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VY daniti pobomi mu po3essdaemo MATHCE KPUMUYHE 2LAAACTIVE NPOYECU 3 iMmizpayiero. Byio ecma-
HOBAEHO OUIHKY UWEUIKOCTNE 30IHCHOCTE 68 UEHMPANLHIT 2PAHUYHIT Meopemi OAL GAYKMYaUit Maxux
npouecis. Ipu 6u6odi oyinku weudkocmi 36ixcHocmi 0o epanu“hozo po3nodiny byio suKopucmamo do-
bpe sidomy HepisHicmv FEcceena, wo 00360a4€ 0UuiHI0O8aMU bAUDKICS PYHKUIT Po3Nodiay 3a 6AUSD-
Kicmio 1T zapaxmepucmusnux Gynkuit. Bidomo, wo meopema Beppi-Ecceena dae pesyavmam, axuti
HEMOIHCAUBO 6 3A2ANPHOMY SUNAIKY NOKPAWUMU, b0, AKX KANCYMbd - NPAGUALHY 0uinKy. Bapmo 6id-
MIMUMU, U0 8 HAWIT OUTHUT 3AAEHCHICTNG CTNAAUT 610 PO3NOJIAY NPAMUL HAWAOKIE 0OHIEL YACTNUHKY
ma NOMoKy IMmizpayii € 0iAbW CKAAOM0M0 HIdIC 6 KAacuuHitll ouinyl Beppi-Ecceena. Ompumana ouyinka
Y3A2ANDHIOE A YMOUHIOE NONEPEIHIO 6100MY OUIHKY 048 GAYKMYAULT N0dIOHUT NPOUECE.

Kmonosi caosa: iaracmi npouecu, immizpayis, wepiericms Ecceena.

In this paper, we consider a nearly critical branching process with immaigration. We obtain the rate
of convergence in central limit theorem for nearly critical branching processes with immigration.
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1 Introduction (k — 1)—st generation and 65;1) is the number of
(n) immigrants contributing to the k—th generation.
Let for each n € N {gk,j’ k,je N} and Branching processes models are extensively

used in various parts of natural sciences, among
others in biology, epidemiology, physics, computer
sciences. We refer to monographs by Athreya and
Ney [1], Rahimov [17], Haccou et al. [6] where one
may find a recent developments and various appli-
cations of these process.

Assume that for all n € N

5,(;”), ke N} be the two independent famili-
es of independent identically distributed random
variables with non-negative integer values. The
sequence of branching processes with immigration
{X,gn), k > 0}, n € N is defined by the following
recursion relation

(n) (n) o (n) , _(n) mn = B, of =vargy, A, = Eel”,
Xo = O) Xk = Z fk,j +€k; ) k;7n eN (1) b2 _ V&I‘&‘gn)
=1 "

exist and finite.

. n .
For a fixed n € N we can interpret X,g ) as the size Osnavenns 1.1. Branching processes with immi-

of k—th generation of a population and 51(;3) is the gration defined by (1) is called nearly critical with
number of offsprings of the j—th individual in the rate « € Rif m, =14+an"'+o (n‘l) as n — oo.
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This notation was introduced for the first ti-
me by Chan and Wei [3| in order to study AR(1)
processes.

Introduce the random process

(n)

Xn (t) = X[nt}’

t€R+, TLGN,

(2)
where [a] denotes the lower integer part of number
a. It is clear that {X,(t),n € N} is a sequence
of random elements with values in the Skorokhod
space D0, c0), which is the space of non—negative
functions on [0, 00) that are right continuous and
have left limits.

There have been a lot of research works
devoted to the asymptotic behavior of the process
defined by (2). For instance, in case when m,, =
m = 1 and with finite moments 02 = o2 > 0,
A = A and b2 = b? > 0, Wei and Winnicki
[23] proved that the random processes n~1X,,(t)
weakly converge in Skorokhod space D]0,0) to
the solution of some stochastic differential equati-
on. Later, the case m,, = 1+ an™ ! + o(n_l)
(o € R), 62 — 0% > 0 as n — oo was studied
by Sriram|22|, who proved the weak convergence
of random processes n = X,,(¢) in Skorokhod space
D[0,0) to the solution of stochastic differential
equation. Ispdny et al. [8] showed that Sriram’s
[22] result still holds if condition o2 — o2 replaced
by 02 — 0 asn — oo. They also proved fluctuation
limit theorem in case where o2 — 0, namely, the
sequence n” 2 (Xn(t) —EX,(t)) has a limit process
X(t). The process {X(t),t € R} turns out to be
an Ornstein—Uhlenbeck type process driven by a
time changed Wiener process. Further systematic
investigations are due to Ispany [7], Gyorfi et
al.[5], Li [14], [15] Rahimov [18],[19], Khusanbaev
[10],[11],[12],[13] and see also references therein.
From these papers, it follows that the necessary
norming factor and the possible limit process
strongly depend on the various conditions that are
supposed to hold for the offspring and immigration
processes.

