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SPECIAL SPHERICALLY SYMMETRIC SOLUTIONS IN f(R) GRAVITY

Background. f(R) gravity is anatural generalization of General Relativity, where the Lagrangian in the Einstein-Hilbert

action is replaced by a more complicated function. This theory is extensively used in considerations of the early inflation, late
inflation and in the dark matter models. Variation of the action in this theory leads to the fourth order equations with respect
to the physical metric (Jordan frame). We study the conformally transformed metric (Einstein frame) in a static spherically
symmetric (SSS) case.

Methods. We use the well-known transformation, which allows to reduce the problem to usual Einstein equations with an

additional scalar field dubbed scalaron. The focus is on the SSS solutions in case of large dimensionless parameter My — o, ,
where M is the configuration mass and M is the scalaron mass in geometrized units.

Results. A class of scalaron potentials is identified that covers well-known f(R) models and permits a straightforward
analytical description of SSS objects in the region where the solutions are significantly different from the Schwarzschild case for

Mp>1. A representation of the structure equations is found that enables numerical integration. The results may be useful for
testing numerical algorithms in case of sufficiently large Mp .

Conclusions. Approximate analytic relations are found for the SSS solutions of the f(R) gravity in the Einstein frame
on afinite interval of radial variable in the limit Mp — o0 under special assumption on the initial data. The results show universal
properties of solutions for a wide class of scalaron potentials.
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Background

Among various modifications of the General Relativity caused mainly by cosmological problems, f(R) gravity is probably
the most direct and natural generalization (see for reviews Sotiriou & Faraoni, 2010; De Felice, & Tsujikawa, 2010). This
theory has been extensively used in considerations of the early inflation, late inflation and in the dark matter models. Natural
questions arise about the possible role of the f(R) gravity in relativistic astrophysical objects. In this case we deal with the
total mass M of the astrophysical configuration that can be combined with p to yield a dimensionless (in geometrized units)
parameter Mup . In different f(R) theories, the scalaron masses vary, e.g., from ~ 103 Gev to ~ 4 meV. Even this,

comparatively small, value of 1 corresponds to the length scale [, = ! ~5.1073 cmyielding Mu 10" for typical masses

of astrophysical objects in AGNs and create difficulties with a standard software arising in numerical modeling.

In this paper we consider properties of static spherically symmetric (SSS) solutions in the limit of high My for a class of
astrophysically interesting scalaron potentials arising in the Einstein frame of the f(R) gravity. First of all, we mean the
well-known potentials with an extended plateau, like the Starobinsky model (1980), and/or table-top and hill-top potentials
discussed by Shtanov, Sahni, & Mishra (2023).

Methods

The f(R) gravity deals with the fourth-order system for physical metric g,, (Jordan frame). Using a well-known

transformation
G =€ g0
it is possible to find a scalar field £ dubbed scalaron?, such that the dynamics and structure of the physical system iss described
by usual Einstein equations for gw with an additional equation for & (Einstein frame, see, e.g., Sotiriou, & Faraoni, 2010; De
Felice, & Tsujikawa, 2010). The right-hand side of these Einstein equations and the equation for the scalaron contains a self-
interaction potential W (€) defined parametrically
e = fu), W) =5/ —uf (o],
For a SSS space-time we use the Schwarzschild coordinate system (curvature coordinates) with
ds? = gydxtdx’ = e“dt? — ePdr? — r2d0?, (1)

where r > 0, a = a(r), B = B(r); d0? = d6? + sin?6d¢? stands for the metric element on the unit sphere.
In absence of non-gravitational fields, the nontrivial equations for the static metric (1) in the Einstein frame are (see,
e.g., Zhdanov, Stashko, & Shtanov, 2024).

d o (dgY
@(MB)_Gr[drj , @)

1 In fact, the canonical scalaron is obtained by rescaling of &; however, we prefer to use the dimensionless & here. This explains the multipliers
in front of w(€) and w'(§) below.
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d 2 2P
E(a—ﬁ)z—?+7[1—rz\/\/ €)] ®)
Where £ =¢(r) . Equations (2), (3) must be supplemented by an equation for the scalaron :
d| , “Pde| r? =P
—|re? =|=—e 2W'(§). 4
dr{ dr} 6 (6) “)

