBJ9E
I0(C) ;48B6B?PASє G@B6< @’S>B7B DB;6’S;>G, 4 I 9 (C) ;48B6B?PASRFP 6i8CB6i8Ai
Di6ASAAS G ;6<K4=AB@G E9AEi.

";A4K9AAS 0.4. %<EF9@4 (0.0.17) A4;<64єFPES 4CDB>E<@GRKBR 8?S (0.0.15) G

E9D98APB@G >648D4F<KAB@G, S>MB

sup
C∈[0,) ]

Ā| |D (C − ℎ

<
9) − I 9 (C) | |2 → 0, < → ∞, 9 = 0,<.
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"EAB6A<@ D9;G?PF4FB@ Jiєї DB5BF< є A4EFGCA4 F9BD9@4.

&9BD9@40.5. �4 6<>BA4AAS G@B6 1.-4. E<EF9@4 (0.0.17) є 4CDB>E<@GRKBRG E9D98APB@G

>648D4F<KAB@G 8?S CBK4F>B6Bї ;484Ki (0.0.15) Di6AB@iDAB ;4 9 = 0,<, FB5FB

sup
9=0,<

sup
C∈[0,) ]

Ā| |D (C − ℎ

<
9) − I 9 (C) | |2 → 0, < → ∞. (0.0.18)

' 6<EAB6>4I EHBD@G?PB64AB BEAB6Ai D9;G?PF4F< 8<E9DF4Ji=ABї DB5BF<.

�6FBD M<DB 68SKA<= E6Bє@G A4G>B6B@G >9Di6A<>G, 8B>FBDG Hi;<>B-@4F9@4F<K-

A<I A4G>, CDBH9EBDG %F4A:<JP>B@G "?9>E4A8DG  <>B?4=B6<KG, ;4 iA8<6i8G4?PA<=

Ci8Ii8 G HBD@G?R64AAi ;4684AP, @G8Di CBD48<, CBEFi=AG Ci8FD<@>G F4 G647G, S>4

A48<I4?4 CDBFS7B@ GEPB7B 8BE?i8:9AAS.



$B;8i? 1

"7?S8 ?iF9D4FGD<

%9D98 Di;AB@4їFFS CDBJ9Ei6 CD<DB8B;A46EF64 Ki?PA9 @iEJ9 ;4=@4RFP CDBJ9E<

; C4@SFFR, FB5FB F4>i, @4=5GFAS 96B?RJiS S><I EGFFє6B ;4?9:<FP 6i8 їI CBC9D98AiI

EF4Ai6. %4@9 66989AAS 6 DB;7?S8 Jiєї ;4?9:ABEFi 8B;6B?<?B CB5G8G64F< 489>64FAi

@4F9@4F<KAi @B89?i.

&4><@< є 8<H9D9AJi4?PAi Di6ASAAS i; ;4Ci;A9AAS@ (C4@’SFFR, ;4FD<@>BR),

45B 5i?PL L<DB>B HGA>JiBA4?PAB-8<H9D9AJi4?PA<@< Di6ASAAS@<. *i Di6ASAAS

CBDS8 i; LG>4ABR HGA>JiєR @iEFSFP її ;A4K9AAS 6 Di;Ai @B@9AF< K4EG.

�B6Ai F4>i Di6ASAAS iA>B?< ;84RFPES ;B6Ei@ CDBEF<@< i ;4 HBD@BR ;4C<EG

@4=:9 A9 6i8Di;ASRFPES 6i8 4A4?B7iKA<I@B89?9=,MB A9 6D4IB6GRFP C4@’SFP. �?9

J9 Fi?P>< ;B6AiLAS CDBEFBF4. $B;6’S;4F< їI G S6AB@G 6<7?S8i CD4>F<KAB @4=:9

Ai>B?< A9 684єFPES. &<CB6<@ CD<>?48B@ FGF є ?B7iEF<KA4 @B89?P, MB BC<EGє

;@iAG K<E9?PABEFi B8AB6<8B6Bї CBCG?SJiї i; 6D4IG64AAS@ 9H9>FG A4E<K9AAS. �

>?4E<KAB@G 64Di4AFi 6BA4 @4є 6<7?S8

3G (C)
3C

= UG (C) − VG2(C),

FGF G = G (C) 4 K<E9?PAiEFP CBG?SJiї 6 @B@9AF K4EG C , U g 0 4 Di;A<JS @i:

>B9HiJiєAFB@ A4DB8:G64ABEFi F4 E@9DFABEFi, V g 0 6i8CB6i84є ;4 iAF9AE<6AiEFP

CBC4DA<I EGF<KB> ;4 ї:G (6AGFDiLAPB-6<8B64 5BDBFP54). �A4?B7iKA9 Di6ASAAS i;

;4Ci;A9AAS@ A45<D4є 6<7?S8G

3G (C)
3C

= UG (C) − VG (C − ℎ)G (C) .

�BE?i8:9AAS @B89?i 59; ;4Ci;A9AAS A9 6<>?<>4є FDG8ABMi6. !9 64:>B C9D9-

>BA4F<ES, MB 6Ei =B7B DB;6’S;>< i; 8B84FA<@< CBK4F>B6<@< 84A<@< CD< C → ∞
CDS@GRFP 8B CB?B:9AAS Di6AB647< U/V . !4 :4?P, CD< ℎ > 0 Fi?P>< BC<E S>iEABї
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CB698iA>< =B7B DB;6’S;>i6 6<@474є ;4EFBEG64AAS A4=EGK4EAiL<I @9FB8i6 4A4?i;G.

"8A4> E4@9 @B89?P CD< ℎ > 0 8B;6B?<?4 CBSEA<F< 9H9>F C9DiB8<KABї ;@iA<

K<E9?PABEFi CBCG?SJi= 4@95 [1083110].

�<S6<?BES, MB 8i=EAB CD< C96A<I ECi66i8ABL9AASI @i: U, V F4 ℎ G ?B7iEF<-

KAB@G Di6ASAAi i; ;4Ci;A9AAS@ ;’S6?SєFPES EFi=><= D9:<@ 46FB>B?<64AP.

�D4IG64AAS ;4Ci;A9AAS G ?4AJR7G B59DA9AB7B ;6’S;>G 6 @4F9@4F<KAi= @B89?i

?B>4FBD4 (Di6ASAAS  iABDEP>B7B) [74, 75] 8B;6B?<?< 6<S6<F< >B?<64AAS A4

K4EFBFi, MB 8BE<FP E<?PAB 6i8Di;ASєFPES 6i8 K4EFBF< >BAFGD4.

�6989AAS ;4Ci;A9AAS G @4F9@4F<KAG @B89?P DB5BF< Di;JS 45B B5DB5>< 89F4-

?9= 8B;6B?<?B CBSEA<F< A954:4A<= 9H9>F 6<A<>A9AAS 6i5D4Ji= G CDBJ9Ei =B7B

DB5BF<. ,<DB>B 6i8B@<@ є 9H9>F 74?BAG64AAS, 45B "L<@i" CD< DGEi ?iF4>4 CB

7DGFAB6B@G 49DB8DB@G, CBSEA<F< S><= 684?BES ?<L9 66i6L< G 6i8CB6i8AG @B-

89?P ;4Ci;A9AAS, MB Di6A9 K4EG CDBIB8:9AAS 6i8EF4Ai @i: ;48Ai@< F4 C9D98Ai@<

>B?9E4@<.

#D< BC<Ei DB;CB6ER8:9AAS >BDG G @iEP>B@G E9D98B6<Mi �BA8BA4 �BD>9 [114]

6<>BD<EF46 @B89?P

¤( (C) = −V (C)( (C) [2 9 + ( (C − 14) − ( (C − 12)] + 9,

FGF ( (C) 4 >i?P>iEFP ECD<=ASF?<6<I 8B iAH9>Jiї iA8<6<8i6 G @B@9AF K4EG C, 9 -
L6<8>iEFP i; S>BR F4>i iA8<6<8< 6>?RK4RFPES G CBCG?SJiR, V (C)- HGA>JiS, MB
I4D4>F9D<;Gє CBCG?SJiR, 4 ;4Ci;A9AAS I4D4>F9D<;Gє FB= 9H9>F, MB iA8<6<8,

S><= ;4D4:4єFPES G @B@9AF K4EG C , 5G89 ;4D4;A<@ CDBFS7B@ K4EB6B7B CDB@i:>G

[C + 12, C + 14].
�4A<= C9D9?i> @B:A4 CDB8B6:G64F< 8BE<FP 8B67B. �4;A4K<@B, MB 5474FB

Ji>46<I, C9D9>BA?<6<I CD<>?48i6 F4>B7B DB8G @iEFSFPES 6 DB5BF4I [7, 9313, 18, 20,

21, 25, 32, 34, 35, 38, 42, 43, 51, 63, 71, 72, 93, 95] F4 iAL<I.

�4;4A4K<@B F4>B:,MB C9DLi F9BD9F<KAi D9;G?PF4F<, EFBEB6AB A4=CDBEFiLB7B

F<CG F4><I Di6ASAP 4 Di6ASAP i; ;4Ci;A9AAS@ 45B 8<H9D9AJi4?PAB-Di;A<J96<I

Di6ASAP 6C9DL9 ;’S6<?<ES A4CD<>iAJi XVIII EFB?iFFS G DB5BF4I L. Euler, J. Bernuolli

M. de Condorcet, 6?4EA9 @4=:9 B8ABK4EAB i; ;6<K4=A<@< 8<H9D9AJi4?PA<@<

Di6ASAAS@<. "8A4> E<EF9@A<= Ci8Ii8 8B F4><I Di6ASAP BFD<@46 E6i= DB;6<FB>

?<L9 G 8DG7i= CB?B6<Ai XX EFB?iFFS i 5G6 6<>?<>4A<=, S> 5G?B E>4;4AB 6<M9,

CBFD954@< CD4>F<><.
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!4=CB6AiLBR F4 A4=E<EF9@AiLBR A4 84A<= K4E є @BAB7D4HiS J.K Hale [43].

&GF 6<>?489A4 EGK4EA4 (A4 FB= K4E) EFDB74 @4F9@4F<KA4 F9BDiS HGA>JiBA4?PAB-

8<H9D9AJi4?PA<I Di6ASAP 6>?RK4RK< K4EF<AAi 6<C48>< F4 K<E?9AAi CD<>?48< i

;4EFBEG64AAS.

&9BDiS F4><I Di6ASAP 4>F<6AB DB;6<64єFPES i 6 '>D4їAi. %9D98 6i8CB6i8A<I

CD4JP 64DFB 6i8;A4K<F< DB5BF< [19, 22, 117, 121, 122, 129, 1313133], 89 DB;7?S-

AGFB Di;Ai 4EC9>F< S> S>iEABї F4>, i 4E<@CFBF<KABї F9BDiї F4><I Di6ASAP. &4>

�. . %4@B=?9A>B 6 [131] ;4 E<EF9@BR ?iAi=A<I Di6ASAP i; ;4Ci;A9AAS@ CB5G-

8G646 E<EF9@G ?iAi=A<I ;6<K4=A<I 8<H9D9AJi4?PA<I Di6ASAP, 6Ei DB;6’S;><

S>Bї ;48B6B?PASRFP 6<Ii8AG E<EF9@G i; ;4Ci;A9AAS@. &<@ E4@<@ A<@ 5G?B

6EF4AB6?9AB iEAG64AAS 7?B54?PA<I DB;6’S;>i6 E<EF9@< i; ;4Ci;A9AAS@. ' [132]

46FBD< C9D9A9E?< J9= D9;G?PF4F A4 Di6ASAAS A9=FD4?PAB7B F<CG.

#<F4AAS@ 4CDB>E<@4Jiї G Di;A<I E9AE4I E<EF9@< HGA>JiBA4?PAB-8<H9D-

9AJi4?PA<I Di6ASAP E<EF9@BR ;6<K4=A<I 8<H9D9AJi4?PA<I Di6ASAP ;4=@4?BES

5474FB 46FBDi6. &4> Pituk 6 [86] BFD<@46 4A4?B7 F9BD9@< )4D@4A4-�iAFA9D4, MB

;6B8<FP 8BE?i8:9AAS 4E<@CFBF<KABї CB698iA><?iAi=ABї E<EF9@<HGA>JiBA4?PAB-

8<H9D9AJi4?PA<I Di6ASAP 8B 8BE?i8:9AAS ?iAi=ABї E<EF9@< ;6<K4=A<I 8<H9-

D9AJi4?PA<I Di6ASAP.

' DB5BF4I [14, 15] 46FBD< ;4EFBEB6GRFP 45EFD4>FA<= Ci8Ii8 K9D9; A4Ci67DGC<

B5@9:9A<I BC9D4FBDi6, ;79A9DB64A<I A9B5@9:9A<@ ?iAi=A<@ BC9D4FBDB@, MB

6IB8<FP G 7B?B6AG K4EF<AG 6<Ii8AB7B ?iAi=AB7B 45EFD4>FAB7B HGA>JiBA4?PAB-

8<H9D9AJi4?PAB7B Di6ASAAS. �4EFBEB6GRK< EI9@G &DBF9DD4-�4FB, 46FBD< ;4@i-

ARRFP 6<Ii8A<= B5’є>F =B7B BDFB7BA4?PA<@< CDBє>JiS@< A4 E>iAK9AAB6<@iDAi

CDBEFBD<. (4>F<KAB EFBI4EF<KA9 HGA>JiBA4?PAB-8<H9D9AJi4?PA9 Di6ASAAS ;4-

@iARєFPES E<EF9@BR ;6<K4=A<I 8<H9D9AJi4?PA<I Di6ASAP. �B6989A4 ;5i:AiEFP

BFD<@4A<I CDBє>Ji= 8B DB;6’S;>G 6<Ii8ABї ;484Ki.

' DB5BF4I [30, 52, 1183120, 123] +9D96>B I. . F4 =B7B GKAi, DB;6<64RK< i89ї

�D4EB6EP>B7B  . , 5G8GRFP 8?S 6<Ii8A<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I

Di6ASAP 4CDB>E<@GRKi E<EF9@< ;6<K4=A<I 8<H9D9AJi4?PA<I Di6ASAP, MB G

EGCD9@A<I ABD@4I A4 E>iAK9AA<I iAF9D64?4I A45?<:GRFP DB;6’S;>< 6<Ii8AB7B

Di6ASAAS. I89S 84ABї 4CDB>E<@4Jiї CB?S74є G ;4EFBEG64AAi HGD@G?< &9=?BD4 8?S

6<D4;GG (C−ℎ) i ;4C<EG8?S 6i8CB6i8A<I >B9HiJiєAFi6 DB;>?48G E<EF9@< ;6<K4=A<I
8<H9D9AJi4?PA<I Di6ASAP i; 6i8CB6i8A<@< CBK4F>B6<@< 84A<@< ;484Ki �BLi.
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I; DBEFB@ DB;@iDABEFi E<EF9@< її DB;6’S;>< 4CDB>E<@GRFP DB;6’S;>< 6<Ii8AB7B

Di6ASAAS i; ;4Ci;A9AAS@ i; FBKAiEFR 8B 1√
<
, 89< - DB;@iDAiEFP 4CDB>E<@GRKBї

E<EF9@<.

"E>i?P>< 84A<= Ci8Ii8 G A4LB@G 8BE?i8:9AAi 5G89 CBL<D9AB A4 EFBI4EF<-

KA<= 6<C48B>, FB ;GC<A<@BES A4 APB@G 89F4?PAiL9. ' A4=CDBEFiLB@G 64Di4AFi

6iA @4є A4EFGCA<= 6<7?S8.

$B;7?S84єFPES 8<H9D9AJi4?PA9 Di6ASAAS i; ;4Ci;A9AAS@

3G (C)
3C

= 5 (C, G (C), G (C − g)) (1.0.1)

89 C ∈ [0,) ], G ∈ ℝ
=, HGA>JiS 5 (C, G,~) A9C9D9D6A4 ;4 C F4 ;48B6B?PASє G@B6G

�iCL<JS ;4 G ∈ ℝ
= F4 ~ ∈ ℝ

=. %<EF9@4 (1.0.1) DB;7?S84єFPES D4;B@ i; CBK4F>B6BR

G@B6BR G (C) = q (C), C ∈ [−g, 0]. I89S 4CDB>E<@4Jiї CB?S74є G A4EFGCAB@G. �9D9FPES
8B6i?PA9 A4FGD4?PA9 <, F4 5G8GєFPES < 9?9@9AFi6 ;4Ci;A9AAS, MB CBDB8:9Ai

6<Ii8ABR HGA>JiєR G (C) i @i: EB5BR CBE?i8B6AB ;’є8A4Ai.

~1(C) = G
(
C − g

<

)
, ~2(C) = G

(
C − 2g

<

)
, . . . , ~< (C) = G (C − g), C ∈ [0,) ] .

�4Ai= CBE?i8B6ABEFi EF46<FPES G 6i8CB6i8AiEFP CBE?i8B6AiEFP F4> ;64A<I 4C9-

DiB8<KA<I ?4AB>, MB ;6’S;4Ai A4EFGCABR E<EF9@BR ;6<K4=A<I 8<H9D9AJi4?PA<I

Di6ASAP




g
<
3I1(C)
3C

+ I1(C) = G (C),

. . .

g
<

3I Ġ (C)
3C

+ I 9 (C) = I 9−1(C), 9 = 2,<, C ∈ [0,) ],

I 9 (0) = ~ 9 (0).

(1.0.2)

3>MB 8B E<EF9@< (1.0.2) 8B84F< M9 Di6ASAAS, MB CB6’S;Gє її ; E<EF9@BR (1.0.1), FB

E<EF9@4 


3I0(C)
3C

= 5 (C, I0(C), I< (C)),
3I Ġ (C)
3C

=
<
g
(I 9−1(C) − I 9 (C)),

I 9 (0) = ~ 9 (0), 9 = 0,<

(1.0.3)

A4;<64єFPES 4CDB>E<@GRKBR 8?S (1.0.1). "EAB6A<@ D9;G?PF4FB@ FGF є A4EFGCA4

F9BD9@4.
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&9BD9@4 1.1. �4 6<>BA4AAS 6>4;4A<I 6<M9 G@B6 @4є@B

|~ 9 (C) − I 9 (C) | f �
(
 g
√
<

+ l ( g
<
)
)
, C ∈ [0,) ], 9 = 0,<.

&GF l ( g
<
) - @B8G?P A9C9D9D6ABEFi HGA>Jiї G (C) A4 [0,) ] 8B6:<A< g

<
.

' 6>4;4A<I DB5BF4I [30, 52, 115, 1183120, 123] 84A<= D9;G?PF4F G;474?PA9AB A4

5i?PL L<DLi >?4E< Di6ASAP. &4> G [30] 46FBD< DB;7?SAG?< 6<Mi A45?<:9AAAS,

FB5FB 6D4IB6G64?< G HBD@G?i &9=?BD4 K?9A< 8DG7B7B CBDS8>G. ' [123] 46FBD<

DB;CB6ER8<?< 84A<= Ci8Ii8 A4 E<EF9@< Di;A<J96<I Di6ASAP F4 7i5D<8Ai E<EF9@<

8<H9D9AJi4?PA<I Di6ASAP i; ;4Ci;A9AAS@ F4 Di;A<J96<I Di6ASAP. ' [119] 46FBD<

;4 8BCB@B7BR 4CDB>E<@4Ji=ABї ;484Ki 6<6K4RFP 6;4є@B;6’S;B> @i: EFi=>iEFR

6<Ii8ABї F4 4CDB>E<@GRKBї E<EF9@<. "EAB6A<@ FGF D9;G?PF4FB@ є A4EFGCA4

F9BD9@4.

&9BD9@4 1.2. 3>MB AG?PB6<= DB;6’S;B> E<EF9@< (1.0.1) Di6AB@iDAB 4E<@CFBF<KAB

EFi=><=, FB 8?S 8BEF4FAPB 69?<><I< AG?PB6<= DB;6’S;B> 4CDB>E<@GRKBї E<EF9@<

(1.0.3)F4>B: Di6AB@iDAB 4E<@CFBF<KAB EFi=><=. 3>MB AG?PB6<= DB;6’S;B> E<EF9@<

(1.0.3) Di6AB@iDAB 4E<@CFBF<KAB EFi=><=, FB AG?PB6<= DB;6’S;B> E<EF9@< (1.0.1)

F4>B: Di6AB@iDAB 4E<@CFBF<KAB EFi=><= CD< 8BEF4FAPB 69?<><I<.

' DB5BFi [120] 46FBD< DB;7?S84RFP 4CDB>E<@4Ji=A<= Ci8Ii8 8?S ;A4KAB E>?4-

8AiL<I B5’є>Fi6 4 E<EF9@ A9=FD4?PAB7B F<CG. &GF BFD<@4AB CB8i5Ai F69D8:9AAS

8B CBC9D98AiI CDB 4CDB>E<@4JiR. ' DB5BFi [52] 46FBD< DB;CB6ER8:GRFP 4CDB>E<-

@4Ji=Ai D9;G?PF4F< A4 HGA>JiBA4?PAB-8<H9D9AJi4?PAi E<EF9@<. ' DB5BFi [118]

46FBD< 89@BAEFDGRFP ;4EFBEG64AAS &9BD9@< 1.2 8B 8BE?i8:9AAAS EFi=>BEFi

?iAi=A<I E<EF9@ ;i EF4?<@ ;4Ci;A9AAS@. �468S>< 84Ai= F9BD9@i 684?BES BJiA<F<

>BD9Ai I4D4>F9D<EF<KAB7B Di6ASAAS, S>i 6i8CB6i84RFP ;4 EFi=>iEFP. ' [115] 46FBD<

i; 6<>BD<EF4AAS@ &9BD9@< 1.2 5G8GRFP B5?4EFi EFi=>BEFi E<EF9@ i; ;4Ci;A9AAS@.

�?S E<EF9@ EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP F4><=

Ci8Ii8 D4AiL9 A9 ;4EFBEB6G646ES. "FD<@4AAR CB8i5A<I D9;G?PF4Fi6 i CD<E6SK9A9

84A9 8<E9DF4Ji=A9 8BE?i8:9AAAS.

�4;A4K9Ai 6<M9 DB5BF< [86, 1313133] DB;6<64RFP 4E<@CFBF<KA<= Ci8Ii8

8B 6<6K9AAS 7D4A<KABї (C → ∞) CB698iA>< DB;6’S;>i6 E<EF9@ HGA>JiBA4?PAB-
8<H9D9AJi4?PA<I Di6ASAP, MB 54;GєFPES A4 @9FB8i 4E<@CFBF<KABї 9>6i64?9AFAB-

EFi, ;7i8AB ; >?4E<KABR F9BD9@BR �96iAEBA4 [66] F4 її G;474?PA9AAS@<.
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' DB5BFi [105] ;4EFBEB64AB iAL<= Ci8Ii8. � E4@9: ;4 E<EF9@BR HGA>JiBA-

4?PAB-8<H9D9AJi4?PA<I Di6ASAP i; ;4Ci;A9AAS@ CB5G8B64AB E<EF9@G ;6<K4=A<I

8<H9D9AJi4?PA<I Di6ASAP, @AB:<A4 DB;6’S;>i6 S>Bї є 4FD4>FBDB@ 8?S 6<Ii8ABї

HGA>JiBA4?PAB-8<H9D9AJi4?PABї E<EF9@<. &4><@ K<AB@, ; FBK>< ;BDG 4E<@-

CFBF<KABї CB698iA><, 8BE?i8:9AAS A9E>iAK9AAB6<@iDAB7B B5’є>F4 ;6989AB 8B

8BE?i8:9AAS E>iAK9AAB6<@iDAB7B. #D4684, E?i8 ;4;A4K<F<, MB 6<C<E4F< S6A<=

6<7?S8 F4>Bї E>iAK9AAB6<@iDABї E<EF9@< 684єFPES 84?9>B A9 ;46:8<, A4CD<-

>?48, G 6<C48>G, >B?< DB;7?S84єFPES E?45>B ;5GD9A4 A9?iAi=A4 ;484K4 i; E<?PAB

EFi=>BR ?iAi=ABR K4EF<ABR.

�?S E<EF9@ EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP F4><=

Ci8Ii8 D4AiL9 A9 ;4EFBEB6G646ES. *9 M9 B8A4 7DGC4 D9;G?PF4Fi6, BFD<@4A<I G

84AB@G 8<E9DF4Ji=AB@G 8BE?i8:9AAi.

#BDS8 i; E<EF9@4@< HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP i; ;BE9D9-

8:9A<@< C4D4@9FD4@< 69?<>9 CD<>?48A9 ;A4K9AAS @4RFP CB8i5Ai B5’є>F< i;

DB;CB8i?9A<@< C4D4@9FD4@< F4 ";4FD<@>4@<". ' F4><I CDBJ9Ei6 96B?RJiS C4D4-

@9FDi6 ;4?9:<FP A9 Fi?P>< 6i8 K4EB6Bї ;@iAABї, 4?9 = 6i8 CDBEFBDB6<I >BBD8<A4F

(CB?B:9AAS 6 CDBEFBDi, 7GEF<A4, DB;CB8i? F9@C9D4FGD FBMB). ЇI @4F9@4F<KA<@<

@B89?S@< є HGA>JiBA4?PAB-8<H9D9AJi4?PAi Di6ASAAS 96B?RJi=AB7B F<CG G

A9E>iAK9AAB6<@iDA<I CDBEFBD4I. +4EF<AA<@< : 6<C48>4@< F4><I Di6ASAP є

HGA>JiBA4?PAB-8<H9D9AJi4?PAi Di6ASAAS G K4EF<AA<I CBIi8A<I.

(GA>JiBA4?PAB-8<H9D9AJi4?PAi Di6ASAAS G K4EF<AA<I CBIi8A<I 6<A<>4RFP

G 5474FPBI 5iB?B7iKA<I, Ii@iKA<I F4 Hi;<KA<I E<EF9@4I. %<EF9@Ai 6<6K9AAS F4><I

Di6ASAP CBK4?<EP CBDi6ASAB A9MB846AB 4 6 E9D98<Ai 70I DB>i6 XX EFB?iFFS 4 i

A4 84A<= @B@9AF iAF9AE<6AB DB;6<64RFPES.

"8AiєR i; C9DL<I DB5iF, 89 EGFFє6G DB?P 7D4є ;4Ci;A9AAS 5G?4 @B89?P Gurtin

F4 Pipkin [41], MB BC<EGє CDBJ9E F9C?BCDB6i8ABEFi i CBSEARє A98B?i> >?4E<KAB7B

Di6ASAAS F9C?BCDB6i8ABEFi

~C = �~,

89 ~ (C, G) - F9@C9D4FGD4 G @B@9AF K4EG C 6 FBKJi G , 4 E4@9: @<FFє69 CBL<D9AAS
F9C?4 G F9C?BCDB6i8A<>4I. +<E?9AAi CDBEFi F4 E>?48Ai 8BE?i8< Ci8F69D8:GRFP,

MB F4>4 L6<8>iEFP E>iAK9AA4. �6FBD< 6 [41] ;4CDBCBAG64?< 669EF< 6 JR @B89?P

;4Ci;A9AAS, MB I4D4>F9D<;Gє F9C?B6<= BCiD CDB6i8A<>4 i, S> CBSEARRFP Hi;<><,

E4@9 J9 i DB5<FP L6<8>iEFP CBL<D9AAS F9C?4 E>iAK9AABR. %4@4 @B89?P Gurtin
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and Pipkin 8BE<FP E>?48A4, 4?9 її ?iA94D<;4JiS CD<6B8<FP 8B Di6ASAAS

m~

mC
+

∞∫
0

U (B)~ (C − B, G)3B = V�~,

S>9 є Di6ASAAS@ G K4EF<AA<I CBIi8A<I i; A9E>iAK9AA<@ ;4Ci;A9AAS@.

-9 B8<A<@ CD<>?48B@ HGA>JiBA4?PAB7B Di6ASAAS є @B89?P Ruess, ;4CDBCB-

AB64A4 G [91]. �BA4 EFBEGєFPES 96B?RJiї 5iB?B7iKABї CBCG?SJiї (;4 K<E9?PAiEFR) i

6D4IB6Gє ;474R64AAS CDBJ9EG A4DB8:9AAAS. �AB6G її ?iA94D<;B64A4 69DEiS @4є

A4EFGCA<= 6<7?S8

=C (C, G) − 0=GG (C, G) = =(C, G)

1 − =(C, G) −

0∫
−ℎ

D (C + g (B), G)3B

,

89 =(C, G) - K<E9?PAiEFP CBCG?SJiї 6 @B@9AF K4EG C 6 FBKJi G , CD< JPB@G HGA>JiS
g (B) I4D4>F9D<;Gє DB8B69 ;4Ci;A9AAS.
';474?PA9AAS@< 84ABї B8AB6<8B6Bї CBCG?SJiї є @B89?i 5474FB6<8B6<I CBCG-

?SJi= G FD<I6<@iDAB@G CDBEFBDi BC<E4Ai 6 DB5BF4I [27, 40, 55, 64, 65, 77, 94, 96, 102].

�4DFB F4>B: 6i8;A4K<F< >?i@4F<KAi @B89?i, DB;7?SAGFi 6 DB5BF4I Hetzer F4

ECi646FBDi6 [45350]. ЇI DB5BF< 54;GRFPES A4 9A9D79F<KAB@G 54?4AEi >?i@4FG,

MB 6D4IB6Gє 9H9>F ;4Ci;A9AAS. �4;B6BR 86B6<@iDABR @B89??R є @B89?P F<CG

D94>Jiї-8<HG;iї 6<7?S8G

2 (G) m
mC
D (G, C) − 38E (:∇D (·, C)) (G) = `& (G)ℎ(G,D (G, C)) − 6(D (G, C)) .

&GF ℎ є HGA>JiBA4?B@ A4EFGCAB7B 6<7?S8G

ℎ(G,D (G, C)) = ℎ̂ ©­«
G,D (G, C),

0∫
−)

1 (B) (D (G, C + B))3Bª®
¬
.

IAL<@< E?B64@<, HGA>JiBA4?PAB-8<H9D9AJi4?PAi Di6ASAAS є 489>64FA<@ iA-

EFDG@9AFB@ @B89?R64AAS Di;AB@4AiFA<I CDBJ9Ei6 CD<DB8B;A46EF64, 4 FB@G їI

@4F9@4F<KA9 8BE?i8:9AAS є A48;6<K4=AB 64:?<6BR ;484K9R.

#9DL<@ F9BD9F<KA<@ C<F4AAS@, MB FGF 6<A<>4є, є C<F4AAS >BD9>FABї

DB;6’S;ABEFi F4><I ;484K. � JPB7B CD<6B8G 64DFB 6i8;A4K<F< DB5BF< [44, 90], 89

BFD<@4Ai F9BD9@< iEAG64AAS F4 є8<ABEFi DB;6’S;>i6 6i8CB6i8A<I ;484K �BLi.

#DB8B6:9AAS@ 84A<I 8BE?i8:9AP є DB5BF< [17, 26, 29, 33, 67], 89 6EF4AB6?9A4
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>BD9>FA4 DB;6’S;AiEFP ;484K�BLi G 45EFD4>FAi=CBEF4AB6Ji. &GF F4>B:DB;7?SAGFB

;484Ki i; A9E>iAK9AABR C4@’SFFR. � 84A<I DB5BF4I F4>B: CDB6989AB 4A4?i;

EFi=>BEFi 8?S E?45>B A9?iAi=A<I E<EF9@.

%6BєDi8A<@ Ci8EG@>B@ 8BE?i8:9AP G JPB@G A4CDS@>G є @BAB7D4HiS [54], MB

є 4A4?B7B@ @BAB7D4Hiї )9=?4 [43] 8?S A9E>iAK9AAB6<@iDAB7B 6<C48>G.

"8A4>, A474?PAi CBFD95< CD4>F<>< 6<@474RFP G EGK4EA<I @B89?SI 6D4IG64-

AAS 6<C48>B6<I E<?. +4EFB 664:4єFPES, MB Ji E<?< є D9;G?PFGRK<@ H4>FBDB@

69?<>Bї >i?P>BEFi A9;4?9:A<I 6<C48>B6<I 69?<K<A, MB CD<6B8<FP 8B CBS6< G

7D4A<Ji CDBJ9EG i; A9;4?9:A<@< ;A4K9AAS@<, F4> ;64AB7B 5i?B7B LG@G, 45B

G;474?PA9ABї CBIi8ABї 6i8 CDBJ9EG �iA9D4. &4><@ K<AB@, 6<A<>4RFP EFBI4EF<-

KAi HGA>JiBA4?PAB-8<H9D9AJi4?PAi Di6ASAAS ;i EFBI4EF<KA<@ iAF97D4?B@ IFB

G CD46i= K4EF<Ai. %>iAK9AAB6<@iDA4 F9BDiS F4><I Di6ASAP DB;6<64?4EP G DB-

5BF4I [16, 28, 60, 78, 107, 1113113], 89 6<6K4?<EP C<F4AAS iEAG64AAS F4 є8<ABEFi

DB;6’S;>i6, їI A9C9D9D6ABї ;4?9:ABEFi 6i8 C4D4@9FDi6 F4 CBK4F>B6<I 84A<I, @4D>B-

6iEFP, H9??9DB6iEFP. 3>iEAi F4 4E<@CFBF<KAi 6?4EF<6BEFi DB;6’S;>i6 F4><I Di6ASAP

6<6K4?<EP G DB5BF4>I [24,53,106]. (GA84@9AF4?PABR @BAB7D4HiєR, 4A4?B7iKAB 8B

>A<7< )9=?4 є FGF CD4JS Є. (. *4DP>B64 [104]. �<84A4 G 1989 DBJi, 6BA4 66i5D4?4

G E959 6Ei 6i8B@i D9;G?PF4F<, S> S>iEAB7B, 4E<@CFBF<KAB7B I4D4>F9DG CB698iA><

DB;6’S;>i6, F4> i їI i@B6iDAiEAi I4D4>F9D<EF<><.

%FBEB6AB 4EC9>Fi6 4E<@CFBF<KABї 9>6i64?9AFABEFi 8?S E<EF9@ EFBI4EF<KA<I

Di6ASAP, FB A4 84A<= K4E 6i8B@<@< є Fi?P>< D9;G?PF4F< ". . %F4A:<JP>B7B

F4 =B7B GKAi6. �BA< EFBEGRFPES S> C<F4AP 4E<@CFBF<KABї 9>6i64?9AFABEFi ;

i@B6iDAiEFR 1 F4>, i G E9D98APB@G >648D4F<KAB@G 8?S ?iAi=AB7B 6<C48>G [130]

F4 [116] 8?S A9?iAi=AB7B. "EAB6A<@< D9;G?PF4F4@< ?iAi=AB7B 6<C48>G є G;474?P-

A9AAS >?4E<KABї F9BD9@< �96iAEBA4 A4 EFBI4EF<KAi E<EF9@<. &GF DB;7?SAGFB 86i

E<EF9@<, B8A4 ; S><I є 89F9D@iAB64ABR F4 @4є 6<7?S8

3G = �G3C, (1.0.4)

4 iAL4 є її EFBI4EF<KA<@ ;5GD9AAS@

3~ = (� + �(C))~3C + � (C)~3, (C) . (1.0.5)

&GF �(C), � (C) 4 A9C9D9D6Ai CD< C g 0, 89F9D@iAB64Ai @4FD<Ji,, (C) 4 CDBJ9E
�iA9D4.
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�<6K4RFPES G@B6< 4E<@CFBF<KABї 9>6i64?9AFABEFi E<EF9@ (1.0.4) F4 (1.0.5) G

E9AEi A4EFGCA<I B;A4K9AP.

";A4K9AAS 1.1. 3>MB >B:AB@G DB;6’S;>G E<EF9@< (1.0.5) @B:A4 CBEF46<F< G

6i8CB6i8AiEFP DB;6’S;B> G (C) E<EF9@< (1.0.4) F4><=, MB

lim
C→∞

Ā|G (C) − ~ (C) |2 = 0,

FB E<EF9@4 (1.0.5) A4;<64єFPES 4E<@CFBF<KAB 9>6i64?9AFABR 8B E<EF9@< (1.0.4) G

E9D98APB@G >648D4F<KAB@G.

3>MB : @B:A4 CB5G8G64F< F4>G 6i8CB6i8AiEFP, MB

P( lim
C→∞

|G (C) − ~ (C) | = 0) = 1,

FB E<EF9@4 (1.0.5) A4;<64єFPES 4E<@CFBF<KAB 9>6i64?9AFABR 8B E<EF9@< (1.0.4) ;

i@B6iDAiEFR 1.

�i8ABEAB 4E<@CFBF<KABї 9>6i64?9AFABEFi BFD<@4AB A4EFGCA<= D9;G?PF4F.