The problem of estimating the rate of
convergence in the central limit theorem (CLT)
is one of the traditional problems in probabi-
lity theory. It attracted the attention of many
researchers during the last six decades. However,
most of the attention was paid to clarifying
the estimate of the Berry—Esseen theorem, whi-
ch considers the uniform distance between the
distribution functions of the normalized sums of
independent random variables and the standard
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normal law.
However, few scientific papers are devoted to
studying of the rate of weak convergence in li-
mit theorems for branching processes. Apparently,
such a problem was first studied by Nagaev
and Mukhamedkhanova in [16]. They obtai-
ned the rate of convergence in the well-known
Yaglom’s limit theorem on the weak convergence
of the critical Galton—-Watson branching process
to the exponential distribution. We note that the
constants in this estimate have a more compli-
cated relationship to the distribution of offspri-
ngs as compared to the classical Berry-Esseen esti-
mate. Later, Borovkov [2] established the rate of
weak convergence for the Galton—-Watson branchi-
ng processes (without immigration) to the Feller
process. We also refer to Rahimov and Sirazhdinov
[20] where one can find several types of estimati-
ons for fluctuation of (1). Recently, Khusanbaev
[9] obtained the rate of convergence in CLT for
fluctuation of process (1). Motivated by that paper
we continue studying the rate of convergence in
one-dimensional functional limit theorem 2.9 of
Ispény [7].
More precisely, Ispany |7] proved the following
a fluctuation limit theorem for the process defined
in (2).
Theorem 1.1. Assume that b2 > 0 for alln € N
such that nb? — oo as n — oo and
1) mp =14an™t+o(n ') asn — oo for
some a € R;
2) o2 =o’n"t+0(nt) asn — oo for some
= 0;
n)

} 2
) E(( o —m) I(Un>)
n — oo for all 8 > 0, where U,
{‘é?_mn‘ >9m} and I{A} denotes an

indicator of event A;
4) A = Ab2 +0(b2) as n — oo for some
A>0;

5; E<<5

02

o (n’l) as

(n) _
1,1

An)QI(U,g)> = o(b2) as

n — oo for all 8 > 0, where U =
{H“—An N

Then
_1
(nb7) 2 (Xn (8) — EX, (1) = x (1),
teRy as n— o0

where convergence holds in Skorokhod space
D[0,00), and {x(t),t € Ry} is an Ornstein—
Uhlenbeck type process defined by the following
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stochastic differential equation

£) dt-++/o%u (t) + 1dW (¢)

where W (t) z's a standard Wiener process and (s
defined by u(t )‘fo e**ds.

dx (t) = ax (

Note that the limiting process x (t) may be
represented as

t
Xt = [ e an), ters,
0

where {M(t),t € Ry} isa Wiener process M(t) =
W(T(t)),t € Ry with T(¢ fo s)ds and

t
p(t) = )\02/ e®ds + 1.
0

From the properties of the stochastic integral [4]
we can obtain

2019, 4

t
Bx(t) =0, var(x(t) = [ 0~ p(s)ds
0
Consequently,
A1 o= 0,
2 o ) -
:=var(x(1l)) =
B (X()) {(22;2\(60[—1)2‘1‘ 2a,047é0

Hence, x(1) has normal distribution with zero
mean and variance (2.

The main purpose of this paper is to obtain
the rate of convergence of the random variables
(nb%)_%(Xn(l) —EX, (1)) to x(1). The approach
we use in the proofs comes from Khusanbaev [9].
However, we have to pay more attention to the
asymptotics of mean and variances of immigrati-
on.

The remainder of the paper is organized as
follows. Section 2 contains some notations and
assumptions. The main result and examples are gi-
ven in Section 3. Section 4 is devoted to the proof
of the main theorem.

