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OPTIMIZATION OF THE MODEL OF -SUB-GAUSSIAN GENERALIZED FRACTIONAL
BROWNIAN MOTION

Simulation methods for stochastic processes are used in many scientific areas, and special attention is given to the fractional
Brownian motion. There are many results on simulation of Gaussian fractional Brownian motion. In this paper, we consider
simulation of processes from more general class, namely, simulation of a strictly o-sub-Gaussian generalized fractional Brownian
motion defined on the finite domain [0, 1]. In the beginning of the article, we presented preliminary information which is necessary
for understanding the results of our study. In the main part of our paper, for the strictly o-sub-Gaussian generalized fractional
Brownian motion with some given function ¢ optimal values of the parameters necessary for simulation with given reliability
and accuracy in the space C([0;1]) are found. This gives us a significant reduction in the number of terms needed to ensure the
reliability and accuracy of our model. Also, in the paper some results of calculations and simulation are given. As expected, in
our case the obtained values of terms in the model are significantly smaller than the corresponding numbers for the models with
the values of parameters that are not optimal.
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of a model, simulation, stochastic process.
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Introduction

Simulation methods for stochastic processes are used in many scientific areas, and special attention is given to the
fractional Brownian motion, see, for example, papers (Banna et al., 2019; Pashko et al., 2019), as well as the works (Cai/
Huan, & Zhu, 2022; Kozachenko & Rozora, 2019; Linda & Allen, 2010; Mode, 2011; Molz & Liu, 1997; Pashko & Rozora,
2018; Pashko, Rozora, & Synyavska, 2021)).

In the article (Kozachenko, Sottinen, & Vasylyk, 2005), there was proposed an algorithm for simulation of a strictly ¢-
sub-Gaussian generalized fractional Brownian motion (¢-GFBM) with given reliability and accuracy in the space C([0; 1]).
The simulation was based on a series expansion of the fractional Brownian motion. The authors proved an estimate of the
accuracy of the simulation in the space C([0; 1]) of continuous functions equipped with the usual sup-norm.

In the article (Kozachenko & Vasylyk, 2006), this study was continued and there was considered the case of simulation
of sub-Gaussian generalized fractional Brownian motion, that is, the case when ¢(z) = %, z €R.

In the paper (Vasylyk & Lovytska, 2021)), there were derived conditions, under which the model based on a series
representation approximates a strictly ¢-sub-Gaussian generalized fractional Brownian motion with given reliability and
accuracy in the space C([0;1]) in the case, when ¢(z) = % |z| > 1, p > 1. Also, necessary simulation parameters
were calculated and models of sample paths of corresponding processes were constructed for various values of the Hurst
parameter H and for given reliability and accuracy. Then in (Vasylyk et al., 2021), the authors derived conditions, under
which the model based on a series representation approximates a strictly p-sub-Gaussian generalized fractional Brownian
motion with given reliability and accuracy in the space C([0; 1]) in the case, when p(z) = exp|z| — |z| — 1,z € R.

But in all the above-mentioned articles the parameters necessary for construction of the model were chosen from
acceptable intervals for reasons of computational convenience, and the problem of optimization of the model was not
considered.

In this paper, we consider simulation of the strictly p-sub-Gaussian generalized fractional Brownian motion on the finite
domain [0, 1] with covariance function

1

7(t2H +52H _ ‘S —t|2H)

Ru(t,s) =EZ(s)Z(t) = 2

and the Hurst index H, which takes values in the interval (0,1). For the strictly ¢-sub-Gaussian generalized fractional
Brownian motion with the function ¢(z) = %H{IxKl} + %H{m;l}, w > 2, optimal values of the parameters necessary for
simulation in the space C([0;1]) are found. This gives us a significant gain in the number of terms needed to ensure the
reliability and accuracy of our model.

The plan of the paper is as follows.

In Sections fil and B we present preliminary information which is necessary for undestanding the results of our study.
Section [§ contains our main results. And Section | presents some results of calculations and simulation, as well as com-
parison of our results with the results obtained in the paper (Vasylyk & Lovytskd, 2021)).
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1. p-sub-Gaussian random variables and processes
Let us recall some facts about ¢-sub-Gaussian random variables and processes.

Definition 1. (Buldygin & Kozachenka, 2000) A continuous even convex function ¢ is called an Orlicz N-function, if ¢(0) =
0,¢(z) > 0 as = # 0 and the following conditions hold: lim, o 22 = 0, liMz—e 2% = cc.

