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ABOUT PRODUCTION-TRANSPORT PROBLEM REDUCTION TO THE TWO-LEVEL PROBLEM
OF DISCRETE OPTIMIZATION AND ITS APPLICATION

In this study, the application of the production and transport task is considered to solve the problem of the distribution of the
limited capacities of data transmission channels between different nodes of the computer network. A scheme is proposed for
reducing the problem to a two-level continuous-discrete optimization problem. The model is formulated and numerical results are
obtained to solve the problem of power distribution in the network of the information and computing center.
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Introduction. Many applied problems relate to the
distribution of limited resources in hierarchical systems [1—
7]. This, for example, can be the task of balancing the load
in a homogeneous network [2], the distribution of work for
parallel computers [3], the allocation of resources in the
negotiation process [4], etc. The main problem here is the
formalization of the problem in the form of multicriteria
multi-index transport type problems with constraints in the
form of linear inequalities [5-7]. In this case it is assumed
that the system contains three types of elements: source,
intermediate  (transshipment) points and consumer
(subscriber) nodes. These elements and their relations are
subjects to the conditions of limited resources that affect
the amount of resources circulating in the system. There
are "managed" elements that determine the conditions for
the "effective" functioning of the system. Each managed
item defines binary relationships on a suitable allowable
range of resource allocation values. Relationships are
determined by the preference (goal) functions formulated
for the controlled elements. Thus, in the most general case,
the problem of allocating resources in a hierarchical system
consists in determining the variant of the permissible

resource allocation, in which the target functions of the
managed elements take extreme values. Such problems
can be formally represented by multicriteria problems
under linear constraints and criteria whose types depend
on the type of goal functions. In [6], for example, functions
of piecewise linear and quadratic form are investigated.
Examples of such tasks are also the transport task with
intermediate stations (warehouses) [8], distribution of the
load on the data transmission channels of Internet
providers [5], and production planning [7].

Block optimization principles [9] simplify the analysis,
solution and meaningful conclusions of many planning and
management tasks. Thanks to such methods it is possible
to break up the complex production-transport task (PTT)
into autonomous tasks of production planning and
organization of delivery of products. At the same time,
naturally, there is a need for iterative harmonization of
interests of production and transport systems. On the other
hand, the interpretation of the results obtained in
meaningful terms often allows us to determine rational
approaches to the functioning of different economic and
technical systems [10].

© lvokhin E., Apanasenko D., Navrodskiy V., 2018
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The traditional production and transport task is to
determine the production and transportation plan, which
minimizes the total costs associated with the organization
of production and transportation of the finished product to
the points of consumption.

Production-transport problem and it solution

The model of planning, production and transportation is
formalized in the form of a general scheme, which contains
two groups of variables [9]:

f(z)+g(x) > min, (1)
Az+Bx=b, 2
where xe X', ze Z; 4, B —given matrices; f(z), g(x)

— continuous convex functions; X,Z - some convex
bounded sets.

An iterative process is proposed in [2] for solving the
problem (1), (2), and at each step there are solved
problems containing only one of two groups of variables:

f(z)—vAz > min,zeZ, (3)

and
g(x) > min (4)
Bx=b—-A4z,xeX. (5)

The vector v in the problem (3) has an auxiliary mean-
ing and is refined as a result of solving the problem (4), (5).

Let us assume that z° and V' is the approximation of
the vectors z and v, obtained on iterations with the num-

ber s =0,1,2,.... Then iterative processes
T=(1-1)2" +0Z°, (6)
T=(1=-A ) +A 7", @)

where 0<A <1, A, >0, s=0,1.2,..,

iks =0,
5=0

z° — solution of the problem (3) with v=v*, v°— vector of

optimal conditions estimates (5) with z =2z", converge,
respectively, to the solution of the problem (1), (2) and to
the vector of optimal conditions estimates (2) [9].

Approach to reduction of production-transport
problem

Let's take a closer look at this problem in more detail.
Let's assume that producers of products (the number of
which is N ) can use several production methods (.S),
each of which is characterized by different quantities of
goods, as well as different cost of production and the max-
imum possible volume of goods of a certain type. We will
assume that producers (suppliers) provide consumers (in
quantity M ) with one kind of goods, and the specific cost
of transportation from suppliers to consumers is known.
Each consumer can meet their product needs through an
arbitrary set of manufacturers.