2 Some notations and assumptions

Before giving our main result, we need to some
notations and conditions.

For each n € N, let S’lin), k > 0 be the Galton—
Watson branching process defined by

5

S 1, 50— >
=1
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Then it is well-known [1]

k—1 k—1
L X(0) =0, ggl) _ k. E[Sén)r _ oy (my 1>bi+m3ﬁ,
m, — 1
k—1 2k
m]? _ mn_ - (mpf —1)
E{S’“ ] o m2 —1 Tt
3m ( —1) (mﬁil -1) 5 2 2
T gy e
k=1 ok
+3m"m (_”1 Y (b2 +m2 —my,) +mF,

where v, = Efﬁ) ( 5?1) — 1) ( 5?1) — 2).

Let fn(s) be a generating function of & ;.
Then, plainly, fék)(s) is the generating function

(n)
of S

Further, we put

(n) (n)
ho(s) = Es®l | @u(s) =Es™ | |s| < 1.

Suppose that for all n € N the variables

2. var(X,(1))
B’ﬂ = =
n
2 (n—
>\n0n§n 1) + b,%, mp =1,
)\nai(mzflfl)(mzfl) b%(minfl)

i) my, # 1.

n(mz—1) >
Xn =
n(n—1)+3nc2 +1, m, =1,
(o rmd )’
mp|mp—1||m2 —1|

n(mn—1)(mj —

3 ;4
nYn + 50,1

3‘0',21+m,217mn|

{ ] +
Tn = Esgn) <€§n) — 1) (

exist and finite.
Set

mp|m2 mp |mn—1|

" _2)

€1

where
A, = max{(l + )% b2+ A2

B, = Apxpmax{l; mp}.

As wusual, denote by ®g(x) normal di-
stribution function with zero mean and vari-
ance % and p(F,G) stands for uniform di-
stance (Kolmogorov’s metric) between distributi-
on functions F(z) and G(x). The symbol C
denotes a positive number which may vary from
place to place.

The proof of the main theorem is based on
the following inequality (see [21] Chap.II, p.376),
which allows us to estimate the proximity of di-
stribution functions by the proximity of their
characteristic functions.

, My # 1.
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Lemma 1 (Esseen’s inequality). Let F (x) and

G () be two distribution functions with characteri-

stic functions f (t) and g (t), respectively. Assume

G (x) has derivative G' (x) with sup |G’ (z)| < C.
x

Then, for arbitrary x € R and T > 0

p(F.G) < i/OT f(t)g(t)’

t

3 Main result

Now we state our main result.

Theorem 3.1. Let b2 > 0, n € N, nb2 — o
and L, = 0(«/nb%) as n — oo. Assume that

min (f—f’,ﬁ2) > 0 and the following conditions
hold:

1) mp =1+an™t+o0(nt) asn — oo for
some o € R;

2) o2 =c*n"14o0 (n_l) as n — oo for some
0.2 > 07.

8) An = A2 + 0(b2) as n — oo for some
A>0;

4) T =limsupr, < oo;
n—oo

5) v =an ' +0(n7t) asn — oo for some
v > 0.
Then distribution functions of mormalized vari-
ables

such that for alln > 2,

CL, 2 - 52‘

+ )
V1% min (%, 62)

p (Fn, @) < 3)

where C depends on variables o, 02, \, b%, B2, T,
.

Remark 1. Theorem 2 is a generalization of the
main result of paper [9] for the cases b2 — 0 and
b2 — co asn — oo (see condition 3). Assumption
nb2 — oo and the condition 3) imply that the vari-
able b2 may converge to a finite number (zero or
non-zero) or infinity. Khusanbaev [9] obtained the
rate of convergence in one-dimensional Theorem
2.2 of Ispany et al. [8].
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Remark 2. Note that both terms are itmportant
on the right-hand side of (3) since each of first or
second terms on the right hand side of (3) may be
dominating in different situations.

As an example, we give the following corollary.

Hacainok 1. 1) Let fﬁ) has a Bernoulli distri-

1

bution with mean 1 —an™", a > 0 and the random

(n)

variable €7 is distributed as follows:

n 1 n 1
P(ei” =0) =1-=, P(e{"” =[lnn)) = -, neN.