The function ¢ defined by ¢™(z) = sup, g (zy — ¢(y)) is called the Young-Fenchel transform (or convex conjugate) of
the function .

We say that ¢ satisfies the Condition Q, if ¢ is such an Orlicz N-function that lim igf% = ¢ > 0, where the case
r—

¢ = oo is possible (Giuliano, Kozachenko, & Nikiting, 2003).
In what follows we will always deal with Orlicz N-functions for which condition @ holds.
Examples of Orlicz N-functions, for which the condition Q is satisfied:

|z
go(x):T, l1<a<?,
£l .
, lxl =21
p(z) = e o] = o> 2. ()]
o el <,

Definition 2. (Buldygin & Kozachenko, 2000) Let {2, 7, P} be a standard probability space. The random variable ¢ is said
to be p-sub-Gaussian (or belongs to the space Sub,(2)), if E¢ = 0, Eexp{A(} exists for all A € R and there exists a
constant a > 0 such that for all A € R the following inequality holds: Eexp{\{} < exp{p(Aa)}.

The space Sub,,(2) is a Banach space with respect to the norm (Buldygin & Kozachenka, 2000)

74(¢) = inf{a > 0 : Eexp{\(} < exp{p(aN)},

which is called the p-sub-Gaussian standard of the random variable (.

Centered Gaussian random variables ¢ ~ N (0,0?) are o-sub-Gaussian with ¢(z) = & and 72(¢) = E¢? = 0°. In the
case p(z) = % p-sub-Gaussian random variables are simply sub-Gaussian.

The important property of p-sub-Gaussian random variables is the exponential estimate for their tail probabilities. If ¢
is a p-sub-Gaussian random variable, then for all © > 0

PAC > u} < 2eXP{—sD* (%)} @)

Definition 3. A family A of random variables ¢ € Sub,,(Q) is called strictly ¢-sub-Gaussian (see (Buldygin & Kozachenkg,
2000)), if there exists a constant Ca such that for all countable sets I of random variables {; € A, i € I, the following

inequality holds:
1/2

Ty <Z >\i€i> < Ca (E (Z )\i<i> > . 3)
iel el

The constant Ca is called the determining constant of the family A.
The linear closure of a strictly p-sub-Gaussian family A in the space L2(€?) is the strictly ¢-sub-Gaussian with the same
determining constant.

Definition 4. The random process X = {X (t),t € T} is called (strictly) ¢-sub-Gaussian if the family of random variables
{X(¢),t € T} is (strictly) p-sub-Gaussian.

Example. (Kozachenko & Koval'chuk, 1998) Let a family of random variables {;, k = 1, 00} be a strictly p-sub-Gaussian

with determining constant C¢, and let X (¢) = > &k fr(t), where {fx(¢),t € T, k > 1} is a sequence of nonrandom functions
k=1

and the series converges in mean square. Then the random process X = {X(t¢),t € T} is strictly p-sub-Gaussian with

determining constant Ce.

2. Generalized fractional Brownian motion
Let {B(t),t € [0,1]} be a fractional Brownian motion with Hurst parameter H < (0,1). This means that B(t) is a

centered Gaussian process with covarince function of the form
1

EB(s)B(t) = =

2(t2H + S2H o |S 7t|2H)

In the paper (Dzhaparidze & Zanten, 2002), it is shown that B(t) can be represented in the following way:

>, sinxnt 1 — COS ynt
B(t)=> Ty, 4 Y SRy 4)

x
n=1 n n=1 Yn
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where the series in () are mean square convergent, {Xn,n=1,2,...} and {Y,,,n = 1,2,...} are independent Gaussian
variables such that EX,, = EY,, = 0,

VarX, = 2Chz, 2 I 2 (x,), VarY, = 2Chyn 2" J 5 (yn), Ch = 'I'(1+2H)sin(xH),

r1 < z2 < ..., are positive real zeroes of the Bessel function J_x, and y1 < y2 < ..., are positive real zeroes of the
Bessel function J;_ .
The representation (i) can be rewritten in the following form:

B(t)=>_ Xucnsinant+ Y Vauda(l - cosynt),
n=1

n=1

where {Xn,n =1,2,...} and {f/n, n = 1,2,...} are independent Gaussian centered random variables such that EX? =
EY, =1,

i /2
L, = L vee —1,2,..., 5
¢ e T p () " ©)
H
dn - ]1&7@7 :1725"'7 (6)
Yn ' Jon(yn)
. — I'(2H + 1)S|n(7rH). @)

7-(-2H+1

Definition 5. A stochastic process Z = {Z(t),t € [0,1]} is called generalized fractional Brownian motion (GFBM) with a
Hurst parameter H € (0, 1), if EZ(¢t) = 0 and

1
7(t2H +52H _ |5 —t‘QH)

Ru(t,s) =EZ(s)Z(t) = 5

If, in addition, the process Z = {Z(t),t € [0,1]} belongs to a space Sub,(Q2), then it is said to be p-sub-Gaussian
generalized fractional Brownian motion (o-GFBM).

Let - -
Z(t) = Z Encn SN TRt + Z Nndn(1 — COS Ynt), (8)

n=1 n=1
where t € [0,1], ¢, and d,, are given in (B) and (B), ¢., 7. are independent centered random variables such that E¢2 =
En2 =1,n=1,2,.... Then the following proposition holds.

Proposition 1. (Kozachenko, Sottinen, & Vasylyk, 2005) The series in (§) converge in mean square and the covariance
function of the process Z is:

EZ(s)Z(t) = %(#H +sPH s P,

According to Definition B, the process Z, defined by (B), is a generalized fractional Brownian motion.

Theorem 1. (Kozachenko, Sottinen, & Vasylyk, 2005) The series in (8) converge uniformly with probability one to the
process Z(t), and the process Z(t) is uniformly continuous on [0, 1] with probability one.

Let &, mn, n = 1,2,..., be independent identically distributed strictly p-sub-Gaussian random variables, such that
EZ =En2=1,n=1,2,....

Then, according to Example [i, Proposition f] and Definition B, the process Z = {Z(t),t € [0,1]} defined by the
representation

Z(t) =Y &ncasinznt + Y nadn(l — cOSynt), 9)
n=1 n=1

where ¢, and d,, are given in (B) and (B), is a strictly ©-sub-Gaussian generalized fractional Brownian motion.
In what follows, we assume that the function o (y/-) is convex.

Definition 6. The model Z approximates the process Z with given reliability 1 — v, 0 < v < 1, and accuracy § > 0 in
C([o,1]), if

P ( sup |Z(t) — Z(t)| > 5) <w

te[0,1]

A natural model for Z, defined by the expansion (8)), would be the truncated series
N
> (ensin(@nt) &n + dn(1—coS(yat)) 1m) -
n=1
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As in (Kozachenko, Sottinen, & Vasylyk, 2005), we assume that the constants ¢,, and d,, and the zeros z.,, y., are only
calculated approximately, since there are fast-to-compute asymptotic formulas for the zeros z,, and y,, (Watson, 1944, p.
506).

Let &, and d,, be the approximated values of the ¢, and d.., respectively. Let

|5n_cn‘ <’qu |d~n_dn|<77{fv

n=1,...,N.Theerrors ¢ and ~¢ are assumed to be known. Let Z,, and §,, be approximations of the corresponding zeros
x, and y,, with error bounds
|Zn — 2n| <Yy (G0 — Ynl < 72
The error bounds ~;;, and ~ are also assumed to be known.
Then, the model of the process Z is

N
Z(t)=> (c SiN(#nt) & + dn (1 — cOS(§nt)) nn) , (10)
n=1
and simulation error has the form
N
Ac=2(t) - 2(t) = > {(c,, sin(zat) — & sin(fcnt)) €n + (dn(l — CO8(ynt)) — dn(1— cos(gjnt))) nn} n

+ i {cnsin(acnt)fn + dn(l—cos(ynt))nn}-

n=N-+1

In order to estimate A in C([0, 1]), it was necessary to estimate 7., (A;) and 7,(A; — A,) for all s,t € [0, 1], and it was
done in (Kozachenko, Sottinen, & Vasylyk, 2005). Then on the basis of the obtained estimates for the simulation error and
using the corresponding estimates of the distributions of supremums of p-sub-Gaussian random processes, the following
theorem on the simulation of ¢-sub-Gaussian generalized fractional Brownian motion with given reliability and accuracy in
the space C([0; 1]) was proved in (Kozachenko, Sottinen, & Vasylyk, 2005, Theorem 4.3).