&9BD9@4 1.3. !9I4= 6Ei DB;6’S;>< E<EF9@< (1.0.4) B5@9:9Ai A4 [0,∞).
&B8i S>MB

∞∫
0

| |�(C) | |3C < ∞,
∞∫
0

| |� (C) | |23C < ∞,

FB E<EF9@4 (1.0.5) є 4E<@CFBF<KAB 9>6i64?9AFABR 8B E<EF9@< (1.0.4) G E9D98APB@G

>648D4F<KAB@G.

3>MB : G@B6G A4 @4FD<JR � (C) ;4@iA<F< A4 G@B6G
∞∫
0

C | |� (C) | |23C < ∞,

FB E<EF9@4 (1.0.5) є 4E<@CFBF<KAB 9>6i64?9AFABR 8B (1.0.4) ; i@B6iDAiEFR 1.

�?S A9?iAi=AB7B 6<C48>G G [116] BFD<@4AB A4EFGCA<= D9;G?PF4F.

$B;7?S84єFPES A9?iAi=A4 E<EF9@4 ;6<K4=A<I 8<H9D9AJi4?PA<I Di6ASAP

3G = 5 (C, G)3C (1.0.6)

F4 E<EF9@4 EFBI4EF<KA<I Di6ASAP IFB

3~ = 5 (C, ~)3C + f (C, ~)3, (C), (1.0.7)
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89 5 (C, G), f (C, G) є A9C9D9D6A<@< ;4 EG>GCAiEFR ;@iAA<I, C g 0, G ∈ ℝ
= =- 6<@iD-

A<@< 69>FBD-HGA>JiS@<, MB ;48B6i?PASRFP A4EFGCAi G@B6<:

4) iEAGє EF4?4 ! > 0, MB 8?S 6EiI G,~ ∈ ℝ
= F4 C g 0 6<>BA4A4 G@B64 �iCL<JS

|5 (C, G) − 5 (C, ~) | + |f (C, G) − f (C, ~) | f ! |G − ~ |; (1.0.8)

5) iEAGє EF4?4 � > 0, MB 8?S 8B6i?PA<I G ∈ ℝ
=, C g 0 6<>BA4A4 A9Di6AiEFP

|5 (C, G) | f �(1 + |G |); (1.0.9)

6) iEAGє B5@9:9A4 A4 [0,∞) HGA>JiS U (C) F4>4, MB 8?S 8B6i?PA<I G ∈ ℝ
=, C g 0

6<>BA4A4 A9Di6AiEFP

|f (C, G) | f U (C) (1 + |G |) . (1.0.10)

 4є @iEJ9 A4EFGCA4 F9BD9@4.

&9BD9@4 1.4. !9I4= DB;6’S;>< E<EF9@< 1 ;48B6B?PASRFP G@B6G 8<E<C4Jiї: iEAGє

EF4?4  1 > 0, MB 8?S 6EiI C > 0 6<>BA4A4 A9Di6AiEFP

|G (C) | f  1 |G (0) |

F4 6<>BA4Ai G@B6< 4)-6), CD<KB@G

U (C) f  24
−UC ,

 2 > 0, U > 0, F4 U > !. &B8i:

1. E<EF9@4 (1.0.7) 4E<@CFBF<KAB 9>6i64?9AFA4 8B E<EF9@< (1.0.6) G E9D98APB@G

>648D4F<KAB@G;

2. E<EF9@4 (1.0.7) 4E<@CFBF<KAB 9>6i64?9AFA4 8B E<F9@< (1.0.6) ; i@B6iDAiEFR

1.

�?S EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP CB8i5A<I D9-

;G?PF4Fi6 D4AiL9 A9 5G?B BFD<@4AB. � 84AB@G 8<E9DF4Ji=AB@G 8BE?i8:9AAi

CB8i5Ai D9;G?PF4F< BFD<@4AB. %FBEB6AB iAL<I 4EC9>Fi6 4E<@CFBF<KABї CB69-

8iA>< DB;6’S;>i6 EFBI4EF<KA<I Di6ASAP 6i8;A4K<@B DB5BFG [76], 89 BFD<@4Ai

D9;G?PF4F< 9D7B8<KAB7B I4D4>F9DG CDB 4E<@CFBF<KAG CB698iA>G DB;CB8i?i6

DB;6’S;>i6 F4 CB698iA>G C96A<I HGA>JiBA4?i6 6i8 DB;6’S;>i6.
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"EF4AAi@ K4EB@ ;A4KAB 4>F<6i;G64?<ES 8BE?i8:9AAS G 74?G;i A9E>iAK9AAB6<-

@iDA<I EFBI4EF<KA<I 8<H9D9AJi4?PA<I Di6ASAP. ' 45EFD4>FAi= CBEF4AB6Ji F4>i

Di6ASAAS @4RFP 6<7?S8

3~ (C) = (�~ (C) + 5 (C, ~C ))3C + f (C, ~C )3, (C), (1.0.11)

89 � : � → �4 ?iAi=A<=, 6;474?i >4:GK<, A9B5@9:9A<= BC9D4FBD, � - E9C4D4-

59?PA<= 7i?P59DFi6 CDBEFiD. �6B8<FPES CDBEFiD � ( [−ℎ, 0];� ) =�ℎ A9C9D9D6A<I
6i8B5D4:9AP ; [−ℎ, 0] 6 � i; Di6AB@iDABR ABD@BR

| |~ | |� = sup
C∈[−ℎ,0]

| |~ (C) | |� .

�i8B5D4:9AAS 5 8iє ; CDBEFBDG [0,) ] ×�ℎ 6 � , 4 f ; CDBEFBDG [0,) ] ×�ℎ 6 CDBEFiD
BC9D4FBDi6 !2(&

1
2 ,  , � ) �i?P59DF4-,@i8F4. &GF ℎ > 04 iAF9D64? ;4Ci;A9AAS, 4

, (C)4 A9E>iAK9AAB6<@iDA<= &-S89DA<= CDBJ9E �iA9D4, ;484A<= G E9C4D459?P-
AB@G CDBEFBDi  , ~C = ~ (C + \ ), \ ∈ [−ℎ, 0]. 3>MB ;B>D9@4 G ;474?PAi= CBEF4AB6Ji
BC9D4FBD � є BC9D4FBDB@ 8<H9D9AJiR64AAS C96AB7B CBDS8>G, FB FB8i 45EFD4>FA9

Di6ASAAS (1.0.11) C9D9F6BDRєFPES G EFBI4EF<KA9 HGA>JiBA4?PAB-8<H9D9AJi4?PA9

Di6ASAAS G K4EF<AA<I CBIi8A<I.

%FBEB6AB >BD9>FABї DB;6’S;ABEFi Di6ASAAS (1.0.11) ; CBK4F>B6BR G@B6BR

~ (C) = q (C), C ∈ [−ℎ, 0],

FB її S> i G Di6ASAASI 59; ;4Ci;A9AAS DB;G@iRFP G Di;A<I E9AE4I: @’S><= DB;6’S;B>

(mild solution), E?45><= (weak) F4 E<?PA<= (strong) DB;6’S;><. �4Ai B;A4K9AAS F4

6;4є@B;6’S;B> @i: A<@< 8BE?i8:9AB, A4CD<>?48, G @BAB7D4Hiї [70].

�?S EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP C<F4AAS iEAG64-

AAS @’S><I DB;6’S;>i6 CD< Di;A<I G@B64I 6<6K4?BEP G DB5BF4I [16,69]. �B6989AAS

6i8CB6i8A<I D9;G?PF4Fi6 FGF CB8i5A9 8B E>iAK9AAB6<@iDAB7B 6<C48>G i; ;4EFBEG-

64AAS@ F9BDiї A4Ci67DGC ( (C) = 4C� B5@9:9A<I BC9D4FBDi6, ;79A9DB64A<I BC9D4-
FBDB@ �. #B8i5AiEFP 8B E>iAK9AAB6<@iDA<I @iD>G64AP A9 6<C48>B64, BE>i?P>< G

B;A4K9AAi @’S>B7B DB;6’S;>G 6:9 A9 Hi7GDGє A9B5@9:9A<= BC9D4FBD, ;468S><

4A4?B7G HBD@G?< �47D4A:4 64Di4Jiї 8B6i?PABї EF4?Bї, 6iA ;4@iA9A<= Ei@’єR

B5@9:9A<I BC9D4FBDi6 ( (C). �EF4AB6?9AAS G@B6 iEAG64AAS E?45><I DB;6’S;>i6
CDB6B8<FPES L?SIB@ E<AF9;G Ci8IB8i6 @BABFBAABEFi F4 >B@C4>FABEFi, 4A4?B7i-

KAB 89F9D@iAB64AB@G 6<C48>G [68]. �B6989AAS iEAG64AAS E<?PA<I DB;6’S;>i6
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CDB6B8<FPES L?SIB@ 6<>BD<EF4AAS F9BD9@ F<CG %iDDiA4, F9BDiї >D<F<KA<I

CDBEFBDi6 F4 @4>E<@4?PABї D97G?SDABEFi [136, 87]. �4Ai 8BE?i8:9AAS CDB6989Ai G

DB5BF4I [23,68,69,89] F4 iAL<I. $i;Ai 4EC9>F< 4E<@CFBF<KABї CB698iA>< DB;6’S;>i6

EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP (EFi=>iEFP, 9D7B8<KAiEFP,

iA64Di4AFAi @iD<) 6<6K4?<EP G CD4JSI [8,24,39,56,57,88,92,973100,103,106]. "EAB6-

ABR D<EBR 84A<I DB5iF є BFD<@4AAS C96A<I D9;G?PF4Fi6 G 45EFD4>FAi= CBEF4AB6Ji

(1.0.11), 4 CBFi@ їI D94?i;4JiS, S> CD46<?B, 8?S EFBI4EF<KA<I HGA>JiBA4?PAB-

8<H9D9AJi4?PA<I Di6ASAP G K4EF<AA<I CBIi8A<I. #D< JPB@G B5’є>F D94?i;4Jiї

@4є, S> CD46<?B, 6<7?S8

3D (C, G) = �(C,DC , �GD, �2
GD)3C + �(C,DC , �GD, �2

GD)3, (C) .

&GF �G F4 �2
G B;A4K4RFP C9DLG F4 8DG7G G;474?PA9Ai CBIi8Ai. "8A4>, EFBEB6AB

;4EFBEG64AAS 4CDB>E<@4Ji=A<I EI9@ S> J9 BC<E4AB 8?S Di6ASAP F<CG (1.0.1)

G A9E>iAK9AAB6<@iDAB@G A46iFP 89F9D@iAB64AB@G: A4 84A<= @B@9AF AiKB7B

A96i8B@B. � 84AB@G 8<E9DF4Ji=AB@G 8BE?i8:9AAi Ji C<F4AAS 6<6K4RFPES.

�<EAB6>< 8B DB;8i?G 1

' 84AB@G DB;8i?i 8<E9DF4Ji=ABї DB5BF< CDB6B8<FPES B7?S8 A4G>B6<I DB5iF

EFBEB6AB F9@4F<>< 8BE?i8:9AAS. &GF BC<E4AB D9;G?PF4F< CBC9D98A<>i6 F4 84AB

89F4?PA9 CBDi6ASAAS i; D9;G?PF4F4@< 8<E9DF4Ji=AB7B 8BE?i8:9AAS. I; B7?S8G

D9;G?PF4Fi6 CBC9D98A<>i6 @B:A4 ;DB5<F< A4EFGCAi 6<EAB6><:

1) 4E<@CFBF<KA4 CB698iA>4 A4 A9E>iAK9AABEFi DB;6’S;>i6 EFBI4EF<KA<I HGA>-

JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP 6<6K9A4 A98BEF4FAPB, BEB5?<6B CD<-

=B@4@< @9FB8G 4E<@CFBF<KABї 9>6i64?9AFABEFi A46iFP G ?iAi=AB@G 6<C48-

>G;

2) ;4EFBEG64AAS @9FB8G 4E<@CFBF<KABї 9>6i64?9AFABEFi 8?S A9?iAi=A<I Di6-

ASAP є C9DEC9>F<6A<@ A4CDS@>B@ 8BE?i8:9AP;

3) CB5G8B64 4CDB>E<@i;4Ji=A<I EI9@ 8?S E<EF9@ EFBI4EF<KA<I Di6ASAP i;

;4Ci;A9AAS@ F4 ;4Ci;A9AAS@< iAF97D4?PAB7B F<CG CD98EF46?Sє A4G>B6<=

iAF9D9E i є ;B6Ei@ A9DB;DB5?9ABR 74?G;;R;

4) ;B6Ei@ A9 6<6K9AB 84A<= @9FB8 8?S EFBI4EF<KA<I Di6ASAP i; ;4Ci;A9AAS@

G A9E>iAK9AAB6<@iDA<I CDBEFBD4I, MB є 8G:9 64:?<6<@ 8?S Di6ASAP G

K4EF<AA<I CBIi8A<I.



$B;8i? 2

#BC9D98Ai 6i8B@BEFi

'84AB@GCi8DB;8i?i@<A46989@B89S>i CBC9D98Ai 6i8B@BEFi i; F9BDiї HGA>JiBA4?PAB-

8<H9D9AJi4?PA<I Di6ASAP S> G E>iAK9AAB6<@iDAB@G 6<C48>G, F4> i G A9E>iAK9AAB-

6<@iDA<I CDBEFBD4I, >BAEFDG>JiR F4 6?4EF<6BEFi A9E>iAK9AAB6<@iDAB7B CDBJ9EG

�iA9D4, 89S>i 6i8B@BEFi CDB �0 - A4Ci67DGC< F4 CB6’S;4Ai i; A<@< BC9D4FBD<.

$9;G?PF4F<, MB FGF 6<E6iF?9Ai, @iEFSFPES G DB5BF4I [43], [104], [54], [79], [31].

2.1 (GA>JiBA4?PAB-8<H9D9AJi4?PAi Di6ASAAS.

%>iAK9AAB6<@iDA<= 6<C48B>

!9I4= ℎ > 04 iAF9D64? ;4Ci;A9AAS. �<;A4K<@B A4EFGCA<= HGA>JiBA4?PA<=

CDBEFiD

�ℎ =� ( [−ℎ, 0];ℝ3)

S> CDBEFiD A9C9D9D6A<I HGA>Ji= q : [−ℎ, 0] → ℝ
3 i; Di6AB@iDABR @9FD<>BR

∥q ∥� = sup
\∈[−ℎ,0]

|q (C) |.

&GF | · |4 96>?i8B64 @9FD<>4 6 ℝ3 .
"E>i?P>< @< 6 CB84?PLB@G 5G89@B CD4JR64F< ?<L9 i; HGA>JiS@<, 6<;A4K9-

A<@< A4 iAF9D64?i [−ℎ,∞), FB ;4 HGA>JiєR q ∈ �ℎ 6<;A4K<@B 8?S A9C9D9D6ABї
CD< C g 0 HGA>Jiї G (C) F4>Bї, MB G (0) = q (0), A4EFGCAG A9C9D9D6AG HGA>JiR

G (C, q) =


q (C), C ∈ [−ℎ, 0],

G (C), C g 0.
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�?S >B:AB7B C g 0 F9C9D 66989@B 9?9@9AF ;4Ci;A9AAS

GC = GC (q) = G (C + \, q), \ ∈ [−ℎ, 0],

MB є ;4C4D4@9FD<;B64ABR Ei@’єR A9C9D9D6A<I A4 [−ℎ, 0] HGA>Ji=.
!9I4= 5 : [0,) ] × �ℎ → ℝ

3 є 6i8B5D4:9AAS@, S>9 ;4 8DG7BR ;@iAABR є

HGA>JiBA4?B@ A48 CDBEFBDB@ �ℎ. 3>MB � 4 Ci8@AB:<A4 6 ℝ×�ℎ, 4 5 : � → ℝ
3

i CBIi8ABR ¤G (C), FB E>4:9@B, MB Di6AiEFP

¤G (C) = 5 (C, GC ) (2.1.1)

є HGA>JiBA4?PAB-8<H9D9AJi4?PA<@ Di6ASAAS@, 6<;A4K9A<@ A4 � .

";A4K9AAS 2.1. (GA>JiS G (C) A4;<64єFPES DB;6’S;>B@ Di6ASAAS (2.1.1) A4 [−ℎ,) ],
S>MB 6BA4 A4 [0,) ] @4є CBIi8AG (6 FBKJi C = 0 J9 ?i6BEFBDBAAS, 4 6 FBKJi C =) J9

CD46BEFBDBAAS CBIi8Ai), CD<KB@G (C, GC ) ∈ � F4 G (C) ;48B6i?PASє Di6ASAAS (2.1.1)
A4 [0,) ].

3>MB ;484A4 CBK4F>B64 HGA>JiS q ∈ �ℎ, FB >4:GFP, MB G (C) є DB;6’S;>B@
CBK4F>B6Bї ;484Ki S>MB

G (C) = q (C), C ∈ [−ℎ, 0], (2.1.2)

4 CD< C ∈ [0,) ] ;48B6B?PASє Di6ASAAS (2.1.1) G E9AEi B;A4K9AAS 2.1.
$B;6’S;B> CBK4F>B6Bї ;484Ki iA>B?< DB;G@iRFP G 89MB L<DLB@G E9AEi, 4 E4@9:

";A4K9AAS 2.2. %>4:9@B, MB A9C9D9D6A4 A4 [−ℎ,) ] HGA>JiS G (C) є DB;6’S;>B@
CBK4F>B6Bї ;484Ki A4 [−ℎ,) ], S>MB

G (C) = q (C), C ∈ [−ℎ, 0],

4 CD< C ∈ [0,) ] G (C) ;48B6B?PASє iAF97D4?PAG Di6AiEFP

G (C) = q (0) +
C∫
0

5 (B, GB)3B. (2.1.3)

�6<K4=AB HGA>JiS G (C) є CD< JPB@G 45EB?RFAB A9C9D9D6A4 F4 ;48B6B?PASє
Di6ASAAS (2.1.1) @4=:9 E>Di;P. #D< JPB@G, ;6<K4=AB, DB;G@iєFPES, MB iAF97D4? G

(2.1.2) iEAGє S> iAF97D4? �95974. �i8;A4K<@B M9 F4>B: @B:?<6iEFP ;4?9:ABEFi 5 G

CD46i= K4EF<Ai Di6ASAAS (2.1.1) 6i8 CBIi8ABї DB;6’S;>G G CBC9D98Ai @B@9AF< K4EG.
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' JPB@G 6<C48>G 7B6BDSFP CDB HGA>JiBA4?PAB-8<H9D9AJi4?PAi Di6ASAAS A9=-

FD4?PAB7B F<CG. �?9 BEi?P>< F4>i Di6ASAAS A9 є CD98@9FB@ A4LB7B CB84?PAB7B

DB;7?S8G, FB @< A4 A<I ;GC<ASF<ES A9 5G89@B.

!46989@B F9BD9@< iEAG64AAS F4 є8<ABEFi DB;6’S;>i6 CBK4F>B6Bї ;484Ki (2.1.1)-

(2.1.2). �BA< 5G8GFP A46989Ai G F<I HBD@4I, S>i ;A48B5?SFPES 8?S CB84?PL<I

8BE?i8:9AP.

&9BD9@4 2.1 (iEAG64AAS). !9I4= ¬4 6i8>D<F4 @AB:<A4 6 ℝ × �ℎ, 4 HGA>JiS 5
A9C9D9D6A4 A4 ¬. 3>MB (0, q) ∈ ¬, FB iEAGє DB;6’S;B> CBK4F>B6Bї ;484Ki (2.1.1)-(2.1.2),

6<;A4K9A<= G 89S>B@G CD46B@G B>B?i FBK>< C = 0.

�A4?B7iKAB F9BDiї ;6<K4=A<I 8<H9D9AJi4?PA<I Di6ASAP iEAGRFP D9;G?PF4F<

CDB CDB8B6:9AAS F4>B7B DB;6’S;>G A4 @4>E@4?PA<= iAF9D64? 4: 8B @B@9AFG

=B7B 6<IB8G A4 @9:i B5?4EFi ¬.

";A4K9AAS 2.3. %>4:9@B, MB 6i8B5D4:9AAS 5 (C, q) ;48B6B?PASє 6 ¬ G@B6G

�iCL<JS ;4 q , S>MB iEAGє EF4?4 ! > 0, MB

|5 (C, q) − 5 (C, q1) | f ! ∥q − q1∥�

8?S 8B6i?PA<I C4D (C, q) ∈ ¬ F4 (C, q1) ∈ ¬.

&9BD9@4 2.2 (iEAG64AAS F4 є8<ABEFi). 3>MB 6 G@B64I &9BD9@< 2.1 6i8B5D:9AAS

5 ;48B6B?PASє ;4 ;@iAABR q G@B6G �iCL<JS, FB ;484K4 (2.1.1)-(2.1.2) @4є є8<A<=

DB;6’S;B> G 89S>B@G CD46B@G B>B?i FBK>< C = 0.

�4;A4K<@B, MB Di6ASAAS (2.1.1) 4 J9 8G:9 ;474?PA<= F<C Di6ASAP. �B7B

K4EF<AA<@< 6<C48>4@< є ;6<K4=Ai 8<H9D9AJi4?PAi Di6ASAAS

¤G = � (C, G),

CD< JPB@G 6i8B5D4:9AAS 5 (C, q) @4є 6<7?S8 5 (C, q (0)) = � (C, q (0)) Di6ASAAS i;
;4Ci;A9AAS@

¤G (C) = 5 (C, G (C), G (C − ℎ)), (2.1.4)

89 6i8B5D4:9AAS 5 (C, q) A45<D4є 6<7?S8G

5 (C, q) = q (C, q (0), q (−ℎ)) = � (C, q (0), q (−ℎ)).



40

�B JPB7B F<CG 6i8ABESFPES F4>B: iAF97D4?PAB-8<H9D9AJi4?PAi Di6ASAAS 45B

Di6ASAAS i; iAF97D4?PA<@ ;4Ci;A9AAS@

¤G (C) = � (C, G (C),
0∫

−ℎ

G (C + \ )3\ ) . (2.1.5)

#D< JPB@G 6i8B5D4:9AAS 5 (C, q) @4є 6<7?S8

5 (C, q) = 5 (C, q (0),
0∫

−ℎ

q (\ )3\ ).

2.2 (GA>JiBA4?PAB-8<H9D9AJi4?PAi Di6ASAAS.

!9E>iAK9AAB6<@iDA<= 6<C48B>

3> 5G?B ;4;A4K9AB D4AiL9, G B7?S8i ?iF9D4FGD<, G A9E>iAK9AAB6<@iDA<I

CDBEFBD4I iEAGє >i?P>4 Ci8IB8i6 8B 6<;A4K9AAS DB;6’S;>G (@’S><=, E?45><=

i E<?PA<=). ' A4L<I 8BE?i8:9AAASI Hi7GDGє E4@9 @’S><= DB;6’S;B>, FB: @<

;GC<A<@BEP A4 APB@G. !9I4= -4 E9C4D459?PA<= 54A4Ii6 CDBEFiD (CB?PEP><=

CDBEFiD), 4 � : - → - 4 ?iAi=A<= A9B5@9:9A= BC9D4FBD ; B5?4EFR 6<;A4K9AAS

� (�). #D<CGEF<@B, MB � є 79A9D4FBDB@ A4Ci67DGC< B5@9:9A<I CDBEFBDi6 ( (C)
>?4EG�0. !4 F4><I A4Ci67DGC4I@< ;GC<A<@BEP A<:K9. +9D9;�ℎ ;AB6G CB;A4K<@B

CDBEFiD A9C9D9D6A<I HGA>Ji=, MB 8iRFP ; [−ℎ, 0] 6 - i; EGCD9@ABR ABD@BR

∥G ∥� = sup
C∈[−ℎ,0]

∥G (C)∥- .

!9I4= 6i8B5D4:9AAS 5 : [0,) ] ×�ℎ → - є A9C9D9D6A<@ ;4 EG>GCAiEFR ;@iAA<I

;4 ABD@BR CDBEFBDG - .

";A4K9AAS 2.4. %>4:9@B, MB HGA>JiS D (C) : [−ℎ,) ] → - є @’S><@ DB;6’S;>B@

CBK4F>B6Bї ;484Ki 

3D (C)
3C

= �D (C) + 5 (C,DC ),

D (C) = q (C), C ∈ [−ℎ, 0],
(2.2.1)

A4 [−ℎ, 0], S>MB D (C) = q (C) A4 [−ℎ, 0], 4 CD< C ∈ [0,) ] ;48B6B?PASє iAF97D4?PA9
Di6ASAAS

D (C) = ( (C)D (0) +
C∫
0

( (C − B) 5 (B,DB)3B. (2.2.2)
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�i8ABEAB F9BD9@ iEAG64AAS F4 є8<ABEFi DB;6’S;>G ;484Ki (2.2.1) A46989@B

?<L9 B8<A D9;G?PF4F, S><= @< 5G89@B 6<>BD<EFB6G64F<.

&9BD9@4 2.3. 3>MB 6i8B5D4:9AAS 5 є A9C9D9D6A<@ ;4 EG>GCAiEFR ;@iAA<I F4

;48B6B?PASє ;4 q G@B6G �iCL<JS

∥ 5 (C, q) − 5 (C, q1)∥- f ! ∥q − q1∥� ,

C ∈ [0,) ], q, q1 ∈ �ℎ, 4 A4Ci67DGC4 ( (C)C∈[0,) ] є A4Ci67DGCBR >?4EG �0, FB8i 8?S

8B6i?PABї CBK4F>B6Bї HGA>Jiї q ∈ �ℎ ;484K4 (2.2.1) @4є є8<A<= @’S><= DB;6’S;B>,
6<;A4K9A<= A4 [−ℎ,) ].

2.3 �0- A4Ci67DGC< F4 BC9D4FBD<

!9I4= - є E9C4D459?PA<@ 54A4IB6<@ CDBEFBDB@.

";A4K9AAS 2.5. "8ABC4D4@9FD<KA4 Ei@’S {( (C), C g 0} ?iAi=A<I B5@9:9A<I
BC9D4FBDi6 i; - 6 - A4;<64єFPES A4Ci67DGCBR >?4EG �0, 45B E<?PAB A9C9D9D6ABR,

S>MB:

1. ( (0) = �4 FBFB:A<= BC9D4FBD;
2. ( (C) ·( (B) = ( (C+B), 8?S 6EiI C, B g 0, FB5FB 6<>BA4A4 A4Ci67DGCA4 6?4EF<6iEFP;

3. limC→0+ ( (C)G = G , CD< G ∈ - .

3>MB limC→0+ ∥( (C) − � ∥ = 0, FB A4Ci67DGC4 ( (C) A4;<64єFPES Di6AB@iDAB
A9C9D9D6ABR. I; A4Ci67DGCB6Bї 6?4EF<6BEFi FB8i 6<C?<64є, MB

lim
C→B

∥( (C) − ( (B)∥ = 0. (2.3.1)

�iAi=A<= BC9D4FBD � : - → - ; B5?4EFR 6<;A4K9AAS

� (�) =
{
G ∈ - : lim

C→0+
( (C)G − G

C

}
,

iEAGє, F4 6<;A4K9A<= S>

�G = lim
C→0+

( (C)G − G
C

=
3+( (C)G
3C

���
C=0

8?S G ∈ � (�) A4;<64єFPES iAHiAiF9;<@4?PA<@ BC9D4FBDB@ A4Ci67DGC< ( (C) 45B
її 79A9D4FBDB@. 3>MB � є 79A9D4FBDB@ A4Ci67DGC< >?4EG �0, FB8i B5?4EFP =B7B
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6<;A4K9AAS � (�) Mi?PA4 6 - , 4 E4@ � є ;4@>A9A<@ 6 - BC9D4FBDB@. #D< JPB@G
S>MB G ∈ � (�), FB ( (C)G ∈ � (�) i

3

3C
( (C)G = �( (C)G = ( (C)�G.

IAL<@< E?B64@<, HGA>JiS G (C) = ( (C)G0 є E<?PA<@ DB;6’S;>B@ ;484Ki �BLi



3G
3C

= �G,

G (0) = G0 ∈ � (�).

3>MB ( (C) є A4Ci67DGCBR >?4EG �0, FB iEAGє EF4?4 W g 0 F4 EF4?4" g 0 F4>i, MB

∥( (C)∥ f "4WC , C g 0.

%GFFє6G DB?P G A4L<I 8BE?i8:9AASI 6i8i7D4RFP >B@C4>FAi A4Ci67DGC<.

";A4K9AAS 2.6. �0- A4Ci67DGC4 ( (C) A4;<64єFPES >B@C4>FABR CD< C > C0 S>MB
8?S 6EiI C > C0 BC9D4FBD ( (C) є >B@C4>FA<@ 6 - BC9D4FBDB@.

!4Ci67GC4 ( (C) A4;<64єFPES >B@C4>FABR, S>MB 6BA4 >B@C4>FA4 8?S C > 0.

�4G64:<@B, MB S>MB ( (C) є >B@C4>FABR CD< C g 0, FB CDBEFiD - E>iAK9AAB-

6<@iDA<=. I; A4Ci67DGCB6Bї 6?4EF<6BEFi F4 6?4EF<6BEFi >B@C4>FA<I BC9D4FBDi6

6<C?<64є, MB S>MB 8?S 89S>B7B C0 > 0 ( (C0) є >B@C4>FA<@ BC9D4FBDB@, FB ( (C) є
>B@C4>FA<@ 8?S 6EiI C g C0.
' CB84?PLB@G A4@ ;A48B5<FPES A4EFGCA<= D9;G?PF4F.

&9BD9@4 2.4. !9I4= ( (C) є A4Ci67DGCBR >?4EG �0. 3>MB ( (C) >B@C4>FA4 CD< C > C0,
FB 6BA4 є A9C9D9D6ABR G Di6AB@iDAi= BC9D4FBDAi= FBCB?B7iї CD< C > C0, FB5FB

6<>BA4AB ECi66i8ABL9AAS (2.3.1).

' >BAEFDG>Jiї A9E>iAK9AAB6<@iDAB7B CDBJ9EG �iA9D4 , (C) EGFFє6G DB?P
6i8i7D4RFP S89DAi BC9D4FBD< F4 BC9D4FBD< �i?P59DF4-,@i8F4. "E>i?P>< G CB84?P-

LB@G 5G89@B CD4JR64F< G 7i?P59DFB6<I CDBEFBD4I, FB 84Ai CBASFFS 5G89@B

HBD@G?R64F< G E9C4D459?PA<I 7i?P59DFB6<I CDBEFBD4I, ;484A<I A48 CB?9@

8i=EA<I K<E9?.

!9I4=� i 4864 E9C4D459?PA<ICDBEFBD<�i?P59DF4 i; E>4?SDA<@<8B5GF>4@<

(·, ·)� i (·, ·) 6i8CB6i8AB, 4 !(�, )4 CDBEFiD ?iAi=A<I B5@9:9A<I BC9D4FBDi6 i;
� 6  i; Di6AB@iDABR BC9D4FBDABR ABD@BR. +9D9; !∞(�, ) CB;A4K<@B CDBEFiD
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6EiI >B@C4>FA<I ?iAi=A<I BC9D4FBDi6 i; � 6  . "C9D4FBD � ∈ !∞(� ) A4;69@B
A96i8’є@A<@, S>MB (�G, G) g 0, 8?S 8B6i?PAB7B G ∈ � . !96i8’є@A<= BC9D4FBD
� A4;<64єFPES 4D<H@9F<KA<@ >BD9A9@ ; �, S>MB �2 = �. �i8B@B, MB G >?4Ei

A96i8’є@A<I BC9D4FBDi6 F4><= � iEAGє i є8<A<=.

� >?4Ei >B@C4>FA<I BC9D4FBDi6 i; � 6 � 66989@B G DB;7?S8 BC9D4FBD �∗�, FGF

�∗4 ECDS:9A<= 8B �. "K96<8AB, MB �∗� є Ji?>B@ A9C9D9D6A<@ i A96i8’є@A<@.

 B8G?9@ BC9D4FBD4 � A4;69@B BC9D4FBD

|�| =
√
�∗�.

�?4EAi K<E?4 BC9D4FBD4 |�| d8 (�) A4;<64RFPES E<A7G?SDA<@< K<E?4@< BC9-
D4FBD4 �. "C9D4FBD � A4;<64єFPES S89DA<@, S>MB

∞∑
8=1

d8 (�) < ∞.

�?4E S89DA<I BC9D4FBDi6 CB;A4K4єFPES !1(� ). #D< JPB@G S89DA4 ABD@4 @4є
6<7?S8 ∥�∥ = ∑∞

8=1 d8 (�).
!9I4= {4:}∞1 4 BDFBABD@B64A<= 54;<E 6 � . �?S S89DA<I BC9D4FBDi6 66B8<FPES

CBASFFS E?i8G )A� ;4 HBD@G?BR

)A� =

∞∑
:=1

(�4:, 4:).

�B5D9 6i8B@B, MB S>MB � ∈ !1(� ) FB )A� є >BD9>FAB 6<;A4K9A<@ i A9 ;4?9:<FP
6i8 6<5BDG 54;<EG.

�?S A96i8’є@AB7B, A9C9D9D6AB7B BC9D4FBD4 � EG@4

∞∑
:=1

(�4:, 4:)

A9 ;4?9:<FP 6i8 6<5BDG 54;<EG i E>iAK9AA4 FB8i i Fi?P>< FB8i, >B?< �4 S89DA<=

BC9D4FBD, CD< JPB@G )A� = ∥�∥1.
3>MB DS8

∑∞
:=1 d

2
:
(�) ;5i:A<=, FB BC9D4FBD� A4;<64RFP BC9D4FBDB@ �i?P59DF4-

,@i8F4 i CB;A4K4RFP CDBEFiD F4><I BC9D4FBDi6 !2(� ), CD< JPB@G ABD@4

∥�∥2 =

√√ ∞∑
8=1

d28
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A4;<64єFPES ABD@BR �i?P59DF4-,@i8F4. �4A<= CDBEFiD є 7i?P59DFB6<@ ;i E>4?SD-

A<@ 8B5GF>B@

(�, �)2 =
∞∑
:=1

d: (�)d: (�).

"K96<8A9 6>?RK9AAS !1(� ) ¢ !2(� ).
#BASFFS BC9D4FBD4 �i?P59DF4-,@i8F4 @B:A4 669EF< i 8?S 86BI E9C4D459?PA<I

7i?P59DFB6<I CDBEFBDi6 � i  A4EFGCA<@ K<AB@. !9I4= {4:}∞1 4 BDFBABD@B64A<=
54;<E 6� , 4 { 9:}∞1 4BDFBABD@B64A<= 54;<E 6 . "C9D4FBD� ∈ !(�, ) A4;<64єFPES
BC9D4FBDB@ �i?P59DF4-,@i8F4 S>MB DS8

∞∑
:=1

∥�4: ∥2 < ∞.

#D< JPB@G

∥�∥2 =
( ∞∑
:=1

∥�4: ∥2 

) 1
2

,

A4;<64єFPES ABD@BR �i?P59DF4-,@i8F4 i A9 ;4?9:<FP 6i8 6<5BDG 54;<EG.

2.4 Q-S89DA<= CDBJ9E �iA9D4 F4 EFBI4EF<KA<=

iAF97D4? CB APB@G

' CB84?PLB@G A4@ ;A48B5<FPES >BAEFDG>JiS EFBI4EF<KAB7B A9E>iAK9AAB7B

iAF97D4?4 IFB
∫)
0
5 (B)3, (B). !9I4=  i �4 864 CDBEFBD< �i?P59DF4, 4 & ∈ !( ) є

E4@BECDS:9A<@ A96i8’є@A<@ BC9D4FBDB@, 8?S S>B7B )A& < ∞. ' JPB@G 6<C48>G
7B6BDSFP, MB & є BC9D4FBDB@ ;i E>iAK9AA<@ E?i8B@. �B5D9 6i8B@B, MB FB8i iEAGє

BDFBABD@B64A<= 54;<E {48}∞1 6  , MB E>?484єFPES i; 6?4EA<I 69>FBDi6 BC9D4FBD4
& . #B;A4K<@B K9D9; _84 CBE?i8B6AiEFP =B7B A96i8’є@A<I 6?4EA<I K<E9?. �i

E>iAK9AABEFi E?i8G 6<C?<64є, MB DS8
∑∞
:=1 _: ;5i:A<=.