Then it is easy to see that the conditions 1), 2)

and 5) are satisfied. Moreover, we have \, = IHT”,

b2~ %, n — oo and thus the condition 3)
holds. The condition 4) fulfills since 1, ~ % and
T < 00. Consequently, all conditions of Theorem 2
hold in the case when immigration variance tends
to zero.

2) Let us consider the case when the immi-
gration variance tends to infinity such that nb? —
o0 as n — co. Let 5571) is distributed as below and
take form € N

n 1 n 1
P(ei” =0)=1- —, P(e]"” = [ln)) = —.

In this case, we have A\, = 1, b2 = Inn — 1 and
Tn ~ Inn and all conditions of Theorem 2 hold.

4 Proof of the main result

Hosedennsa. We consider only the case m, > 1.
The statement of Theorem for the cases m, = 1
and m, < 1 can be proved by analogous consi-
derations. By Esseen inequality

Sgp!Fn(:v)*%(fc)K
2 (Tlgnlt)—g(t)
g |

where

J (t)_e—itEXan) \/nb%sp <€it/\/nb%>
n - n bl

24
dt + P |5 ()], (4)

t2 52 1
g(t)=e 2", Sup @ (z)| = N

In relation (4), a positive number 7' = T,, may be
chosen arbitrary.

We set
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Now we have to estimate the integral (4). For this Substituting (6) in (7), we obtain
aim, we represent it as the sum of three integrals:

h (f(k-) (eit/\/nb%)> _ it
T A A /b2
Jr(zl) +J?’(L2) +J1£L3) :/ Ant(t)dt+ 2 2 n
0 (n)) " _
T A(2) T A(3) 2n62)\ nkt (S )
An”(t) Ar(t)
0 0 _ n _ _
) iz (Esf ) (82422 =2\ + QP (1)
where 14 itmk \ 2\, 02 mpE=t (m’fL — 1)
AW () = efitEX,(z")/\/nb%QOn <eit/,/nbg> B /b2 2 2;1b2 -1
t*m
— b2 + )\2 + k‘)
—it Zn-1+2(znk i) 2n 62 (b +A) + Q07 (1)
—e non ,
where lek) (t) admits the representation:
_it—An mp—1 " 2 ,szzik 2 .2 )3
A @) = |e Ve W**EO( e ) _ e_%% It E (S,E; )>
n CRP () =0 ———— At
nb2\/nb?
2 3
A7(13) (t) _ e_é% —,82§ itE (S](Cn)> t’E (S](Cn)>
* A /anZZ 2’1’Lb% +

where 2z, = hn (k) eit/” nbi > — 1 and we 3 n)\?
1] E(Sk )
(

; 2 2
have to bound each As) t),1=1,2,3 and evaluate + 01 b2 \/W (bn A~ )‘”) +
integrals JT(LZ), i =1,2,3, separately. " "
Consider Ag)(t). It is well-known that the 9 (n)\ 2 3 372
. . (n) . 1| UE (Sk ) t|"E (Sk )
generating function of X, ’ is defined by N +6, >
n—1
s) =TT 7 (11 9)) X (B2 4+ X2 = M) + Oy %
o (m)? (m)?
n 3 n
Since E (¢’ th Taylor X o S <Sk ) +0 E (Sk )
< 00, _ -
1r%ce (51,1) 00, then we may.use aylor b oni? 1 ST
expansion with Lagrange form of remainder
, Then, it is easily seen that for || < T),, we have
it / \/mb2 ’
f(k) <€ t/ n> = the following estimate
s ) R 1 (50 () <l
= 1 _ ,
V/nb2 2 nbl ' nb2/nb? ] 1
k JR—
011 <1. (6) < nb%mn(lﬂn)é 51 (8
Similarly, by the assumption 7, < o0 we Therefore, for |t| < Ty, it is valid the representati-

may decompose the generating function h, (s) in  op
Taylor series with Lagrange form of remainder

i (5) = H B ( ( /\/T)> _ St

2
=1+ (s—1) Ee(n) + MEggn) (55”) _ 1) + where Inz means the main value of
2 the logarithm of a complex number =z