Theorem 2. (Kozachenko, Sottinen, & Vasylyk, 2005) Let b and o be such that 0 < b < o < H. The model Z, defined by
(@), approximates the process Z, defined by (), with given reliability 1 — v, 0 < v < 1, and accuracy § > 0 in C([0,1]), if
the following three inequalities are satisfied:

2
b b
o 6 { *(5 )} : (M)a(*”(é )
<6 =< . v=2expl—¢ | ——1 — (L2} ——1)41) ,
o Yo 2 (explp()} — 1o ¥ P 2(1-2) \ By o~

where the parameters o = vo(N), 7o = va(IN) and 8 = min{~o, 3& } are expressed through the estimates derived for the
simulation error, and I~ is the generalised inverse function of the density function I of the function .

Remark 1. The density function [ of the Orlicz N-function ¢ is nondecreasing right continuous function such that I(u) > 0
|z|
asu > 0,1(0) =0, l(u) = coasu — ocoand p(z) = [I(u)du, x € R. The function 1" is the generalised inverse
0
function of 7, i.e. 1"V (z) := sup{v >0:1(v) < z}.
Also we need the following Corollary (Kozachenko, Sottinen, & Vasylyk, 2005, Corollary 4.7). Assume that the constants

¢, and d,, as well as the zeros z,, and y,, are calculated exactly.
Denote a, 1= 7,(&n) = T ().

Corollary 1. (Kozachenko, Sottinen, & Vasylyk, 2005) Suppose that there is no approximation error, i.e. ~y;, = 5 = V5 =
~¥ = 0. Then the conditions of the Theorem [ are satisfied if

1 a 1 é
N> max{ (A0) 7y, (Aolexplel} ZDTNVE o, (Ao (11)
1) 1) A
and
2
b
H L 2Hb/ H
V> 2exp{—<p* (5%—1)} X (04a) (Nj;l) — l’l((s(]\;—;l) —1> +1 , (12)
O 2 (1-4)af v °
where
— E _ ol—«a [ Cc
Ao = ay 5T’ Ao =2 %aem T—a
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3. Main results

Based on the above results, we derive the conditions under which the model of the form (f{() constructed for the optimal
values of the parameters b and « approximates the process of a strictly p-sub-Gaussian generalized fractional Brownian
motion with given reliability and accuracy in the space C([0;1]) in the case when

[z] |>1
, |12 2 13
T) = g w = 2.
o) { o] < 1, g

The next theorem presents the main results of our study.

Theorem 3. Let Z be a strictly p-sub-Gaussian generalized fractional Brownian motion with Hurst parameter H € (0, 1)

.
Bz > 15

and the function p(z) = { w > 2. The model ([{0) approximates the process Z with given reliability 1 — v,

2
=zl < 1,
0 < v < 1, and accuracy ¢ > 0 in the space C([0, 1]), if the following conditions hold:
1
a, [5c\" w2 N? 1 1 a
> | =24/ = S — <
N/<6 2H> +1 and — EXp[H(l—a:c:) q(\@ 1)}\1/, (13)
where )
N?H§%2H 8 [ Gg=1 \"© s
G=———, 2¢6=R|—|7+—— , =R (G201 ), 14
5ca?, ¢ 5 \(1—yea)? ve ( ) (14)
c= %W g>0:2+ % =1, and R(p) is a solution of the following equation with respect to z:
i—!—ln(l—z)—lnp—l:(),forze(O,l),p>1. (15)

In addition, the resulting values of the parameters « = Hxc and b = ayc are optimal, that is, they make it possible to
determine the minimum required number of terms N in the model ({{0) comparing with other possible values 0 < b < o < H.

Proof. Consider conditions of Theorem 2 and Corollary 2 in the case when

w

2
p(2) = Tlgjai<1y + 5 Iaiz1y, w > 2. Then

N z 1 1 / w—1 ;—1 L
P ()=—,¢g>0:—4+-=1, and I(z)=¢ (z) = A (z)=zv-T, 221
q w q
Thus,
A\ 7 Ao\ @
0
> 20 . Ao
N/max{(§) +1; Q(Aa) } (16)
and ,
H 4 2 20 H o1 b
y>2exp{i (5§ 71)} (64a) (szl)wia)b (J(NA—H) 71) L1 (17)
A\ A 2 (1- 2y af IR\ A