";A4K9AAS 2.7.  -;A4KA<= 6<C48>B6<= CDBJ9E , (C), C g 0 A4;<64єFPES &-

S89DA<@ CDBJ9EB@ �iA9D4, S>MB:

1. , (0) = 0;

2. , (C) @4є A9C9D9D6Ai ;4 ABD@BR  FD4є>FBDiї;
3. , (C) є CDBJ9EB@ i; A9;4?9:A<@< CD<DBEF4@<;
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4. DB;CB8i? CDBJ9EG, (C) −, (B), CB;A4K9A<= S> !0E (, (C) −, (B)), є 74GEi6-
EP><@ i; E9D98Ai@ 0 i 8<EC9DEiєR (C − B)& , CD< C g B g 0.

�B5D9 6i8B@B, MB &-S89DA<= CDBJ9E �iA9D4 8BCGE>4є CD98EF46?9AAS

, (C) =
∞∑
9=1

√
_ 9V 9 (C)4 9 , (2.4.1)

89 V 9 (C)4 E>4?SDAi, A9;4?9:Ai G EG>GCABEFi B8AB6<@iDAi CDBJ9E< 5DBGAi6EP>B7B
DGIG. #D< JPB@G DS8 (2.4.1) 8?S >B:AB7B C g 0 ;5i74єFPES G E9D98APB@G >648D4F<-

KAB@G.

!9I4= A4 =@B6iDAiEAB@G CDBEFBDi (¬, F ,9) ;484A4 Hi?PFD4JiS {FC }C∈[0,) ] , i;
S>BR G;7B8:9A<= &- S89DA<= CDBJ9E, (C), FB5FB
1. , (C) є FC -6<@iDA<= 8?S C ∈ [0,) ];
2. , (C + B) −, (C) A9 ;4?9:<FP 6i8 FC 8?S 6EiI C, B ∈ [0,) ].
�6989@B F9C9D CBASFFS EFBI4EF<KAB7B iAF97D4?4

)∫
0

5 (B)3, (B) .

�4A4 >BAEFDG>JiS i89=AB CB8i5A4 8B >BAEFDG>Jiї F4>B7B iAF97D4?4 G E>iA-

K9AAB6<@iDAB@G CDBEFBDi ; GD4IG64AAS@ 9H9>Fi6 A9E>iAK9AAB6<@iDAB7B CDB-

EFBDG. %CBK4F>G F4><= iAF97D4? 5G8GєFPES 8?S 9?9@9AF4DA<I CDBJ9Ei6. !9I4=

5 (C) = 5 (C, l) є !( ,� ) ;A4KA<= 6<C48>B6<= CDBJ9E, G;7B8:9A<= i; Hi?PFD4JiєR
{FC }. �iA A4;<64єFPES 9?9@9AF4DA<@, 45B EFGCiAK4EF<@, S>MB iEAGє E>iAK9AA9 DB;-
5<FFS 6i8Di;>4 [0,) ] : 0 = C0 < C1 < · · · < C= = ) i CBE?i8B6AiEFP !( ,� )-;A4KA<I
6<C48>B6<I 69?<K<A 50, 51, . . . , 5=−1 F4>4, MB 58 є FCğ - 6<@iDA<@ F4

5 (C) = 5 9 , C ∈ [C8, C8+1], 8 = 0, = − 1.

�?S F4><I CDBJ9Ei6 EFBI4EF<KA<= iAF97D4? 6<;A4K4єFPES HBD@G?BR

)∫
0

5 (C)3, (C) =
=−1∑
8=0

58 (, (C8+1) −, (C8)) .

#B;A4K<@B K9D9;  0 = &
1
2 . �?S CB5G8B6< EFBI4EF<KAB7B iAF97D4?4 8?S

A9EFGCiAK4EF<I CDBJ9Ei6 CBFDi5AB 669EF< CDBEFiD BC9D4FBDi6 �i?P59DF4-,@i8F4,
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MB 8iRFP ;  0 6 � , FB5FB CDBEFiD !2( 0, � ) = !02 S> 5G89@B =B7B CB;A4K4F< G

CB84?PLB@G. %4@9 8?S FC - 6<@iDA<I CDBJ9Ei6 5 (C), MB CD<=@4RFP ;A4K9AAS 6
!02 i F4><I, MB

| |5 | |2) = Ā

)∫
0

| |5 (C) | |223C (2.4.2)

E>iAK9AA4 i 66B8<FPES EFBI4EF<KA<= iAF97D4?.  B:A4 CB>4;4F<, MB @AB:<A4

EFGCiAK4EF<I CDBJ9Ei6 6ER8< Mi?PA4 ;4 ABD@BR (2.4.2) G CDBEFBDi F4><I CDBJ9Ei6.

&B8i 8?S FC - 6<@iDAB7B CDBJ9EG 5 (C) ;i E>iAK9AABR ABD@BR (2.4.2) EFBI4EF<KA<=
iAF97D4? 66B8<FPES S> E9D98APB>648D4F<KA4 7D4A<JS EFBI4EF<KA<I iAF97D4?i6

6i8 9?9@9AF4DA<I CDBJ9Ei6.

"K96<8AB, MB F4> CB5G8B64A<= EFBI4EF<KA<= iAF97D4? 6B?B8iє 6?4EF<6iEFR

?iAi=ABEFi F4 ECD4698?<64 BEAB6A4 Di6AiEFP, MB A4;<64єFPES i;B@BDHi;@B@ IFB

Ā








C∫
0

5 (C)3, (C)








2

�

= Ā

)∫
0

| |5 (C) | |223C .

%FBI4EF<KA<= iAF97D4? ;48B6B?PA4Sє @4>E<@4?PAG @4DF<A74?PAG A9Di6AiEFP.

&69D8:9AAS2.1. �?S 8B6i?PAB7B A g 1F48B6i?PAB7B!02- ;A4KAB7BFC -Ci8CBDS8>B64AB7B
6<C48>B6B7B CDBJ9EG 5 (C) ECD4698?<64 A9Di6AiEFP

Ā

©­­
«
sup
C∈[0,) ]








C∫
0

5 (B)3, (B)








2A

�

ª®®
¬
f �Ā ©­«

)∫
0

| |5 (C) | |2
!02
3C

ª®
¬
A

.

3>MB ( (C)- A4Ci67DGC4�0 CD< C ∈ [0,) ] 6� , FB @B:A4 669EF< EFBI4EF<KAG >BA-
6B?RJiR, S>4 6i8i7D4є 64:?<6G DB?P CD< CB5G8B6i @’S><I DB;6’S;>i6 EFBI4EF<KA<I

8<H9D9AJi4?PA<I Di6ASAP A4EFGCABR HBD@G?BR

C∫
0

( (C − B) 5 (B)3, (B).

�?S JPB7B iAF97D4?4 F4>B: ECD4698?<64 @4DF<A74?PA4 BJiA>4.
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&69D8:9AAS 2.2. �?S 8B6i?PAB7B A > 1 F4 5 є !02- ;A4KA<= FC - 6<@iDA<= CDBJ9E, MB
Ā

∫)
0
| |5 (C) | |2A

!02
3C < ∞. &B8i iEAGє EF4?4 �) =� () ), MB

Ā sup
C∈[0,) ]








C∫
0

( (C − B)¨(B)3, (B)








2A

�

f �)Ā ©­
«
)∫
0

| |5 (B) | |2A
!02
3B

ª®
¬
.

%GFFє6G DB?P 8?S BFD<@4AAS C96A<I BJiAB> F4 8?S 6EF4AB6?9AAS 4A4?iF<KA<I

6?4EF<6BEF9= EFBI4EF<KA<I iAF97D4?i6 6i8i7D4є A4EFGCA4 H4>FBD<;4Ji=A4 HBD@G-

?4. �?S U ∈ [0, 1
2
] ; 6<>BD<EF4AAS@ EFBI4EF<KABї F9BD9@< (G5iAi ECD4698?<64

A4EFGCA4 HBD@G?4

C∫
0

( (C − B) 5 (B)3, (B) = sincU

c

C∫
0

(C − B)U−1( (C − B). (B)3B, (2.4.3)

89

. (B) =
B∫
0

(B − g)−U( (B − g)3, (g) .

2.5 %FBI4EF<KAi HGA>JiBA4?PAB-8<H9D9AJi4?PAi

Di6ASAAS

!9I4= (¬, F ,9)4 CB6A<= =@B6iDAiEA<= CDBEFiD, A4 S>B@G ;484A4 Hi?PFD4JiS
{FC }, C ∈ [0,) ] .�6989@BCBASFFS EFBI4EF<KAB7BHGA>JiBA4?PAB-8<H9D9AJi4?PAB7B
Di6ASAAS, ECBK4F>G G E>iAK9AAB6<@iDAB@G CDBEFBDi. �AB6G �ℎ =� ( [−ℎ, 0];ℝ)4
CDBEFiD A9C9D9D6A<I HGA>Ji=,, (C) −FC - G;7B8:9A<= CDBJ9E �iA9D4 (A9 6FD4K4R-
K< ;474?PABEFi @B:A4 =B7B 664:4F< B8AB6<@iDA<@). !9I4= ;484Ai 6i8B5D4:9AAS

0 : [0,) ] ×�ℎ → ℝ
3, 1 : [0,) ] ×�ℎ → ℝ

3,

F4 F0-6<@iDA<= 6<C48>B6<= CDBJ9E q (C), C ∈ [−ℎ, 0] .

";A4K9AAS 2.8. �<C48>B6<=ℝ3- ;A4KA<=, FC - 6<@iDA<= CDBJ9E G (C) A4;<64єFPES
E<?PA<@ DB;6’S;>B@ EFBI4EF<KAB7B HGA>JiBA4?PAB-8<H9D9AJi4?PAB7B Di6ASAAS

3G = 0(C, GC )3C + 1 (C, GC )3, (C), C ∈ [0,) ],
G (C) = q (C), C ∈ [−ℎ, 0],

(2.5.1)

A4 [0,) ], S>MB 8?S C ∈ [−ℎ,) ] ; i@B6iDAiEFR 1 6<>BA4AB:
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1. G (C) = q (C), C ∈ [−ℎ, 0], q ∈ �ℎ;
2. ; i@B6iDAiEFR 1 CD< C ∈ [0,) ] @4є@B

G (C) = q (0) +
C∫
0

0(B, GB)3B +
C∫
0

1 (B, GB)3, (B) .

�i8ABEAB iEAG64AAS F4 є8<ABEFi E<?PAB7B DB;6’S;>G ECD4698?<64 A4EFGCA4

F9BD9@4.

&9BD9@4 2.5. !9I4= 0(C, q) F4 1 (C, q) A9C9D9D6Ai ;4 EG>GCAiEFR ;@iAA<I F4 ;48B-
6B?PASRFP CD< 6EiI C ∈ [0,) ], q1, q2 ∈ �ℎ G@B6G �iCL<JS

|0(C, q1) − 0(C, q2) |2 + |1 (C, q1) − 1 (C, q2) |2 f ! | |q1 − q2 | |2� .

&B8i CBK4F>B64 ;484K4 (2.5.1) @4є є8<A<= ; FBKAiEFR 8B EFBI4EF<KABї 9>6i64-

?9AFABEFi DB;6’S;B> G (C) ∈ �ℎ, CD< C ∈ [0,) ], CD< JPB@G S>MB Ā|q |2
�
< ∞, FB

supC∈[0,) ] Ā|G (C) |2 < ∞.

%FBEB6AB A9E>iAK9AAB6<@iDAB7B 6<C48>G, FB S> ;4;A4K4?BEP G 6EFGCi FGF

@B:?<6i Di;Ai Ci8IB8< 8B B;A4K9AAS DB;6’S;>G. �?S A4L<I 8BE?i8:9AP ;A48B-

5<FPES ?<L9 B;A4K9AAS @’S>B7B DB;6’S;>G (mild solution) 8?S EFBI4EF<KAB7B

A9E>iAK9AAB6<@iDAB7B HGA>JiBA4?PAB-8<H9D9AJi4?PAB7B Di6ASAAS A4 [0,) ]



3D = (�D� (C,DC ))3C + �(C,DC )3, (C),

D (C) = q (C), C ∈ [−ℎ, 0],
(2.5.2)

G 7i?P59DFB6B@G CDBEFBDi � , CD< JPB@G CDBEFiD �ℎ = � ( [−ℎ, 0];� ), , (C) є &-
6iA9Di6EP><@ CDBJ9EB@ 6*) , iAL<= 7i?P59DFi6 CDBEFiD*0 =&

1
2* , !02 = !2(*0, � )4

CDBEFiD BC9D4FBDi6 �i?P59DF4-,@i8F4, MB 8iRFP ;*0 6� . !9B5@9:9A<= ?iAi=A<=

BC9D4FBD � : � → � є 79A9D4FBDB@ A4Ci67DGC< ( (C) = 4C� >?4EG �0 6 �, C ∈ [0,) ].
�i8ABEAB 6i8B5D4:9AP � F4 � 5G89@B 664:4F< 6<>BA4A<@< G@B6<

� : [0,) ] ×�ℎ → �, � : [0,) ] ×�ℎ → !02 (2.5.3)

F4

1. ?iAi=A<= DiEF ;4 q : iEAGє EF4?4 � > 0, MB

| |� (C, q) | |2� + ||�(C, q) | |2
!02

f �2(1 + ||q | |2�), q ∈ �ℎ, C ∈ [0,) ], (2.5.4)
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2. G@B64 �iCL<JS

| |� (C, q) − � (C, q1) | | + | |�(C, q) − �(C, q1) | | f � | |q − q1 | |� (2.5.5)

8?S 8B6i?PA<I C ∈ [0,) ] F4 q, q1 ∈ �ℎ.
�AB6G 664:4F<@9@B, MB A4 =@B6iDAiEAB@G CDBEFBDi (¬, F ,9) ;484A4 Hi?P-

FD4JiS {FC }, C ∈ [0,) ], i; S>BR G;7B8:9AB CDBJ9E, (C).

";A4K9AAS 2.9. !9C9D9D6A<= FC - 484CFB64A<= 6<C48>B6<= CDBJ9E D : [−ℎ,) ] ×
×¬ → � A4;<64єFPES @’S><@ DB;6’S;>B@ Di6ASAAS (2.5.2) A4 [−ℎ,) ], S>MB 6iA
;48B6B?PASє iAF97D4?PA9 Di6ASAAS

D (C) = q (0) +
C∫
0

( (C − B)� (C,DB)3B +
C∫
0

( (C − B)�(C,DB)3, (B), C ∈ [0,) ]

F4

D (C) = q (C), C ∈ [−ℎ, 0] .

�i8ABEAB iEAG64AAS F4 є8<ABEFi F4>B7B DB;6’S;>G ECD4698?<64 F9BD9@4.

&9BD9@4 2.6. [73] �4 6<>BA4AAS G@B6 (2.5.3)-(2.5.5) CBK4F>B64 G@B64 (2.5.2) @4є A4

[−ℎ,) ] є8<A<= A9C9D9D6A<= @’S><= DB;6’S;B> D (C). #D<KB@G, S>MB Ā| |q | |?
�
< ∞, FB

sup
C∈[0,) ]

Ā| |D (C) | |?
�
< ∞

8?S ? g 2.



$B;8i? 3

�E<@CFBF<KA4 9>6i64?9AFAiEFP

EFBI4EF<KA<I

HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP

*9= DB;8i? CD<E6SK9A<= 4A4?i;G 6?4EF<6BEF9= EFBI4EF<KA<I HGA>JiBA4?PAB-

8<H9D9AJi4?PA<I Di6ASAP, S>i CD98EF46?SRFP 5i?PL E>?48A<= >?4E Di6ASAP

CBDi6ASAB ; 89F9D@iAB64A<@< E<EF9@4@<. %FBI4EF<KAi E<EF9@< 6D4IB6GRFP

6<C48>B6i 6C?<6< 45B LG@, MB DB5<FP їI 5i?PL CD<84FA<@< 8?S BC<EG D94?PA<I

CDBJ9Ei6 G 5474FPBI A4G>4I.

�E<@CFBF<KA4 9>6i64?9AFAiEFP G >BAF9>EFi EFBI4EF<KA<I HGA>JiBA4?PAB-8<-

H9D9AJi4?PA<I Di6ASAP 6<@474є 4A4?i;G їI DB;6’S;>i6 ; GD4IG64AAS@ S> K4EB6<I

;4FD<@B>, F4> i 6C?<6G 6<C48>B6<I ;5GD9AP. 3>MB 8?S 89F9D@iAB64A<I Di6ASAP

8BE<FP 6<6K<F< 4E<@CFBF<KAG CB698iA>G їIAiI DB;6’S;>i6, FB 8?S EFBI4EF<KA<I

Di6ASAP 64:?<6B 6D4IB6G64F< =@B6iDAiEA<= I4D4>F9D CDBJ9Ei6, S>i BC<EGRFPES

Di6ASAAS@<. *9 B;A4K4є, MB DB;6’S;>< CB6<AAi 5GF< CB8i5A<@< A9 ?<L9 6

E9D98APB@G, 4 = G >BAF9>EFi 5i?PL FBA><I EF4F<EF<KA<I I4D4>F9D<EF<>.

(GA>JiBA4?PAB-8<H9D9AJi4?PAi Di6ASAAS 6D4IB6GRFP ;4?9:AiEFP 6i8 CBC9D9-

8AiI EF4Ai6 E<EF9@<, MB 8B84є M9 B8<A Di69AP E>?48ABEFi 8B 4A4?i;G. �<6K9AAS

4E<@CFBF<KABї 9>6i64?9AFABEFi F4><I Di6ASAP 6>?RK4є 8BE?i8:9AAS ;6’S;>i6

@i: E<EF9@4@< ; C4@’SFFR, MB 8B;6B?Sє CDB7AB;G64F< їIAR CB698iA>G ;4 G@B6

EFBI4EF<KA<I ;5GD9AP.

%CBK4F>G @< DB;7?SA9@B A9?iAi=A<= 6<C48B>, ;B>D9@4 6EF4AB6<@B G@B6<, ;4

S><I EFBI4EF<KAi A9?iAi=Ai E<EF9@< @B:GFP 5GF< 4E<@CFBF<KAB 9>6i64?9AFA<@<

ECDBM9A<@ @B89?S@. "EB5?<6G G647G 5G89 CD<8i?9AB 6C?<6G 6<C48>B6<I
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;5GD9AP i EC9J<HiKA<I 6?4EF<6BEF9= E<EF9@ i; K4EB6<@< ;4FD<@>4@<. #D<>?48B@

@B:9 E?G7G64F< 8<A4@i>4 CBCG?SJi=, 89 Di;Ai 9>B?B7iKAi H4>FBD< 6C?<64RFP A4

CDBJ9E i; ;4FD<@>BR, 4 6<C48>B6<= LG@ @B89?Rє ;@iAAiEFP E9D98B6<M4.

�4?i @< 8BE?i8<@B CB698iA>G ?iAi=A<I EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9-

D9AJi4?PA<I Di6ASAP, BJiARRK< їI 4E<@CFBF<KAG CB8i5AiEFP 8B 89F9D@iAB64A<I

E<EF9@.

#iE?S >B:AB7B F9BD9F<KAB7B DB;8i?G 5G8GFP A46989Ai CD<>?48<, MB 89@BA-

EFDGRFP CD4>F<KAG JiAAiEFP BFD<@4A<I D9;G?PF4Fi6. $B;7?S8 J<I CD<>?48i6

Ci8>D9E?Rє ;4EFBEB6AiEFP BFD<@4A<I D9;G?PF4Fi6 8?S D94?PA<I ;484K i 8BCB@474є

7?<5L9 ;DB;G@iF< EC9J<Hi>G EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I

Di6ASAP.

3.1 �E<@CFBF<KA4 9>6i64?9AFAiEFP. !9?iAi=A<=

6<C48B>

3.1.1 #BEF4AB6>4 ;484Ki

�6989@B A9B5Ii8Ai 8?S CB84?PLB7B HBD@G?R64AAS CB;A4K9AAS. �?S ℎ > 0

6<;A4K<@B HGA>JiBA4?PA<= CDBEFiD

�ℎ =� ( [−ℎ, 0];ℝ3)

A9C9D9D6A<I HGA>Ji= i; Di6AB@iDABR @9FD<>BR

∥i ∥ = sup
\∈[−ℎ,0]

|i (\ ) |

&GF | · | 4 96>?i8B64 ABD@4 6ℝ3 . $B;7?SA9@B E<EF9@G ;6<K4=A<I 8<H9D9AJi4?PA<I
Di6ASAP

3G (C) = 51(C, G (C))3C, (3.1.1)

89 51 : [0,∞) × ℝ
3 → ℝ

3 A9C9D9D6A4 ;4 EG>GCAiEFR ;@iAA<I, ?iCL<J964 ;4

;@iAABR G F4 ;48B6B?PASє G@B6G ?iAi=AB7B ;DBEF4AAS.

$4;B@ i; E<EF9@BR (3.1.1) DB;7?SA9@B E<EF9@G EFBI4EF<KA<I HGA>JiBA4?PAB-

8<H9D9AJi4?PA<I Di6ASAP

3~ =
(
51(C, ~ (C)) + 52(C, ~C )

)
3C + f (C, ~C ) 3, (C), (3.1.2)
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89 52 : [0,∞) × �ℎ → ℝ
3, f : [0,∞) × �ℎ → ℝ

3, ~C = ~ (C + \ ), \ ∈ [−ℎ, 0] , 4
{, (C), C g 0} 4 B8AB6<@iDA<= 6iA9Di6EP><= CDBJ9E, 6<;A4K9A<= A4 =@B6iDAiEAB-
@G CDBEFBDi (¬, F ,9), ; Hi?PFD4JiєR {FC , C g 0} ¢ F .
!46989@B B;A4K9AAS 4E<@CFBF<KABї 9>6i64?9AFABEFi, MB є G;474?PA9AAS@ A4

EFBI4EF<KA<= 6<C48B> >?4E<KAB7B B;A4K9AAS 4E<@CFBF<KABї 9>6i64?9AFABEFi

8?S E<EF9@ ;6<K4=A<I 8<H9D9AJi4?PA<I Di6ASAP.

";A4K9AAS 3.1. 3>MB >B:AB@G DB;6’S;>G ~ (C) E<EF9@< (3.1.2) @B:A4 CBEF46<F<
G 6i8CB6i8AiEFP DB;6’S;B> G (C) E<EF9@< (3.1.1) F4><@ K<AB@, MB 6<>BAGєFPES
Di6AiEFP

lim
C→∞

Ā|G (C) − ~ (C) |2 = 0,

FB E<EF9@G (3.1.1) A4;69@B 4E<@CFBF<KAB 9>6i64?9AFABR E<EF9@i (3.1.2) G E9D9-

8APB>648D4F<KAB@G E9AEi.

";A4K9AAS 3.2. 3>MB >B:AB@G DB;6’S;>G ~ (C) E<EF9@< (3.1.2) @B:A4 CBEF46<F<
G 6i8CB6i8AiEFP DB;6’S;B> G (C) E<EF9@< (3.1.1) F4><@ K<AB@, MB 6<>BAGєFPES
Di6AiEFP

%
{
lim
C→∞

|G (C) − ~ (C) | = 0
}
= 1,

FB E<EF9@G (3.1.1) A4;69@B 4E<@CFBF<KAB 9>6i64?9AFABR E<EF9@i (3.1.2) ; i@B6iD-

AiEFR 1.

"EAB6A<@ D9;G?PF4FB@ JPB7B C4D47D4H4 є BFD<@4AAS G@B6 4E<@CFBF<KABї

9>6i64?9AFABEFi E<EF9@ (3.1.1) i (3.1.2) S> G E9D98APB>648D4F<KAB@G E9AEi, F4> i ;

i@B6iDAiEFR 1.

!484?i HGA>Jiї 51(C, G), 52(C, i), f (C, i) 664:4F<@9@B A9C9D9D6A<@< ;4 EG>G-
CAiEFR ;@iAA<I i; 6<>BA4AAS@ F4><I G@B6.

1. (GA>JiS 51 ;48B6B?PASє G@B6< �iCL<JS F4 ?iAi=AB7B ;DBEF4AAS, FB5FB iEAGє

>BAEF4AF4 ! > 0 F4>4, MB

|51(C, G1) − 51(C, G2) |2 f !2 |G1 − G2 |2, |51(C, G) | f !(1 + |G |),

8?S 8B6i?PA<I G, G1, G2 ∈ ℝ
3 , C g 0.

2. (GA>Jiї 52 F4 f ;48B6B?PASRFP G@B6G �iCL<JS G HBD@i:

|52(C, q) − 52(C,k ) | + |f (C, q) − f (C,k ) |2 f !2
0∫

−ℎ

|q (\ ) −k (\ ) |23\ .
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�4G64:<@B, MB ;6i8E< 6<C?<64є A9Di6AiEFP

|52(C, i) − 52(C,k ) |2 + |f (C, i) − f (C,k ) |2 f ℎ!2∥i −k ∥2

8?S 8B6i?PA<I i,k ∈ �ℎ, C g 0.

3. �iAi=A<= DiEF

|52(C, q) |2 + |f (C, q) |2 f !2(1 + ||q | |2).

!9I4= W > !. �<59D9@B ℎ0 F4>, MB5 6<>BAG64?4EP A9Di6AiEFP

4(5ℎ0!2 + 5!2)ℎ204 (5ℎ0!
2+(5ℎ0!2+5!2)ℎ0+2W)ℎ0

< 1. (3.1.3)

"E>i?P>< HGA>JiS<(ℎ) = 4(5ℎ0!2 + 5!2)ℎ204 (5ℎ0!
2+(5ℎ0!2+5!2)ℎ0+2W)ℎ0 @BABFBAAB

;DBEF4є ;4 ℎ i <(0) = 0, FB iEAGє ℎ0 > 0, MB 8?S 6EiI ℎ f ℎ0 JS A9Di6AiEFP

6<>BAGєFPES.

4. �4?i 664:4є@B, MB CD< ℎ f ℎ0 є 6<>BA4A<@< F4>i G@B6<:
4.1 |52(C, q) | f  4−WC , C g 0, q ∈ �ℎ, ℎ f ℎ0;
4.2 |f (C, q) | f  4−WC , C g 0, q ∈ �ℎ, ℎ f ℎ0.
%CD4698?<64 A4EFGCA4 F9BD9@4.

&9BD9@4 3.1. !9I4= 6<>BAGRFPES 6>4;4Ai 6<M9 G@B6< 1. 3 4. &B8i CD< 6EiI ℎ f ℎ0
@4є@B, MB:

1. %<EF9@4 (3.1.2) 4E<@CFBF<KAB 9>6i64?9AFA4 E<EF9@i (3.1.1) G E9D98APB>64-

8D4F<KAB@G E9AEi.

2. %<EF9@4 (3.1.2) 4E<@CFBF<KAB 9>6i64?9AFA4 E<EF9@i (3.1.1) ; i@B6iDAiEFR 1.

3.1.2 �B6989AAS BEAB6AB7B D9;G?PF4FG

�B6989AAS. � F9BD9@< [104](1.2.8) 6<C?<64є, MB ;4 6<>BA4AAS G@B6 1-2 iEAGє

є8<A<= DB;6’S;B> ~ (C) E<EF9@< (2) 8?S C > 0 8?S 8B6i?PABї CBK4F>B6Bї HGA>Jiї

(CBK4F>B6B7B CDBJ9EG) q (\ ), MB є F0-6<@iDABR i F4>BR, MB Ā| |q | |2
�
< ∞. �EF4AB-

6<@B C96Ai 8BCB@i:Ai BJiA>< 8?S DB;6’S;>i6 E<EF9@< (3.1.1). !9I4= G1(C) F4 G2(C)
4 864 DB;6’S;>< E<EF9@< (3.1.1). &B8i, 6<>BD<EFB6GRK< ?9@G �DBAGB??4-�9??@4A4
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F4 G@B6< F9BD9@<, 6<6989@B A4EFGCAG BJiA>G:

G1(C) = G1(B) +
C∫
B

51(g, G1(g)) 3g,

G2(C) = G2(B) +
C∫
B

51(g, G2(g)) 3g .

$B;7?SA9@B їIAR Di;A<JR

G1(C) − G2(C) = G1(B) − G2(B) +
C∫
B

[
51(g, G1(g)) − 51(g, G2(g))

]
3g .

�<>BD<EFB6GRK< A9Di6AiEFP FD<>GFA<>4 @4є@B

|G1(C) − G2(C) | f |G1(B) − G2(B) | +
C∫
B

|51(g, G1(g)) − 51(g, G2(g)) | 3g .

�7i8AB ; G@B6BR �iCL<JS

|51(g, G1(g)) − 51(g, G2(g)) | f ! |G1(g) − G2(g) |,

BFD<@Gє@B

|G1(C) − G2(C) | f |G1(B) − G2(B) | + !
C∫
B

|G1(g) − G2(g) | 3g .

#B;A4K<@B

D (C) = |G1(C) − G2(C) |.

&B8i

D (C) f D (B) + !
C∫
B

D (g) 3g .

�4 ?9@BR �DBAGB??4-�9??@4A4

D (C) f D (B) 4!(C−B),

FB5FB

|G1(C) − G2(C) | f |G1(B) − G2(B) | 4!(C−B) .
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' 6<C48>G C < B 4A4?B7iKAB @4F<@9@B

|G1(C) − G2(C) | f |G1(B) − G2(B) | 4!(B−C),

BF:9,

|G1(C) − G2(C) | f |G1(B) − G2(B) | 4! |C−B | .

$B;7?SA9@B 8B6i?PA<= Hi>EB64A<= DB;6’S;B> ~ (C) E<EF9@< (3.1.2). !9I4=
F4>B: {G= (C) |= g 0} 4 CBE?i8B6AiEFP DB;6’S;>i6 E<EF9@< (3.1.1) F4><I, MB G= (=ℎ) =
~ (=ℎ). �7i8AB ; G@B64@< 6i8ABEAB E<EF9@< (3.1.1) 6Ei її DB;6’S;>< i; 8B6i?PA<@<
CBK4F>B6<@< 84A<@< iEAGRFP i є8<Ai CD< 6EiI C ∈ ℝ. #D< JPB@G G0(0) = q (0).
�B6<;A4K<@B G0(\ ) = q (\ ), \ ∈ [−ℎ, 0]. #B>?489@B

@= = max
C∈[=ℎ−ℎ,=ℎ]

Ā|G= (C) − ~ (C) |2, @0 ≡ 0. (3.1.4)

�?S C ∈ [=ℎ, =ℎ + ℎ] DB;7?SA9@B A4EFGCAG Di;A<JR:

Ā|G= (C) − ~ (C) |2 f 5Ā

������
C∫

=ℎ

[51(g, G= (g)) − 51(g,~ (g))]3g

������
2

+ 5Ā

������
C∫

=ℎ

[52(g, G=g) − 52(g,~g)]3g

������
2

+ 5Ā

������
C∫

=ℎ

[f (g, G=g) − f (g,~g)]3, (g)

������
2

+ 5Ā

������
C∫

=ℎ

52(g, G=g)3g

������
2

+ 5Ā

������
C∫

=ℎ

f (g, G=g)3, (g)

������
2

,
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Ā|G= (C) − ~ (C) |2 f 5ℎ

C∫
=ℎ

Ā|51(g, G= (g)) − 51(g,~ (g)) |23g

+ 5ℎ

C∫
=ℎ

Ā|52(g, G=g) − 52(g,~g) |23g

+ 5

C∫
=ℎ

Ā|f (g, G=g) − f (g,~g) |23g

+ 5ℎ

C∫
=ℎ

Ā|52(g, G=g) |23g + 5

C∫
=ℎ

Ā|f (g, G=g) |23g,

Ā|G= (C) − ~ (C) |2 f 5ℎ!2
C∫

=ℎ

Ā|G= (g) − ~ (g) |23g

+ 5ℎ!2
C∫

=ℎ

0∫
−ℎ

Ā|G= (g + \ ) − ~ (g + \ ) |23\3g

+ 5!2
C∫

=ℎ

0∫
−ℎ

Ā|G= (g + \ ) − ~ (g + \ ) |23\3g

+ 5ℎ

C∫
=ℎ

Ā|52(g, G=g) |23g

+ 5ℎ

C∫
=ℎ

Ā|f (g, G=g) |23g, (3.1.5)

�?9
C∫

=ℎ

0∫
−ℎ

Ā|G= (g + \ ) − ~ (g + \ ) |23\3g =
C∫

=ℎ

g∫
g−ℎ

Ā|G= (B) − ~ (B) |23B3g

f
C∫

=ℎ

C∫
=ℎ−ℎ

Ā|G= (B) − ~ (B) |23B3g

f ℎ
C∫

=ℎ−ℎ

Ā|G= (B) − ~ (B) |23B
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= ℎ

=ℎ∫
=ℎ−ℎ

Ā|G= (B) − ~ (B) |23B

+ ℎ
C∫

=ℎ

Ā|G= (B) − ~ (B) |23B

f ℎ2@= + ℎ
C∫

=ℎ

Ā|G= (B) − ~ (B) |23B. (3.1.6)

&B8i ; (3.1.5) i (3.1.6) BFD<@Gє@B:

Ā|G= (C) − ~ (C) |2 f 5ℎ!2
C∫

=ℎ

Ā|G= (B) − ~ (B) |23B (3.1.7)

+ (5ℎ!2 + 5!2) × ©­
«
ℎ2@= + ℎ

C∫
=ℎ

Ā|G= (B) − ~ (B) |23Bª®¬
+ 5ℎ

C∫
=ℎ

Ā|52(g, G=g) |23g + 5

C∫
=ℎ

Ā|f (g, G=g) |23g

f
(
5ℎ!2 + (5ℎ!2 + 5!2)ℎ

) C∫
=ℎ

Ā|G= (B) − ~ (B) |23B

+ (5ℎ!2 + 5!2)ℎ2@= + 5ℎ

C∫
=ℎ

 24−2WB3B + 5

C∫
=ℎ

 24−2WB3B

= (5ℎ!2 + 5!2)ℎ2@= (3.1.8)

+
(
5ℎ!2 + (5ℎ!2 + 5!2)ℎ

)
×

C∫
=ℎ

Ā|G= (B) − ~ (B) |23B

+ 5ℎ

2W
 2

(
4−2W=ℎ − 4−2W (=+1)ℎ

)
+ 5 2

2W

(
4−2W=ℎ − 4−2W (=+1)ℎ

)
. (3.1.9)

I; BEF4AAPBї A9Di6ABEFi F4 ?9@< �DBAGB??4-�9??@4A4 @4є@B

Ā|G= (C) − ~ (C) |2 f
[
(5ℎ!2 + 5!2)ℎ2@= +

5 2

2W
(1 + ℎ) (42Wℎ − 1)4−2Wℎ(=+1)

]

× 4 (5ℎ!2+(5ℎ!2+5!2)ℎ)ℎ . (3.1.10)
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$B;7?SA9@B G=+1(=ℎ + ℎ) = ~ (=ℎ + ℎ). � CBC9D98APBї A9Di6ABEFi 6<C?<64є
BJiA>4

Ā|G=+1(=ℎ + ℎ) − ~ (=ℎ + ℎ) |2 f
[
(5ℎ!2 + 5!2)ℎ2@=

+5 
2

2W
(1 + ℎ) (42Wℎ − 1)4−2Wℎ(=+1)

]
4 (5ℎ!

2+(5ℎ!2+5!2)ℎ)ℎ . (3.1.11)

$B;7?SA9@B @=+1, S>9 ;7i8AB ; G6989A<@< CB;A4K9AAS@< A45G64є 6<7?S8G

@=+1 = max
C∈[=ℎ,=ℎ+ℎ]

Ā|G=+1(C) − ~ (C) |2 f2 max
C∈[=ℎ,=ℎ+ℎ]

Ā|G=+1(C) − G= (C) |2

+ 2 max
C∈[=ℎ,=ℎ+ℎ]

Ā|G= (C) − ~ (C) |2.

@=+1 f 4

[
(5ℎ!2 + 5!2)ℎ2@= +

5 2

2W
(1 + ℎ) (42Wℎ − 1)4−2Wℎ(=+1)

]
4 (5ℎ!

2+(5ℎ!2+5!2)ℎ)ℎ .

�?S BJiA>< @=, 6<>BD<EF4є@B A4EFGCAG ?9@G CDB ?iAi=Ai A9Di6ABEFi, MB ?97>B

8B6B8<FPES @9FB8B@ @4F9@4F<KABї iA8G>Jiї:

�9@4 3.1. !9I4= Z1, ..., Z= F4>i, MB ;48B6i?PASRFP A9Di6ABEFS@

0 f Z 9� 9Z 9−1 + � 9 , 9 = 1, ..., =.

&B8i

Z 9 f Z0
=+1∏
;=1

�; +
=+1∑
;=1

�;

=+1∏
:=;+1

�:, 9 = 1, ..., =. (3.1.12)

' A4LB@G 6<C48>G

@=+1 f
=+1∑
;=1

�;

=+1∏
9=;+1

� 9 , (3.1.13)

�: = 4(5ℎ!2 + 5!2)ℎ24 (5ℎ!2+(5ℎ!2+5!2)ℎ)ℎ = �,

�: = 4
5 2

2W
(1 + ℎ) (42Wℎ − 1)4−2Wℎ(:+1)4 (5ℎ!2+(5ℎ!2+5!2)ℎ)ℎ .