Scalaron potentials and initial conditions. It was repeatedly pointed out (see, e.g., Shtanov, Sahni, & Mishra, 2023)
that the scalaron potentials, which have a plateau-like form (as in the case of the Starobinsky model) and/or the table-top
(flattened hill-top) potentials are preferable for physical reasons. In what follows we restrict ourselves to positive &, however,
our method can easily be extended to negative £. We consider the scalaron potentials such that

W) = p*w(®), ®)
where
w(®) =38(1+0()), w'(®) = 6§(1+ 0())) (6)
for [§] << 1. We also assume
w®lI <wp, WEI<wy, (7)
and
Y®=1-%2>0, £>0, ®)

where w,, w; and y(£) do not depend on u. These properties are fulfilled in case of the quadratic f(R) gravity, however,
the scope of application of these conditions is much wider.

Approximate solutions for Mp >» 1. We consider some "scalarization region" (0,7,) , where significant deviations from
the Schwarzschild solution are expected, assuming r, ~ (100 + 1000)7;. However, at r, we assume that the metric takes the
Schwarzschild values

-1
expla(ry)] =1— rg/rO! exp[B(rp)] = (1 - Tg/ro) ,
and &(r,) =&, \éo\ < 1. Itis essential that we assume that r,,&, are fixed when Mu — oo . In fact, these conditions can be

modified to arbitrary but moderate values of a(ry) and B(rp).

It may be difficult to perform direct numerical integration of the basic equations in the form (2), (3), (4) for My > 1 with a
standard software because of exponentially large numbers involved. In this view, we introduce new independent variable p
by means of the relations

p p
rn=Xo+—=XU(), Ulp) =1+,
h=Xo+3-=Xo (@, Ulp) X2
where X, = ur, > 1and the interval r € (0,7,] corresponds to negative p € (—X2, 0]. We shall move from p = 0 to negative values.
Denote

— B - B
X== Y—Uexp(z). 9)
Equation (2) yields
2
X =3u (%) , (10)
Equation (3) multiplied by exp[(a — B)/2] can be transformed to
¥ _ x| _p2
el [xg U W(E)]. (12)
From equation (4) we get
4 a8 _ U x,
e [UY dp] = o eXw'(%). (12)
By denoting
Z= —XOUY%, (13)
we obtain two first-order equations
i . z
dp  XeUY’ (14)
dz u?
@ _ T oxy
o= W@ (15)
Substitution of (14) into (2) yields
a _ 3z
o o (16)

Now we have a closed system of four equations (11), (14), (15), (16) in a normal form, which is ready for the backwards
numerical integration, starting from p = 0. Correspondingly, we set the initial data at p = 0, which corresponds to r = 1, > 7!

D) =%, K=Y =1-2,x0=0, Z=-Xkh(5) =& h-z.

Numerical investigation show that there is a transition region T close r, to with a jump-like change of Y (r), but where
&) ~&, Z()~Z, Up) ~1
We will see that to satisfy these relations it is sufficient to restrict T as follows:

T = {P € (plr 0)}' p1 = _\/X_O'
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For sufficiently large My the X2 term in the right-hand side of (11) can be neglected and we have

dy 3722 dy
e
ek el G
Combining these equations, we get
1dy W(EO)

Y2dp 372 dp
whence
L1 wldr x() _
o =t €7 -1 (17)
From initial conditions Y,/ZZ = 1/€3 from (8) follows 1 —Yow(%,)/(322) = y(§,) > 0. Then

Yo 1

20 o= x(p) —
Tt Y =To (18)
Using (18) and Z = Z, from initial conditions, equation (16) can be integrated to obtain
Y(&o) + X YE)A—e9) 3v*R0) ., (T
In|——|-x- = - E5X5In (—
(&) +1 [v(&o) + eX][y(&) + 1] Yo o
where we take account of x(0) = 0 . Then for —/X, < p < 0 we have inequality
2(%0)
x(p) S -3 % & Inl. (19)
Now we can justify the approximation made for the transition region T. Using (19) and (7), we get from (14)
(E )
20 -2 < 2 ol < R,

and using (18), from (14)

0

where —,/X, < p < 0 and constants C; (%,), C,(%,) do not depend on X,. These are rough estimates, but they are sufficient for
further consideration in case of X, — oo and fixed &, to justify approximations in the region T.
owing to (19), for p; = —/X, and My large enough
exp[x(p1)] < exp(—3y2(§0)Y0E(2)\/X_0) < vy(&);
this means that Y (p) practically reaches maximal value Y, on a left end of interval T.