Recall that Ag = a4/ 2% and Ay = 2" “a, 7
Let us consider the second inequality in ({6)

1
1 5c @ o
2(AO>(1!—2 “oya _2 _om )\’ =
An 2(1_0‘)(19971'0‘ /Hia ™ 4<170‘)ﬁ

1 1 1
4 (5(H—a)\2 _ 4 (5\2 4 (5\2F _ 4 (5\2
= — | ——= < — | = < — | = < = | = ~ .
m ( 8H ) S (8) S (8) S (8) 1,00658 (18)

Therefore from (f{§) follows that

c
H—-o"

1
N (% /5" (19)
“\ o VoH '

Since N is a large number, then in (i7) we have

i 2

(0Aa)s (N+1)%5" [N+ 1) w1 ’

o -1 +1 ~
2 (1- 1) Ag NU=° Ao
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(5Aq) s N*&* (51\7’{)H
- LA
Rewrite the obtained expression in details:
g 2Hb 1 %

SN

2H
2 1 1 1 2
241 2\ it =
a " b(w—1) 4 1 _ 1 a " b(w—1) b 1 1
— 2 H 20T 5@ Y (H—qa) o | —— 1,E NQH(Q+75<W71))+2 -
5 ac «

oo

y2 (NS (& +s@m)
5ca,

() et (1)

w2 N? 8H o b “t /N%Hs2H (o) 20
T 16 (5(H—a)) (*E> ( 5ca? ) : (20)

Q

For the sake of simplicity we put z := &, and y := g = # Now we consider new unknown parameters (z,y) € (0, 1)2.
The expression (B0) in new notations takes the form

aN\?2 8 = 1 _ 2 (N0 (S +1) 7
—_— _ — Ty - .
(7)) Gas) ™ a-w i ( 5ea? )

Let us use (f(4), in particular G = % From (f9) follows that G > 1. Then we get
7

(3 () v sete)

Thus, now the main task consists in finding such values of the parameters = and y, which minimize the function
1 1 3
@ 8G(y(w—1)+1) (1_y)*% ’

SC (2,y) = (ﬁ) T(1—y) @ alEE)E - : = . (22)

In order to do that we do the following:
« find partial derivatives %, % and solve corresponding equations % =0, % =0;
¢ check the correctness of the found solutions;
+ check the matrix of second derivatives for positive definiteness.

Let us take the partial derivative on z:

8=

In G(ywl—l)“)(l—y)*%
+(8>; b ) (1 -y~ 1 1_“”

5 (1-2) 1-2)z x?
In G(ywl—l)“)(l—y)_?
S (@y)int o 1 ‘o
__T+S (9) (lf:r):v_ 2 -
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_5%@y) x | gaUtie=m) 1oy~ 3\)
=" T "3 - _
R R

Now we take the partial derivative on y:

<l

1

W (80(“;_1)“) (1—11)5)1

Jy ]

() (o)
1—y) v

X(_G(yd—wl)me( —y) +G(m+1)(1_y),%(( 2 +2|n(1—y))>_

B 5 (1-2)

y? (w—1) L=y)y y?
_lee - __InG 2 2In(1 —y) _
=30 (’y)( Pw-1 (-yy  p )
2 InG 1
:@Sc(x,y) (fermflJrln(lfy)). (24)

Next we solve the equations % =0and % =0.
We use the facts that (z,y) € (0, 1)2 and S¢ (z,y) > 0. From (23) and (24) we get a corresponding equivalent system of

equations:
1 sc [ qET \ Y
—— +In(l—z)—1In < 2) —-1=0;
l—z 5 \(1—-y) (25)

1 1
—— +In(1—-—gy)—InG2«-H —1=0.
17y+ (1-vy)

Consider (fi5) with respect to z € (0,1), with the parameter p > 1 : le +In(1—-2)—Inp—1=0.Denote by R (p) the
solution of this equation. It exists and is unique for p > 1. Really, the functioni +In(1 — z) —Inp— 1is strictly increasing
on z € (0,1), because

/

(1iz+|n(1—z)—|np—1)2: e

Also
ﬁ+ln(1—0)—lnp—1:—lnp<0, and lim (%—‘,—ln(l—z)—mp—l):—koo
— —Z

z—1—

Denote by z¢ and y¢ corresponding solutions to the system (25). Then we can rewrite them in the form

1 1
1 8G Go-T vG
— w-1) — o
ya R(G ), el R( 5 ((1 y)2> )

Now we check that these solutions are defined correctly. It is true, since G > 1, then R (\/5) exists. Also we get that

1 , 2 a1\ Yo . i
8@ 5=1 > 1. Obviously (1 — y)¥ < 1. Thus, g (ﬁ) *“ > 1and z¢ is also defined correctly.