&9C9D @B:9@B BJiA<F< Di;A<JR

� |G=+1(0) − G= (0) |2 f 42!=ℎ@=+1 f 42!=ℎ
=+1∑
;=1

�;

=+1∏
9=;

� 9

= 42!=ℎ
(
4
5 2

2W
(1 + ℎ) (42Wℎ − 1)4−4Wℎ4 (5ℎ!2+(5ℎ!2+5!2)ℎ)ℎ

)
(�)=−1



59

+
(
4
5 2

2W
(1 + ℎ) (42Wℎ − 1)4−6Wℎ4 (5ℎ!2+(5ℎ!2+5!2)ℎ)ℎ

)
(�)=−2 + · · ·

· · · +
(
4
5 2

2W
(1 + ℎ) (42Wℎ − 1)4−2Wℎ(=+1)4 (5ℎ!2+(5ℎ!2+5!2)ℎ)ℎ

)
(�)−1

)
f 42!=ℎ

(
(45 

2

2W
(1 + ℎ) (4−2Wℎ − 4−4Wℎ)4 (5ℎ!2+(5ℎ!2+5!2)ℎ)ℎ

)
(�)=−1

+
(
4
5 2

2W
(1 + ℎ) (4−4Wℎ − 4−6Wℎ)4 (5ℎ!2+(5ℎ!2+5!2)ℎ)ℎ

)
(�)=−2 + · · ·

· · · +
(
4
5 2

2W
(1 + ℎ) (4−2Wℎ= − 4−2Wℎ(=+1))4 (5ℎ!2+(5ℎ!2+5!2)ℎ)ℎ) (�)−1

)

f 42(!−W)=ℎ
[ (
4
5 2

2W
(1 + ℎ)4−2Wℎ(=−1)4 (5ℎ!2+(5ℎ!2+5!2)ℎ)ℎ

)
(�)=−1

+
(
4
5 2

2W
(1 + ℎ)4−2Wℎ(=−2)4 (5ℎ!2+(5ℎ!2+5!2)ℎ)ℎ

)
(�)=−2 + · · ·

· · · +
(
4
5 2

2W
(1 + ℎ)4−2Wℎ4 (5ℎ!2+(5ℎ!2+5!2)ℎ)ℎ

)
(�)−1

]
(3.1.14)

�4 G@B6BR (3.1.3) EG@4 6 8G:>4I B5@9:9A4. "F:9, 6<D4; A9 C9D96<MGє 89S>Bї

8B84FABї EF4?Bї � . &B8i BFD<@Gє@B, MB 6<D4; (3.1.14) CDS@Gє 8B AG?S CD< = → ∞.
&4>B: ; A9Di6ABEFi (3.1.3) @4є@B

(4(5ℎ!2 + 5!2)ℎ24 (5ℎ!2+(5ℎ!2+5!2)ℎ+2W)ℎ)= → 0, = → ∞.

�6i8E< 6<C?<64є A9Di6AiEFP

Ā|G=+1(0) − G= (0) |2 f �1(4(5ℎ!2 + 5!2)ℎ24 (5ℎ!2+(5ℎ!2+5!2)ℎ+2W)ℎ)=, �1 > 0.

"F:9, 7D4A<JS

G∞ = lim
=→∞

G= (0)

iEAGє 6 E9D98APB>648D4F<KAB@G E9AEi.

�6989@B ABD@G | | · | | :=
√
Ā| · |2. �<;A4K<@B DB;6’S;B> G∞(C) E<EF9@< (3.1.1) S>

DB;6’S;B> ;484Ki �BLi ; CBK4F>B6<@< G@B64@< G∞(0) = G∞. �7i8AB ; G@B64@< A4
51 F4><= DB;6’S;B> iEAGє F4 є8<A<= 8?S 6EiI C g 0.

$B;7?SA9@B A4EFGCAG Di;A<JR

Ā|G∞(C) − ~ (C) |2 f 2Ā|~ (C) − G= (C) |2 + 2Ā|G= (C) − G∞(C) |2. (3.1.15)

#BFDi5AB CB>4;4F<, MB 8?S 8B6i?PAB7B Y > 0 iEAGє ) > 0 F4>9, MB 8?S 5G8P

S>B7B C > ) 6<>BAGєFPES A9Di6AiEFP

Ā|G∞(C) − ~ (C) |2 f Y.
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�4Hi>EGє@B Y > 0. � A9Di6ABEFi (3.1.14) A4@ 6i8B@B, MB @=+1 → 0, = → ∞.
�<59D9@B #1 F4>, MB5 @#1+1 <

Y
4
. &B8i, S>MB C ∈ [=ℎ, =ℎ + ℎ], 89 = g #1, C9DL<=

8B84AB> 6 (3.1.15) @9AL<= ;4 Y
2
.

&9C9D BJiA<@B 8DG7<= 8B84AB> CD46Bї K4EF<A< A9Di6ABEFi (3.1.15):

| |G= (C) − G∞(C) | | f
∞∑
:==

| |G:+1(C) − G: (C) | | f
∞∑
:==

4!(:−=)ℎ | |G:+1(:ℎ + ℎ) − G: (:ℎ + ℎ) | |

f 4−!=ℎ
∞∑
:==

4!:ℎ
:+1∑
;=1

�;

:+1∏
9=;+1

� 9 .

"EF4AAi= 6<D4; CDS@Gє 8B AG?S CD< = → ∞ ;7i8AB ; (3.1.14). "F:9, @B:9@B
6<5D4F< #2 F4><@ K<AB@, MB5 8DG7<= 8B84AB> G (3.1.15) 5G6 @9AL<= ;4

Y
4
CD<

6EiI = > #2. &B8i, 8?S 6EiI C ∈ [=ℎ, =ℎ + ℎ] i = g max{#1, #2} @4є@B

Ā|G∞(C) − ~ (C) |2 < Y.

"F:9,

lim
C→∞

Ā|~ (C) − G∞(C) |2 = 0.

*9 = ;4>iAKGє 8B6989AAS C9DLBї K4EF<A< F9BD9@< 3.1.

#9D9=89@B 8B 8B6989AAS 8DG7Bї K4EFA<. �?S Fiєї : CBE?i8B6ABEFi

{G= (C) |= g 0}, C ∈ [=ℎ, =ℎ + ℎ] CB>?489@B

Y= := 4
−Ā+Ĉ

2 ℎ=,

F4 BJiA<@B 6<D4;

9
{

sup
C∈[=ℎ,=ℎ+ℎ]

|G= (C) − ~ (C) | g Y=
}

f 9

{
sup

C∈[=ℎ,=ℎ+ℎ]

���
C∫

=ℎ

[
51(g, G= (g)) − 51(g,~ (g))

]
3g

��� g YĤ
5

}

+9

{
sup

C∈[=ℎ,=ℎ+ℎ]

���
C∫

=ℎ

[
52(g, G=g) − 52(g,~g)

]
3g

��� g YĤ
5

}

+9

{
sup

C∈[=ℎ,=ℎ+ℎ]

���
C∫

=ℎ

[
f (g, G=g) − f (g,~g)

]
3, (g)

��� g YĤ
5

}
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+9

{
sup

C∈[=ℎ,=ℎ+ℎ]

���
C∫

=ℎ

52(g, G=g) 3g
��� g YĤ

5

}

+9

{
sup

C∈[=ℎ,=ℎ+ℎ]

���
C∫

=ℎ

f (g, G=g) 3, (g)
��� g YĤ

5

}
. (3.1.16)

$B7?SA9@B B>D9@B >B:9A ; K?9Ai6 CD46Bї K4EF<A< A9Di6ABEFi (3.1.2). �?S C9D-

LB7B 8B84A>G, 6<>BD<EFB6GRK< A9Di6AiEFP +95<LB64 F4 CBC9D98Ai D9;G?PF4F<,

@4є@B

9




sup
C∈[=ℎ,=ℎ+ℎ]

������
C∫

=ℎ

[51(g, G= (g)) − 51(g,~ (g))]3g

������ g
Y=

5




f Y=

5
Ā sup
C∈[=ℎ,=ℎ+ℎ]

������
C∫

=ℎ

[51(g, G= (g)) − 51(g,~ (g))]3g

������
f Y=!

5

C∫
=ℎ

Ā|G= (g) − ~ (g) |3g

f Y=!

5

[
(5ℎ!2 + 5!2)ℎ2@= +

5 2

2W
(1 + ℎ) (42Wℎ − 1)4−2Wℎ(=+1)

] 1
2

4
1
2 (5ℎ!2+(5ℎ!2+5!2)ℎ)ℎ

(3.1.17)

�?S 8DG7B7B 8B84A>G @4є@B

9




sup
C∈[=ℎ,=ℎ+ℎ]

������
C∫

=ℎ

[52(g, G=g) − 52(g,~g)]3g

������ g
Y=

5




f Y=!

5

[
(5ℎ!2 + 5!2)ℎ2@= +

5 2

2W
(1 + ℎ) (42Wℎ − 1)4−2Wℎ(=+1)

] 1
2

4
1
2 (5ℎ!2+(5ℎ!2+5!2)ℎ)ℎ .

(3.1.18)
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"JiA<@B FD9Fi= 8B84AB> 6 (3.1.2). �D4IB6GRK< @4DF<A74?PAG A9Di6AiEFP @4є@B

9




sup
C∈[=ℎ,=ℎ+ℎ]

������
C∫

=ℎ

[f (g, G=g) − f (g,~g)]3, (g)

������ g
Y=

5




f 25!2

Y2=

C∫
=ℎ

Ā|f (g, G=g) − f (g,~g) |23g

f 25!2

Y2=

[
(5ℎ!2 + 5!2)ℎ2@= +

5 2

2W
(1 + ℎ) (42Wℎ − 1)4−2Wℎ(=+1)

]
4 (5ℎ!

2+(5ℎ!2+5!2)ℎ)ℎ .

(3.1.19)

�?S BJiA>< 86BI BEF4AAiI 8B84A>i6 6 (3.1.2) 6<>BD<EF4є@B G@B6< 4. "FD<@Gє@B

9




sup
C∈[=ℎ,=ℎ+ℎ]

������
C∫

=ℎ

52(g, G=g)3g

������ g
Y=

5



f 5

Y=

 

W

(
4−W=ℎ − 4−W (=ℎ+ℎ)

)
, (3.1.20)

9




sup
C∈[=ℎ,=ℎ+ℎ]

������
C∫

=ℎ

f (g, G=g)3, (g)

������ g
Y=

5



f 25

Y2=

 2

2W

(
4−2W=ℎ − 4−2W (=ℎ+ℎ)

)
. (3.1.21)

� BJiAB> (3.1.17), (3.1.18), (3.1.19), (3.1.20) F4 (3.1.21) BK96<8A<@ K<AB@ 6<C?<64є

;5i:AiEFP DS8G
∞∑
==0

9{ sup
C∈[=ℎ,=ℎ+ℎ]

|G= (C) − ~ (C) | g Y=}.

"F:9, ; ?9@< �BD9?S-�4AF9??i @4є@B, MB iEAGє 8B84FA9, 6;474?i >4:GK<, 6<C48-

>B69 # = # (l) F4>9, MB 8?S 8B6i?PAB7B = g # (l):

sup
C∈[=ℎ,=ℎ+ℎ]

|G= (C) − ~ (C) | f 4−
Ā+Ĉ
2 =ℎ

@4=:9 8?S 6EiI l ∈ ¬. �?S C = =ℎ + ℎ 6<>BAGєFPES F4>B: A9Di6AiEFP

|G= (=ℎ + ℎ) − G=+1(=ℎ + ℎ) | f 4−
Ā+Ĉ
2 =ℎ

; i@B6iDAiEFR 1. �4?i BFD<@Gє@B, MB

|G= (0) − G=+1(0) | f 4!=ℎ+!ℎ4−
Ā+Ĉ
2 =ℎ

= 4!ℎ4−
Ā−Ĉ
2 =ℎ .

� BEF4AAPB7B 6<C?<64є iEAG64AAS 7D4A<Ji

G∞ = lim
G→∞

G= (0),
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; i@B6iDAiEFR 1. #B84?PL9 8B6989AAS Jiєї F9BD9@< CDB6B8<FPES 4A4?B7iKAB

CGA>FG 1 i; ;4@iABR E9D98APB >648D4F<KABї ;5i:ABEFi A4 ;5i:AiEFP i; =@B6iDAiEFR

1. *9 CD<6B8<FP 8B BEF4FBKAB7B ECi66i8ABL9AAS

9{ lim
C→∞

|G (C) − ~ (C) | = 0} = 1

S>9 = ;4>iAKGє 8B6989AAS F9BD9@<.

□

3.1.3 #D<>?48 ;4EFBEG64AAS

#DBi?REFDGє@B BFD<@4A<= D9;G?PF4F F4><@ CD<>?48B@. $B;7?SA9@B EFBI4-

EF<KAG E<EF9@G i; ;4Ci;A9AAS@ 6<7?S8G

3~

3C
= (51(C, ~ (C)) + 52(C, ~ (C − ℎ))) 3C + f (C, ~ (C − ℎ)) 3, (C), (3.1.22)

89 HGA>Jiї 51(C, ~), 52(C, ~), f (C, ~) : [0,∞)×ℝ3 → ℝ
3 A9C9D9D6Ai ;4 EG>GCAiEFR

;@iAA<I F4 ?iCL<J96i ;4 ;@iAABR ~, 4 F4>B: ;48B6B?PASRFP G@B6G ?iAi=AB7B

;DBEF4AAS. �4 ;6<K4=A<@< HGA>JiS@< 52 i f CB5G8Gє@B 6i8B5D4:9AAS

[0,∞) ×�ℎ → ℝ
3 F4><@ K<AB@:

52(C, i) = 52(C, i (−ℎ)), f (C, i) = f (C, i (−ℎ))

8?S >B:AB7B i ∈ �ℎ .
3>MB CD< JPB@G 6<@474F< 6i8 HGA>Ji= 52(C, ~), f (C, ~) 6<>BA4AAS G@B6:

|52(C, ~) | f  4−WC , C g 0;

|f (C, ~) | f  4−WC , C g 0,

89 W > !, FB BK96<8AB, 6Ei G@B6< F9BD9@< CD< 8BEF4FAPB @4?<I ℎ 6<>BA4AB.

3.2 �E<@CFBF<KA4 9>6i64?9AFAiEFP. �iAi=A<=

6<C48B>

3.2.1 #BEF4AB6>4 ;484Ki

#BC9D98Ai= Ci8DB;8i? DB5BF< 5G6 CD<E6SK9A<= DB;7?S8G 4E<@CFBF<KABї

9>6i64?9AFABEFi 8?S A9?iAi=AB7B 6<C48>G. *9 A4>?484?B G@B6< A4 @4?iEFP
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iAF9D64?G ;4Ci;A9AAS. 3>MB DB;7?SAGF< ?iAi=A<= 6<C48B>, FB 6i8 F4>Bї @4?BEFi

@B:A4 6i8@B6<F<ES.

!47484є@B, MB 8?S ℎ > 0 @< 6<;A4K4є@B CDBEFiD HGA>Ji= ; [−ℎ, 0] → ℝ
3

�ℎ =�
(
[−ℎ, 0];ℝ3

)
A9C9D9D6A<I HGA>Ji= ; ABD@BR

| |q | |� = sup
\∈[−ℎ,0]

��q (\ )��.
!BD@G 69>FBD4 6 CDBEFBDi ℝ3 CB;A4K4є@B E<@6B?B@ | · |, 4 ABD@G (3 ×3)-@4FD<Ji,
G;7B8:9AG ; JiєR 69>FBDABR ABD@BR, CB;A4K4є@B | | · | | GCDB8B6: GEiєї Jiєї
DB5BF<.

$B;7?SA9@B E<EF9@G ;6<K4=A<I 8<H9D9AJi4?PA<I Di6ASAP G A4EFGCAi= HBD@i:

3G = �G3C (3.2.1)

; CBK4F>B6<@< G@B64@<

G (C0) = G0, C g C0 g 0, G ∈ ℝ
3,

F4 A9I4= � є EF4?BR 89F9D@iAB64ABR @4FD<J9R. #BDS8 i; E<EF9@BR (3.2.1) @<

DB;7?S84є@B E<EF9@G HGA>JiBA4?PA<I EFBI4EF<KA<I 8<H9D9AJi4?PA<I Di6ASAP:

3~ (C) = ©­«
�~ (C) +

0∫
−ℎ

�(C, \ )~ (C + \ )3\ª®
¬
3C + ©­

«
0∫

−ℎ

� (C, \ )~ (C + \ )3\ª®
¬
3, (C) (3.2.2)

; CBK4F>B6BR G@B6BR

~ (C) = q (C), C ∈ [C0 − ℎ, C0],

89 �(C, \ ), � (C, \ ) 4 A9C9D9D6Ai ;4 C g 0 89F9D@iAB64Ai @4FD<Ji, \ ∈ [−ℎ, 0],
iAF97DB6Ai ;4 ;@iAABR \ . , (C) 4 J9 6iA9Di6EP><= CDBJ9E A4 =@B6iDAiEAB@G
CDBEFBDi (¬, F ,9) ; Hi?PFD4JiєR {FC , C g 0} ¢ F . #D<CGEF<@B, MB iEAGRFP F4>i
HGA>Jiї 1 (C) F4 3 (C):

������
0∫

−ℎ

�(C, \ )q (\ )3\

������ f 1 (C)
0∫

−ℎ

|q (\ ) |3\, (3.2.3)
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������
0∫

−ℎ

� (C, \ )q (\ )3\

������ f 3 (C)
0∫

−ℎ

|q (\ ) |3\ . (3.2.4)

"EAB6A<@ D9;G?PF4FB@ JPB7B DB;8i?G є A4EFGCA4 F9BD9@4.

&9BD9@4 3.2. !9I4= GEi DB;6’S;>< E<EF9@< (3.2.1) є B5@9:9A<@< A4 C ∈ [0,∞). 3>MB
∞∫
0

C |1 (C) | 3C f  1 < ∞, (3.2.5)

∞∫
0

C |3 (C) |2 3C f  1 < ∞, (3.2.6)

FB8i E<EF9@4 (3.2.2) є 4E<@CFBF<KAB 9>6i64?9AFABR E<EF9@i (3.2.1) G E9D98APB>64-

8D4F<KAB@G E9AEi F4 ; i@B6iDAiEFR 1.

3.2.2 �B6989AAS BEAB6AB7B D9;G?PF4FG

�B6989AAS. �B6989AAS F9BD9@< DB;5<64єFPES A4 FD< K4EF<A<. ' C9DLi= K4EF<Ai

5G8GєFPES CBFDi5A4 6i8CB6i8AiEFP, G 8DG7i= K4EF<Ai 8B6B8<FPES 4E<@CFBF<KA4

96i64?9AFAiEFP G E9D98APB@G >648D4F<KAB@G. �B6989AAS 4E<@CFBF<KABї 9>6i64-

?9AFABEFi ; =@B6iDAiEFR 1 CDB6B8<FPES G FD9Fi= K4EF<Ai.

+4EF<A4 1. �7i8AB ; G@B64@< F9BD9@< DB;6’S;>< E<EF9@< (3.2.1) ;4?<L4RFPES

B5@9:9A<@< A4 8B84FAi= Ci6BEi. "F:9, 6Ei 6?4EAi K<E?4 @4FD<Ji �3 _(�) @4RFP
A98B84FAi 8i=EAi K4EF<A<, CD<KB@G Fi 6?4EAi ;A4K9AAS, G S><I 8i=EA4 K4EF<A4

8BDi6ARє AG?R, @4RFP CDBEFi 9?9@9AF4DAi 8i?PA<><, MB є EF4A84DFABR G@B6BR

8?S 4A4?i;G 4E<@CFBF<KABї CB698iA><.

�9; B5@9:9AAS ;474?PABEFi @B:9@B CD<CGEF<F<, MB @4FD<JS � 6:9 CD<6989-

A4 8B >64;i8i47BA4?PABї HBD@<. *9 B;A4K4є, MB @< @B:9@B DB;7?S84F< 5?B>B6G

EFDG>FGDG @4FD<Ji, 6 S>i=, ;B>D9@4, >B:9A 5?B> 6i8ABE<FPES 45B 8B 6?4EAB7B

K<E?4 ; 6i8’є@ABR 8i=EABR K4EF<ABR, 45B 8B 6?4EAB7B K<E?4 ; AG?PB6BR 8i=EABR

K4EF<ABR, MB ECDBMGє CB84?PL<= 4A4?i;.

� = 3806(�1, �2), (3.2.7)
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89 �1 F4 �2 є (? × ?) i (@ × @) - @4FD<Ji 6i8CB6i8AB, ? + @ = 3 F4>i, MB

'4_(�1) f −U < 0, '4_(�2) = 0. (3.2.8)

#B>?489@B

- (C) = diag
(
4C�1, 4C�2

)
, (3.2.9)

MB є HGA84@9AF4?PABR @4FD<J9R E<EF9@< (3.2.1), CD<KB@G її ABD@G64AAS

6i85G64єFPES 6 @B@9AF K4EG C = 0, FB5FB - (0) = �3 . �4;A4K<@B, MB @4FD<JS

diag(·, ·) B;A4K4є 5?BKAG 8i47BA4?P ; 86B@4 Ci85?B>4@< 4C�1 F4 4C�2 .

!9I4= F4>B:

�1 = diag(�?, 0), �2 = diag(0, �@),

89 �? F4 �@ 4 J9 B8<A<KAi @4FD<Ji DB;@iDi6 ? × ? F4 @ ×@ 6i8CB6i8AB, 4 �1 + �2 = �3
(B8<A<KA4 3 × 3 @4FD<JS, CD<KB@G ? + @ = 3).

&B8i @< @B:9@B DB;>?4EF< - (C) 6 EG@G:

- (C) = -1(C) + -2(C) = - (C) �1 + - (C) �2

= diag
(
4C�1, 0

)
+ diag

(
0, 4C�2

)
.

(3.2.10)

*9= DB;>?48 84є A4@ ;@B7G ?97L9 4A4?i;G64F< CB698iA>G DB;6’S;>i6, CB6’S;4A<I

; >B:A<@ 5?B>B@ @4FD<Ji �.

&4><@ K<AB@, @4FD<JR �BLi @B:A4 CB84F< G A4EFGCAi= ;DGKAi= HBD@i:

-̃ = - (C)-−1(g) = - (C − g)

= -1(C − g) + -2(C − g) .
(3.2.11)

&B5FB, C9D9Ii8 6i8 @B@9AFG g 8B @B@9AFG C 8?S E<EF9@< (3.2.1) ;8i=EARєFPES ;4

8BCB@B7BR Fiєї : 5?BKABї EFDG>FGD<, 4?9 4D7G@9AF CDBEFB ;@iARєFPES A4 (C − g).
I; EFDG>FGD< A4L<I 5?B>i6 6<C?<64RFP BJiA>< A4 їIAi ABD@<:

∥-1(C)∥ = ∥4C�1∥ f 014−U (C−C0), 8?S C g C0 g 0, (3.2.12)

∥-2(C)∥ = ∥4C�2∥ f 02, 8?S C ∈ ℝ. (3.2.13)

&GF 01, 02, U 4 89S>i 8B84FAi >BAEF4AF<, MB BC<EGRFP 9>ECBA9AJi4?PA9 ;74E4AAS

6i8CB6i8AB 8?S K4EF<A< ; �1 F4 B5@9:9AiEFP K4EF<A< ; �2.
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�<>BD<EFB6GRK< @9FB8 64Di4Jiї 8B6i?PABї EF4?Bї, DB;6’S;B> ~ (C) E<EF9@<
(3.2.2) @B:A4 CB84F< G 6<7?S8i

~ (C) = - (C − C0)~ (C0) +
C∫
C0

- (C − g)
0∫

−ℎ

[�(g, \ )~ (g + \ )]3\3g

+
C∫
C0

- (C − g)
0∫

−ℎ

[� (g, \ )~ (g + \ )]3\3, (g) .

(3.2.14)

�i=EAB, 6;S6L< EFBI4EF<KA<= 8<H9D9AJi4? 6i8 (3.2.14) i 6<>BD<EF46L< ?9@G

[104] (3.2.1) BFD<@4є@B

3~ =

[
�- (C − C0)~ (C0) +

C∫
C0

�- (C − g)
0∫

−ℎ

�(g, \ )~ (g + \ ) 3\ 3g

+
C∫
C0

�- (C − g)
0∫

−ℎ

� (g, \ )~ (g + \ ) 3\ 3, (g)
]
3C

+
0∫

−ℎ

�(C, \ )~ (C + \ ) 3\ 3C +
0∫

−ℎ

� (C, \ )~ (C + \ ) 3\ 3, (C)

= �
[
- (C − C0)~ (C0) +

C∫
C0

- (C − g)
0∫

−ℎ

�(g, \ )~ (g + \ ) 3\ 3g

+
C∫
C0

- (C − g)
0∫

−ℎ

� (g, \ )~ (g + \ ) 3\ 3, (g)
]
3C

+
0∫

−ℎ

�(C, \ )~ (C + \ ) 3\ 3C +
0∫

−ℎ

� (C, \ )~ (C + \ ) 3\ 3, (C)

= �~ (C) +
0∫

−ℎ

�(C, \ )~ (C + \ ) 3\ 3C +
0∫

−ℎ

� (C, \ )~ (C + \ ) 3\ 3, (C) . (3.2.15)
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�<>BD<EF46L< CD98EF46?9AAS (3.2.10) 8?S @4FD<J4AF4 - (C) @4F<@9@B

~ (C) = - (C − C0)~ (C0) +
C∫
C0

-1(C − g)
0∫

−ℎ

[�(g, \ )~ (g + \ )]3\3g

+
C∫
C0

-2(C − g)
0∫

−ℎ

[�(g, \ )~ (g + \ )]3\3g

+
C∫
C0

-1(C − g)
0∫

−ℎ

[� (g, \ )~ (g + \ )]3\3, (g)

+
C∫
C0

-2(C − g)
0∫

−ℎ

[� (g, \ )~ (g + \ )]3\3, (g),

(3.2.16)

8?S C g C0 g 0 i \ ∈ [−ℎ, 0].
�4?i, 6<>BD<EFB6GRK< 96B?RJi=Ai 6?4EF<6BEFi @4FD<J4AF4

-2(C − g) = - (C − g)�2 = - (C − C0)- (C0 − g)�2 = - (C − C0)-2(C0 − g), (3.2.17)

@B:9@B C9D9C<E4F< (3.2.16) A4EFGCA<@ K<AB@:

~ (C) = - (C − C0)
{
~ (C0) +

∞∫
C0

-2(C0 − g)
0∫

−ℎ

�(g, \ )~ (g + \ ) 3\ 3g

+
∞∫
C0

-2(C0 − g)
0∫

−ℎ

� (g, \ )~ (g + \ ) 3\ 3, (g)
}

+
C∫
C0

-1(C − g)
0∫

−ℎ

�(g, \ )~ (g + \ ) 3\ 3g

+
C∫
C0

-1(C − g)
0∫

−ℎ

� (g, \ )~ (g + \ ) 3\ 3, (g)

−
∞∫
C

-2(C − g)
0∫

−ℎ

�(g, \ )~ (g + \ ) 3\ 3g

−
∞∫
C

-2(C − g)
0∫

−ℎ

� (g, \ )~ (g + \ ) 3\ 3, (g) . (3.2.18)
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!9I4= ~ (C) ≡ ~ (C, l) є DB;6’S;>B@ E<EF9@< (3.2.2) ; CBK4F>B6BR G@B6BR

~C0 = q (\ ), \ ∈ [−ℎ, 0],

S>4 6i8CB6i84є 89S>B@G DB;6’S;>G G (C) E<EF9@< (3.2.1) ; CBK4F>B6BR G@B6BR

G (C0) = ~ (C0) +
∞∫
C0

-2(C0 − g)
0∫

−ℎ

[�(g, \ )~ (g + \ )]3\3g

+
∞∫
C0

-2(C0 − g)
0∫

−ℎ

[� (g, \ )~ (g + \ )]3\3, (g) .

(3.2.19)

�?S >B:AB7B DB;6’S;>G EFBI4EF<KABї E<EF9@< (3.2.2) ; CBK4F>B6BR G@B6BR

~C0 = q (\ ), \ ∈ [−ℎ, 0]

@<, 6<>BD<EFB6GRK< HBD@G?G (3.2.19), ;484@B 6i8B5D4:9AAS, S>9 6EF4AB6?Rє

6i8CB6i8AiEFP @i: EG>GCAiEFR 6EiI i@B6iDAiEA<I FD4є>FBDi= {~ (C) ≡ ~ (C, l)}, MB
;48B6B?PASRFP E<EF9@G (3.2.2), F4 EG>GCAiEFR 89F9D@iAB64A<I DB;6’S;>i6 { G (C)},
MB 6i8CB6i84RFP E<EF9@i (3.2.1). #B EGFi, J9 6i8B5D4:9AAS ґDGAFGєFPES A4 Hi>E4Jiї

6<C48>B6B7B 9?9@9AF4 l i =B7B 6C?<6G K9D9; HBD@G?G (3.2.19), MB 8B;6B?Sє 6

89S>B@G E9AEi ;iEF46<F< >B:AB@G EFBI4EF<KAB@G DB;6’S;>G =B7B 89F9D@iAB64A<=

B5D4;. *9 ;469DLGє DB;7?S8 C9DLBї K4EF<A< 8B6989AAS.

+4EF<A4 2. "E>i?P>< @< 6:9 CB5G8G64?< CBFDi5AG 6i8CB6i8AiEFP, F9C9D @B:A4

DB;CBK4F< 8B6989AAS 4E<@CFBF<KABї 9>6i64?9AFABEFi G E9D98APB@G >648D4F<-

KAB@G.  4є@B

~ (C) = - (C − C0)~ (C0) +
C∫
C0

- (C − g)
0∫

−ℎ

[�(g, \ )~ (g + \ )]3\3g

+
C∫
C0

- (C − g)
0∫

−ℎ

[� (g, \ )~ (g + \ )]3\3, (g) .

(3.2.20)

�B6989@B B5@9:9AiEFP A4 Ci6BEi G E9D98APB@G >648D4F<KAB@G ~ (C). "F:9, EC<-
D4RK<EP A4 6?4EF<6BEFi EFBI4EF<KAB7B iAF97D4?4, ;B>D9@4 =B7B ?iAi=AiEFP F4

i;B@9FD<KAG 6?4EF<6iEFP, 4 F4>B: 6<>BD<EFB6GRK< 6<M9 A46989AG Di6AiEFP, @<
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@B:9@B BFD<@4F< A4EFGCA<= D9;G?PF4F.

Ā|~ (C) |2 f 3| |- (C − C0) | |2Ā|~ (C0) |2 + 3Ā

������
C∫
C0

- (C − g)
0∫

−ℎ

[�(g, \ )~ (g + \ )]3\3g

������
2

+3Ā

������
C∫
C0

- (C − g)
0∫

−ℎ

[� (g, \ )~ (g + \ )]3\3, (g)

������
2

.

(3.2.21)

� @9FBR ECDBM9AAS 4A4?i;G 89F4?PAB DB;7?SA9@B >B:9A B>D9@<= 8B84AB>,

MB 6IB8<FP 8B A9Di6ABEFi (3.2.21). *9= Ci8Ii8 8B;6B?<FP KiF>iL9 6i8EF9:<F<

6A9EB> >B:AB7B 8B84A>4 G ;474?PA<= D9;G?PF4F F4 CDB69EF< A9B5Ii8Ai BJiA><

8?S CB84?PL<I 6<EAB6>i6. � 3.2.12 i 3.2.13 @4є@B, MB

| |- (C − C0) | |2Ā|~ (C0) |2 f<0G (021, 022)Ā|~ (C0) |, C g C0. (3.2.22)

"JiA<@B F9C9D 8DG7<= 8B84AB> 6 3.2.21.  4є@B

Ā

������
C∫
C0

- (C0 − g)
0∫

−ℎ

[�(g, \ )~ (g + \ )]3\3g

������
2

f Ā

©­­
«
C∫
C0

√
| |- (C0 − g) | |

√
| |- (C0 − g) | |

√
1 (g)

√
1 (g)

0∫
−ℎ

~ (C + \ )3\3g
ª®®
¬

2

f
C∫
C0

| |- (C − g) | |1 (g)Ā ©­«
0∫

−ℎ

|~ (C + \ ) |3\ª®
¬
2

3g

C∫
C0

| |- (C − g) | |1 (g)3g

f max(021, 022)
∞∫
0

1 (g)3g
C∫
C0

1 (g)ℎ
0∫

−ℎ

Ā|~ (C + \ ) |23g .

(3.2.23)
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�?S BJiA>< FD9FPB7B 8B84A>G BFD<@Gє@B:

Ā|
C∫
C0

- (C0 − g)
0∫

−ℎ

[� (g, \ )~ (g + \ )]3\3, (g) |2

f
C∫
C0

Ā|- (C − g)
0∫

−ℎ

� (g, \ )~ (g + \ )3\ |23g

f
C∫
C0

| |- (C − g) | |2Ā| |
0∫

−ℎ

� (g, \ )~ (g + \ )3\ | |23g

f
C∫
C0

| |- (C − g) | |232(g)Āℎ
0∫

−ℎ

|~ (g + \ ) |23\3g

f max(021, 022)
C∫
C0

3 (g)2ℎ
0∫

−ℎ

Ā|~ (g + \ ) |23\3g .

(3.2.24)

"F:9, @4є@B

Ā|~ (C) |2 f 3max(021, 022)
(
Ā|~ (C0) | + ℎ

∞∫
0

1 (g)3g
) C∫
C0

1 (g)
0∫

−ℎ

Ā|~ (g + \ ) |23\3g

+
C∫
C0

32(g)
0∫

−ℎ

Ā|~ (g + \ ) |23\3g . (3.2.25)

�?9

0∫
−ℎ

Ā|~ (g + \ ) |23\ =

g∫
g−ℎ

Ā|~ (B) |23B

f
g∫

C0−ℎ

Ā|~ (B) |23B

=

C0∫
C0−ℎ

Ā|~ (B) |23B +
g∫
C0

Ā|~ (B) |23B

f ℎ max
B∈[C0−ℎ,ℎ]

Ā|q (B) |2 +
g∫
C0

Ā|~ (B) |23B. (3.2.26)
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#i8EF46?SRK< A9Di6AiEFP (3.2.26) G A9Di6AiEFP (3.2.25), BFD<@4є@B

Ā|~ (C) |2 f 3max(021, 022)
(
Ā|~ (C0) |2 + ℎ 1

C∫
C0

ℎ1 (g)maxĀ|q (B) |23g

+
C∫
C0

1 (g)
g∫
C0

Ā|~ (B) |23B3g +
C∫
C0

ℎ32(g) max
B∈[C0−ℎ,C0]

Ā|q (B) |23g

+
C∫
C0

(
1 (g) + 32(g)

) g∫
C0

Ā|~ (B) |23B3g
)
. (3.2.27)

�6i8E<, i; 6<>BD<EF4AAS@ G;474?PA9ABї ?9@< �DBAGB??4, @4F<@9@B

Ā|~ (C) |2 f 3max(021, 022)
(
2 max
B∈[C0−ℎ,C0]

Ā|q (B) |2

+ max
B∈[C0−ℎ,C0]

Ā|q (B) |2
(
ℎ2 2

1 + ℎ 1

) ) C∫
C0

(
1 (g) + 32(g)

)
g3g < ∞. (3.2.28)

6 E<?G G@B6 (3.2.5), (3.2.6). "F:9,

sup
CgC0

Ā|~ (C) |2 = Y < ∞. (3.2.29)

&4><@ K<AB@ 6Ei DB;6’S;>< ~ (C) B5@9:9Ai G E9D98APB@G >648D4F<KAB@G CD<
C g C0. !4EFGCA<@ >DB>B@ @< BJiAR64F<@9@B BKi>G64AG Di;A<JR >648D4Fi6 ABD@
@i: DB;6’S;>4@< G (C) i ~ (C).
�i8B@B, MB 8?S E<EF9@< (3.2.1) DB;6’S;B> G (C) @B:A4 ;4C<E4F< S>

G (C) = - (C − C0)G (C0), (3.2.30)

89 G (C0) 6<;A4K9AB Di6AiEFR (3.2.19).
�<>BD<EFB6GRK< ;B5D4:9AAS ~ (C) ; (3.2.18), @< CD<IB8<@B 8B A4EFGCABї

Di6ABEFi:
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Ā|G (C) − ~ (C) |2 = Ā

���
C∫
C0

-1(C − g)


0∫
−ℎ

�(g, \ )~ (g + \ )3\

3g

+
C∫
C0

-1(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

−
∞∫
C

-2(C − g)


0∫
−ℎ

�(g, \ )~ (g + \ )3\

3g

−
∞∫
C

-2(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

���2,

(3.2.31)

; S>Bї 6<C?<64є A9Di6AiEFP

Ā|G (C) − ~ (C) |2 f 4Ā

������
C∫
C0

-1(C − g)


0∫
−ℎ

�(g, \ )~ (g + \ )3\

3g

������
2

+4Ā

������
C∫
C0

-1(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������
2

+4Ā

������
∞∫
C

-2(C − g)


0∫
−ℎ

�(g, \ )~ (g + \ )3\

3g

������
2

+4Ā

������
∞∫
C

-2(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������
2

.