Thus, the production-transport task is to determine
the production plan and the plan of transportation with
minimal transport costs in order to fully satisfy the de-
mand of consumers.

We denote:

C;Z — unit cost of production of the product by the i-th

manufacturer with the help of & -th method;

cfj — unit cost of transportation of products from the i-th

manufacturer to the j-th consumer;
bj — the value of the demand of the j-th consumer;

a,; — quantity of products manufactured by the i-th
manufacturer in the k-th way;

— the intensity of the use of the k-th method by the
manufacturer for the part of the period, which is assumed
to be 1;

— quantity of products transported by i-th manufac-
turertothejthconsumer z-l N, ]—1 M, k—l S.

Then the production transport problem (1)—(2) can be

written in the form of a two-level optimization problem [11]:

N S
f(2)=>> clz; —>min (8)
i=1 k=1
provided by

g(x)= Zchx — min 9)

j=1i=1
and constraints

N
D =1L,M, (10)

i=1

M S
z Z lkzik’ iZI,N, (11)
Jj=1 k=1

(12)

TTMU:
K
=l

2,20, x;,20,i=LN, j=LM, k=1S. (13)

This means that the production and transportation of
products should be organized in such a way as to ensure
minimum production costs under conditions (10)—(13), in
which the problem arises of obtaining a minimum-cost
transportation plan (9), taking into account the restrictions

(10)—(13).
Let each consumer can satisfy his need for products
only at the expense of one manufacturer. Introduce the

1 _ -
variables ={0 , i=LN,j=1,M, assuming

that Vi =1, if the needs of the j-th consumer are satisfied

by the /i-th producer, and Vi = 0, in all other cases. Then

obtain a two-level continuous-discrete linear programming
problem of this type [12]:

N S
f(z)=>.> cfzy —> min (14)

i=1 k=1
provided by

g(y) zzcl/ /ylj _>min (15)

j=li=1
and constraints

Dy =lj=LM, (16)
i=1
M s _
ijyij < Zaikzik ,i=LN, (17)
J=l k=1

LN, (18)
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2,20, y, =40}, i=LLN, j=LM , k=15. (19)

It is proposed in [12] to solve continuously discrete lin-
ear programming problems according to the following
scheme:

— the upper level problem (14), (16)—(19) is solved;

—the decision k£ =1,§ is fixed;

— the lower level problem (15) — (19) is solved.

Since the value of the upper-level objective function
does not depend on the decision of the lower level and vice
versa, this algorithm allows finding the optimal solution and
the value of the corresponding goal functions for linear
programming problems of both levels. At the first step of

the algorithm, an acceptable solution 2% s obtained, which
will be the optimal solution of the upper-level problem.
Taking this decision into account, the third step is the
optimal solution for the lower-level problem.

Solving the problem of distributing the limited
capacities of data transmission channels

The proposed above models of production-transport
problems allow solving the problem of distributing the lim-
ited capacities of data transmission channels between var-
ious nodes of the Internet service provider's network. Sup-
pose that there is a local computer network of the enter-
prise (higher education institution) that provides access to
the Internet network for users. Access of users to the glob-
al network and obtaining the necessary information is
made by means of several communication servers located
on the territory of the information and computing center of
the enterprise and connected by high-speed external
communication channels with Internet providers. Server
bandwidth levels lie within the bandwidth of the local net-
work (for example, 1GB per second). Let's assume that the
needs of network subscribers are known in increasing the
speed of obtaining a certain amount of information. The
wishes (preferences) of subscribers regarding possible
volumes of increase in capacity for transferring information
from the provider to the user node are specified. To imple-
ment the wishes, it is necessary to update the capacity of
the switching servers of the network by deploying new,
more powerful computers or by increasing the number of
existing servers. In other words, it is necessary to update
the server park of the Information and Computing Center
(ICC), which allows increasing the total bandwidth of a
group of switching servers. In this case, the value of the
total server capacity, both in case of increasing the capaci-
ty of the existing computer fleet, and in the case of increas-
ing the number of servers is assumed to be the same.