3
02 (s —1)" 7, |02 < 1. (7) (Inz=1In|z|+iargz, —w < argz < ).
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Now by using the following inequalities P E ( S’in))3
9 (5(2) t - GIZ)Q—\/?AH—F
n n
e — 1) < |zl e, Im(1+2) -2+ 2| <2, B
2 . t|3E S(”)
1 y k| £ (B2 A2 )+
|lz] < 5’ 9) nb2 ! nb2 /nb2 noom o
2
we obtain 1| t°E (S,(fn)) It E (S(n)>
+- |- + 61
4 An mb-1)| nl 22, 2 2nbj, nbs+/nb;;
—i n n _ *nk
A(l)(t) <le V g " ekgo(znk 2 ) X 9 9
x (by + Ar = Ap) +
= e wl® itBs™ B <5£"))2 P E (52"))3
X Z‘an’ ek=0 +65 k_ 5 + 61
k=0 nbz 2nby, nbZ+/nb?
First we will estimate |z,|°. By (8), for |t| < Ty
we have We may notice that for |t| < T),
| k|3 < 7|t|3 m3k (IT+A )3 < 7t2 m2F
mn. ~X n n ~ 2
nb% V nb% 24nb” ‘Q(k ( )‘ 1 tz m?k 5(1) (t ‘ iika
dih 5nb2 " TR YIS 100082
an us
S ol € g St = g T
|znk|” < 5 m2k R
— 24nbn — 24nb my —1° (Qk) 4 2 (13)
(10) n = 25 nb?
On the other hand,
|t| n—1 From (12) and taking estimations (13) into
Z lzni]® < T4+ 1)) mdk < account, we may write
b2/ nb2 pard
1t gmy* — 1

Tn Z2 (1) 2 ( 3’“)

S
>
3T
ﬁ
S
3o
—_
3
3
|
—_
/

Further, .
+2 kno%(m27 71)(’"7‘:1171) +2 m2n 1
. T 2nb2 2 -1 R T
2 1‘2 n—1 )\na%mﬁ(mﬁfl) 212 § e non (mn )(mn ) ez X
——————+m;"b;,

n—1 22

— nk

pETES “53 2, | T matmnoD
ek=

X a7 t2 m2n 1

x W0 wE miT | (14)

N

n—1 . n mnfl
XekZ::O (s 0+ ) (;tﬁmn*l (12) Recalling relations (10), (11) and (14) we have the
bound
where
ik m3n —1
A(l)( ) | ( +A )3 n %
1 t n n —
s (1) = | ‘b2 B [QU) (t)‘ + nb2 \/nb2 my, — 1
1/ ¢ n)\? 2% (72 2
3 <2 b2)\ E(Sk ) +2nb%mn (bn+)‘n_)‘n)+ ( 1 )( )
2 Anoy, m$7 —1 mz 1 m2n — m2n _
[ (m2—1)(mn—1) +% mn*ll} _% 77:%711
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Hence, the integral J,(Ll) does not exceed

C(l + AP mdr —1
nb2+/nb2 mn —1

oo _L[*"“i(m?l_l—l)(mz—l) Qmﬁn—l]
></ t2e 2nbR (mZ—1)(mn—1) 25 mn =11
0
t2 7rL2 -1
X e T 2n m2—1 dt
(14 A)® mdn — 1
nb2\/nb2 mp — 1
% nb2 _
[Ancﬂ(mﬁ '—1)(mp— 1)+11m2n 1+b2mn 1] S
(m3—1)(mn—1) 25 mp—1 n m2—1
L

/nb2’
Now we consider the relation A!? (t). From the
inequalities (9), it entails

x (b2 + A2 — An))+

12F (S,i“))Q
2nb2

2:;% (ES lin)>2 %

Flew o))}

t? 4k

S L -
nb2y/mb2 "

!
2

+

(

T,, we have

x (b2 4+ A2 —

For |t| <

Q) (@) <
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® min -1
Xn (t) < C — A, By,
n S nb% nb% mf}l 1 nOn
L[t)* min—1
() < L (15)

4nb2 m4 -1

Substituting the bound (18) in (17), we get

t m4" — 1
A%Q)(t) <C | | 2
nb2\/nb2 My — 1"
285 142 mp-1
X Lpe 2 02 pdnbd mE-1 L
3 4n
~
2 2 mi —
nbZ+/nb2 my —1
2 Anan(mg_l—l)(mZ—l) b2 m%n71 1 m%n71
Lo e 2nb3 (mn—1)(m3 —1) +on m2—1 2 m2-1
n .
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J(Q) <o

an (19)
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