(3.2.32)

%C<D4RK<EP A4 (3.2.29), 84?i @< CDB6989@B 89F4?PA<= 4A4?i;, BJiARRK<

6A9EB> >B:AB7B 8B84A>4 6 A9Di6ABEFi (3.2.32).
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�?S C9DLB7B 8B84A>G BFD<@Gє@B

Ā

������
C∫
C0

-1(C − g)


0∫
−ℎ

�(g, \ )~ (g + \ )3\

3g

������
2

f Ā

©­­
«
C∫
C0

| |-1(C − g) | |








0∫

−ℎ

�(g, \ )~ (g + \ )3\







3g
ª®®
¬

2

f Ā

©­­
«
C∫
C0

| |-1(C − g) | |1 (g)
0∫

−ℎ

|~ (g + \ ) |3\3g
ª®®
¬

2

= Ā

©­­
«
C∫
C0

√
| |-1(C − g) | |1 (g)

√
| |-1(C − g) | |1 (g)

0∫
−ℎ

|~ (g + \ ) |3\3g
ª®®
¬

2

f Ā

©­­
«
C∫
C0

| |-1(C − g) | |1 (g)3g
C∫
C0

| |-1(C − g) | |1 (g) (
0∫

−ℎ

|~ (g + \ ) |3\ )23g
ª®®
¬
.

(3.2.33)

�?9

Ā

C∫
C0

| |-1(C − g) | |1 (g) ©­«
0∫

−ℎ

|~ (g + \ ) |3\ª®
¬
2

3g

f
C∫
C0

| |-1(C − g) | |1 (g)ℎ
0∫

−ℎ

Ā|~ (g + \ ) |23\3g .

(3.2.34)

�<>BD<EFB6GRK< D4;B@ A9Di6ABEFi (3.2.34) F4 (3.2.29), BFD<@Gє@B

Ā

©­­
«
C∫
C0

| |-1(C − g) | |1 (g)3g
C∫
C0

| |-1(C − g) | |1 (g) ©­«
0∫

−ℎ

|~ (g + \ ) |3\ª®
¬
2

3g
ª®®
¬

f  ̃ (Ā| |q | |2� + Y)
©­­
«
C∫
C0

| |-1(C − g) | |1 (g)3g
ª®®
¬

2

f  ̃ (Ā| |q | |2� + Y)
©­­
«
C∫
C0

014
−U (C−g)1 (g)3g

ª®®
¬

2

.

(3.2.35)
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� G@B6< (3.2.5) BK96<8AB 6<C?<64є 45EB?RFA4 iAF97DB6AiEFP 1 (C) CD< C g 2C0,

BF:9,
C∫
C0

4−U (C−g)1 (g)3g =

Ī
2∫
C0

4−U (C−g)1 (g)3g +
C∫
Ī
2

4−U (C−g)1 (g)3g

f 4−ĂĪ
2

Ī
2∫
C0

1 (g)3g +
C∫
Ī
2

1 (g)3g

f 4−ĂĪ
2

∞∫
0

1 (g)3g +
C∫
Ī
2

1 (g)3g .

"FD<@4?<, MB C9DL<= K?9A G CD46i= K4EF<Ai (3.2.32) (3.2.32) CDS@Gє 8B AG?S CD<

C → ∞. �?S BJiA>< A4EFGCAB7B 8B84A>G 8?S CBK4F>G, 4A4?B7iKAB (3.2.34) 6 E<?G
A9Di6ABEFi �BLi-�GAS>B6EP>B7B, @4F<@9@B

Ā

C∫
C0

| |-1(C − g) | |3 (g) ©­«
0∫

−ℎ

|~ (g + \ ) |3\ª®
¬
2

3g

f
C∫
C0

| |-1(C − g) | |3 (g)ℎ
0∫

−ℎ

Ā|~ (g + \ ) |23\3g .

(3.2.36)

"F:9,

Ā

������
C∫
C0

-1(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������
2

f
C∫
C0

Ā

������-1(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

������
2

3g

f
C∫
C0

| |-1(C − g) | |232(g)Ā ©­
«

0∫
−ℎ

|~ (g + \ ) |3\ª®
¬
2

3g

f  ̃ (Ā| |q | |2� + ą)
C∫
C0

0214
−2U (C−g)32(g)3g .

(3.2.37)

&B8i ; iAF97DB6ABEFi 32(g) CD< C g 2C0 @B:A4 ;DB5<F< 6<EAB6B>, MB 8DG7<=

8B84AB> G (3.2.32) F4>B: CDS@Gє 8B AG?S CD< C → ∞. "JiA<@B FD9Fi= 8B84AB> G
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(3.2.32), @4є@B

Ā

������
∞∫
C

-2(C − g)


0∫
−ℎ

�(g, \ )~ (g + \ )3\

3g

������
2

f Ā
©­
«
∞∫
C

| |-2(C − g) | |








0∫

−ℎ

�(g, \ )~ (g + \ )3\







3g
ª®
¬
2

f Ā(
∞∫
C

| |-2(C − g) | |1 (g) ©­«
0∫

−ℎ

|~ (g + \ª®
¬
|3\ )3g)2

f
∞∫
C

| |-2(C − g) | |1 (g)� ©­
«

0∫
−ℎ

|~ (g + \ ) |3\ª®
¬
2

3g

∞∫
C

| |-2(C − g) | |1 (g)3g

f  ̃ (Ā| |q | |2� + Y) ©­
«
∞∫
C

| |-2(C − g) | |1 (g)3gª®¬
2

f  ̃ (Ā| |q | |2� + Y)022
©­
«
∞∫
C

1 (g)3gª®
¬
2

.

(3.2.38)

�?S BEF4AAPB7B 8B84A>G G (3.2.32) BFD<@Gє@B

Ā

������
∞∫
C

-2(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������
2

f Ā

∞∫
C

| |-2(C − g) | |232(g)Ā| |~ | |2�3g f  ̃ (Ā| |q | |2� + Y)022

∞∫
C

32(g)3g .

(3.2.39)

3> 6<8AB, B5<864 8B84A>< (3.2.38 F4 3.2.39) CDS@GRFP 8B AG?S CD< C → ∞.

lim
C→∞

Ā|G (C) − ~ (C) |2 = 0,

MB i 8B6B8<FP C9DLG K4EF<AG F9BD9@<. #9D9=89@B 8B 8B6989AAS 8DG7Bї K4EF<A<.

�?S JPB7B @< 66B8<@B CBE?i8B6AiEFP, CB;A4K9AG {=: |: g 1}, S>4 ;48B6B?PASє
6<@B7G =: > : 8?S >B:AB7B : g 1, CD<KB@G JS CBE?i8B6AiEFP @4є A4EFGCAi

6?4EF<6BEFi ∞∫
=ġ

1 (g)3g f 1

2:
, : g 1,
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4 F4>B: CBE?i8B6AiEFP {<: |: g 1}, S>4 ;48B6B?PASє G@B6G<: > : 8?S 6EiI : g 1, i

CD< JPB@G
∞∫

<ġ

g32(g)3g f 1

2:
, : g 1.

&9C9D 6<>BD<EF4є@B Ji CBE?i8B6ABEFi 8?S CB5G8B6< ;: :

;: = 2max{=:,<:}, : g 1.

�4EFBEB6GRK< Di6ASAAS (3.2.19), F4 6D4IB6GRK< ECi66i8ABL9AAS (3.2.18), @4F<@9-

@B

9

{
sup
Cg;ġ

|G (C) − ~ (C) | g 1

:

}
= 9

{�����supCg;ġ

C∫
C0

-1(C − g)


0∫
−ℎ

�(g, \ )~ (g + \ )3\

3g

+
C∫
C0

-1(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

−
∞∫
C

-2(C − g)


0∫
−ℎ

�(g, \ )~ (g + \ )3\

3g

−
∞∫
C

-2(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

����� g 1

:

}
.

(3.2.40)
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�6i8>< BFD<@Gє@B A9Di6AiEFP

9

{
sup
Cg;ġ

|G (C) − ~ (C) | g 1

:

}
f 9



sup
Cg;ġ

������
C∫
C0

-1(C − g)


0∫
−ℎ

�(g, \ )~ (g + \ )3\

3g

������ g
1

4:




+9


sup
Cg;ġ

������
C∫
C0

-1(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������ g
1

4:




+9


sup
Cg;ġ

������
∞∫
C

-2(C − g)


0∫
−ℎ

�(g, \ )~ (g + \ )3\

3g

������ g
1

4:




+9


sup
Cg;ġ

������
∞∫
C

-2(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������ g
1

4:



,

: ∈ ℕ.

(3.2.41)

�<>BD<EFB6GRK< Ci8Ii8, 4A4?B7iKA<= FB@G, MB ;4EFBEB6G646ES G C9DLi=

K4EF<Ai F9BD9@<, @< CD<EFGC4є@B 8B CB9F4CABї BJiA>< >B:AB7B K?9A4 G CD4-

6i= K4EF<Ai DB;7?S8G64ABї A9Di6ABEFi. #BKA9@B ; 4A4?i;G C9DLB7B 8B84A>4.

�4EFBEB6GRK< A9Di6AiEFP +95<LB64, @B:9@B ;4C<E4F< A4EFGCA<= 6<D4;:

9
{
sup
Cg;ġ

�� C∫
C0

-1(C − g)
0∫

−ℎ

�(g, \ )~ (g + \ ) 3\ 3g
��g 1

4:

}

f 4: Ā sup
Cg;ġ

���
C∫
C0

-1(C − g)
0∫

−ℎ

�(g, \ )~ (g + \ ) 3\ 3g
���

f 4: Ā sup
Cg;ġ

C∫
C0

∥-1(C − g)∥ ∥
0∫

−ℎ

�(g, \ )~ (g + \ ) 3\ ∥ 3g

f 4: Ā sup
Cg;ġ

C∫
C0

∥-1(C − g)∥ 1 (g)
0∫

−ℎ

|~ (g + \ ) | 3\ 3g

f 4:01Ā sup
Cg;ġ

C∫
C0

4−U (C−g)1 (g)
0∫

−ℎ

|~ (g + \ ) | 3\ 3g

= 4:01Ā sup
Cg;ġ

( C/2∫
C0

4−U (C−g)1 (g)
0∫

−ℎ

|~ (g + \ ) | 3\ 3g +
C∫

C/2

4−U (C−g)1 (g)
0∫

−ℎ

|~ (g + \ ) | 3\ 3g
)
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f 4:01

√
 ̃ (Ā∥q ∥2

�
+ Y)

(
4−

U;ġ
2

∞∫
C0

1 (g) 3g +
∞∫
;ġ
2

1 (g) 3g
)

f 4:01

√
 ̃ (Ā∥q ∥2

�
+ Y)

(
4−

U;ġ
2  1 + 2−:

)
=: �

(1)
:

(3.2.42)

-B5 BJiA<F< 8DG7<= K?9A G CD46i= K4EF<Ai A9Di6ABEFi (3.2.41), ;GC<A<@BES

A4 4A4?i;i CBE?i8B6ABEFi 6<C48>B6<I CB8i=, S>i 6<;A4K4F<@GFP 6A9EB> JPB7B

8B84A>4 8B ;474?PABї BJiA><. $B;7?SA9@B CB8iї

�# =



l
��� sup
;ġfCf#

������
C∫
C0

-1(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������ g
1

4:



.

�?S 8B6i?PA<I 1 f  2 BK96<8AB @4є@B� 1 ¢ � 2 . &4><@ K<AB@,�# є @BABFBAAB

A9EC48ABR CBE?i8B6AiEFR CB8i=. � FB@G

� = lim
#→∞

�# =

∞⋃
#=0

�# =



l
��� sup
;ġfC

������
C∫
C0

-1(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������ g
1

4:



,

F4><@ K<AB@, MB

9(�) = lim
#→∞

9(�# ).

"F:9, 8?S # g ;: , BFD<@Gє@B

sup
;ġfCf#

������
C∫
C0

-1(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������
f sup
;ġfCf#

������
;ġ∫
C0

-1(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������
+ sup
;ġfCf#

�������
C∫
;ġ

-1(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������� .

(3.2.43)
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&4><@ K<AB@, CD<IB8<@B 8B A4EFGCAB7B 6<D4;G

9




sup
;ġfCf#

������
C∫
C0

-1(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������ g
1

4:




f 9




sup
;ġfCf#

������
;ġ∫
C0

-1(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������ g
1

8:




+9



sup
;ġfCf#

�������
C∫
;ġ

-1(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������� g
1

8:



.

(3.2.44)

$B;7?SA9@B C9DL<= K?9A G CD46i= K4EF<Ai BEF4AAPBї A9Di6ABEFi. �?S =B7B BJiA><

;AB6G 6<>BD<EF4є@B A9Di6AiEFP +95<LB64.  4є@B

9




sup
;ġfCf#

������
;ġ∫
C0

-1(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������ g
1

8:




f 64:2Ā
©­­
«
sup

;ġfCf#

������
;ġ∫
C0

-1(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������
2ª®®
¬

f 64:2 ̃
©­­­
«
(Ā| |q | |2� + Y)

©­­­
«
4−U;ġ

Ģġ
2∫
C0

32(g)3g
ª®®®
¬
+

;ġ∫
Ģġ
2

32(g)3g
ª®®®
¬

f 64:2 ̃
©­­­«
(Ā| |q | |2� + Y)

©­­«
4−U;ġ

∞∫
C0

32(g)3g
ª®®¬
+

∞∫
Ģġ
2

32(g)3g
ª®®®¬

f 64:2 ̃ (Ā| |q | |2� + Y)
(
4−U;ġ 1 +

1

2:

)
=: �

(2)
:
.

(3.2.45)

&9C9D C9D9=89@B 8B BJiA>< 8DG7B7B 8B84A>4 G CD46i= K4EF<Ai A9Di6ABEFi (3.2.44).
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"FD<@Gє@B

9




sup
;ġfCf#

�������
C∫
;ġ

-1(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������� g
1

8:




= 9

{
sup

;ġfCf#

�����
C∫
;ġ

-1(C − g) + -1(C − ;:) − -1(C − ;:)


0∫

−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

����� g 1

8:

}

f 9




sup
;ġfCf#

�������
C∫
;ġ

-1(C − g) − -1(C − ;:)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������� g
1

16:




+9



sup
;ġfCf#

�������
C∫
;ġ

-1(C − ;:)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������� g
1

16:



,

(3.2.46)

�4?i @B:9@B BJiA<F< >B:9A ; 8B84A>i6 G A46989Ai= 6<M9 A9Di6ABEFi. #BKA9@B ;

8DG7B7B 8B84A>4. �AB6G, 6 E<?G A9Di6ABEFi +95<LB64, @4є@B

9




sup
;ġfCf#

�������
C∫
;ġ

-1(C − ;:)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������� g
1

16:




f 9




sup
;ġfCf#

| |-1(C − ;:) | | sup
;ġfCf#

�������
C∫
;ġ


0∫

−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������� g
1

16:




f 256:2021Ā
©­­­«
sup

;ġfCf#

�������
C∫
;ġ


0∫

−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

�������
2ª®®®
¬

f 1024:2021

#∫
;ġ

32(g) ̃ (Ā| |q | |2� + Y)3g

f 1024:2021 ̃ (Ā| |q | |2� + Y)
∞∫
;ġ

32(g)g3g f 1024:2021 ̃ (Ā| |q | |2� + Y) 1
2:
.

(3.2.47)

#D< JPB@G 6<>BD<EFB6GєFPES @4DF<A74?PA4 A9Di6AiEFP �G54 8?S EFBI4EF<KAB7B
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iAF97D4?4. !4EFGCAi BJiA>< є 64:?<6<@<8?S 4A4?i;G C9DLB7B 8B84A>4 A9Di6ABEFi,

S>G @< DB;7?S84є@B A4 JPB@G 9F4Ci.  4є@B

C∫
;ġ

-1(C − g) − -1(C − ;:)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

= −
C∫
;ġ

©­­
«
g∫
;ġ

-1(C − B)�


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

ª®®
¬

= −
C∫
;ġ

©­­
«
C∫
;ġ

-1(C − B)��{Bfg}


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

ª®®
¬

= −
C∫
;ġ

-1(C − B)�
©­­
«
C∫
;ġ

�{Bfg}


0∫

−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

ª®®
¬
3B.

(3.2.48)

� JPB7B 6<C?<64є A4EFGCA9

9




sup
;ġfCf#

�������
C∫
;ġ

-1(C − g) − -1(C − ;:)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������� g
1

16:




f 9




sup
;ġfCf#

�������
C∫
;ġ

-1(C − B)�
©­­
«
C∫
;ġ

�{Bfg}


0∫

−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

ª®®
¬
3B

������� g
1

16:




f 256:2Ā
©­­
«
sup

;ġfCf#
|
C∫
;ġ

-1(C − B)�
©­­
«
C∫
;ġ

�{Bfg} [
0∫

−ℎ

� (g, \ )~ (g + \ )3\ ]3, (g)
ª®®
¬
3B |

ª®®
¬

2

f 256:2Ā
©­­
«
sup

;ġfCf#

©­­«
C∫
;ġ

014
−U (C−B) | |�| |

�������
C∫
;ġ

�{Bfg}


0∫

−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

ª®®
¬

�������3B
ª®®
¬

2

f 256:2�
©­­­«
sup

;ġfCf#

©­­
«
C∫
;ġ

0214
−2U (C−B) | |�| |2

C∫
;ġ

�������
C∫
;ġ

�{Bfg}


0∫

−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

ª®®
¬

�������
2

3B
ª®®®
¬
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f
256:2021 | |�| |2

2U
Ā

©­­­
«
sup

;ġfCf#

C∫
;ġ

�������
C∫
;ġ

�{Bfg}


0∫

−ℎ

� (g, \ )~ (g + \ )3\

3, (g))

�������
2

3B
ª®®®¬

f
256:2021 | |�| |2

2U

#∫
;ġ

Ā sup
;ġfCf#

�������
C∫
;ġ

�{Bfg}


0∫

−ℎ

� (g, \ )~ (g + \ )3\

3, (g))

�������
2

3B

f
10242021 | |�| |2

2U

#∫
;ġ

©­­
«
#∫
;ġ

32(g)Ā| |~g | |2�3g3B
ª®®
¬

f
10242021 | |�| |2 ̃

(
Ā| |q | |2

�
+ Y

)
:2

2U

#∫
;ġ

©­­
«
#∫
;ġ

32(g)3g
ª®®
¬
3B

f
10242021 | |�| |2 ̃ (Ā| |q | |2

�
+ Y):2

2U

#∫
;ġ

32(g)
g∫
;ġ

3B3g

f
10242021 | |�| |2 ̃ (Ā| |q | |2

�
+ Y):2

2U

#∫
;ġ

g32(g)3g f
10242021 | |�| |2 ̃ (Ā| |q | |2

�
+ Y):2

2U2:
.

(3.2.49)

�7i8AB ; D9;G?PF4F4@<, BFD<@4A<@< G (3.2.47) F4 (3.2.49),

9




sup
;ġfCf#

�������
C∫
;ġ

-1(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������� g
1

8:




f 256 ̃ (Ā| |q | |2� + Y) (1 + 4021 | |�| |2)2−: =: �
(3)
:
.

"EF4AAS A9Di6AiEFP BFD<@4A4 ; 6<>BD<EF4AAS A9Di6ABEFi +95<LB64.

�4?i C9D9=89@B 8B BJiA>< FD9FPB7B 8B84A>4, S><= ;A4IB8<FPES G CD46i=



84

K4EF<Ai A9Di6ABEFi (3.2.41).  4є@B

9



sup
Cg;ġ

������
∞∫
C

-2(C − g)


0∫
−ℎ

�(g, \ )~ (g + \ )3\

3g

������ g
1

4:




f 9



sup
Cg;ġ

������
∞∫
C

| |-2(C − g) | | | |
0∫

−ℎ

�(g, \ )~ (g + \ )3\ | |3g

������ g
1

4:




f 9



sup
Cg;ġ

�������
∞∫
;ġ

| |-2(C − g) | | | |
0∫

−ℎ

�(g, \ )~ (g + \ )3\ | |3g

������� g
1

4:




f 16:2 sup
Cg;ġ

�������
∞∫
;ġ

| |-2(C − g) | |1 (g) (
0∫

−ℎ

|~ (g + \ ) |3\ )3g

�������
f 16:2022

√
 ̃Ā| |q (\ ) | |2

∞∫
;ġ

1 (g)3g f 6:2022

√
 ̃ (Ā| |q | |2

�
+ Y) 1

2:
=: �

(4)
:
.

(3.2.50)

!4EFGCA<@ >DB>B@ 5G89 BJiA>4 BEF4AAPB7B 8B84A>4, G CD46i= K4EF<Ai A9-

Di6ABEFi (3.2.41). �?S JPB7B DB;7?SA9@B A4EFGCAG CBE?i8B6ABEFP 6<C48>B6<I

CB8i=.

�# =



l
��� sup
;ġfCf#

������
∞∫
C

-2(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������ g
1

4:



.

�i8CB6i8AB 8B 6<;A4K9AAS, @AB:<A4 �# GF6BDRє @BABFBAAB EC48AG CBE?i8B6-

AiEFP, 4 BF:9,

� = lim
#→∞

�# =

∞⋃
#=0

�#

=



l
��� sup
;ġfC

������
∞∫
C

-2(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������ g
1

4:



,

6i8CB6i8AB FB8i

9(�) = lim
#→∞

9(�# ).
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�64:4RK< A4 F9, MB ;: f C , @4є@B A4EFGCAG A9Di6AiEFP:

9




sup
;ġfCf#

������
∞∫
C

-2(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������ g
1

4:




f 9




sup
;ġfCf#

�������
∞∫
;ġ

-2(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������� g
1

8:




+9



sup
;ġfCf#

�������
C∫
;ġ

-2(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������� g
1

8:



.

(3.2.51)

$B;7?SA9@B >B:9A 8B84AB> G A9Di6ABEFi (3.2.51).

9




sup
;ġfCf#

�������
∞∫
;ġ

-2(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������� g
1

8:




f 9




sup
;ġfCf#

| |-2(g) | |

�������
∞∫
;ġ

-−1
2 (C)


0∫

−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������� g
1

8:




f 64:2042 ̃ (Ā| |q | |2� + Y) 1
2:

=: �
(5)
:
.

(3.2.52)

&9C9D C9D9IB8<@B 8B 8DG7B7B 8B84A>4. � E<?G A9Di6ABEFi +95<LB64 @4є@B:

9




sup
;ġfCf#

�������
C∫
;ġ

-2(C − g)


0∫
−ℎ

� (g, \ )~ (g + \ )3\

3, (g)

������� g
1

8:




f 256:2042 ̃ (Ā| |q | |2� + Y) 1
2:

=: �
(6)
:
.

(3.2.53)

#9D9IB8SK< 8B 7D4A<Ji CD< # → ∞ G A9Di6ABEFi (3.2.51), @< BFD<@Gє@B A4EFG-
CA<= D9;G?PF4F

9



sup
Cg;ġ

������
∞∫
C

-2(C − g)


0∫
−ℎ

�(g, \ )~ (g + \ )3\

3g

������ g
1

4:



f � (5)

:
+ � (6)

:
.

' Ci8EG@>G @4F<@9@B

9

{
sup
Cg;ġ

|G (C) − ~ (C) | g 1

:

}
f � (1)

:
+ � (2)

:
+ � (3)

:
+ � (4)

:
+ � (5)

:
+ � (6)

:
= �: .
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"K96<8AB, MB DS8
∑∞
:=1 �: є ;5i:A<@. *9 8B;6B?Sє ;4EFBEG64F< ?9@G �BD9?S-

�4AF9??i, S>4 74D4AFGє iEAG64AAS 8B84FAB7B Ji?B7B K<E?4" =" (l), 8?S S>B7B
8?S 5G8P-S>B7B : g " (l) 6<>BAGєFPES A9Di6AiEFP:

sup
Cg;ġ

|G (C) − ~ (C) | g 1

:

; i@B6iDAiEFR 1.

&4><@ K<AB@, 8?S @4=:9 6EiI l i 5G8P-S>B7B Y > 0 @B:A4 ;A4=F< ) =

) (Y, l) = ;:0 , 89 :0 = max{[ 1
Y
], " (l)}, F4>9, MB 8?S 6EiI C g ) 6<>BAGєFPES

A4EFGCA4 A9Di6AiEFP:

|G (C) − ~ (C) | f sup
Cg)

|G (C) − ~ (C) | g 1

:0
f Y.

"F:9, 8B6989AAS F9BD9@< ;469DL9AB. □

3.2.3 #D<>?48 ;4EFBEG64AAS

#B>4:9@B ;4EFBEG64AAS A4LBї F9BD9@<.

#D<>?48 3.1. $B;7?SA9@B E<EF9@G ;6<K4=A<I 8<H9D9AJi4?PA<I Di6ASAP:

3

[
G1

G2

]
=

[
−1 0

1 −1

] [
G1

G2

]
3C . (3.2.54)

$4;B@ i; E<EF9@BR (3.2.54) DB;7?SA9@B A4EFGCAG E<EF9@G HGA>JiBA4?PA<I EFBI4-

EF<KA<I 8<H9D9AJi4?PA<I Di6ASAP:

3

[
~1

~2

]
=

[
−1 0

1 −1

] [
~1

~2

]
3C +

0∫
−ℎ

�(C, \ )
[
~1(C + \ )
~2(C + \ )

]
3\3C

+
0∫

−ℎ

� (C, \ )
[
~1(C + \ )
~2(C + \ )

]
3\3, (C),

(3.2.55)

89

� =

[
−1 0

1 −1

]
, (3.2.56)

�(C, \ ) =
[
11(\ )
(C+1)3 0

0
11(\ )
(C+1)3

]
, (3.2.57)
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� (C, \ ) =
[

0
31(\ )
(C+1)2

31(\ )
(C+1)2 0

]
, (3.2.58)

89 11(\ ), 31(\ ) 4 A9C9D9D6Ai HGA>Jiї A4 [−ℎ, 0]. &B8i






0∫

−ℎ

�(C, \ )q (\ )3\







 f
0∫

−ℎ

| |�(C, \ ) | | × |q (\ ) |3\

=

√
2

(C + 1)3

0∫
−ℎ

|11(\ )q (\ ) |3\ .

(3.2.59)

"F:9, 1 (C) =
√
2

(C+1)3
∫ 0

−ℎ 11(\ )3\ i
∫∞
0
1 (C)3C < ∞.








0∫

−ℎ

� (C, \ )q (\ )3\







 f
0∫

−ℎ

| |� (C, \ ) | | × |q (\ ) |3\

=

√
2

(C + 1)2

0∫
−ℎ

|31(\ )q (\ ) |3\ .

(3.2.60)

"F:9, 3 (C) =
√
2

(C+1)2
∫ 0

−ℎ 31(\ )3\ i
∫∞
0
C32(C)3C < ∞.

� JPB7B 6<C?<64є, MB E<EF9@4 (3.2.55) 4E<@CFBF<KAB 9>6i64?9AFA4 E<EF9@i

(3.2.54) G E9D98APB>648D4F<KAB@G E9AEi F4 ; i@B6iDAiEFR 1.

3.3 �<EAB6>< 8B DB;8i?G 3

' JPB@G DB;8i?i 8BE?i8:9AB 4E<@CFBF<KAG CB698iA>G A4 A9E>iAK9AABEFi (C →
∞) DB;6’S;>i6 EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP. #B>4;4AB,
MB CD< C → ∞ CB698iA>4 DB;6’S;>i6 F4><I E<EF9@ 9>6i64?9AFA4 CB698iAJi

DB;6’S;>i6 C96A<I E<EF9@ ;6<K4=A<I 8<H9D9AJi4?PA<I Di6ASAP. "FD<@4AB F4>i

AB6i D9;G?PF4F<:

1. �EF4AB6?9AB Di6AB@iDAi E9D98APB>648D4F<KAi BJiA>< CD< C g 0 DB;6’S;>i6

;5GD9ABї E<EF9@< EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP.

2. �4 E<EF9@BR A9?iAi=A<I EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I

Di6ASAP CB5G8B64A4 E<EF9@4 ;6<K4=A<I 8<H9D9AJi4?PA<I Di6ASAP F4 6EF4-

AB6?9AB 6i8CB6i8AiEFP @i: їI DB;6’S;>4@<.
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3. ' A9?iAi=AB@G 6<C48>G 8B6989AB F9BD9@G CDB 4E<@CFBF<KAG 9>6i64?9A-

FAiEFP F4><I E<EF9@ CD< 8BEF4FAPB @4?B@G >DBJi ;4Ci;A9AAS.

4. �?S E<EF9@ ?iAi=A<I EFBI4EF<KA<I Di6ASAP BFD<@4AB iAF97D4?PA9 CD98-

EF46?9AAS DB;6’S;>G K9D9; @4FD<J4AF A9;5GD9ABї ?iAi=ABї E<EF9@<.

5. �EF4AB6?9AB 6i8CB6i8AiEFP @i: DB;6’S;>4@< EFBI4EF<KAB ;5GD9ABї ?iAi=ABї

E<EF9@< ; ;4Ci;A9AAS@ F4 A9;5GD9ABї ?iAi=ABї 89F9D@iAB64ABї E<EF9@<.

6. �B6989AB 4E<@CFBF<KAG 9>6i64?9AFAiEFP EFBI4EF<KAB ;5GD9ABї ?iAi=ABї

E<EF9@< HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP 8B її A9;5GD9ABї 89F9D-

@iAB64ABї K4EF<A<.



$B;8i? 4

�CDB>E<@4JiS EFBI4EF<KA<I E<EF9@ i;

;4Ci;A9AAS@ E<EF9@4@< 59; ;4Ci;A9AAS

4.1 �CDB>E<@4JiS G E>iAK9AAB6<@iDAB@G 6<C48>G

4.1.1 #BEF4AB6>4 ;484Ki

� CDBEFBDi ℝ3 DB;7?S84єFPES A4EFGCA4 CBK4F>B64 ;484K4 8?S E<EF9@< EFBI4-

EF<KA<I 8<H9D9AJi4?PA<I Di6ASAP i; ;4Ci;ARRK<@ 4D7G@9AFB@

3G (C) = 5 (C, G (C), G (C − ℎ)) 3C + f (C, G (C), G (C − ℎ)) 3, (C), C ∈ [0,) ], (4.1.1)

G (C) = q (C), C ∈ [−ℎ, 0] .

&GF HGA>Jiї 5 , f : [0,) ] × ℝ
3 × ℝ

3 → ℝ
3 6<;A4K9Ai, A9C9D9D6Ai ;4 EG>GCAiEFR

;@iAA<I, F4 ;48B6i?PASRFP A4EFGCAi G@B6<:

IEAGє EF4?4 ! > 0, MB 6<>BA4AB:

1) �iAi=A<= DiEF:

|5 (C, G,~) |2 + |f (C, G,~) |2 f !(1 + |G |2 + |~ |2) (4.1.2)

8?S 8B6i?PA<I C ∈ [0,) ], G,~ ∈ ℝ
3 ;

2) G@B64 �iCL<JS:

|5 (C, G1, ~1) − 5 (C, G2, ~2) |2 + |f (C, G1, ~1) − f (C, G2, ~2) |2

f !( |G1 − G2 |2 + |~1 − ~2 |2).
(4.1.3)

�64:4є@B F4>B:, MB ;484AB CB6A<= =@B6iDAiEA<= CDBEFiD (¬, F ,9), CBFi>
f -4?795D {FC }C∈[0,) ] , ; S><@ G;7B8:9AB CDBJ9E �iA9D4, (C). !9 6FD4K4RK< ;474?P-
ABEFi, 4?9 ECDBMGRK< 6<>?48>G, 5G89@B 664:4F<, MB 6iA B8AB6<@iDA<=. %F4?4

89
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ℎ > 0 I4D4>F9D<;Gє iAF9D64? ;4Ci;A9AAS [−ℎ, 0], A4 S>B@G ;484A4 CBK4F>B64, A9C9-
D9D6A4 89F9D@iAB64A4 HGA>JiS q (C). +9D9; �ℎ =� ( [−ℎ, 0]);ℝ3) CB;A4K<@B >?4E
A9C9D9D6A<I d-6<@iDA<I 69>FBD-HGA>Ji= q (C) : [−ℎ, 0] → ℝ

3 i; EGCD9@G@ABR

ABD@BR

∥q ∥ = sup
C∈[−ℎ,0]

|q (C) |.

&GF | · |4 ;6<K4=A4 96>?i8B64 ABD@4 69>FBD4 6 CDBEFBDi ℝ3 . $B;6’S;B> Di6ASAAS
(4.1.1) 5G89@B DB;G@iF< 6 EF4A84DFAB@G E9AEi [104].

";A4K9AAS 4.1. %>4:9@B, MB FC -6<@iDA<= 6<C48>B6<= CDBJ9E i; A9C9D9D6A<@<
FD4є>FBDiS@< є E<?PA<@ DB;6’S;>B@ CBK4F>B6Bї ;484Ki A4 [0,) ], S>MB

G (C) = q (C), C ∈ [−ℎ, 0]

F4

G (C) = q (0) +
C∫
0

5 (B, G (B), G (B − ℎ)) 3B +
C∫
0

f (B, G (B), G (B − ℎ)) 3, (B)

CD< C ∈ [0,) ] ; i@B6iDAiEFR 1.

�B5D9 6i8B@B [104], MB G@B6< 4.1.2 F4 4.1.3 ;459;C9KGRFP iEAG64AAS F4 є8<AiEFP

E<?PAB7B DB;6’S;>G ;484Ki (4.1.1) A4 [0,) ], CD< JPB@G Ā|G (C) |24 B5@9:9A<=.
�4 E<EF9@BR (4.1.1) CB5G8Gє@B A4EFGCAG E<EF9@G EFBI4EF<KA<I 8<H9D9AJi-

4?PA<I Di6ASAP 59; ;4Ci;A9AAS, S>G A4;69@B 4CDB>E<@GRKBR. � E4@9: ;4Hi>EGє@B

< ∈ ℕ i DB;i5’є@B 6i8Di;B> [−ℎ, 0] FBK>4@< − ℎ
<
9, 9 = 0,< A4< K4EF<A. �<;A4K<@B

HGA>Jiї I 9 (C) ∈ ℝ
3 , S> DB;6’S;>< A4EFGCA<I ;484K �BLi




3I0 = 5 (C, I0(C), I< (C)) 3C + f (C, I0(C), I< (C)) 3, (C),

3I 9 (C) = <
ℎ

(
I 9−1(C) − I 9 (C)

)
, C ∈ [0,) ],

I 9 (0) = q
(
−ℎ9
<

)
, 9 = 0,<.

(4.1.4)

";A4K9AAS 4.2. %<EF9@4 (4.1.4) A4;<64єFPES 4CDB>E<@GRKBR 8?S E<EF9@< (4.1.1)

G E9D98APB@G >648D4F<KAB@G, S>MB

sup
C∈[0,) ]

Ā|G (C − ℎ

<
9) − I 9 (C) |2 → 0, < → ∞, 9 = 0,<.
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"EAB6A<@ D9;G?PF4FB@ 84AB7B DB;8i?G є A4EFGCA4 F9BD9@4.

&9BD9@4 4.1. �4 6<>BA4AAS G@B6 4.1.2 F4 4.1.3 E<EF9@4 (4.1.4) є 4CDB>E<@GRKBR

G E9D98APB@G >648D4F<KAB@G 8?S CBK4F>B6Bї ;484Ki (4.1.1) Di6AB@iDAB CB 9 = 0,<,

FB5FB

sup
9=0,<

sup
C∈[0,) ]

Ā|G (C − ℎ

<
9) − I 9 (C) |2 → 0, < → 0. (4.1.5)

�?S CB84?PL<I@iD>G64AP 64:?<6BR є ?9@4, S>4 G E9D98APB@G >648D4F<KAB@G

BJiARє @B8G?P A9C9D9D6ABEFi DB;6’S;>G CBK4F>B6Bї ;484Ki A4 [−ℎ,) ]. "E>i?P><
84A<= D9;G?PF4F @4є i E4@BEFi=A<= I4D4>F9D, FB @< =B7B 6<A9E9@B 6 B>D9@<=

Ci8DB;8i?.