We assume that the network realizes the conditions for
efficient commutation of channels (relative to their band-
width), which are provided by programmable network de-
vices (communication servers, routers). The structure of
the network and the information distributed in it in the gen-
eral case can be the most diverse. In this case, the prob-
lem of distribution of limited capacities is considered with
the following limitations:

— information is distributed from the provider to sub-
scribers (nodes) through switching servers through com-
munication channels with bandwidth that takes into account
the given bandwidth;

— each subscriber of the network is served by one
switching server;

— the bandwidth for obtaining information for switching
nodes and subscribers is limited both from the top (princi-
pal limitations of the provider's capabilities) and from the
bottom (the minimum need for subscribers in the infor-
mation received).

Obviously, the amount of payment for the use of com-
munication channels of a certain bandwidth depends on the
cost established by the providers and the used bandwidth of
the external connection. Based on the available reserve
bandwidth of the external connection, it is necessary to max-
imally increase the total bandwidth of users' communication
channels by changing the total capacity of the communica-
tion servers, taking into account both the needs and wishes
of subscribers (users) and the capabilities of the ICC.

Let N,- a set of providers of the global network,
N2 — a set of communication servers, N3 — a set of sub-

scribers. Through Al.+, i=1,N,, denote the maximum
bandwidth of the data channel that the provider i can pro-

vide, i=1,N, ;B;.', Jj=L1N,, - the value of the maxi-

mum bandwidth of the data channel that the communica-

tion node j is capable of providing, j=1,N,;C,,C; ,

k=1,N,, — the values of the minimum and maximum
bandwidth of the data channel to be provided to the sub-

scriber k, kK =1,N; ; ¢, - throughput of the k-th subscriber

station, k£ =1, N; . Then, assuming that the power distribu-

tion of the communication channels satisfies the conditions
of additivity and proportionality, we can consider the distri-
bution of a limited homogeneous resource (communication
channel bandwidth) with constraints of the transport type in
order to find the optimal data transfer plan. This ensures
the effective functioning of the system of providing Internet
access to users, which consists in finding the optimal val-

ues of data transmission capacities 7, by the i-th infor-

1

mation provider (provider), i =1, N, , and the optimal val-

ues of the throughput 7, of using local communication

channels by the k-th user, k=1, N; .

Formally, the statement of this problem can be written
in the form:

max? ; maxdt,;..maxf, , (20)

under the following conditions:

N3 N|
D=2 A (21)
k=1 i=1

T,<4",i=LN,, (22)
1, <B], j=1N,, (23)
C, <t, <C;, k=LN,, (24)
and with constraints
N3 M N3
PU DIV NES W eHr (25)
k=1 i=1 k=1

where T, - the transmission capacities of the

communication channels provided by the j-th

communication node, j=1,N, .
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Using of the production-transport task to find the
optimal solution
Introduce the notations:

X — the capacity of the communication channels

connecting the provider with the number j through the
intermediate communication server j with the consumption

node Kk, izﬁ jzﬁ (in the case of 2 servers) or

=13 ,3 (in the case of 3 servers), k = 1,17 A7

Ai, i=1,2, — maximum bandwidth provided by the

provider for connection of communication servers (both
values equal 10 Gb/s);

Cy, i=12, j=12 (j=13), - the bandwidth of the

external communication channels, which provide the
connection of the server j to the provider with the number / (all
values are considered equal to the bandwidth of 10 Gb/s);

Dy, j=12 (j=13), k=117,

bandwidth of individual user connections k to the
communication servers j, which initially is 260, 165, 150,
190, 275, 115, 175, 275, 155, 195, 125, 145, 90, 370, 180,
90, 150 MB Mb/s;

a.

L= 1,_2 — the cost of connecting a provider with the

number i within the specified bandwidth of the external
communication channel.