Next we check whether the point (z¢, yc) is a point of minimum of the function S (z, y), which is defined in (22). For this,
it is necessary to check the positive definiteness of the matrix of second derivatives.
Let’s find the second partial derivative with respect to z using (23):

9286 9 [SC(zy) [ 1 sc (Gt |7 B
92 —ax(zQ (H“”<1‘x)"”(5<<1—y)2> )‘1)>_
9 [5%(x,y) 1 sc [ g@ \ 7

_%[ 2 }<1m+ln(1—m)—ln<5<(l_y)2> )—1>+
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9 1 s¢ (G \* S (2,y)
_%[SG(;p,y)] <H+In(1x)|n (5 ((1y)2> >1>+x(1x)2'

The second partial derivative with respect to y is equal to

PS¢ o2 o 1 1

:a% (Ii?ﬂsc(x,y)) (ﬁ+|n(1—y)—ﬁlna—1>+

2 o ([ 1 1 B
25¢ (2, y)

0 2 _a 1 1 )
=—|—=S , —— +In(l—-y) — ——ING -1 |+ ——=.
y Lzﬂ (= y)} (1 —y TN 5T zy (1—y)°
The mixed derivative is equal to

82SG 62SG 8 2 G 1 1
0xdy  Oydr Ox (asy25 (@y) <1—y +in(l-y) 2(w-1) no ))

9 |:lSG(x7y):| (ﬁ—Hn(l—y)—ﬁlnG—l).

~ oz zy?

From (26), (7), (28) and (25) we get

d?8¢ S (za,yc) d%8¢% 25% (2, yc)
o2 (za,ya) = ————5 > 0; oy? (za,ya) = m ' Dwdy

%8¢

ra (1 — CCG)2

The positive definiteness of the matrix of second derivatives follows from Sylvester’s criterion:

9?5¢
AN > 0;
! Ox?
2 oG 2 oG 2 oG
o5 &5 25 (za,ya) 0
AQ - 2 oG 2 g - 246G =
22s 22s 0 a2s (zc,yc)
90y oy? (zG,yG) 9y? ’
9°8¢ 9?58¢

=— = 0.
5.2 (TG yc) 37 (e, yc) >
Note the monotonicity of the function S€ (z¢,yc) of the parameter G.

a5¢ d a5¢ 0 as¢
365" wa.we) = G- (va,ye) H& + 5 (vave) 5 + G (warue) =

1
05 o ((scGE=nt) oy 3\"
= o7 (@eye) =55 | | 2
oG ’ oG 5 11—z

1 (st a3\ 8 1 GiET (1—y)"F _
z ( 5 (y( +1> -

@ n

<N

z\5 1—z w—1) 1—z

(o ) (O () o)

(0 Neo oL
= (y< >+1)S(G’yG)G>°'

T w—1
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Let us transform the first equation from (25):
sG [ e\
ra w=
+In(1- =n|—(——= —
R ((1—yc)2>
sG [ et \7e
w— Ta
= — | — =ex 1-— .
5 ((1—ya>2> {0
Then we can write the function S¢ (z¢,ya) in the form:
(sab=s+1) A
¢ 8G\UIGET T (1—ye) 6 |\ 7 _ (TG (1-wa) ) _ 2
= - =7 | = -z 2
S7 (z6,yc) 5 1z 1—zc) e ~rc (29)
Thus, the condition (fi7) is satisfied if
1 2 a2
G m TN 1 q
-~ (VG- <
(S (CCG,yG)) 3 exp{ . ( G 1) } v
T2 N? 1 1 a
——(VvG -1 <.
73 eXp[H(l—:rc;) q( ¢ )} v
This completes the proof of the theorem. O

4. Simulation results for the optimized models

Using Theorem [§, we construct models Z of (p-sub-Gaussian generalized fractional Brownian motion Z with the function
p(x) = %H{m@} +%H{|w|>1}, w > 2, such that Z approximates Z with given reliability 1 —» = 0.99 and accuracy § = 0.01

in the space C ([0, 1]).