4.1.2 �9@4 CDB @B8G?P A9C9D9D6ABEFi

 4є @iEJ9 A4EFGCA9 F69D8:9AAS

�9@4 4.1 (#DB @B8G?P A9C9D9D6ABEFi). �4 6<>BA4AAS G@B6 4.1.2 F4 4.1.3 8?S

DB;6’S;>G CBK4F>B6Bї ;484Ki ECD4698?<64 A9Di6AiEFP

sup
C1∈[−ℎ,) ]

Ā sup
C2∈[C1,C1+;]

|G (C2) − G (C1) |2 f � (), | |q | |, ;) → 0, ; → 0.

�B6989AAS. "E>i?P>< DB;6’S;B> CBK4F>B6Bї ;484Ki G (C) iEAGє A4 [0,) ] i @4є F4@
B5@9:9A<= 8DG7<= @B@9AF, FB 6 E<?G G@B6< ?iAi=AB7B DBEFG A4 >B9HiJiєAF<

E<EF9@<, @4F<@9@B

|G (C) |2 f 3|q (0) |2 + 3

C∫
0

|5 (B, G (B), G (B − ℎ)) |2 3B

+ 3

C∫
0

|f (B, G (B), G (B − ℎ)) |2 3, (B).

�6i8E<, 6 E<?G A9Di6ABEFi �BLi-�GAS>B6EP>B7B, BFD<@4є@B
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|G (C) |2 f 3|q (0) |2 + 3)

C∫
0

!(1 + |G (B) |2 + |G (B − ℎ) |2) 3B

+ 3 sup
B∈[0,C]

©­«
C∫
0

|f (g, G (g), G (g − ℎ)) | 3, (g)ª®¬
2

f 3|q (0) |2 + 3)

C∫
0

!

(
1 + sup

g∈[0,B]
|G (g) |2 + sup

g∈[0,B]
|G (g − ℎ) |2

)
3B

+ 3 sup
B∈[0,C]

©­
«
B∫
0

|f (g, G (g), G (g − ℎ)) | 3, (g)ª®
¬
2

.

(4.1.6)

"K96<8ABR є A4EFGCA4 A9Di6AiEFP

sup
B∈[0,C]

|G (B − ℎ) |2 f ||q | |2 + sup
B∈[0,C]

|G (B) |2. (4.1.7)

�D4IB6GRK< (4.1.7) F4 @4>E<@4?PAG @4DF<A74?PAG A9Di6AiEFP [31] 8?S EFBI4EF<-

KAB7B iAF97D4?4, i; (4.1.6) BFD<@4є@B

Ā sup
B∈[0,C]

|G (B) |2 f 3|q (0) |2 + 3) 2! | |q | |2 + 3) 2!

+ 6)

C∫
0

!Ā sup
g∈[0,B]

|G (g) |2 3g

+ 12

C∫
0

!

(
1 + ||q | |2 + 2Ā sup

g∈[0,B]
|G (g) |2

)
3g

f �1(), | |q | |) +�2(), | |q | |)
C∫
0

!Ā sup
g∈[0,B]

|G (g) |2 3g .

�6i8E< 6 E<?G A9Di6ABEFi �DBAGB??4, @4F<@9@B BJiA>G

Ā sup
B∈[0,C]

|G (B) |2 f �14
�2) =�3(), | |q | |) .

3>MB C1 g C0 FB BFD<@Gє@B

G (C2) − G (C1) =
C2∫
C1

5 (C, G (C), G (C − ℎ)) 3C +
C2∫
C1

f (C, G (C), G (C − ℎ)) 3, (C) .
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&B8i

Ā sup
C∈[C1,C1+;]

|G (C2) − G (C1) |2 f 2
©­­
«
;

C1+;∫
C1

!
(
1 + Ā|G (C) |2 + Ā|G (C − ℎ) |2

)
3C

+ Ā sup
C∈[C1,C1+;]

������
C∫
C1

f (B, G (B), G (B − ℎ)) 3, (B)

������
2ª®®
¬
.

�4?i 6 E<?G BEF4AAPBї A9Di6ABEFi @4F<@9@B:

Ā sup
C2∈[C1,C1+;]

|G (C2) − G (C1) |2 f 2
©­­
«
;2!�3(), ∥q ∥) +

C1+;∫
C1

! · 2�3(), ∥q ∥) 3C
ª®®
¬

=� (), ∥q ∥, ;) → 0, ; → 0.

3>MB C1 F4 C1 + ; ∈ [−ℎ, 0] FB FB8i, 6 E<?G B;A4K9AAS DB;6’S;>G @4є@B, MB

Ā sup
C2∈[C1,C1+;]

|G (C2) − G (C1) |2 = sup
C2∈[C1,C1+;]

|q (C2) − q (C1) |2 → 0, ; → 0,

6 E<?G Di6AB@iDABї A9C9D9D6ABEFi A4 [−ℎ, 0] HGA>Jiї q .
3>MB : C1 ∈ [−ℎ, 0], 4 C2 > 0, FB

|G (C2) − G (C1) | f |G (C2) − q (0) | + |q (C1) − q (0) |.

"K96<8AB, MB C1 → 0 i C2 → 0, S>MB ; → 0. &B8i, ;4 8B6989A<@ 6<M9, @4є@B

Ā sup
C∈[0,C1+;]

|G (C) − q (0) |2 → 0, ; → 0.

"EF4AAє i 8B6B8<FP ?9@G. □

4.1.3 �B6989AAS BEAB6AB7B D9;G?PF4FG

"E>i?P>< 6<C48>B6<= CDBJ9E G (C) @4є A98<H9D9AJi=B6Ai FD4є>FBDiї (4 ?<L9
A9C9D9D6Ai ; i@B6iDAiEFR 1), FB 66989@B A4EFGCA<= ;7?48:9A<= 6<C48>B6<=

CDBJ9E G` (C), CB5G8B64A<= 8?S >B:AB7B @4?B7B ` > 0 A4EFGCA<@ K<AB@:

G` (C) =
1

`

C+`∫
C

G (B)3B, C ∈ [−ℎ,) ] .
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#D< JPB@G 8?S C g ) CDBJ9E G (B) CDB8B6:<@B S> EF4?G 6<C48>B6G 69?<K<AG ;4
A9C9D9D6AiEFR. "K96<8AB, MB CDBJ9E G` (C) @4є 7?48>i FD4є>FBDiї i

¤G` (C) =
1

`
[G (C + `) − G (C)] .

"JiA<@B Di;A<JR 6 E9D98APB@G >648D4F<KAB@G @i: G (C) i G` (C).  4є@B

Ā

������G (C) −
1

`

C+`∫
C

G (B)3B

������
2

= sup
C∈[−ℎ,) ]

1

`
Ā

������
C+`∫
C

(G (C) − G (B))3B

������
2

. (4.1.8)

�?9

sup
C∈[−ℎ,) ]

Ā|G (C) −G (B) |2 f sup
C∈[−ℎ,) ]

Ā sup
B∈[C,C+`]

|G (C) −G (B) |2 f � (), | |q | |, `) → 0, ` → 0,

(4.1.9)

6 E<?G ?9@< CDB @B8G?P A9C9D9D6ABEFi. "F:9,

sup
C∈[−ℎ,0]

Ā|G (C) − G` (C) |2 f � (), | |q | |, `) → 0, ` → 0. (4.1.10)

�?S ;DGKABEFi K<F4AAS 84?i BC<L9@G EI9@G 8B6989AAS. #B;A4K<@B ~ 9 (C) =
G (C − ℎ9

<
) F4 66989@B Di;A<Ji # 9 (C) = Ā|~ 9 (C) −I 9 (C) |2, 9 = 0,<, 89 I 9 (C) 4 DB;6’S;><

E<EF9@< (4.1.4). �4;A4K<@B, MB 6 E<?G >?4E<KA<I F9BD9@ iEAG64AAS F4 є8<ABEFi

DB;6’S;>G ;484Ki �BLi 8?S E<EF9@ EFBI4EF<KA<I Di6ASAP, ;4 6<>BA4AAS G@B6 4.1.2,

4.1.3 E<EF9@4 (4.1.4) 8?S >B:AB7B A4FGD4?PAB7B< @4є є8<A<= E<?PA<= DB;6’S;B>,

6<;A4K9A<= A4 [0,) ]. $B;7?SA9@B E<EF9@G (4.1.4), CBK<A4RK< ; 8DG7B7B Di6ASAAS.
�4?i 8B6989AAS DB;5<64єFPES A4 >i?P>4 >DB>i6.

�DB> 1. �<>BD<EFB6GRK< ?iAi=AiEFP E<EF9@< (4.1.4) (CBK<A4RK< ; 8DG7B7B

Di6ASAAS) DB;i5’є@B її A4 86i E<EF9@< i CD98EF46<@B I 9 (C) = I (1)9 (C) + I (2)9 (C), 89
6i8CB6i8AB I (1)9 4 DB;6’S;B> E<EF9@<




ℎ

<
¤I (1)1 = G (C) − I (1)1 ,

ℎ

<
¤I (1)9 = I

(1)
9−1 − I

(1)
9 , 9 = 1,<,

I
(1)
9 (0) = G (−ℎ9

<
),

(4.1.11)
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4 I (2)9 4 DB;6’S;B> E<EF9@<




ℎ

<
¤I (2)1 = −I (2)1 + (I0 − G),

ℎ

<
¤I (2)9 = I

(2)
9−1 − I

(2)
9 , 9 = 1,<,

I
(2)
9 (0) = 0.

(4.1.12)

&B8i

sup
C∈[0,) ]

Ā

����G
(
C − ℎ9

<

)
− I 9 (C)

����
2

= sup
C∈[0,) ]

Ā

��~ 9 (C) − I 9 (C)��2

f 2

(
sup
C∈[0,) ]

Ā

���~ 9 (C) − I (1)9 (C)
���2 + sup

C∈[0,) ]
Ā

���I (2)9 (C)
���2
)
.

(4.1.13)

�DB> 2. !4 JPB@G >DBJi CDB6B8<@B BJiA>G C9DLB7B 8B84A>G 6 (4.1.13). �?S

JPB7B G (C) CB84є@B G 6<7?S8i G (C) = G` (C) + (G (C) − G` (C)) = G` (C) − G1(C), 4
~ 9 (C) = ~ (1)9 (C) + ~ (2)9 (C) . &GF ~ (1)9 (C) = G` (C − ℎ9

<
), 4 ~ (2)9 (C) = G1(C − ℎ9

<
). &B8i E<EF9@4

(4.1.11) DB;C484єFPES A4 86i Ci8E<EF9@< I (1)9 (C) = D 9 (C) + E 9 (C), 89 6i8CB6i8A9 D 9 (C)
є DB;6’S;>B@ ;484Ki �BLi




ℎ

<
¤D1 = −D1 + G` .

ℎ

<
¤D 9 = D 9−1 − D 9 , 9 = 2,<,

D 9 (0) = ~ (1)9 (0) = G` (−
ℎ9

<
),

(4.1.14)

4 E 9 (C) є DB;6’S;>B@ ;484Ki �BLi 8?S E<EF9@<




ℎ

<
¤E1 = −E1 + G1,

ℎ

<
¤E 9 = E 9−1 − E 9 , 9 = 2,<,

E 9 (0) = ~ (2)9 (0) = G1(−
ℎ9

<
) − G` (−

ℎ9

<
) .

(4.1.15)



96

&B8i

sup
C∈[0,) ]

√
Ā

���~ 9 (C) − I (1)9 (C)
���2 f sup

C∈[0,) ]

√
Ā

���~ (1)9 (C) + ~ (2)9 (C) − (D 9 (C) + E 9 (C))
���2

f sup
C∈[0,) ]

√
Ā

���~ (1)9 (C) − D 9 (C)
���2

+ sup
C∈[0,) ]

√
Ā

���~ (2)9 (C)
���2 + sup

C∈[0,) ]

√
Ā

��E 9 (C)��2.
(4.1.16)

"JiARRK< >B:A9A 8B84AB> 6 (4.1.16) B>D9@B, CD<=89@B 8B BJiA>< C9DLB7B

8B84A>G 6 (4.1.13).

�DB> 3. �<>BD<EFB6GRK< E<EF9@G (4.1.12), BJiARє@B 8DG7<= 8B84AB> 6 (4.1.13).

�DB> 4. �<>BD<EFB6GRK< BJiA>< >B:AB7B i; 8B84A>i6 6 (4.1.13), BFD<@4Ai A4

CBC9D98AiI >DB>4I, ; A9Di6ABEFi (4.1.13) CD<IB8<@B 8B BJiA>< (4.1.5), MB i 8B6989

F9BD9@G.

#B84?PL9 8B6989AAS F9BD9@< 6i85G64єFPES G CBE?i8B6Ai= D94?i;4Jiї >B:AB7B

i; >DB>i6.

"JiA<@B C9DL<= 8B84AB> 6 (4.1.16). #D<6989@B BJiA>< CD< 9 = 1. #B;A4K<@B

Y1(C) = D1(C) − ~ (1)1 (C), CD< JPB@G Y1(0) = 0. &B8i

¤Y1 = ¤D1 − ¤~ (1)1

=
<

ℎ
(G` − D1) − ¤~ (1)1

=
<

ℎ
(−D1 + ~ (1)1 ) + <

ℎ
(G` − ~ (1)1 ) − ¤~ (1)1

= −<
ℎ
Y1 +

<

ℎ
(G` − ~ (1)1 ) − ¤~ (1)1

= −<
ℎ
Y1 +k (C) .

&4><@ K<AB@, 8?S Y1(C) BFD<@GєFPES E<EF9@4 Di6ASAP



¤Y1 = −<

ℎ
Y1 +k (C),

Y1(0) = 0.
(4.1.17)
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�?S BJiA><k (C) @4є@B

k (C) = <
ℎ

(
G` (C) − ~ (1)1 (C)

)
− ¤~ (1)1 (C)

=
<

ℎ

(
G` (C) − G`

(
C − ℎ

<

))
− ¤G`

(
C − ℎ

<

)

= ¤G` (\8) − ¤G`
(
C − ℎ

<

)
,

FGF \8 (l) ∈ [C − ℎ
<
, C], E6BS 8?S >B:AB7B G8 4 >B@CBA9AF< 69>FBD4 G ∈ ℝ

3 . I;

6<;A4K9AAS CDBJ9EG G` (C) BFD<@Gє@B

k (C) = 1

`
[G (\8 + `) − G (\ )] −

1

`
[G (C − ℎ

<
+ `) − G (C − ℎ

<
)] .

&B8i

sup
C∈[0,) ]

√
Ā|k (C) |2 f 1

`


sup
C∈[0,) ]

√
Ā

����G (\8 + `) − G
(
C − ℎ

<
+ `

)����
2

+ sup
C∈[0,) ]

√
Ā

����G (\8) − G
(
C − ℎ

<

)����
2

f 1

`


sup
C∈[0,) ]

√√√
Ā sup
B∈[C− ℎ

ģ+`,C+`]

����G (B) − G
(
C − ℎ

<
+ `

)����
2

+ sup
C∈[0,) ]

√√√
Ā sup
B∈[C− ℎ

ģ+`,C+`]

����G (B) − G
(
C − ℎ

<

)����
2

f

√
4

`2
�

(
), | |q | |, ℎ

<

)
→ 0, < → ∞.

"EF4AAS BJiA>4 BFD<@4?4EP i; 6<>BD<EF4AAS@ ?9@< CDB @B8G?P A9C9D9D6ABEFi.

� (4.1.17), F4 HBD@G?< 64Di4Jiї 8B6i?PABї EF4?Bї @4є@B

Y1(C) =
C∫
0

4−
ģ
ℎ
(C−B)k (B)3B.
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"F:9, ; 6<>BD<EF4AAS@ A9Di6ABEFi �BLi-�GAS>B6EP>B7B, ;6i8E< BFD<@Gє@B

sup
C∈[0,) ]

������
C∫
0

4−
ģ
ℎ
(C−B)k (B) 3B

������
2

f sup
C∈[0,) ]

Ā
©­
«
C∫
0

4−
ģ
ℎ
(C−B) 3B

C∫
0

4−
ģ
ℎ
(C−B)

Ā|k (B) |2 3Bª®¬
f ℎ

<
sup
C∈[0,) ]

C∫
0

4−
ģ
ℎ
(C−B) 3B sup

C∈[0,) ]
Ā|k (C) |2

f
(
ℎ

<

)2
4

`2
�

(
), | |q | |, ℎ

<

)
.

(4.1.18)

&4><@ K<AB@ 8?S Y1(C) ECD4698?<64 A9Di6AiEFP

sup
C∈[0,) ]

√
Ā|Y1(C) |2 f

ℎ

<

2

`

√
�

(
), | |q | |, ℎ

<

)
. (4.1.19)

�4?i BJiA<@B ~ (2)1 (C) = G1(C − ℎ
<
) = G` (C − ℎ

<
) − G (C − ℎ

<
).

� (4.1.9) @4є@B

sup
C∈[0,) ]

√
Ā|~ (2)1 (C) |2 = sup

C∈[0,) ]

√
Ā

����G`
(
C − ℎ

<

)
− G

(
C − ℎ

<

)���� f √
� (), | |q | |, `) .

"JiA<@B F9C9D E1(C) G E<EF9@i (4.1.15).�A4?B7iKAB, ; HBD@G?< 64Di4Jiї 8?S
?iAi=AB7B Di6ASAAS @4є@B

E1(C) = 4−
ģ
ℎ
CE1(0) +

C∫
0

4−
ģ
ℎ
(C−B)G1(B)3B.

"F:9,

sup
C∈[0,) ]

√
Ā|E1(C) |2 f

√
Ā|E1(0) |2 + sup

C∈[0,) ]

√√√√√
Ā

������
C∫
0

4−
ģ
ℎ
(C−B)G1(B) 3B

������
2 (<
ℎ

)2
. (4.1.20)

�?9 E1(0) = G1(− ℎ
<
). &B8i ; (4.1.9) BFD<@Gє@B

Ā|E1(0) |2 f � (), | |q | |, `), (4.1.21)

4 FB@G

sup
C∈[0,) ]

√√√√√
Ā

������
C∫
0

4−
ģ
ℎ
(C−B)G1(B) 3B

������
2 (<
ℎ

)2
f

(
ℎ

<

)
� (), | |q | |, `)

(<
ℎ

)
. (4.1.22)
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"JiA>4 iAF97D4?4 6 (4.1.22) CDB6B8<FPES 4A4?B7iKABR BJiAJi (4.1.18) ; 6<>BD<-

EF4AAS@ A9Di6ABEFi �BLi3�GAS>B6EP>B7B. "F:9, ; (4.1.20)-(4.1.22) @4є@B

sup
C∈[0,) ]

√
Ā|E1(C) |2 f 2

(√
� (), | |q | |, `) +

√
� (), | |q | |, `)

)
= 2

√
� (), | |q | |, `). (4.1.23)

�A4K<FP ; (4.1.16), (4.1.19) i (4.1.23) @4є@B

sup
C∈[0,) ]

√
Ā|~1(C) − I (1)1 (C) |2 f ℎ

<

2

`

√
� (), | |q | |, ℎ

<
) + 2

√
� (), | |q | |, `).

#D<6989@B F9C9D BJiA>G 8?S 9 = 2.

�A4?B7iKAB 6<C48>G 9 = 1 CBFDi5AB BJiA<F< 6<D4;<

sup
C∈[0,) ]

√
Ā

���~2(C) − I (1)2 (C)
���2 f sup

C∈[0,) ]

√
Ā

���~ (1)2 (C) − D2(C)
���2

+ sup
C∈[0,) ]

√
Ā

���~ (2)2 (C)
���2

+ sup
C∈[0,) ]

√
Ā |E2(C) |2.

(4.1.24)

#B;A4K<@B Y2(C) = D2(C) −~ (1)2 (C). �DG74 E<EF9@4 6 (4.1.11) ;AB6G 6 E<?G ?iAi=ABEFi
DB;C489FPES A4 86i E<EF9@<. � E4@9: CD98EF46<@B D2(C) = D (1)

2 (C) + D (2)
2 (C).

&B8i @4є@B 

ℎ

<
¤D (1)
2 = −D (1)

2 + ~ (1)1 ,

D
(1)
2 (0) = ~ (1)2 (0) .

F4 

ℎ

<
¤D (2)
2 = −D (2)

2 + Y1,

D
(2)
2 (0) = 0.

(4.1.25)

&9C9D ECD4698?<6i A9Di6ABEFi.

sup
C∈[0,) ]

√
Ā|Y2(C) |2 f sup

C∈[0,) ]

√
Ā|D (1)

2 (C) − ~ (1)2 (C) |2 + sup
C∈[0,) ]

√
Ā|D (2)

2 (C) |2. (4.1.26)

#B;A4K<@B Y (2)2 = D
(1)
2 − ~ (1)2 , BK96<8AB, MB Y2(0) = 0. &B8i

¤Y (2)2 = ¤D (1)
2 − ¤~ (1)2

=
<

ℎ

(
−D (1)

2 + ~ (1)1

)
− ¤~ (1)2

= −<
ℎ
Y
(2)
2 + <

ℎ

(
~
(1)
1 − ~ (1)2

)
− ¤~ (1)2

= −<
ℎ
Y
(2)
2 +k1(C) .
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&4><@ K<AB@ BFD<@Gє@B A4EFGCAG E<EF9@G



¤Y (2)2 = −<

ℎ
Y
(2)
2 +k1(C),

Y
(2)
2 (0) = 0.

�A4?B7iKAB CBC9D98APB@G, ;6i8E< @4є@B BJiA>G

sup
C∈[0,) ]

√
Ā|Y (2)2 (C) |2 f ℎ

<
sup
C∈[0,) ]

√
Ā|k1(C) |2. (4.1.27)

&4>B: 4A4?B7iKAB 8B BJiA>< 6<D4;Gk (C), 8?S CDBJ9EGk1(C) ECD4698?<64 A9Di6-
AiEFP

sup
C∈[0,) ]

√
Ā|k1(C) |2 f

2

`

√
� (), | |q | |, ℎ

<
). (4.1.28)

&B8i ; (4.1.27) F4 (4.1.28) @4є@B

sup
C∈[0,) ]

√
Ā|Y (2)2 (C) |2 f ℎ

<

2

`

√
� (), | |q | |, ℎ

<
). (4.1.29)

"JiA<@B F9C9D D (2)
2 (C). � E<EF9@< (4.1.25) BFD<@Gє@B

D
(2)
2 =

<

ℎ

C∫
0

4−
ģ
ℎ
(C−B)Y1(B)3B.

I; BEF4AAPB7B CD98EF46?9AAS F9C9D CD<IB8<@B 8B BJiA><

sup
C∈[0,) ]

√
Ā|D (2)

2 (C) |2 f ℎ

<

<

ℎ
sup
C∈[0,) ]

√
Ā|Y1(C) |2 f

ℎ

<

2

`

√
� (), | |q | |, ℎ

<
), (4.1.30)

CD< JPB@G 6D4IB64A4 A9Di6AiEFP (4.1.19).

� (4.1.26), (4.1.29) F4 (4.1.30) BFD<@GєFPES A9Di6AiEFP

sup
C∈[0,) ]

√
Ā|D2(C) − ~ (1)2 (C) |2 f sup

C∈[0,) ]

√
Ā|Y2(C) |2 f

ℎ

<

√
� (), | |q | |, ℎ

<
). (4.1.31)

"JiA<@B F9C9D ~2(C).  4є@B

sup
C∈[0,) ]

√
Ā|~ (2)2 (C) |2 = sup

C∈[0,) ]

√
Ā|G1(C −

ℎ2

<
) |2 f

√
� (), | |q | |, `) (4.1.32)

S> 6<C?<64є i; (4.1.9).
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�4?<L<?BES BJiA<F< BEF4AAi= 8B84AB> 6 (4.1.24). �?S JPB7B CDB6989@B

G E<EF9@i (4.1.15) BJiA>< 6i8D4;G 8?S 6EiI 9 = 1,<. $B;7?SA9@B JR E<EF9@G

CB>BBD8<A4FAB. "FD<@4є@B



¤E 9,8 = −<

ℎ
E 9,8 +

<

ℎ
E 9−1,8,

E 9,8 (0) = G1,8 (−
ℎ9

<
), 9 = 2,<, 8 = 1, 3 .

"K96<8AB, MB

ĀE29,8 (0) f � (), | |q | |, `).

�4?i F4>B: @4є@B

3

3C
E29,8 = 2E 9,8 ¤E 9,8

= 2E 9,8

(
−<
ℎ
E 9,8 +

<

ℎ
E 9−1,8

)
= −2<

ℎ
E29,8 +

<

ℎ
2E 9,8E 9−1,8

f −2<
ℎ
E29,8 +

<

ℎ
E29,8 +

<

ℎ
E29−1,8 .

"F:9,
3

3~
E29,8 f −<

ℎ
E29,8 +

<

ℎ
E29−1,8, 9 = 2,<, 8 = 1, 3 . (4.1.33)

' A9Di6ABEFSI (4.1.33) CDB6989@B ;4@iA< ;@iAA<I

E29,8 (C) = 4−
ģ
ℎ
C0 9,8 (C), 0 9,8 (C) = 4

ģ
ℎ
CE29,8 (C) . (4.1.34)

#D< JPB@G E29,8 (0) = 0 9,8 (0), 4 FB@G

Ā0 9,8 (0) f � (), | |q | |, `).

&B8i i; (4.1.33), 6D4IG646L< ;4@iAG (4.1.34), @4F<@9@B

3

3C
0 9,8 f

<

ℎ
0 9−1,8, 9 = 2,<. (4.1.35)

�?9

Ā01,8 (C) = 4
ģ
ℎ
C
ĀE21,8 (C) f 4� (), | |q | |, `)4ģ

ℎ
C

6 E<?G (4.1.23). &B8i i; (4.1.35) BFD<@Gє@B

02,8 (C) f 02,8 (0) +
<

ℎ

C∫
0

01,8 (B)3B.
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"F:9,

Ā02,8 (C) f Ā02,8 (0) +
<

ℎ

C∫
0

Ā01,8 (B) 3B

f � (), | |q | |, `) + 4
<

ℎ
� (), | |q | |, `)

C∫
0

4
ģ
ℎ
B 3B

=� (), | |q | |, `) + 4� (), | |q | |, `)
(
4
ģ
ℎ
C − 1

)
f 4� (), | |q | |, `)4ģ

ℎ
C .

�A4?B7iKAB

Ā03,8 (C) f Ā03,8 (0) +
<

ℎ

C∫
0

Ā02,8 (B) 3B

f � (), | |q | |, `) + 4
<

ℎ
� (), | |q | |, `)

C∫
0

4
ģ
ℎ
B 3B

=� (), | |q | |, `) + 4� (), | |q | |, `)
(
4
ģ
ℎ
C − 1

)
f 4� (), | |q | |, `)4ģ

ℎ
C .

&B@G 8?S 6EiI 9 = 1,< @4є@B BJiA>G

Ā0 9,8 (C) f 4� (), | |q | |, `)4ģ
ℎ
C .

"F:9, i; 6D4IG64AAS@ ;4@iA< (4.1.34) BFD<@4є@B

ĀE29,8 (C) = Ā4−
ģ
ℎ
C0 9,8 (C) f 4� (), | |q | |, `),

4 FB@G √
Ā|E 9 (C) |2 f

√
34� (), | |q | |, `), 9 = 1,<, (4.1.36)

89 3 4 DB;@iDAiEFP CDBEFBDG. &B8i ; (4.1.24), (4.1.31) F4 (4.1.32) BFD<@Gє@B BJiA>G

sup
C∈[0,) ]

√
Ā|~2(C) − I (1)2 (C) |2 f 4

`

ℎ

<

√
� (), | |q | |, ℎ

<
) + 3

√
3� (), | |q | |, ℎ

<
) .
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&9C9D A964:>B CB54K<F<, MB 8?S >B:AB7B 9 = 2,< ECD4698?<6i A9Di6ABEFi

sup
C∈[0,) ]

√
Ā

���~ 9 (C) − I (1)9 (C)
���2 f sup

C∈[0,) ]

√
Ā

���D 9 (C) − ~ (1)9 (C)
���2

+ sup
C∈[0,) ]

√
Ā

���~ (2)9 (C)
���2

+ sup
C∈[0,) ]

√
Ā

��E 9 (C)��2,
89 I (1)9 = D 9 + E 9 , ~ 9 = ~ 9 (1) + ~ 9 (2). I; 66989AAS@ 4A4?B7iKAB 6<M9 6<>?489AB7B
CB;A4K9AAS Y 9 (C) = D 9 (C) − ~29 (C), BEF4AAS A9Di6AiEFP A45G64є 6<7?S8G

sup
C∈[0,) ]

√
Ā

���~ 9 (C) − I (1)9 (C)
���2 f sup

C∈[0,) ]

√
Ā

��Y 9 (C)��2

+ sup
C∈[0,) ]

√
Ā

���~ (2)9 (C)
���2 + sup

C∈[0,) ]

√
Ā

��E 9 (C)��2.
(4.1.37)

�A4?B7iKAB 6<C48>G 9 = 2, CD98EF46<@B D 9 (C) = D (1)
9 (C) + D (2)

9 (C), 89 D (1)
9 F4 D

(2)
9 4

DB;6’S;>< A4EFGCA<I ;484K �BLi 6i8CB6i8AB



ℎ

<
¤D (1)
9 = −D (1)

9 + ~ (1)9−1,

D
(1)
9 (0) = ~ (1)9 (0)

F4 

ℎ

<
¤D (2)
9 = −D (2)

9 + Y 9−1,

D
(2)
9 (0) = 0.

#B;A4K<@B Y 99 = D
(1)
9 − ~ (1)9 , Y

9
9 (0) = 0. &B8i 4A4?B7iKAB 6<C48>G 9 = 2, 8?S Y 99

BFD<@4є@B BJiA>G

sup
C∈[0,) ]

√
Ā

���Y ( 9)9 (C)
���2 f ℎ

<

2

`

√
� (), | |q | |, ℎ

<
).

&B8i

sup
C∈[0,) ]

√
Ā

��Y 9 (C)��2 f sup
C∈[0,) ]

√
Ā

���Y ( 9)9 (C)
���2 + sup

C∈[0,) ]

√
Ā

���D (2)
9 (C)

���2.
�A4?B7iKAB 6<C48>G 9 = 2, 8?S D (2)

9 BFD<@4є@B A9Di6AiEFP

sup
C∈[0,) ]

√
Ā

���D (2)
9 (C)

���2 f sup
C∈[0,) ]

√
Ā

��Y 9−1(C)��2.
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"F:9,

sup
C∈[0,) ]

√
Ā

��Y 9 (C)��2 f ℎ

<

2

`

√
� (), | |q | |, ℎ

<
) + sup

C∈[0,) ]

√
Ā

��Y 9−1(C)��2.
"EF4AAS A9Di6AiEFP i; 66989AAS@ CB;A4K9AS 1 9 = supC∈[0,) ]

√
Ā|Y 9 (C) |2 A45G64є

6<7?S8G

1 9 f
ℎ

<

2

`

√
� (), | |q | |, ℎ

<
) + 1 9−1.

�6i8E<, iA8G>JiєR ;4 9 ?97>B BFD<@4F<, MB

1 9 f 11 + 9
ℎ

<

2

`

√
� (), | |q | |, ℎ

<
),

4 BF:9, 8?S 6EiI 9 = 2,< @4є@B BJiA>G

sup
C∈[0,) ]

√
Ā

��Y 9 (C)��2 f 2ℎ

`

√
� (), | |q | |, ℎ

<
) + ℎ

<

2

`

√
� (), | |q | |, ℎ

<
) (4.1.38)

6 E<?G (4.1.19). �9?<K<A< ~ (2)9 (C) BJiARєFPES 4A4?B7iKAB 6<C48>G 9 = 2, ; 6<>BD<-

EF4AAS@ GAi69DE4?PABї BJiA>< (4.1.9), 4 E4@9:

sup
C∈[0,) ]

√
Ā

���~ (2)9 (C)
���2 f

√
� (), | |q | |, ℎ

<
) . (4.1.39)

�A4?B7iKAB 8?S E 9 (C) F4>B: @4є@B

sup
C∈[0,) ]

√
Ā

���E (2)9 (C)
���2 f 2

√
3� (), | |q | |, ℎ

<
). (4.1.40)

"F:9, ; (4.1.36), (4.1.38)-(4.1.40) BFD<@Gє@B

sup
C∈[0,) ]

√
Ā

���~ 9 (C) − I (1)9 (C)
���2 f 2ℎ

`

√
� (), | |q | |, ℎ

<
) + 3

√
3� (), | |q | |, `) . (4.1.41)

�i;P@9@B 6 BEF4AAi= A9Di6ABEFi ` = �
1
4 (), | |q | |, ℎ

<
). "K96<8AB, MB ` → 0, S>MB

< → ∞. &B8i

sup
C∈[0,) ]

√
Ā

���~ 9 (C) − I (1)9 (C)
���2 f 2ℎ�

1
4 (), | |q | |, ℎ

<
) + 3

√
3� (), | |q | |,� 1

4 (), | |q | |, ℎ
<
))

= U (), | |q | |, ℎ
<
) → 0, < → ∞.



105

#DB6989@B BJiA>< 8?S E<EF9@< (4.1.12).  < @4?< #0(C) = Ā|I0(C) − G (C) |2. �?S
C9DLB7B Di6ASAAS 6 (4.1.12) BFD<@Gє@B.

I
(2)
1 (C) = <

ℎ

C∫
0

4−
ģ
ℎ
(C−B) (I0(B) − G (B))3B,

4 FB@G

ĀI
(2)
1 (C) f sup

C∈[0,) ]
Ā|I0(C) − G (C) |2 = Ā#0(C).

�?S iAL<I Di6ASAP 6 (4.1.12) CDB6989@B @iD>G64AAS 4A4?B7iKAi 8B BJiAB> E 9 (C), 4
E4@9: DB;C<L9@B їI CB>BBD8<A4FAB.  4є@B



¤I (2)9,8 = −<

ℎ
I
(2)
9,8 + <

ℎ
I
(2)
9−1,8,

I
(2)
9,8 (0) = 0, 9 = 1,<, 8 = 1, 3 .

&B8i 8?S (I (2)9,8 )2 BFD<@Gє@B A9Di6AiEFP

3

3C
(I (2)9,8 )

2 f −<
ℎ
(I (2)9,8 )

2 + <
ℎ
(I (2)9−1,8)

2, (4.1.42)

; S>Bї ;4 8BCB@B7BR;4@iA< (I (2)9,8 )2 = 4−
ģ
ℎ
−C1 9,8, 1 9,8 (0) = 0CD<=89@B8BA9Di6ABEFi

3

3C
1 9,8 (C) f

<

ℎ
1 9−1,8 (C) .

#DBiAF97DG646L< її A4 [0, C], ; GD4IG64AAS@ CBK4F>B6Bї G@B6< 1 9,8 (0) = 0,

@4F<@9@B

1 9,8 (C) f
<

ℎ

C∫
0

1 9−1,8 (B)3B,

CD< JPB@G

11,8 (C) = 4
ģ
ℎ
C (I (2)9,8 )

2
= 4

ģ
ℎ
C#0(C) .

"F:9,

Ā12,8 (C) f
<

ℎ

C∫
0

4
ģ
ℎ
B
Ā#0(B)3B f 4

ģ
ℎ
C sup
C∈[0,) ]

Ā#0(C) .

�4?i

Ā13,8 (C) f
<

ℎ

C∫
0

Ā12,8 (B)3B f
<

ℎ

C∫
0

4
ģ
ℎ
B
Ā#0(B)3B f 4

ģ
ℎ
C sup
C∈[0,) ]

Ā#0(C).
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#DB8B6:GRK< 84AG CDBJ98GDG, G ;474?PAB@G 6<C48>G @4F<@9@B

Ā1 9,8 (C) f 4
ģ
ℎ
C sup
C∈[0,) ]

Ā#0(C) .

� BF:9, i; GD4IG64AAS@ ;4@iA< (4.1.42), BFD<@4є@B

Ā(I (2)9,8 )
2 f sup

C∈[0,) ]
Ā#0(C) .