Then the mathematical model of the problem of optimal
distribution of power of communication channels with the
condition of optimization of consumption volumes can be
considered as a transport problem with an optimality
criterion taking into account the value indicators of the use
of external channels,

— the maximum

ZZal Xk —min(in the case of 2 servers), i =1,2, (26)
Jj=lk=1

or

ZZa, X —min(in the case of 3 servers), i —1 2, (27)
Jj=lk=1

and the constraints, which in this case are written in the
form of the following system of inequalities

szljk =

j=lk=1

= 1,_2 (in the case of 2 servers) (28)

3 _
Z Xy < 4;,i=12, (in the case of 3 servers);  (29)

(/=13)  (30)

DX <Dy j=12 (j=13) k=117; (31)

X 20, i=12, j=12 (j=13)k=117; (32)

When solving the problem of optimal distribution of
power of communication channels with the criterion taking
into account the value indicators of the use of external
channels of the type (26)—(32), it should be noted that re-
quests for information of all users of the Internet (consum-
ers) are provided at the expense of only one provider (sup-
plier) In this case, the mathematical model of the problem

can be written in the form of a two-level production-
transport problem (14)—(19) of the following form:

2
f(2)= Zci Z; = min (33)
i=1
provided

17 2
2(») :Zzbkyjk —min( in the case of 2 servers) (34)
k=1 j=1
or
17 3
gly)= ZZbkyjk — min (in the case of 3 servers)
k=1 j=1
and constraints

2
Zyjk (ana 2 cepsepos),

(in the case of 3 servers), k=117, (35)

3
2=l
j=1
17

Zbkyjk Zalzl ’
k=1

= _2 (in the case of 2 servers),

=13, (|n the case of 3 servers), (36)
2

Yz =1, (37)
i=1

where ¢; , l'=l,_2, — is the cost of connecting the provider
with the number i within the specified bandwidth of the ex-
ternal communication channel; a; , i=1,_2, — bandwidth of
the communication channel with the i-th provider (values

are considered equal to 10 Gb/s); b, , k=1,T7, — the

maximum throughput of individual user connections k to
the communication servers, which initially is 260, 165, 150,
190, 275, 115, 175, 275, 155, 195, 125, 145, 90, 370, 180,

1,2, with z, =1, if

1
90, 150 Mb/s; variables z, ={0

the needs of consumers are provided by the i-th provider,

1
and z; =0, otherwise; variablesy ; = {0 , k=117,

j=1J,
Vi =1, if the needs of the k-th user are provided by the j-

(for 2 servers), J =3 (for 3 servers), and

th communication server, and y ; = 0, in all other cases;

i=1,J, k=117

The solution of continuous-discrete linear programming
problems (33) — (37) occurs according to the following
scheme:

— the user-server task is solved (34)—(37);

j=LJ, J=2

— the received solution is fixed Vs

(for 2 servers), J =3 (for 3 servers) k=117 ;

— the server-provider level problem (33)—(37) is solved
for this solution.

The solution of problem was carried out on the basis of
a complete search of possible connections of users with
communication servers. Taking into account the condition
of equal capacities of network communicators in the pro-
cess of obtaining the solution, it was checked
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17
 _Al7-1 _ 516
%ZO h=2""=2 (for 2 servers) and
§=

17 17-s
% Z I ZC{H (for 3 servers) connection methods.
5=0 r=0

When solving this production and transportation prob-
lem, the following results were obtained: when using 2
identical communication servers with a total capacity of 3
Gb / s, the capacity of local connections is 259, 159, 149,
166, 273, 115, 163, 274, 152, 148, 125, 144, 90, 365, 180,
89, 149 Mb / s, which coincided with the previous deci-
sions. With the use of 3 communicators with a total capaci-
ty of 3 Gb/s, the capacity of local connections is 260, 148,
146, 190, 258, 114, 175, 266, 146, 195, 124, 143, 90, 335,
180, 89, 141 Mb/s (also coincided with previous decisions).

With the increase in the maximum values of the
throughput of local connections to 280, 180, 170, 200, 290,
125, 190, 290, 170, 210, 135, 160, 100, 390, 195, 95, 165
Mb / s in case of using two communication. Optimum
speeds of local connections equal to 128, 161, 160, 124,
284, 124, 152, 287, 165, 208, 134, 158, 100, 378, 194, 94,
149 Mb/s were obtained with the total throughput of 3 Gb/s,
respectively, and in the case of using 3 communicators, the
values of local connections 271, 146, 153, 65, 273, 123,
123, 284, 162, 206, 131, 158, 97, 378, 192, 92, 146 Mb/s,
respectively.