Now we can consider p < p, and we can deal with the exact equations (11) and (15). In consequence of (16) function
x(p) is monotonous, therefore expx(p) < expx(p,) is bounded by very small constant

eX®) < exp (—3 @ & \/X—o)
0

This value enters into right-hand sides of (11) and (15) as an exponentially small factor (for X, — o). Though we have a
very large interval of p € (—X2,p;), this factor suppresses these right-hand sides and leads to practically constant values of

Y(p) =Y =limY(r), Z(p)=Z; =limZ(r), (20)
r—0 r—-0
and
Zp =~ Z, Y /Y,=Y., (21)
for Mu > 1. This means
a— dg
rexp( ) =~ const, TE ~ const
with very good accuracy for large M. Owing to the above estimates we get from (14) in this region (including r — 0)
§0r) = — 2y E)Xoln (1) + &, (22)
and from (16)
x(r) =32 y2()x¢mn () (23)
Yo 00 o/’
The metric coefficients in the Einstein frame for p < p, are:
a_ Yo (T g _vGo) (r)T
e = v(&o) (To) Ty (ro) ’ (@4)
where H = 382y2(8,) X2 /Y, > 1 for Mpu > 1 and fixed &,.
Results
The scalaron potential of the quadratic Starobinsky model is
3 _ 2
wWE =2p2(1-e %) (25)

it satisfies conditions (5)—(8) for & > 0. In the region of positive g it agrees very well with current cosmological data (see, e.g.,
Shtanov, Sahni, & Mishra, 2023). As € increases, w'(€) — 0.

In numerical investigations we typically worked with & ~ 1073 = 1075, ry ~ (10 = 1000)r,, Mu ~ 105 = 103°. Numerical
simulations confirm that approximate formulas (20), (21) hold with a good accuracy for Mu = 10, Examples of dependence of
limiting parameter Y upon My are shown in Fig. 1 for different sizes of the strong scalaron region corresponding to different values
of the scalar charge. Infig. 1 we assumed &, = 0.001, but the other values of &, from the interval 10~3 + 10~> show the same behavior.
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Our formulas are also were tested using the hilltop and tabletop potentials described by Shtanov, Sahni, & Mishra, 2023. The
results are essentially the same, though the numerical values of y(£) are of course different for different potentials. The reason lies
in the similar behavior of the potentials (5), (6), (8) near minimum. Some qualitative difference in case of the hilltop potentials is due
to sign of the right-hand side of (15) because in this case the potential goes to zero after the maximum. In case of (25) w(§) - 3/4
as & > 0 increases and there is only a small region near the center (r ~ 1/u, U(p) — 0), where the right-hand side of (11) changes
its sign. However, these differences are almost invisible because of strong suppression of this right-hand side by exp(x).

800-
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Y§/Yq

600-
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log(M )

Fig. 1. The case of potential (25): dependence of limiting value Y /Y, upon M for three sizes r, with §(ry) = 0.001

Discussion and conclusions

The SSS solutions of the f(R) gravity in the Einstein frame are found for potentials satisfying conditions (5)—(8) that are
typical for a number of known f(R) gravity models. We give a representation of the basic equations describing the SSS
configuration, which allowed us to derive approximate solutions and to perform numerical calculations for rather high values
of My =10° =+ 103°, The numerical results are in complete correspondence with analytical relations obtained. For large
enough My, the SSS solutions exhibit simple behavior, corresponding to practically constant values of rd¢/dr and
rexp((a — B)/2) right up to the naked singularity at the origin, but except very small interval T (4r ~ 1)) of a transition region
with a strong jump-like variation of essential parameters. For r <1, the the solution is significantly different from the
Schwarzschild case. It satisfactory describes static spherically symmetric configuration of the f(R) gravity; the larger My, the
better is the accuracy of the approximation. This makes the results useful to test numerical algorithms in various f(R) models.