The examples of such models for several values of the Hurst index H and two cases of w are presented below.

1. H = %, w = 3. In this case we have

« ¢ =0.0264278, ;= 3.47172 x 1071°, N > 1042.53, G = 253.316, z¢ = 0.941959, yc = 0.728925,
* o = 0.824214, b = 0.600791.

Thus, it is enough to set N = 1043, and as a result we get the following model approximating generalized fractional

Brownian motion with parameter H = g with reliability 0.99 and accuracy 0.01 in C ([0, 1]) (Fig. ).

Time Series Z(t)

Z(t)

Fig. 1. The model of ©x-GFBM with parameter H = %

2. H = §, w = 3. In this case we have:

+ ¢ =0.0234107, ;= 8.9692 x 107'°, N > 853.88, G = 247.095, xc = 0.941809, yg = 0.728297,
* o =0.837164, b = 0.609704.

Thus, it is enough to set N = 854, and as a result we get the following model, which approximates the process of
generalized fractional Brownian motion with parameter H = 3 with reliability 0.99 and accuracy 0.01 in C ([0, 1]) (Fig. B).

3. H = 3, w = 3. In this case we have:

+ ¢=10.021007, u = 1.9722 x 107°, N > 726.468, G = 242.174, x¢ = 0.941687, yc = 0.727786,
* o =0.847518, b = 0.616812.

Thus, it is enough to set N = 727, and as a result we get the following model, which approximates the process of
generalized fractional Brownian motion with parameter H = -2 with reliability 0.99 and accuracy 0.01 in C ([0, 1]) (Fig. B).
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Time Series Z(t)

Z(

0.1

Time
0

=011

Fig. 2. The model of x-GFBM with parameter H = %

Time Series Z(t)

I I I I L Time
0.2 0.4 0.6 0.8 1.0

Fig. 3. The model of o,-GFBM with parameter H = 1%

4. H = }—2, w=3.

In this case we have:

* ¢=10.0129786, 1 = 4.00608 x 1078, N > 406.697, G = 225.521, ¢ = 0.941249, ya = 0.725958,
* o= 0.882421, b = 0.640601.

Thus, it is enough to set N = 407, and as a result we get the following model, which approximates the process of
generalized fractional Brownian motion with parameter H = 13 with reliability 0.99 and accuracy 0.01 in C ([0, 1]) (Fig. H).

Time Series Z(t)
Z(t)

I I I I L Time
0.2 0.4 0.6 0.8 1.0

-0.51

- . _ 15
Fig. 4. The model of x>-GFBM with parameter I = {3

5 H = % w = 3. Now, let us take reliability 1 — v = 0.95 and accuracy 6 = 0.05. This should reduce the number of
terms in the model.
In this case we have:

+ ¢ =0.0537337, p = 2.84388 x 107°, N > 732.124 (for comparison, for reliability 1 — v = 0.99 and accuracy § = 0.01
we have got N > 6865.58),
* G =276.498, z¢ = 0.942482, yg = 0.731111, o = 0.706862, b = 0.516794.

Thus, it is enough to set N = 733, and as a result we get the following model, which approximates the process of
generalized fractional Brownian motion with parameter H = 2 with reliability 0.95 and accuracy 0.05 in C ([0, 1]) (Fig. B).
6. Let us consider how the behaviour of the simulated trajectory changes in the case when w = 5, that is, when

Bl e| > 1

o(x) =
(z) {“”;,m|<1.
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Time Series Z(t)
Z(t)

0.2

01|

Fig. 5. The model of x-GFBM with parameter H = %

The following example is given for H = g reliability 1 — v = 0.99 and accuracy ¢ = 0.01.
In this case we have:

« ¢=0.0234107, p = 1.32915 x 107%, N > 1284.88, G = 510.929, z¢ = 0.937944, yo = 0.644661,
* o =0.833728, b = 0.537471.

Thus, it is enough to set N = 1285, and as a result we get the following model, which approximates the process of
generalized fractional Brownian motion with parameter H = 5, w = 5 with reliability 0.99 and accuracy 0.01 in C ([0, 1])

(Fig. B).

Time Series Z(t)
Z(t)

0.15F
0.10F

0.05F

L Time
L 1.0
-0.05F

-0.10F

-0.15F

Fig. 6. The model of ©.-GFBM with parameter H = %, w=2>5

Here we see that with a larger value of the parameter w, larger fluctuations of the simulated process are observed.