A complete list of the results obtained for a different
number of switches and their capacities is given in Table 1
(optimal solutions are highlighted).

Conclusion and discussion

In this study, the application of the production and
transport task is considered to solve the problem of the
distribution of the limited capacities of data transmission
channels between different nodes of the computer network.
A scheme is proposed for reducing the problem to a two-
level continuous-discrete optimization problem. A mathe-
matical model of the problem of power distribution of com-
munication channels is obtained. The problem of optimal
distribution of capacities with a criterion that takes into ac-
count the cost parameters of using external channels was
solved, provided that requests for information from all users
of the Internet (consumers) are provided at the expense of
only one provider (supplier) This approach can be consid-
ered when solving various optimization problems with a
hierarchical structure of the process.

€. IBoXiH, A-p i3.-maT. Hayk, npod.,
. AnaHaceHko, acn.

Further investigation of the problem of power distribu-
tion of data transmission channels is planned to be based
on the use of the traditional three-index transport problem,
the use of streaming algorithms and the fuzzy approach to
solving problems optimization of the distribution of limited
resources. Conducting a comparative analysis of the re-
sults obtained by different methods will allow us to draw
definitive conclusions about the effectiveness of the pro-
posed approach.
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Po3ansinymo 3acmocyeaHHsi eupo6HU4YO-mpaHcrnopmHoi 3adayi Onsi po3e’'sa3aHHs npobsiemu po3nodiy obMexeHUx nomyxHocmel KaHasnie

nepedayi GaHuUx MiX Pi3HUMU ey3/1aMu KoMI'tomepHOi Mepexi. 3anpornoHoeaHo cxemy Onsi 3eéedeHHs1 3adayi do OeopieHeeoi HerepepeHoO-
duckpemHoi 3ada4i onmumi3ayii. CghopmynboeaHo Modesib i ompuMaHO YucesibHi pe3ynbmamu Onsl po38'si3aHHs1 Npo6bsemu po3nodiny NomyxHo-

cmeli y mepexi iHghopmauyiliHo-064uUcI08aIbLHO20 UEHMpYy.

Knro4oei cnosa: po3nodin nomyxHocmel, supobHU4YO-mpaHcnopmHa 3adaya, OUCKpemHo-HernepepseHe rnpoapamyeaHHsi, dgopieHeea Modesib,

onmumi3zayis.

E. UBoxumH, A-p dms.-mat. HaykK, npod.,
. AnaHaceHko, acn.

KneBckui HaumoHanbHbIW yHuBepcuteT umeHu Tapaca LLleBuyeHko, Kues, YkpauHa,

B. HaBpopckui, kKaHA. ons.-maT. Hayk, AoL,.

KneBckuin HauMoHanbHbIN YHUBEPCUTET KYyNbTypbl U UCKyccTB, KueB, YkpanHa

O CBEAEHUM I'IPQVI3BO.|1CTBEHHO-TPAHCI'IOPTHOVI 3A0AYU
K ABYXYPOBHEBOWU 3AOAYE ONTUMU3ALNN U EE NPUMEHEHUE

PaccmompeHo npumeHeHue npou3eodcmeeHHO-mpaHcrnopmHol 3adayu Onsi peweHusi npobnemb! pacnpedenieHUsi o2paHUYeHHbIX MOUWHO-
cmeli kaHanoe nepeda4yu OaHHbIX MeXO0y pa3fu4dHbIMU y351amu KoMnsromepHol cemu. lpednoxeHa cxema Onsa ceedeHusi 3adayu K O8yxypoeHe-
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eoli HenpepbIgHO-OucKkpemHol 3ada4e onmumu3sayuu. CehopmynuposaHa MoOesib U MoJyYeHbl YUC/IEHHbIE pe3y/ibmambi Ofisl peweHusi npo6remb!
pacnpedesnieHusi MOWHocmel 8 cemu UHGOPMayUOHHO-8bIYUCTIUMEBLHO20 UeHmpa.