&B@G

Ā(I (2)9 )2 f sup
C∈[0,) ]

Ā#0(C) . (4.1.43)

&B8i 6 D9;G?PF4Fi 8?S 9 = 1,< BFD<@Gє@B

sup
C∈[0,) ]

√
Ā|G (C − ℎ9

<
) − I 9 (C) |2 f sup

C∈[0,) ]

√
Ā|G (C − ℎ9

<
) − I (1)9 (C) |2 + sup

C∈[0,) ]

√
Ā|I (2)9 (C) |2,

MB i; GD4IG64AAS@ CB;A4K9AAS # 9 (C), BJiAB> (4.1.41) F4 (4.1.43) CD<6B8SFP 8B
A9Di6ABEFi

sup
C∈[0,) ]

√
# 9 (C) f U (), | |q | |,

ℎ

<
) +

√
sup
C∈[0,) ]

#0(C). (4.1.44)

� BF:9, 8?S BJiA>< I0(C) − G (C) @4є@B

I0(C) − G (C) =
C∫
0

(5 (B, I0(B), I< (B)) − 5 (B, G (B), G (B − ℎ))) 3B

+
C∫
0

(f (B, I0(B), I< (B)) − f (B, G (B), G (B − ℎ))) 3, (B) .

&9C9D, ; GD4IG64AAS@ G@B6< 4.1.3 F9BD9@<, BFD<@Gє@B

#0(C) f 2() + 1)
C∫
0

!
(
Ā|I0(B) − G (B) |2 + Ā|I< (B) − G (B − ℎ) |2

)
3B

f 2() + 1)
C∫
0

4! sup
B∈[0,B]

#0(B) 3B + 2U2�

(
), | |q | |, ℎ

<

)
.

�6i8><, ; GD4IG64AAS@ ?9@< �DBAGB??4 @4F<@9@B

sup
C∈[0,) ]

#0(C) f 2U2� (), | |q | |, ℎ
<
)48()+1)!) → 0, < → 0.

"EF4AAS BJiA>4, ; GD4IG64AAS@ (4.1.44) i 8B6B8<FP F9BD9@G.
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4.2 �<C48B> iAF97D4?PAB7B ;4Ci;A9AAS

4.2.1 #BEF4AB6>4 ;484Ki

!9I4= (¬, F ,9) 4 CB6A<= CDBEFiD =@B6iDABEF9= i; Hi?PFD4JiєR {FC }, C g
0, 6i8ABEAB S>Bї E>4?SDA<= CDBJ9E �iA9D4 , (C), C g 0, є 484CFB64A<@. �9;

6FD4F< ;474?PABEFi F4 8?S ECDBM9AAS 6<>?48>< ;AB6G 5G89@B 664:4F<, MB 6iA є

B8AB6<@iDA<@.

!9I4= ℎ > 0 4 J9 iAF9D64? ;4Ci;A9AAS, A4 S>B@G 6<;A4K9A4 A9C9D9D6A4

89F9D@iAB64A4 CBK4F>B64 HGA>JiS q (C).
$B;7?SA9@B F4>G ;484KG �BLi 8?S E<EF9@< EFBI4EF<KA<I HGA>JiBA4?PAB-

8<H9D9AJi4?PA<I Di6ASAP:



3G (C) = 5

(
C, G (C),

∫ 0

−ℎ G (C + \ )3\
)
3C + f

(
C, G (C),

∫ 0

−ℎ G (C + \ )3\
)
3, (C),

G (C) = q (C), C ∈ [−ℎ, 0],
(4.2.1)

89 HGA>Jiї 5 , f : [0,) ] ×ℝ
3 ×ℝ

3 → ℝ
3 6<;A4K9Ai, A9C9D9D6Ai ;4 6Ei@4 ;@iAA<@<

F4 iEAGє EF4?4 ! > 0, 6<>BA4Ai G@B6<:

1) '@B64 ?iAi=AB7B ;DBEF4AAS:

|5 (C, G,~) |2 + |f (C, G,~) |2 f !
(
1 + |G |2 + |~ |2

)
,

8?S 5G8P-S><I C ∈ [0,) ], G,~ ∈ ℝ
3 .

2) '@B64 �iCL<JS:

|5 (C, G1, ~1) − 5 (C, G2, ~2) |2+ |f (C, G1, ~1) −f (C, G2, ~2) |2 f !
(
|G1−G2 |2+ |~1−~2 |2

)
.

$B;6’S;B> ;484Ki �BLi (4.2.1) ;AB6G 5G89@B DB;G@iF< G EF4A84DFAB@G E9AEi

[104].

";A4K9AAS 4.3. %FBI4EF<KA<= CDBJ9E i; A9C9D9D6A<@< FD4є>FBDiS@<, 484-

CFB64A<= 8B FC , A4;<64єFPES E<?PA<@ DB;6’S;>B@ ;484Ki �BLi (4.2.1) A4 [0,) ],
S>MB:

1) G (C) = q (C), C ∈ [−ℎ, 0];
2) G (C) = q (0) +

∫ C
0
5
(
B, G (B),

∫ 0

−ℎ G (B +\ )3\
)
3B +

∫ C
0
f
(
B, G (B),

∫ 0

−ℎ G (B +\ )3\
)
3, (B),

; i@B6iDAiEFR 1, CD< C ∈ [0,) ] .
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�4G64:<@B, MB Di6ASAAS (4.2.1) ;484є 45EFD4>FAi 6i8B5D4:9AAS i; CDBEFBDG �

G ℝ3 F4>B7B 6<7?S8G:

51(C, q) = 5 ©­«
C, q (0),

0∫
−ℎ

q (\ )3\ª®
¬
, f1(C, q) = f ©­

«
C, q (0),

0∫
−ℎ

q (\ )3\ª®
¬
.

� G@B6 1) i 2) BK96<8A<@ K<AB@ @4є@B, MB:

|51(C, q) |2 + |f1(C, q) |2 f !
(
1 + (1 + ℎ2)∥q ∥2

)
,

|51(C, q) − 51(C,k ) |2 + |f1(C, q) − f1(C,k ) |2 f !
(
(1 + ℎ2)∥q −k ∥2

)
.

� BFD<@4A<I A9Di6ABEF9= 6<C?<64є 6<>BA4AAS G@B6 [104] iEAG64AAS F4

є8<ABEFi E<?PAB7B A9C9D9D6AB7B DB;6’S;>G ;484Ki (4.2.1) A4 [0,) ], MB ;48B6i?PASє
A9Di6AiEFP

sup
C∈[0,) ]

,Ā|G (C) |2 < ∞.

!4 BEAB6i E<EF9@< EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP

(4.2.1) @< 5G8Gє@B E<EF9@G EFBI4EF<KA<I 8<H9D9AJi4?PA<I Di6ASAP 59; ;4Ci;A9A-

AS, S>G A4;69@B 4CDB>E<@GRKBR E<EF9@BR, A4EFGCA<@ K<AB@. (i>EGє@B< ∈ ℕ

i DB;5<64є@B iAF9D64? [−ℎ, 0] FBK>4@< −ℎ9
<
, 9 = 0,<, A4< K4EF<A.

�<;A4K<@B HGA>Jiї I 9 (C) ∈ ℝ
3 A4 [0,) ] S> DB;6’S;>< A4EFGCA<I ;484K �BLi:




3I0(C) = 5
(
C, I0(C), ℎ<

∑<
9=1 I 9 (C)

)
3C + f

(
C, I0(C), ℎ<

∑<
9=1 I 9 (C)

)
3, (C),

3I 9 (C) =
<

ℎ
[I 9−1(C) − I 9 (C)], 9 = 1,<,

I 9 (0) = q
(
− ℎ9
<

)
, 9 = 0,<.

(4.2.2)

";A4K9AAS 4.4. %<EF9@4 (4.2.2) A4;<64єFPES 4CDB>E<@GRKBR E<EF9@BR 8?S

E<EF9@< (4.2.1) 6 E9D98APB>648D4F<KAB@G E9AEi A4 [0,) ], S>MB

sup
C∈[0,) ]

Ā

����G
(
C − ℎ9

<

)
− I 9 (C)

����
2

→ 0, < → ∞, 9 = 0,<. (4.2.3)

"EAB6A<= D9;G?PF4F Jiєї K4EF<A< CD98EF46?9AB G A4EFGCAi= F9BD9@i.

&9BD9@4 4.2. �4 6<>BA4AAS G@B6 1) i 2), E<EF9@4 (4.2.2) є 4CDB>E<@GRKBR E<EF9@BR

6 E9D98APB>648D4F<KAB@G E9AEi 8?S CBK4F>B6Bї ;484Ki (4.2.1), Di6AB@iDAB ;4 9 = 0,<,

FB5FB,

sup
9=0,<

sup
C∈[0,) ]

Ā

����G
(
C − ℎ9

<

)
− I 9 (C)

����
2

→ 0, < → ∞. (4.2.4)
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�B6989AAS. -B5 8B69EF< F9BD9@G, A4@ ;A48B5<FPES ?9@4 CDB BJiA>G E9D98APB-

>648D4F<KAB7B @B8G?S A9C9D9D6ABEFi DB;6’S;>G ;484Ki (4.2.1), 4A4?B7iKAB 8B

CBC9D98APB7B C4D47D4H4.

4.2.2 �9@4 CDB @B8G?P A9C9D9D6ABEFi

%CD4698?<6BR є A4EFGCA4 ?9@4.

�9@4 4.2 (#DB @B8G?P A9C9D9D6ABEFi). �4 6<>BA4AAS G@B6 4.1.2) i 4.1.3) 8?S DB;6’S;>G

CBK4F>B6Bї ;484Ki (4.2.1) ECD468:GєFPES A4EFGCA9 ECi66i8ABL9AAS:

sup
C1∈[−ℎ,) ]

Ā sup
C2∈[C1,C1+;]

|G (C2) − G (C1) |2 f � (), ∥q ∥, ℎ, ;) → 0, ; → 0. (4.2.5)

�B6989AAS. "E>i?P>< DB;6’S;B> CBK4F>B6Bї ;484Ki (4.2.1) iEAGє A4 [0,) ] i @4є
B5@9:9A<= 8DG7<= @B@9AF, FB ;4 G@B6BR ?iAi=AB7B ;DBEF4AAS @4є@B

|G (C) |2 f 3

(
|q (0) |2 +

����
C∫
0

5

(
B, G (B),

0∫
−ℎ

G (B + \ )3\
)
3B

����
2

+
����
C∫
0

f

(
B, G (B),

0∫
−ℎ

G (B + \ )3\
)
3, (B)

����
2)
.

(4.2.6)

�4?i 6D4IB6Gє@B A9Di6AiEFP

sup
C∈[0,) ]

sup
\∈[−ℎ,0]

|G (C + \ ) |2 f ∥q ∥2 + sup
C∈[0,) ]

|G (C) |2. (4.2.7)

�<>BD<EFB6GRK< (4.2.7), A9Di6AiEFP �BLi3�GAS>B6EP>B7B F4 @4>E<@4?PAG @4D-

F<A74?PAG [31] A9Di6AiEFP 8?S EFBI4EF<KA<I iAF97D4?i6, ; (4.2.6) BFD<@Gє@B

Ā sup
B∈[0,C]

|G (B) |2 f 3|q (0) |2 + 3) 2!∥q ∥2ℎ2 + 3) 2! + 6)!

C∫
0

Ā sup
g∈[0,B]

|G (g) |23g

+ 12!

C∫
0

(
1 + ℎ2∥q ∥2 + ℎ2Ā sup

g∈[0,B]
|G (g) |2

)
3g . (4.2.8)
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�6i8><, ;4EFBEB6GRK< A9Di6AiEFP �DBAGB??4, BFD<@Gє@B

Ā sup
B∈[0,C]

|G (B) |2 f �3(), ∥q ∥, ℎ) . (4.2.9)

�4?i, S>MB C1 g 0, FB @4є@B

Ā sup
C∈[C1,C1+;]

|G (C) − G (C1) |2 f 2
©­­
«
;

C1+;∫
C1

!
©­­
«
1 + Ā|G (C) |2 + Ā

������
0∫

−ℎ

G (C + \ )3\

������
2ª®®
¬
3C

+Ā sup
C∈[C1,C1+;]

������
C∫
C1

f
©­
«
B, G (B),

0∫
−ℎ

G (B + \ )3\ª®
¬
3, (B)

������
2ª®®
¬
.

(4.2.10)

�<>BD<EFB6GRK< (4.2.9) i CBC9D98AR A9Di6AiEFP, 4 F4>B: 6D4IB6GRK< (4.2.7),

BFD<@Gє@B

Ā sup
C∈[C1,C1+;]

|G (C2) − G (C1) | f� (), ∥q ∥, ℎ, ;) → 0, ; → 0. (4.2.11)

3>MB C1, C1 + ; ∈ [−ℎ, 0], FB8i, ;4 B;A4K9AAS@ DB;6’S;>G, @4є@B

Ā sup
C2∈[C1,C1+;]

|G (C2) − G (C1) |2 = sup
C2∈[C1,C1+;]

|q (C2) − q (C1) |2 → 0, ; → 0. (4.2.12)

#D< C1 ∈ [−ℎ, 0], 4 C2 > 0 @4є@B

|G (C2) − G (C1) | f |G (C2) − q (0) | + |q (C1) − q (0) |.

"K96<8AB, MB C1 → 0 i C2 → 0, S>MB ; → 0. &B8i, ;4 8B6989A<@ 6<M9

Ā sup
C∈[0,C1+;]

|G (C) − q (0) |2 → 0, ; → 0

6 E<?G Di6AB@iDABї A9C9D9D6AiEFi HGA>Jiї q (C), MB ;469DLGє 8B6989AAS ?9@<. □

4.2.3 �B6989AAS BEAB6AB7B D9;G?PF4FG

#9D9=89@B 8B 8B6989AAS F9BD9@< 4.2. �B5D9 6i8B@B, MB FD4є>FBDiї DB;6’S;>G

;484Ki (4.2.1) є A9C9D9D6A<@<, 4?9 Ai89 A98<H9D9AJi=B64A<@< HGA>JiS@<, FB@G
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@< ;7?48<@B DB;6’S;B> A4EFGCA<@ K<AB@. �?S 5G8P-S>B7B 8BEF4FAPB @4?B7B

` > 0 CB>?489@B

G` (C) =
1

`

C+ℎ∫
C

G (B)3B, C ∈ [−ℎ,) ], (4.2.13)

89 8?S C g ) @< CDB8B6:Gє@B CDBJ9E G (B) EF4?BR 6<C48>B6BR 69?<K<A<R ;4
A9C9D9D6AiEFR. "K96<8AB, MB CDBJ9E G` (C) @4є 7?48>i FD4є>FBDiї ; i@B6iDAiEFR 1
i

¤G` (C) =
1

`
[G (C + ℎ) − G (C)] . (4.2.14)

"JiA<@B Di;A<JR 6 E9D98APB@G >648D4F<KAB@G @i: G (C) i G` (C).  4є@B

Ā

������G (C) −
1

`

C+`∫
C

G (B)3B

������
2

= sup
C∈[−ℎ,) ]

1

`
Ā

������
C+`∫
C

(G (C) − G (B))3B

������
2

. (4.2.15)

�?9

sup
C∈[−ℎ,) ]

Ā|G (C) −G (B) |2 f sup
C∈[−ℎ,) ]

Ā sup
B∈[C,C+`]

|G (C) −G (B) |2 f � (), | |q | |, `) → 0, ` → 0,

(4.2.16)

6 E<?G ?9@< CDB @B8G?P A9C9D9D6ABEFi. "F:9,

sup
C∈[−ℎ,0]

Ā|G (C) − G` (C) |2 f � (), | |q | |, `) → 0, ` → 0. (4.2.17)

!9I4= ~ 9 (C) = G
(
C − ℎ9

<

)
, i 66989@B Di;A<Ji

# 9 (C) = Ā

��~ 9 (C) − I 9 (C)��2 , 9 = 0,<, (4.2.18)

89 I 9 (C) 4 DB;6’S;>< E<EF9@< (4.2.2). �4;A4K<@B, MB ;4 >?4E<KA<@< F9BD9@4@<
CDB iEAG64AAS F4 є8<AiEFP ;484Ki �BLi 8?S E<EF9@ EFBI4EF<KA<I Di6ASAP 59;

;4Ci;A9AAS, 6D4IB6GRK< G@B6< 1) i 2), BFD<@Gє@B, MB E<EF9@4 (4.2.2) 8?S >B:AB7B

A4FGD4?PAB7B< @4є є8<A<= E<?PA<= DB;6’S;B>, 6<;A4K9A<= A4 [0,) ].
�B6989AAS F9C9D CDB8B6:GєFPES 89>i?P>B@4 >DB>4@<:

�DB> 1. $B;>?489@B E<EF9@G (4.2.2) A4 86i K4EF<A< F4 CD98EF46<@B її DB;6’S;B>

G 6<7?S8i EG@<:

I 9 (C) = I (1)9 (C) + I (2)9 (C),
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89 I (1)9 4 J9 DB;6’S;B> E<EF9@<




ℎ

<
¤I (1)0 = G (C) − I (1)1 (C),

ℎ

<
¤I (1)9 = I

(1)
9−1(C) − I

(1)
9 (C), 9 = 1,<,

I
(1)
9 (0) = G

(
−ℎ9
<

)
,

(4.2.19)

4 I (2)9 4 J9 6i8CB6i8A<= DB;6’S;B> E<EF9@<




ℎ

<
¤I (2)1 = −I (2)1 (C) + I0(C) − G (C),

ℎ

<
¤I (2)9 = I

(2)
9−1(C) − I

(2)
9 (C), 9 = 1,<,

I
(2)
9 (0) = 0.

(4.2.20)

�?S ;DGKABEFi CB;A4K<@B ABD@G

∥b ∥2 =
√
Āb2.

&B8i

sup
C∈[0,) ]

∥G
(
C − ℎ9

<

)
− I 9 (C)∥2 f sup

C∈[0,) ]
∥~ 9 (C) − I (1)9 (C)∥2 + sup

C∈[0,) ]
∥I (2)9 (C)∥2. (4.2.21)

"E>i?P>< A4EFGCAi >DB>< i 8i=EAB EIB:i 8B 6<>?48B> CBC9D98APB7B Ci8DB;8i?G,

FB @< 89F4?PAB ;GC<A<@BEP ?<L9 A4 8DG7B@G F4 K9F69DFB@G >DB>4I.

�DB> 2. !4 JPB@G 9F4Ci BJiARє@B C9DL<= K?9A G (4.2.21) F4 CB>4;Gє@B, MB

6<>BAGєFPES A4EFGCA4 A9Di6AiEFP:

sup
C∈[0,) ]

∥~ 9 (C) − I (1)9 (C)∥2 f U (), ∥q ∥, ℎ,
ℎ

<
) → 0, < → ∞. (4.2.22)

�?S CBK4F>G G (C) CB84є@B G 6<7?S8i G (C) = G` (C) + (G (C) −G` (C)) = G` (C) −G1(C),
4 ~ 9 (C) = ~ (1)9 (C) +~ (2)9 (C) . &GF ~ (1)9 (C) = G` (C − ℎ9

<
), 4 ~ (2)9 (C) = G1(C − ℎ9

<
). &B8i E<EF9@4

(4.1.11) DB;C484єFPES A4 86i Ci8E<EF9@< I (1)9 (C) = D 9 (C) + E 9 (C), 89 6i8CB6i8A9 D 9 (C)
є DB;6’S;>B@ ;484Ki �BLi




ℎ

<
¤D1 = −D1 + G`,

ℎ

<
¤D 9 = D 9−1 − D 9 , 9 = 2,<,

D 9 (0) = ~ (1)9 (0) = G` (−
ℎ9

<
),

(4.2.23)
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4 E 9 (C) є DB;6’S;>B@ ;484Ki �BLi 8?S E<EF9@<



ℎ

<
¤E1 = −E1 + G1,

ℎ

<
¤E 9 = E 9−1 − E 9 , 9 = 2,<,

E 9 (0) = ~ (2)9 (0) = G1(−
ℎ9

<
) − G` (−

ℎ9

<
) .

(4.2.24)

&B8i

sup
C∈[0,) ]

∥~ 9 (C) − I (1)9 (C)∥2 f sup
C∈[0,) ]

∥~ (1)9 (C) + ~ (2)9 (C) − (D 9 (C) + E 9 (C))∥2

f sup
C∈[0,) ]

∥~ (1)9 (C) − D 9 (C)∥2

+ sup
C∈[0,) ]

∥~ (2)9 (C)∥2 + sup
C∈[0,) ]

∥E 9 (C)∥2.

(4.2.25)

&9C9D DB;7?SA9@B >B:9A 8B84AB> G (4.2.25). "JiA<@B C9DL<= K?9A Jiєї A9Di6ABEFi.

#D<6989@B BJiA>< CD< 9 = 1. �?S JPB7B CB;A4K<AB Y1(C) = D1(C) − ~ (1)1 (C), CD<
JPB@G Y1(0) = 0. &B8i

¤Y1 = ¤D1 − ¤~ (1)1

=
<

ℎ
(G` − D1) − ¤~ (1)1

=
<

ℎ
(−D1 + ~ (1)1 ) + <

ℎ
(G` − ~ (1)1 ) − ¤~ (1)1

= −<
ℎ
Y1 +

<

ℎ
(G` − ~ (1)1 ) − ¤~ (1)1

= −<
ℎ
Y1 +k (C) .

&4><@ K<AB@, 8?S Y1(C) BFD<@GєFPES E<EF9@4 Di6ASAP


¤Y1 = −<

ℎ
Y1 +k (C),

Y1(0) = 0.
(4.2.26)

�?S BJiA><k (C) @4є@B

k (C) = <
ℎ

(
G` (C) − ~ (1)1 (C)

)
− ¤~ (1)1 (C)

=
<

ℎ

(
G` (C) − G`

(
C − ℎ

<

))
− ¤G`

(
C − ℎ

<

)

= ¤G` (\8) − ¤G`
(
C − ℎ

<

)
,
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FGF \8 (l) ∈ [C − ℎ
<
, C], E6BS 8?S >B:AB7B G8 - >B@CBA9AF< 69>FBD4 G ∈ ℝ

3 . I;

6<;A4K9AAS CDBJ9EG G` (C) BFD<@Gє@B

k (C) = 1

`
[G (\8 + `) − G (\ )] −

1

`
[G (C − ℎ

<
+ `) − G (C − ℎ

<
)] .

&B8i

sup
C∈[0,) ]

∥k (C)∥2 f
1

`

[
sup
C∈[0,) ]

∥G (\8 + `) − G
(
C − ℎ

<
+ `

)
∥2

+ sup
C∈[0,) ]

∥G (\8) − G
(
C − ℎ

<

)
∥2

]

f 1

`


sup
C∈[0,) ]

√√√
Ā sup
B∈[C− ℎ

ģ+`,C+`]

����G (B) − G
(
C − ℎ

<
+ `

)����
2

+ sup
C∈[0,) ]

√√√
Ā sup
B∈[C− ℎ

ģ+`,C+`]

����G (B) − G
(
C − ℎ

<

)����
2

f

√
4

`2
�

(
), | |q | |, ℎ

<

)
→ 0, < → ∞.

"EF4AAS BJiA>4 BFD<@4?4EP i; 6<>BD<EF4AAS@ ?9@< CDB @B8G?P A9C9D9D6ABEFi.

� (4.2.26), F4 HBD@G?< 64Di4Jiї 8B6i?PABї EF4?Bї @4є@B

Y1(C) =
C∫
0

4−
ģ
ℎ
(C−B)k (B)3B.

"F:9, ; 6<>BD<EF4AAS@ A9Di6ABEFi �BLi-�GAS>B6EP>B7B, ;6i8E< BFD<@Gє@B

sup
C∈[0,) ]

������
C∫
0

4−
ģ
ℎ
(C−B)k (B) 3B

������
2

f sup
C∈[0,) ]

Ā
©­
«
C∫
0

4−
ģ
ℎ
(C−B) 3B

C∫
0

4−
ģ
ℎ
(C−B)

Ā|k (B) |2 3Bª®
¬

f ℎ

<
sup
C∈[0,) ]

C∫
0

4−
ģ
ℎ
(C−B) 3B sup

C∈[0,) ]
Ā|k (C) |2

f
(
ℎ

<

)2
4

`2
�

(
), | |q | |, ℎ

<

)
.

(4.2.27)

&4><@ K<AB@ 8?S Y1(C) ECD4698?<64 A9Di6AiEFP

sup
C∈[0,) ]

∥Y1(C)∥2 f
ℎ

<

2

`

√
�

(
), | |q | |, ℎ

<

)
. (4.2.28)
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�4?i BJiA<@B ~ (2)1 (C) = G1(C − ℎ
<
) = G` (C − ℎ

<
) − G (C − ℎ

<
).

� (4.2.16) @4є@B

sup
C∈[0,) ]

∥~ (2)1 (C)∥2 = sup
C∈[0,) ]

∥G`
(
C − ℎ

<

)
− G

(
C − ℎ

<

)
∥2 f

√
� (), | |q | |, `).

"JiA<@B F9C9D E1(C) G E<EF9@i (4.2.24). �A4?B7iKAB, ; HBD@G?< 64Di4Jiї 8?S
?iAi=AB7B Di6ASAAS @4є@B

E1(C) = 4−
ģ
ℎ
CE1(0) +

C∫
0

4−
ģ
ℎ
(C−B)G1(B)3B.

"F:9,

sup
C∈[0,) ]

∥E1(C)∥2 f ∥E1(0)∥2 + sup
C∈[0,) ]

∥
C∫
0

4−
ģ
ℎ
(C−B)G1(B) 3B ∥2

(<
ℎ

)
. (4.2.29)

�?9 E1(0) = G1(− ℎ
<
). &B8i ; (4.2.16) BFD<@Gє@B

Ā|E1(0) |2 f � (), | |q | |, `), (4.2.30)

4 FB@G

sup
C∈[0,) ]

∥
C∫
0

4−
ģ
ℎ
(C−B)G1(B) 3B ∥2

(<
ℎ

)
f

(
ℎ

<

)
� (), | |q | |, `)

(<
ℎ

)
. (4.2.31)

"JiA>4 iAF97D4?4 6 (4.2.31) CDB6B8<FPES 4A4?B7iKABR BJiAJi (4.2.27) ; 6<>BD<-

EF4AAS@ A9Di6ABEFi �BLi3�GAS>B6EP>B7B. "F:9, ; (4.2.29)-(4.2.31) @4є@B

sup
C∈[0,) ]

√
Ā|E1(C) |2 f 2

(√
� (), | |q | |, `) +

√
� (), | |q | |, `)

)
= 2

√
� (), | |q | |, `). (4.2.32)

�A4K<FP ; (4.2.25), (4.2.28) i (4.2.32) @4є@B

sup
C∈[0,) ]

√
Ā|~1(C) − I (1)1 (C) |2 f ℎ

<

2

`

√
� (), | |q | |, ℎ

<
) + 2

√
� (), | |q | |, `).

#DB6i6L< 4A4?B7iKAG BJiA>G CD< 9 = 2, @4F<@9@B A9Di6AiEFP.

sup
C∈[0,) ]

√
Ā

���~ 9 (C) − I (1)9 (C)
���2 f 2ℎ�

1
4 (), | |q | |, ℎ

<
) + 3

√
3� (), | |q | |,� 1

4 (), | |q | |, ℎ
<
))

= U (), | |q | |, ℎ
<
) → 0, < → ∞.
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"EF4AAS BJiA>4 ;469DLGє >DB> 2.

�DB> 3. �?S BJiA>< 8DG7B7B K?9A4 6 (4.2.21), 4A4?B7iKAB C4D47D4HG 3, 6<>BD<-

EFB6GRK< @9FB8 64Di4Jiї EF4?<I, BFD<@Gє@B A9Di6AiEFP

ĀI
(2)
1 (C) f sup

C∈[0,) ]
Ā|I0(C) − G (C) |2 = Ā#0(C). (4.2.33)

�DB> 4."JiARє@B I0(C)−G (C). "E>i?P>< 6<7?S8 ;4Ci;A9AAS G A4LB@G 6<C48>G
6i8Di;ASєFPES 6i8 ;4Ci;A9AAS G CBC9D98APB@G C4D47DHi, FB FGF @< ;GC<A<@BEP

89F4?PAiL9, @4є@B

I0(C) − G (C) =
C∫
0


5

(
B, I0(B),

ℎ

<

<∑
9=1

I 9 (B)
)
− 5 ©­

«
B, G (B),

0∫
−ℎ

G (B + \ )3\ª®¬

3B

+
C∫
0


f

(
B, I0(B),

ℎ

<

<∑
9=1

I 9 (B)
)
− f ©­

«
B, G (B),

0∫
−ℎ

G (B + \ )3\ª®
¬

3, (B).

(4.2.34)

� G@B6< �iCL<JS @4є@B:

Ā#0(C) f 2() + 1)
C∫
0

[Ā|G (B) −I0(B) |2] +Ā

������
0∫

−ℎ

G (B + \ )3\ − ℎ

<

<−1∑
9=0

I 9 (B)

������
2

]3C . (4.2.35)

�?9,

0∫
−ℎ

G (B + \ )3\ − ℎ

<

<∑
9=1

I 9 (B) =
<−1∑
9=0

−
ℎ

<
9∫

−
ℎ

<
( 9+1)

G (B + \ )3\ − ℎ

<

<∑
9=1

I 9 (B)

=

<−1∑
9=0

ℎ

<
G

(
B + d (8)9

)
− ℎ

<

<∑
9=1

I 9 (B), (4.2.36)

89 d (8)9 (l) ∈
(
− ℎ
<
( 9 + 1),− ℎ

<
9

)
E6Bє 8?S >B:ABї >B@CBA9AF< 69>FBD4 G (C) ∈ ℝ

3 ;4

F9BD9@BR CDB E9D98Aє ;A4K9AAS. "F:9,

ℎ

<

<−1∑
9=0

(G (B + d (8)9 ) − G (B − ℎ9
<
)) + ℎ

<

<∑
9=1

(G (B − ℎ9
<
) − I 9 (B)), (4.2.37)
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FB8i

Ā#0(C) f 2() + 1)
C∫
0

[
Ā#0(B) +

2ℎ2

<2

(
Ā

( <∑
9=1

|G (B + d (8)9 ) − G
(
B − ℎ9

<

)
|
)2

+ Ā

( <∑
9=1

|G
(
B − ℎ9

<

)
− I 9 (B) |

)2)]
3B.

(4.2.38)

"JiA<@B EG@< G A9Di6ABEFi (4.2.38). �?S C9DLBї EG@<, ;4 ?9@BR CDB @B8G?P

A9C9D9D6ABEFi, BFD<@Gє@B

Ā

( <∑
9=1

|G (B+d (8)9 )−G
(
B−ℎ9

<

)
|
)2

f<
<∑
9=1

Ā|G (B+d (8)9 )−G (B−ℎ9
<
) |2 f<2� (), ∥q ∥, ;, ℎ

<
).

(4.2.39)

�?S 8DG7Bї EG@< @4є@B BJiA>G:

Ā

( <∑
9=1

|G
(
B−ℎ9
<

)
−I 9 (B) |

)2
f<

<∑
9=1

Ā|G (B−ℎ9
<
)−I 9 (B) |2 f<2U2(), ∥q ∥, ℎ, ℎ

<
), (4.2.40)

;7i8AB ; BJiA>BR (4.2.22). &B8i ; (4.2.38)-(4.2.40) BFD<@Gє@B:

Ā#0(C) f 2() + 1)!
C∫
0

Ā#0(B)3B + 2() + 1)) 2ℎ2(� (), ∥q ∥, ;, ℎ
<
)

+U2(), ∥q ∥, ℎ, ℎ
<
)) .

(4.2.41)

� BEF4AAPB7B, 6<>BD<EFB6GRK< ?9@G �DBAGB??4, BFD<@Gє@B BJiA>G:

Ā#0(C) f 2() + 1)) 2ℎ2(� (), ∥q ∥, ;, ℎ
<
) + U2(), ∥q ∥, ℎ, ℎ

<
))42()+1)!) , (4.2.42)

S>4 i ;469DLGє 8B6989AAS F9BD9@<. □

4.3 �CDB>E<@4JiS G A9E>iAK9AAB6<@iDAB@G

6<C48>G

' CBC9D98AiI Ci8DB;8i?4I DB7?S84?4EP ;484K4 4CDB>E<@4Jiї E<EF9@<, 96B-

?RJiS S>Bї 6i85G64єFPES G E>iAK9AAB6<@iDA<I CDBEFBD4I. "8A4> CD< 6<6K9AAi

B5’є>Fi6 i; DB;CB8i?9A<@< C4D4@9FD4@< BEAB6AG DB?P CBK<A4RFP 6i8i7D464F<
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Di6ASAAS G K4EF<AA<I CBIi8A<I. &B: 64:?<6B BFD<@4F< CB8i5Ai D9;G?PF4F< G

A9E>iAK9AAB6<@iDA<I CDBEFBD4I, MB @< i ;DB5<@B G 84AB@G Ci8DB;8i?i.

!9I4=� i 4 7i?P59DFB6i CDBEFBD< ; ABD@4@< | | · | |� i | | · | | 6i8CB6i8AB. !9I4=
F4>B: (¬, F ,9) є CB6A<@ i@B6iDiEA<@ CDBEFBDB@, 4 & 4 ?iAi=A<=, B5@9:9A<=
>B64Di4Ji=A<= BC9D4FBD F4><=, MB )A (&) < ∞. �6989@B &- S89DA<=  -;A4KA<=
6iA9Di6EP><= CDBJ9E

, (C) :=
∞∑
8=1

√
_8V8 (C);8, C g 0,

BC<E4A<= G DB;8i?i 2.

+9D9;�ℎ =� ( [−ℎ, 0];� ) CB;A4K<@BCDBEFiD� -;A4KA<I, A9C9D9D6A<IHGA>Ji=
q : [−ℎ, 0] → � i; EGCD9@G@ABR ABD@BR

| |q | |� = sup
C∈[−ℎ,0]

| |q (C) | |,

FGF ℎ > 0 4 iAF9D64? ;4Ci;A9AAS. �G89@B 664:4F<, MB !02 = !2(&
1
2 ,  , � ) є

CDBEFBDB@ BC9D4FBDi6 �i?P59DF4-,@i8F4 ; 6i8CB6i8ABR ABD@BR, 4 CDBEFBD<  i

� F4 BC9D4FBD& 59DGFP GK4EFP G >BAEFDG>Jiї EFBI4EF<KAB7B iAF97D4?4, BC<E4AB7B

G DB;8i?i 2. !9I4= � : � → � 4 A9B5@9:9A<=, ;4@>AGF<=, ?iAi=A<= BC9D4FBD i

� (�) ¢ � 4 =B7B B5?4EFP 6<;A4K9AAS. �G89@B 664:4F< , MB 6iA є 79A9D4FBDB@

>B@C4>FABї A4Ci67DGC< ( (C), C > 0 6 � .

' 84AB@G Ci8DB;8i?i DB;7?S84є@B A9E>iAK9AAB6<@iDA9 EFBI4EF<KA9 Di6ASAAS

i; ;4Ci;A9AAS@ 6<7?S8G

3D (C) = [�D (C) + 5 (C,D (C), D (C − ℎ))]3C + f (C,D (C), D (C − ℎ))3, (C),
C ∈ [0,) ],

(4.3.1)

D (C) = q (C), C ∈ [−ℎ, 0] .

�i8ABEAB 6i8B5D4:9AP 5 i f 5G89@B 664:4F< 6<>BA4A<@< A4EFGCAi G@B6<:

1. 5 : [0,) ] ×� ×� → �, f : [0,) ] ×� ×� → !02 є A9C9D9D6A<@ ;4 EG>GCAiEFR

4D7G@9AFi6;

2. iEAGє EF4?4 ! > 0, MB 6<>BA4AB G@B6G ?iAi=AB7B DBEFG

| |5 (C,D, E) | |2 + ||f (C,D, E) | |2
!02

f !(1 + ||D | |2 + ||E | |2),

8?S 8B6i?PA<I C,D, E ; B5?4EFi 6<;A4K9AAS;
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3. G@B64 �iCL<JS

| |5 (C,D1, E1) − 5 (C,D2, E2) | |2 + ||f (C,D1, E1) − f (C,D2, E2) | |2!02
f !( | |D1 − D2 | |2 + ||E1 − E2 | |2),

8?S C ∈ [0,) ] F4 8B6i?PA<I D1, D2, E1, E2 ∈ � ;
4. CBK4F>B64 A96<C48>B64 HGA>JiS q : [−ℎ, 0] → � @4є A9C9D9D6Ai FD4є>FBDiї.

$B;6’S;B> CBK4F>B6Bї ;484Ki (4.3.1) 5G89@B DB;G@iF< G @’S>B@G E9AEi.