Remark 2. All calculations and simulations were performed in Wolfram Mathematica. The authors can share the script of
the code with an interested reader.

Discussion and conclusions

In Tab. fl, we compare the results obtained in our work with the results obtained in the article (Vasylyk & Lovytska,
2021). We can conclude that we have found the minimum necessary number of terms N for the models in case of the
optimal values of the parameters. As expected, in our case the obtained values of N are significantly smaller than the

corresponding numbers for the models with the values of parameters that are not optimal. Table 1
able

Comparison of the results

| H | w[1—v] 4§ [ Ninthearticle (Vasylyk & Lovytska, 2021) | N in the optimized model
21371099 [o0.01 1362 1043
S 131099 o001 1111 854
=+ 131099 [0.01 942 727
o [ 3] 099 [0.01 523 407
= 3] 095 [0.05 1006 733
S 15099 Jo.01 1693 1285

Authors’ contribution: Olga Vasylyk — conceptualization and methodology; Kostiantyn Shurubura — methodology and research,

software, optimization of a model, simulation and analysis of the results, preparation of literature review.
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ONTUMISALIA MOAESI »-CYBIFAYCCOBOIO Y3ATrAJIbHEHOIO IPOBOBOIO BPOYHIBCbKOI'O PYXY

Memodu modentrosaHHs sunadKosux rMpouyecie sukopucmosyoms y 6aecambox Haykosux cghepax, i ocobnusy yeazy npudinsoms dpobosomy
6poyHiecbKOMY pyXy. Y4eHUMu ompumaHo 6. ) pe3yb ie wjodo Modesr08aHHs 2ayccoeo020 Opo608020 6POYHIECbKO20 pyXYy. Y MPOMNoHO-
8aHili cmammi po3ansiHymo Modesnto8aHHs Npouecie i3 6inbuw 3a2anbHO20 Kacy, a came MoOesTIl8aHHs CMPOo20 -Cy62aycco8020 y3a2abHEHO20
0p0608020 6POYHIBCLKO20 pyXYy, 8U3Ha4YeHO20 Ha 8idpisky [0, 1]. Crnoyamky e po6omi HasedeHO neeHy nonepedHto iHghopmauito, HeobxidHy
0Onsi po3yMiHHs pe3ysibmamie Hauwo20 docnidxeHHs.. B ocHoeHili yacmuHi po6omu Ana cmpoa2o p-cyb2ayccoeo2o y3az2aslbHeHo20 0po608020
6poyHiecbKo20 pyxy 3 desikoto 3adaHoto hyHKUi€r p 3HalideHo onmuMarbHi 3Ha4eHHs1 napamempie, Heob6xiOHuUx dnsi Modesito8aHHs i3 3adaHoro
Hadilinicmto ma mo4Hicmio 8 npocmopi C([0; 1]). Lje 3ymoentoe 3Ha4He 3MeHWeHHs1 Kinbkocmi dodaHkie, HeobxiOHuUX Ans 3abe3neyeHHs1 3adaHoi
HadiliHocmi ma mo4yHocmi Hawoi modeni. Takox y po6omi HagedeHo desiki pe3ynbmamu po3paxyHkie ma npuknadu modestoeaHHs. Sk U ovikyea-
J10Ccs1, ompuMaHi 3Ha4eHHs1 Kinlbkocmi 0o0aHkie y Modesii € 3HaYHO MeHWUMU 3a eidnoeidHi Yucna Ans modenel 3i 3Ha4eHHsIMU Napamempis, Wo
He € onmumaJsibHUMU.

Knw4yoBicnoBa: p-cybzayccosull ysacanbHeHuli poboeuli 6poyHiecbkul pyx, onmumisayisi Modeni, HadiliHicmb i moyHicmb moderti,
ModentoeaHHs1, eunadkoeuli npoyec.

ABTOpYU 3asBNSAOTb NPO BIACYTHICTb KOHMMIKTY iHTepeciB. CnoHcopu He Gpanu y4YacTi B po3pobneHHi gocnigkeHHs; y 36opi, aHanisi
un iHTepnpeTauii 4aHnX; y HanMcaHHi pyKonucy; B pilleHHi Npo nybnikauilo pe3ynbsraTiB.
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