Kntodeesnbie crosa: pacnpedesnieHue moujHocmel, pou3eodcmeeHHO-MpaHCcrnopmHas 3adaya, OUCKPEMHO-HeNpPepbIBHOE MPo2paMMupo8aHue,
deyxypoeHegasi MoOeslb, Ormumu3ayusi.
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Table 1.
User's Total Request

2 servers
260|165 150 (190|275|115|175|275|155|195|125(145| 90 [370|180|90|150| 3105 Current demands
256|146 |145| 35 |260|114|136|268|145| 0 |124|143| 90 [340|103|89|146| 2540 -195 Cap B1,B2=1270
259140144 | 90 |273|115|125|274|143| 0 |124|143| 90 [365|179|89|147| 2700 -195 Cap B1,B2=1350
259|156 | 148 |119|270| 115|157 | 273|151 | 53 |124 (144 | 89 [360|144|89|149| 2800 -142 Cap B1,B2=1400
256 (156 | 148 154|260 | 115[157 |268 | 150 {123 | 124|144 | 90 | 340|178 (89 (148 | 2900 -72 Cap B1,B2=1450
2591159149 (166|273 115|163 |274| 152|148 125|144 | 90 [365|180|89|149| 3000 -47 Cap B1,B2=1500
280180 170{200(290|125|190|290|170|210|135(160|100|390|195|95|165| 3345 MAX demands
128|161 | 160 | 124|284 124|152 |287 | 165|208 |134 {158 | 100 | 378|194 |94 (149 | 3000 -152 Cap B1,B2=1500
2791170165 |160|285|125|170|288 | 168 130|134 159|100 |380|194 |94 |149| 3150 -80 Cap B1,B2=1575
280173166 |143|289|125|176|289|168|210|135[159|100|388|166 |94 |149| 3210 -57 Cap B1,B2=1605
278173167 |173|281|125|176|286| 168 (209 |135[159[100|373|193 |94 (150 | 3240 -27 Cap B1,B2=1620
279|175/ 168 |180(285|125|180|288|169 (209 |135[159(100|380|194 |94 (150| 3270 -20 Cap B1,B2=1635
279|176 168 | 185|287 |125|182|289|169|210|135|160|100|385|194 |94 150 | 3288 -15 Cap B1,B2=1644
280|177 168 |188|289|125|184|289|169|210|135|160|100|388|194 |94 150 3300 -15 Cap B1,B2=1650
280178169 |199|289|125|187|290|170(210|135|160|100|388|188|94 150 3312 -15 Cap B1,B2=1656

3 servers
260|165 150 |190|275|115|175|275|155|195|125|145| 90 [370|180|90|150| 3105 Current demands
260|148 146 190|258 |114|175|266 | 146 | 195|124 143 | 90 [335|180|89|141| 3000 -35 Cap B1,B2,B3=1000
256|163 |149(190(275|114|170|266 | 154 195|125 |145| 90 [353|180|90|145| 3060 -17 Cap B1,B2,B3=1020
260|165 150 (190|271|115|175|273|155|195|123 (145| 90 [363|180|90|150| 3090 -7 Cap B1,B2,B3=1030
2591165150 | 190|275|114|175|275|155|194 |125|145| 89 [369|180|89|150| 3099 -1 Cap B1,B2,B3=1033
280|180 170{200(290|125|190|290|170|210|135(160|100|390|195|95|165| 3345 MAX demands
280|146 | 153 | 65 |273|123|123|284|162 (206 131|158 | 97 [378|192|92|146| 3000 -135 Cap B1,B2,B3=1000
278|154 | 157 199|273 123138281169 (209 (132|153 | 99 [355|195|94 (141| 3150 -52 Cap B1,B2,B3=1050
278 (148|154 {199 278|124 {189 (284|162 (209|133 |156 | 99 |365|195(94 [143| 3210 -32 Cap B1,B2,B3=1070
280|168 | 164 |200|280|124|165|285|167 210|134 |158 100 |370|195|95|145| 3240 -25 Cap B1,B2,B3=1080
270179169 | 195|283 |125|188|286|169|205|135(159| 99 [375|193 |94 (146| 3270 -19 Cap B1,B2,B3=1090