Sources of funding. This work was supported in parts by program "Astronomy and Space Physics" of Taras Shevchenko National
University of Kyiv (project 24B6®023-01) and the National Research Foundation of Ukraine under project No. 2023.03/0149.
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KuiBcbkui HauioHanbHMI YHiBepcuTeT imeHi Tapaca LUeBueHka, KuiB, YkpaiHa

CNELIATNBHI COEPUYHO-CUMETPUYHI PO3B'A3KN Y f(R) TPABITALYI

BcTyn. f(R) epagimayis € npupodHumM y3azanbHeHHSIM 3a2asibHOI meopii i0HocHocmi, e nazpaHxiaH y Oii AUHwmaiiHa — Ninb6epma
3amiHroembcs cknadHiworo gyHkyiero. Ljro meopito wupoko eukopucmoeyoms y po32nsdi paHHbOI iHGbnsayil, nisHboI iHnayii ma e modensx
memHoi mamepii. Bapiauis dii e yiti meopii npueodums 00 pieHsIHb Yemeepmo2o nopsioKy 8i0HOCHO ¢hizuyHoi Mempuku (cucmema UopdaHa). Mu
eus4acMo KOHG(OPMHO nepemeopeHy Mempuky (cucmema AliHwmaiiHa) y cmamu4Homy cghepudHo-cumempuyHomy (SSS) eunadky.

MeTtoau. Mu eukopucmoeyemo Aobpe eidome nepemeopeHHs, sike do3eosisie 3eecmu 3adayy 0o 3euvaliHux pieHssHb AlUHwmaliHa 3
do0amKoeUM CKaJlISipHUM 10J1eM, sike Ha3uearomb cKansipoHoM. OCHO8HY yeazy npudineHo po3e's3kam SSS y eunadky eenukoz2o 6e€3p0o3MipHO20

napamempa Mp tcoo, de M — KoHpizypayiliHa maca , a |\ — Maca CKa/isipoHa 8 2eoMempu308aHuxX 0OUHUYSIX.

P e 3ynbTaTu. BusHayeHo knac momeHuyiasnie ckansipoHa, sikuli oxonsroe sidomi modeni f (R) i donyckae npocmuti aHanimuyHuli onuc SSS o6'ekmie e
ob6niacmi, Oe po3e'si3ku cymmeeo eiopi3Hssrombcs 8id eunadky Llleapywunsda, dns My > 1. 3HalideHo npedcmaesnieHHs1 pieHsIHb cmpyKkmypu, sike do3eorisie
qucroee iHmezpyeaHHs y eunadky docmamHb0 eesiuko2o M p . Pesynsmamu Moxyme 6ymu KOpucHUMU 07151 mecmyeaHHs1 HUC/I08UX anzopummie.

BucHoBku. 3HalideHo HabnuxeHi aHanimu4yHi crieeiOHoweHHs1 Onsi po3e'sizkie SSS epasimauyii e cucmemi gidniky AlUHwmeliHa Ha
CKiHYeHHOMY iHmepeari padianbHOi 3MIHHOT y 2paHuyi 3a cneyianbHO20 NPuUNyweHHs1 w000 rMovYamkosux OaHux. Pe3ynbmamu nokasyromb
yHieepcanbHi enacmueocmi po3e’'sizkie G151 WUPOKO20 Kracy cKa/lsipoOHHUX MomeHyiasie.

Knio4yoBi cnoBa: pensmueicmcbki 06'ckmu, 2oni cuH2ynsspHocmi, MoougikoeaHa 2pagimauyisi.
ABTOp 3asiBMsiE NpO BiACYTHICTb KOHMNIKTY iHTepeciB. CnoHcopy He Gpanu y4yacTi B po3pobneHHi focnigkeHHs; y 36opi, aHanisi uu
iHTepnpeTauii AaHWUX; y HanMcaHHi pykonucy; B pilleHHi npo ny6nikauito pe3ynbTartis.

The author declares no conflicts of interest. The funders had no role in the design of the study; in the collection, analyses or interpretation
of data; in the writing of the manuscript; in the decision to publish the results.

ISSN 1728-273x