";A4K9AAS 4.5. !9C9D9D6A<= FC -484CFB64A<= 6<C48>B6<= CDBJ9E D : [−ℎ,) ] ×
¬ → � A4;69@B @’S><@ DB;6’S;>B@ CBK4F>B6Bї ;484Ki (4.3.1) A4 [0,) ] S>MB:
1. D (C) = q (C), C ∈ [−ℎ, 0];
2. A4 [0,) ] D (C) ;48B6B?PASє iAF97D4?PA9 Di6ASAAS

D (C) = ( (0)q (0)+
C∫
0

( (C−B) 5 (B,D (B), D (B−ℎ))3B+
C∫
0

( (C−B)f (B,D (B), D (B−ℎ))3, (B),

(4.3.2)

FGF C9DL<= iAF97D4? DB;G@iєFPES S> iAF97D4? �BIA9D4, 4 8DG7<= S> EFBI4EF<KA<=

iAF97D4? IFB.

� DB5BF< [98] 6<C?<64є, MB ;4 6<>BA4AAS G@B6 1-4, CBK4F>B64 ;484K4 (4.3.1)

@4є є8<A<= A4 [0, T] @’S><= DB;6’S;B>, S><= @4є B5@9:9A<= ?-@B@9AF (? g 1),

FB5FB

sup
C∈[0,) ]

Ā ∥D (C)∥?
�
< ∞.

4.3.1 #BEF4AB6>4 ;484Ki. "EAB6A<= D9;G?PF4F

�4 Di6ASAAS@ (4.3.1) CB5G8Gє@B A4EFGCAG E<EF9@G EFBI4EF<KA<I 96B?RJi=A<I

Di6ASAP 59; ;4Ci;A9AAS, S>G @< A4;69@B 4CDB>E<@GRKBR.

�4Hi>EGє@B A4FGD4?PA9< F4 DB;i5’є@B 6i8Di;B> [−ℎ, 0] FBK>4@< − ℎ
<
9, 9 = 0,<

A4< K4EF<A. �<;A4K<@B CDBJ9E< I 9 (C) ∈ � S> DB;6’S;>< A4EFGCA<I ;484K �BLi



3I0(C) = [�I0 + 5 (C, I0(C), I< (C))] 3C + f (C, I0(C), I< (C)) 3, (C),

3I 9 (C) = <
ℎ

(
I 9−1(C) − I 9 (C)

)
, C ∈ [0,) ],

I 9 (0) = q
(
−ℎ9
<

)
, 9 = 0,<.

(4.3.3)
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&GF I0(C) 4 DB;6’S;B> C9DLB7B Di6ASAAS DB;G@iєFPES G @’S>B@G E9AEi, 4 D9LF4
< Di6ASAP G ;6<K4=AB@G E9AEi, 89

3I Ġ (C)
3C
DB;7?S84єFPES S> E<?PA4, ;4 ABD@BR

CDBEFBDG � CBIi8A4. � [37] 6<C?<64є, MB ;484K4 �BLi (4.3.3) @4є є8<A<= A4 [0,) ]
DB;6’S;B>, 89 CDBJ9EI0(C) ;48B6i?PASє (4.3.3) G@’S>B@G E9AEi, 4I 9 (C) ;48B6i?PASRFP
A4EFGCAi< Di6ASAP G ;6<K4=AB@G E9AEi.

";A4K9AAS 4.6. %<EF9@4 (4.3.3) A4;<64єFPES 4CDB>E<@GRKBR 8?S (4.3.1) G E9D9-

8APB@G >648D4F<KAB@G, S>MB

sup
C∈[0,) ]

Ā| |D (C − ℎ

<
9) − I 9 (C) | |2 → 0, < → ∞, 9 = 0,<.

"EAB6A<@ D9;G?PF4FB@ JPB7B Ci8DB;8i?G є A4EFGCA4 F9BD9@4.

&9BD9@4 4.3. �4 6<>BA4AAS G@B6 1-4 E<EF9@4 (4.3.3) є 4CDB>E<@GRKBR G E9D98APB@G

>648D4F<KAB@G 8?S CBK4F>B6Bї ;484Ki (4.3.1) Di6AB@iDAB CB 9 = 0,<, FB5FB

sup
9=0,<

sup
C∈[0,) ]

Ā| |D (C − ℎ

<
9) − I 9 (C) | |2 → 0, < → ∞. (4.3.4)

' CB84?PLB@G A4@ ;A48B5<FPES ?9@4, MB є 4A4?B7B@ ?9@ CDB @B8G?P

A9C9D9D6ABEFi i; CBC9D98AiI DB;8i?i6 8?S A9E>iAK9AAB6<@iDAB7B 6<C48>G.

�9@4 4.3 (#DB @B8G?P A9C9D9D6ABEFi). �4 6<>BA4AAS G@B6 1-4 8?S DB;6’S;>G

CBK4F>B6Bї ;484Ki (4.3.1) ECD4698?<64 A9Di6AiEFP

sup
C1∈[−ℎ,) ]

Ā sup
C2∈[C1,C1+;]

| |D (C2) − D (C1) | |2 f � (), | |q | |�, ;) → 0, ; → 0. (4.3.5)

�B6989AAS. � B;A4K9AAS DB;6’S;>G @4є@B

∥D (C)∥ f 3 ∥( (C)q (0)∥2 + 3
©­
«
C∫
0

∥( (C − B) 5 (B,D (B), D (B − ℎ))∥ 3Bª®
¬
2

+3








C∫
0

( (C − B)f (B,D (B), D (B − ℎ)) 3, (B)








2

.

(4.3.6)
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"E>i?P><A4Ci67DGC4( (C) є A4Ci67DGCBR>?4EG�0, FB ∥( (C)∥ f " , CD< C ∈ [0,) ] [79].
&B8i, 6 E<?G G@B6< 2, @4F<@9@B

∥D (C)∥2 f 3" ∥q (0)∥2 + 3)"

C∫
0

!
(
1 + ∥D (B)∥2 + ∥D (B − ℎ)∥2

)
3B

+ 3 sup
B∈[0,C]








B∫
0

( (C − g)f (g,D (g), D (g − ℎ))3, (g)








2

f 3

(
" ∥q (0)∥2 +)"

C∫
0

!
(
1 + sup

g∈[0,B]
∥D (g)∥2 + sup

g∈[0,B]
∥D (g − ℎ)∥2

)
3B

+ sup
B∈[0,C]








B∫
0

( (C − g)f (g,D (g), D (g − ℎ))3, (g)








2 )
,

(4.3.7)

CD< JPB@G 8?S BJiA>< A9EFBI4EF<KAB7B K?9A4 6<>BD<EF4A4 A9Di6AiEFP �BLi-

�GAS>B6EP>B7B.

"K96<8ABR є A4EFGCA4 A9Di6AiEFP

sup
B∈[0,C]

∥D (B − ℎ)∥2 f ∥q ∥2� + sup
B∈[0,C]

∥D (B)∥2 . (4.3.8)

�D4IG646L< (4.3.8) F4 �9@G 2.3 i; DB;8i?G 2, @4F<@9@B

Ā sup
B∈[0,C]

∥D (B)∥2 f 3
(
" ∥q (0)∥ +) 2!" ∥q ∥� +) 2"! + 2)"

C∫
0

!Ā sup
g∈[0,B]

∥D (g)∥2 3B

+�1(), ∥q ∥�) +�2(), ∥q ∥�)!"
C∫
0

Ā sup
g∈[0,B]

∥D (g)∥2 3g
)
,

;6i8E<, 6 E<?G A9Di6ABEFi �DBAGB??4, BFD<@4є@B BJiA>G

Ā sup
B∈[0,C]

∥D (B)∥2 f �3(), ∥q ∥�). (4.3.9)
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!9I4= C2 = C1 + A . �4?i, S>MB C1 g 0 FB i; (4.3.2) @4F<@9@B

D (C2) − D (C1) =(( (C2) − ( (C1))q (0)

+
C1∫
0

(( (C2 − B) − ( (C1 − B)) 5 (B,D (B), D (B − ℎ)) 3B

+
C2∫
C1

( (C2 − B) 5 (B,D (B), D (B − ℎ)) 3B

+
C1∫
0

(( (C2 − B) − ( (C1 − B))f (B,D (B), D (B − ℎ)) 3, (B)

+
C2∫
C1

( (C2 − B)f (B,D (B), D (B − ℎ)) 3, (B)

=(( (C1 + A ) − ( (C1))q (0)

+
C1∫
0

(( (C1 + A − B) − ( (C1 − B)) 5 (B,D (B), D (B − ℎ)) 3B

+
C1+A∫
C1

( (C1 + A − B) 5 (B,D (B), D (B − ℎ)) 3B

+
C1∫
0

(( (C1 + A − B) − ( (C1 − B))f (B,D (B), D (B − ℎ)) 3, (B)

+
C1+A∫
C1

( (C1 + A − B)f (B,D (B), D (B − ℎ)) 3, (B).
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&B8i

Ā sup
C2∈[C1,C1+;]

∥D (C2) − D (C1)∥2 = Ā sup
A∈[0,;]

∥D (C1 + A ) − D (C1)∥2

f 5

(
sup
A∈[0,;]

∥( (C1 + A )q (0) − ( (C1)q (0)∥2

+)Ā sup
A∈[0,;]

C1∫
0

∥( (C1 + A − B) − ( (C1 − B)∥2 ∥ 5 (B,D (B), D (B − ℎ))∥2 3B

+ Ā sup
A∈[0,;]

C1+;∫
C1

! ∥( (C1 + A − B)∥2
(
1 + Ā ∥D (B)∥2 + Ā ∥D (B − ℎ)∥2

)
3B

+ Ā sup
A∈[0,;]








C1∫
0

(( (C1 + A − B) − ( (C1 − B))f (B,D (B), D (B − ℎ)) 3, (B)








2

+ Ā sup
A∈[0,;]








C1+A∫
C1

( (C1 + A − B)f (B,D (B), D (B − ℎ)) 3, (B)








2 )

= �1 + �2 + �3 + �4 + �5.

(4.3.10)

"JiA<@B >B:9A 8B84AB> 6 (4.3.10). "E>i?P>< A4Ci67DGC4 ( (C) є A4Ci67GCBR
>?4EG �0, FB 6 E<?G Di6AB@iDABї A9C9D9D6ABEFi 6<D4; �1 Di6AB@iDAB CB C1 CDS@Gє

8B AG?S CD< A → 0. �4?i, 8?S BJiA>< �2 @4є@B

�2 f )Ā
(
sup
g∈[0,;]

C1∫
0

∥( (C1 + A − B) − ( (C1 − B)∥2 3B sup
B∈[0,C1]

∥ 5 (B,D (B), D (B − ℎ))∥2
)

f )
)∫
0

∥( (C + A ) − ( (C)∥2 3C !
(
1 + 2�3(), ∥q ∥ℎ)

)
,

(4.3.11)

6 E<?G (4.3.9) F4 G@B6< 2). "E>i?P>< A4Ci67DGC4 ( (C) >B@C4>FA4 CD< C > 0, FB

6 E<?G [79], 6BA4 є A9C9D9D6ABR 6 Di6AB@iDAi= BC9D4FBDAi= FBCB?B7iї, 4 FB@G

6<D4; G CD46i= K4EF<Ai (4.3.11) CDS@Gє 8B 0 CD< A → 0, 6 E<?G F9BD9@< �95974

CDB @4:BDB64AG ;5i:AiEFP.
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"JiA<@B 6<D4; �3.  4є@B, 6 E<?G (4.3.9)

�3 f !(1 + 2�3(), ∥q ∥ℎ))
C1+;∫
C1

∥( (C1 + A − B)∥2 3B f !"2(1 + 2�3(), ∥q ∥�)); → 0,

(4.3.12)

CD< ; → 0.

�?S BJiA>< �4 6<>BD<EF4є@B H4>FBD<;4Ji=AG HBD@G?G [37], ;7i8AB ; S>BR

C1∫
0

(( (C1 + A − B) − ( (C1 − B))f (B,D (B), D (B − ℎ)) 3, (B)

=
sincU

U

C1∫
0

(
(C1 + A − B)U−1( (C1 + A − B) − (C1 − B)U−1( (C1 − B)

)
Y(B) 3B.

(4.3.13)

89

Y(B) =
B∫
0

(B − E)−U( (B − E)f (E,D (E), D (E − ℎ))3, (E),

U ∈ [0, 1].
�<59D9@B 8?S ? > 1, U ∈ ( 1

2
, 1) . &B8i, i; A9Di6ABEFi �9?P89D4 8?S BJiAB>

8B84A>G �4 BFD<@Gє@B

�4 f Ā

(
sup
A∈[0,;]

( C1∫
0




 (C1 + A − B)U−1 ( (C1 + A − B) − (C1 − B)U−1 ( (C1 − B)



23B

)

×
C1∫
0

∥Y(B)∥2 3B
)
= sup
A∈[0,1]

( C1∫
0

∥(B + A )U−1( (B + A ) − BU−1( (B)∥23B
)

× Ā

C1∫
0

∥Y(B)∥2 3B. (4.3.14)

�?9 

(B + A )U−1( (B + A ) − BU−1( (B)

2@ f 2"B2(U−1) .

&B@G 6 E<?G G@B6< A4 U iAF97D4?
∫ C1
0
B2(U−1)3B ;5i:A<=.

�D4IB6GRK<, MB A4Ci67DGC4 ( (C) >B@C4>FA4 CD< C > 0, FB 6BA4 A9C9D9D6A4 6

Di6AB@iDAi= BC9D4FBDAi= FBCB?B7iї. &9C9D C9DL<= ECi6@AB:A<> G (4.3.14) CDS@Gє
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8B AG?S 6 E<?G F9BD9@< �95974 CDB @4:BDB64AG ;5i:AiEFP. #B>4:9@B, MB 8DG7<=

ECi6@AB:A<> B5@9:9A<=.  4є@B

Ā ∥Y(C)∥2 = Ā








C∫
0

(C − B)−U( (C − B)f (B,D (B), D (B − ℎ))3, (B)








2

f �)Ā ©­
«
C∫
0

(C − B)−2U ∥f (B,D (B), D (B − ℎ)∥2
!02

ª®
¬
.

�6i8E<,

C1∫
0

Ā ∥Y(C)∥2 3C f (1 + 2�3(), | |q | |�))
)∫
0

B−2U3B f �4.

"JiARє@B A4D9LFi 8B84AB> �5.  4є@B

�5 f Ā sup
A∈[0,;]

∥
C+A∫
C1

( (C1 + A − B) f (B,D (B), D (B − ℎ)3, (B)∥2

f Ā

C1+;∫
C1

"2∥f
(
B,D (B), D (B − ℎ)∥2

!02
3B f �5; → 0, ; → 0.

3>MB : C1 F4 C1 + ; A4?9:4FP [−ℎ, 0], FB 6 E<?G B;A4K9AAS DB;6’S;>G @4є@B, MB

Ā sup
C2∈[C1,C1+;]

∥D (C2) − D (C1)∥2 = sup
C2∈[C1,C1+;]

∥q (C2) − q (C1)∥2 → 0, ; → 0,

6 E<?G Di6AB@iDABї A9C9D9D6ABEFi A4 [−ℎ, 0] HGA>Jiї q (C).
3>MB : C1 ∈ [−ℎ, 0], 4 C2 > 0, FB ∥D (C2) − D (C1)∥ f ∥D (C2) − q (0)∥+ ∥D (C1) − q (0)∥.
"K96<8AB, MB C1 → 0 i C2 → 0, S>MB ; → 0. &B8i, 6D4IG646L<, MB 6Ei BFD<@4Ai

6<M9 BJiA>< Di6AB@iDAi CB C1, BFD<@Gє@B 8B6989AAS ?9@<. □

4.3.2 �B6989AAS BEAB6AB7B D9;G?PF4FG

�4G64:<@B, MB CD<AJ<CB6BR 6i8@iAAiEFR 84ABї K4EF<A< DB5BF< 6i8 CBC9-

D98AiI C4D47D4Hi6 є 8B6989AAS ?9@< CDB @B8G?P A9C9D9D6ABEFi. � D9LFi i89ї
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8B6989AAS EIB:i ; CBC9D98Ai@< C4D47D4H4@<, FB@G @< 89F4?PAB A9 5G89@B =B7B

CB6FBDR64F<, 4 ;GC<A<@BEP ?<L9 A4 CD<AJ<CB6<I 6i8@iAABEFSI, S>i ;’S6?SRFPES

;468S>< A9E>iAK9AAB6<@iDABEFi.

�4;A4K<@B,MB ; [37] 6<C?<64є A9C9D9D6AiEFP FD4є>FBDiїD (C) 6 ABD@i CDBEFBDG
� . �6989@B A4EFGCA<= ;7?48:9A<= 6<C48>B6<= CDBJ9E D` (C), CB5G8B64A<= 8?S
>B:AB7B @4?B7B ` > 0 A4EFGCA<@ K<AB@

D` (C) =
1

`

C+`∫
C

D (B)3B, C ∈ [−ℎ,) ] . (4.3.15)

#D< JPB@G 8?S C g ) CDBJ9E D (B) CDB8B6:9AB S> EF4?G 6<C48>B6G 69?<K<AG
;4 A9C9D9D6AiEFR. I; 6?4EF<6BEF9= iAF97D4?4 �BIA9D4 6<C?<64є E<?PA4 7?48>iEFP

CDBJ9EG D` (C) i

¤D` (C) =
1

`
[D (C + `) − D (C)] . (4.3.16)

"JiA<@B Di;A<JR G E9D98APB@G >648D4F<KAB@G @i: D (C) i D` (C).  4є@B

sup
C∈[−ℎ,) ]

Ā∥D (C) − D` (C)∥2 =
1

`2
sup

C∈[−ℎ,) ]
Ā








C+`∫
C

(D (B) − D (C))3B








2

f 1

`2
sup

C∈[−ℎ,) ]
Ā

©­
«
C+`∫
C

∥(D (B) − D (C))∥ 3Bª®
¬
2

f 1

`
sup

C∈[−ℎ,) ]

C+`∫
C

Ā ∥(D (B) − D (C))∥2 3B

f � (), ∥q ∥� , `) → 0, ` → 0

(4.3.17)

6 E<?G ?9@< CDB @B8G?P A9C9D9D6ABEFi.

"E>i?P>< 6 E<EF9@i (4.3.3) 6Ei Di6ASAAS, CBK<A4RK< ; 8DG7B7B, є ?iAi=A<@<

Di6ASAAS@< i; B5@9:9A<@< EF4?<@< BC9D4FBD4@<, FB 6BA< @4RFP є8<A<=

E<?PA<= DB;6’S;B>.

�4?i E<EF9@4 (4.3.3) DB;5<64єFPES A4 86i E<EF9@<, i DB;6’S;B> I 9 (C) = I (1)9 (C) +
I
(2)
9 (C) CB84єFPES 6 84Ai= HBD@i, 89 I (1)9 4 DB;6’S;B> E<EF9@<
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


ℎ

<
¤I (1)1 = D (C) − I (1)1 ,

ℎ

<
¤I (1)9 = I

(1)
9−1 − I

(1)
9 , 9 = 1,<,

I
(1)
9 (0) = D (−ℎ9

<
).

(4.3.18)

4 I (2)9 4 DB;6’S;B> E<EF9@<




ℎ

<
¤I (2)1 = −I (2)1 + (I0 − G),

ℎ

<
¤I (2)9 = I

(2)
9−1 − I

(2)
9 , 9 = 1,<,

I
(2)
9 (0) = 0.

(4.3.19)

&B8i

sup
C∈[0,) ]

Ā





D (C − ℎ9< ) − I 9 (C)





2

f 2
(
sup
C∈[0,) ]

Ā





D (C − ℎ9< ) − I (1)9 (C)





2

+ sup
C∈[0,) ]

Ā




I (2)9 (C)



2) . (4.3.20)

#B;A4K<@B ~ 9 (C) = D (C − ℎ9
<
), F4 66989@B Di;A<Ji

# 9 (C) = Ā




~ 9 (C) − I (1)9 (C)



2 , 9 = 0,<.

�4?i, 4A4?B7iKAB Ci8DB;8i?4@ 4.1.3 F4 4.2.3, 8?S C9DLB7B 8B84A>G G (4.3.19)

BFD<@GєFPES A9Di6AiEFP

sup
C∈[0,) ]

√
Ā




~ 9 (C) − I (1)9 (C)



2 f 2ℎ

`
�

1
2 (), ∥q ∥� ,

ℎ

<
) + 3�

1
2 (), ∥q ∥� , `)) . (4.3.21)

3>MB 6 A9Di6ABEFi (4.3.21) CB>?4EF< ` =�
1
4 (), ∥q ∥� , ℎ< ), FB @4F<@9@B

sup
C∈[0,) ]

√
Ā




~ 9 (C) − I (1)9 (C)



2 f 2ℎ

`
�

1
4

(
), ∥q ∥�,

ℎ

<

)
+ 3�

1
2

(
), ∥q ∥�,�

1
4

(
), ∥q ∥�,

ℎ

<

))

= U
(
), ∥q ∥�,

ℎ

<

)
→ 0, < → ∞.

(4.3.22)
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�i8CB6i8Ai BJiA>< 8?S E<EF9@< (4.3.19) A45<D4RFP 6<7?S8G

Ā




I (2)9 (C)



2 = sup

C∈[0,) ]
#0(C) . (4.3.23)

&B@G, 4A4?B7iKAB Ci8DB;8i?4@ 4.1.3 F4 4.2.3 BFD<@GєFPES A9Di6AiEFP

sup
C∈[0,) ]

√
# 9 (C) f U

(
), ∥q� ∥ ,

ℎ

<

)
+

√
sup
C∈[0,) ]

#0(C). (4.3.24)

!4D9LFi BJiA<@B #0(C).  4є@B

I0(C) − D (C) =
C∫
0

( (C − B) (5 (B, I0(B), I< (B))3B +

+
C∫
0

( (C − B) (f (B, I0(B), I< (B)) − f (B,D (B), D (B − ℎ))3, (B) .

I; 6?4EF<6BEF9= EFBI4EF<KA<I iAF97D4?i6 FB8i BFD<@Gє@B

#0(C) f2)
C∫
0

!"2
(
Ā ∥I0(B) − D (B)∥2 + Ā ∥I< (B) − D (B − ℎ)∥2

)
3B f

f 2)!"2

C∫
0

4! sup
g∈[0,B]

#0(B)3B + 2U2� (), ∥q ∥� ,
ℎ

<
) .

�6i8E<, ; GD4IG64AAS@ ?9@< �DBAGB??4, @4F<@9@B

sup
C∈[0,) ]

#0(C) f 2U2� (), ∥q ∥� ,
ℎ

<
)4 ()+1)!") → 0, < → ∞.

"EF4AAS BJiA>4 i; GD4IG64AAS@ (4.3.24) 8B6B8SFP F9BD9@G.

4.3.3 #D<>?48 ;4EFBEG64AAS

#DBi?REFDGє@BBFD<@4A<=D9;G?PF4FA4EFGCA<@EFBI4EF<KA<@HGA>JiBA4?PAB-

8<H9D9AJi4?PA<@ Di6ASAAS@ F<CG D94>JiS-8<HG;iS.

!9I4= � 4 B5@9:9A4 B5?4EFP 6 ℝ
3 i; @9:9R m�, MB ;48B6B?PASє G@B6G

�SCGAB64 � = !2(�) i BC9D4FBD � є 8<H9D9AJi4?PA<@ BC9D4FBDB@ 8DG7B7B
CBDS8>G 9?iCF<KAB7B F<CG
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�D =

3∑
8, 9=1

(08 9 (G)DGğ )G Ġ = div(0(G)∇D) .

&GF 08 9 є A9C9D9D6A<@< ;4 �9?P89DB@ >B9HiJiєAF4@< i; CB>4;A<>4@< �9?P89D4

V ∈ (0, 1), E<@9FD<KA<@<, B5@9:9A<@<, MB ;48B6B?PASRFP G@B6G Di6AB@iDABї
9?iCF<KABEFi

3∑
8, 9=1

08 9[8 [ 9 g �0 |[ |2, [ ∈ ℝ
3,

8?S 89S>Bї EF4?Bї �0 > 0, | · | 4 96>?i8B64 ABD@4 6 ℝ
3 . !9I4= 4= (G) 4 BDFB-

ABD@B64A<= 54;<E 6 � F4><=, MB 4= (G) ∈ !∞(�), sup= ∥4=∥!∞(�) < ∞. �6989@B
>B64Di4Ji=A<= BC9D4FBD & ∈ L(� ) F4><=, MB & є A96i8’є@A<@ i )A (&) < ∞, 4
F4>B: &4= = _=4= . #D< JPB@G _= є CBE?i8B6AiEFR A96i8’є@A<I K<E9?, MB

∞∑
==1

_= < ∞.

&9C9D 6<;A4K<@B � -;A4KA<= &-S89DA<= CDBJ9E �iA9D4

, (C) :=
∞∑
8=1

√
_8 V8 (C)48 (G), C g 0.

#D< JPB@G 664:4є@B, MB CDBEFBD<  i � 6 B;A4K9AAi 6iA9Di6EP>B7B CDBJ9EG

ECi6C484RFP, FB5FB  = � = !2(� ). #B;A4K<@B + := &
1
2 (!2(�)). 3> 6<C?<64є

; [73](�9@4 2.2) + ¢ !∞(�) 4 CDBEFBDG B5@9:9A<I A4 � HGA>Ji=.
&B8i @B:A4 669EF< @G?PF<C?i>4F<6A<= BC9D4FBD « : + → � A4EFGCA<@

K<AB@. �?S >B:AB7B Hi>EB64AB7B q ∈ !2(�) CB>?489@B «(q) = q ·k , 8?Sk ∈ + .
"E>i?P>< q ∈ !2(�) F4k ∈ !∞(�), FB BC9D4FBD « >BD9>FAB 6<;A4K9A<=, 4 F4>B:
« ◦& 1

2 : !2(�) → !2(�) 6<;A4K4є BC9D4FBD �i?P59DF4-,@i8F4 i; BJiA>BR ABD@<



« ◦&2


2
!02

f Tr(&) sup
=

∥4=∥2∞ ∥q ∥2
!2(�) .

$B;7?SA9@B A4EFGCA9 Di6ASAAS
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


3 (D (C, G)) = [AD + 5 (C,D (C), D (C − ℎ))] 3C + ∑∞
8=1

√
_8f (C,D (C), D (C − ℎ))48 (G) 3V8 (C),

D (C, G) = q (C, G), C ∈ [−ℎ, 0], D (0, G) = q0(G) 6 �,

D (C, G) = 0, G ∈ m�, C g 0.

(4.3.25)

&GF 8i=EAB;A4KAi HGA>Jiї 5 : [0,) ] ×ℝ
1 ×ℝ

1 → ℝ
1, f : [0,) ] ×ℝ

3 ×ℝ
3 → ℝ

1

6<;A4K9Ai, A9C9D9D6Ai ;4 EG>GCAiEFR ;@iAA<I F4 ;48B6B?PASRFP ;4 8DG7BR F4

FD9FPBR ;@iAA<@< 7?B54?PAG G@B6G �iCL<JS F4 G@B6G ?iAi=AB7B DBEFG. I; [79]

6<C?<64є, MB BC9D4FBD � є 79A9D4FBDB@ >B@C4>FABї A4Ci67DGC< BC9D4FBDi6

( (C) : � → � . !964:>B 54K<F<, MB G@B6< 1-4 8?S Di6ASAAS (4.3.25) 6<>BA4Ai, 4

FB@G 8?S (4.3.25) ECD4698?<69 F69D8:9AAS F9BD9@<.

4.4 �<EAB6>< 8B DB;8i?G 4

' 84AB@G DB;8i?i DB;7?SAGF4 ;484K4 4CDB><@4Jiї E<EF9@< EFBI4EF<KA<I

HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP ; E<EF9@4@< ;6<K4=A<I EFBI4EF<KA<I

Di6ASAP S> G E>iAK9AAB6<@iDAB@G F4> i 6 A9E>iAK9AAB6<@iDAB@G CDBEFBD4I.

"E>i?P>< 6 B5BI 6<C48>4I EFBI4EF<KA4 E<EF9@4HGA>JiBA4?PAB-8<H9D9AJi4?PA<I

Di6ASAP є A9E>iAK9AAB6<@iDA<@ B5’є>FB@, FB =B7B 4CDB>E<@4JiS 6i85G64єFPES ;4

D4IGAB> ;5i?PL9AAS DB;@iDABEFi F4><I E<EF9@. "EAB6A<@< D9;G?PF4F4@< JPB7B

DB;8i?G є A4EFGCAi.

1. �?S E<EF9@< EFBI4EF<KA<I 8<H9D9AJi4?PA<I Di6ASAP i; ;4Ci;A9AAS@ G

E>iAK9AAB6<@iDAB@G 6<C48>G 8B6989AB ?9@G CDB @B8G?P A9C9D9D6ABEFi.

2. #B5G8B64A4 E<EF9@4 ;6<K4=A<I EFBI4EF<KA<I Di6ASAP, S>4 4CDB>E<@Gє G

E9D98APB@G >648D4F<KAB@G DB;6’S;>< 6<Ii8ABї E<EF9@< i; ;4Ci;A9AAS@.

3. �B6989A4 F9BD9@4 CDB 5?<;P>iEFP G E9D98APB@G >648D4F<KAB@G DB;6’S;>i6

6<Ii8ABї E<EF9@< ; ;4Ci;A9AAS@ F4 4CDB>E<@i;4Ji=ABї E<EF9@<.

4. �?S EFBI4EF<KA<I 8<H9D9AJi4?PA<I Di6ASAP i; ;4Ci;A9AAS@ iAF97D4?PAB7B

F<CG 8B6989A4 ?9@4 CDB @B8G?P A9C9D9D6ABEFi.

5. �?S E<EF9@ ; iAF97D4?PA<@ ;4Ci;A9AAS@ CB5G8B64A4 4CDB>E<@i;4Ji=A4

E<EF9@4 EFBI4EF<KA<I Di6ASAP 59; ;4Ci;A9AAS.
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6. �B6989A4 F9BD9@4 CDB 5?<;P>iEFP G E9D98APB@G >648D4F<KAB@G DB;6’S;>i6

6<Ii8ABї F4 4CDB>E<@GRKBї E<EF9@.

7. �?S E<EF9@< EFBI4EF<KA<I 8<H9D9AJi4?PA<I Di6ASAP i; ;4Ci;A9AAS@ G

A9E>iAK9AAB6<@iDA<I CDBEFBD4I i; A9B5@9:9A<@ 7B?B6A<@ ?iAi=A<@

BC9D4FBDB@ 6EF4AB6?9AB 4A4?B7 ?9@< CDB @B8G?P A9C9D9D6ABEFi.

8. �B6989A4 F9BD9@4 CDB 5?<;P>iEFP DB;6’S;>i6 6<Ii8ABї A9E>iAK9AAB6<@iD-

ABї E<EF9@< EFBI4EF<KA<I Di6ASAP i; ;4Ci;A9AAS@ F4 DB;6’S;>i6 E<EF9@<

4CDB>E<@4Ji= 59; ;4Ci;A9AAS.

9. "FD<@4Ai D9;G?PF4F< ;4EFBEB64Ai 8B EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D-

9AJi4?PA<I Di6ASAP G K4EF<AA<I CBIi8A<I.



�<EAB6><

' 8<E9DF4Ji=Ai= DB5BFi BFD<@4AB A4EFGCAi D9;G?PF4F<.

' ;484Ki 8BE?i8:9AAS 4E<@CFBF<KABї CB698iA>< A4 A9E>iAK9AABEFi (C → ∞)
DB;6’S;>i6 EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP BFD<@4AB

F4>i AB6i D9;G?PF4F<:

1. �EF4AB6?9AB Di6AB@iDAi E9D98APB>648D4F<KAi BJiA>< CD< C g 0 DB;6’S;>i6

;5GD9ABї E<EF9@< EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP.

2. �4 E<EF9@BR A9?iAi=A<I EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D9AJi4?PA<I

Di6ASAP CB5G8B64A4 E<EF9@4 ;6<K4=A<I 8<H9D9AJi4?PA<I Di6ASAP F4 6EF4-

AB6?9AB 6i8CB6i8AiEFP @i: їI DB;6’S;>4@<.

3. ' A9?iAi=AB@G 6<C48>G 8B6989AB F9BD9@G CDB 4E<@CFBF<KAG 9>6i64?9A-

FAiEFP F4><I E<EF9@ CD< 8BEF4FAPB @4?B@G >DBJi ;4Ci;A9AAS.

4. �?S E<EF9@ ?iAi=A<I EFBI4EF<KA<I Di6ASAP BFD<@4AB iAF97D4?PA9 CD98-

EF46?9AAS DB;6’S;>G K9D9; @4FD<J4AF A9;5GD9ABї ?iAi=ABї E<EF9@<.

5. �EF4AB6?9AB 6i8CB6i8AiEFP @i: DB;6’S;>4@< EFBI4EF<KAB ;5GD9ABї ?iAi=ABї

E<EF9@< ; ;4Ci;A9AAS@ F4 A9;5GD9ABї ?iAi=ABї 89F9D@iAB64ABї E<EF9@<.

6. �B6989AB 4E<@CFBF<KAG 9>6i64?9AFAiEFP EFBI4EF<KAB ;5GD9ABї ?iAi=ABї

E<EF9@< HGA>JiBA4?PAB-8<H9D9AJi4?PA<I Di6ASAP 8B її A9;5GD9ABї 89F9D-

@iAB64ABї K4EF<A<.

�?S ;484Ki 4CDB><@4Jiї E<EF9@< EFBI4EF<KA<IHGA>JiBA4?PAB-8<H9D9AJi4?PA<I

Di6ASAP E<EF9@4@< ;6<K4=A<I EFBI4EF<KA<I Di6ASAP S> G E>iAK9AAB6<@iDAB@G

F4> i 6 A9E>iAK9AAB6<@iDAB@G CDBEFBD4I BFD<@4Ai A4EFGCAi D9;G?PF4F<:

1. �?S E<EF9@< EFBI4EF<KA<I 8<H9D9AJi4?PA<I Di6ASAP i; ;4Ci;A9AAS@ G

E>iAK9AAB6<@iDAB@G 6<C48>G 8B6989AB ?9@G CDB @B8G?P A9C9D9D6ABEFi.

2. #B5G8B64A4 E<EF9@4 ;6<K4=A<I EFBI4EF<KA<I Di6ASAP, S>4 4CDB>E<@Gє G

E9D98APB@G >648D4F<KAB@G DB;6’S;>< 6<Ii8ABї E<EF9@< i; ;4Ci;A9AAS@.

3. �B6989A4 F9BD9@4 CDB 5?<;P>iEFP G E9D98APB@G >648D4F<KAB@G DB;6’S;>i6

6<Ii8ABї E<EF9@< ; ;4Ci;A9AAS@ F4 4CDB>E<@i;4Ji=ABї E<EF9@<.
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4. �?S EFBI4EF<KA<I 8<H9D9AJi4?PA<I Di6ASAP i; ;4Ci;A9AAS@ iAF97D4?PAB7B

F<CG 8B6989A4 ?9@4 CDB @B8G?P A9C9D9D6ABEFi.

5. �?S E<EF9@ ; iAF97D4?PA<@ ;4Ci;A9AAS@ CB5G8B64A4 4CDB>E<@i;4Ji=A4

E<EF9@4 EFBI4EF<KA<I Di6ASAP 59; ;4Ci;A9AAS.

6. �B6989A4 F9BD9@4 CDB 5?<;P>iEFP G E9D98APB@G >648D4F<KAB@G DB;6’S;>i6

6<Ii8ABї F4 4CDB>E<@GRKBї E<EF9@.

7. �?S E<EF9@< EFBI4EF<KA<I 8<H9D9AJi4?PA<I Di6ASAP i; ;4Ci;A9AAS@ G

A9E>iAK9AAB6<@iDA<I CDBEFBD4I i; A9B5@9:9A<@ 7B?B6A<@ ?iAi=A<@

BC9D4FBDB@ 6EF4AB6?9AB 4A4?B7 ?9@< CDB @B8G?P A9C9D9D6ABEFi.

8. �B6989A4 F9BD9@4 CDB 5?<;P>iEFP DB;6’S;>i6 6<Ii8ABї A9E>iAK9AAB6<@iD-

ABї E<EF9@< EFBI4EF<KA<I Di6ASAP i; ;4Ci;A9AAS@ F4 DB;6’S;>i6 E<EF9@<

4CDB>E<@4Ji= 59; ;4Ci;A9AAS.

9. "FD<@4Ai D9;G?PF4F< ;4EFBEB64Ai 8B EFBI4EF<KA<I HGA>JiBA4?PAB-8<H9D-

9AJi4?PA<I Di6ASAP G K4EF<AA<I CBIi8A<I.
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