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У роботах Кочубея (2011) i Тоальдо (2015) були представленi новi типи диференцiаль-
них операторiв, названi диференцiально–згортковими операторами, або похiдними типу згорт-
ки вiдносно функцiй Бернштейна. Цi похiднi узагальнюють класичнi дробовi похiднi Капуто–
Джрбашяна i Рiмана–Лiувiлля та дозволяють, зокрема, описувати властивостi субординато-
рiв та обернених субординаторiв. У сучаснiй лiтературi iнтенсивно дослiджуються новi класи
диференцiальних рiвнянь iз узагальненими дробовими операторами, що можуть бути викорис-
танi у багатьох теоретичних та прикладних задачах, зокрема для опису аномальних дифузiй
та iнших складних процесiв. У цiй статтi наведено стислий огляд основних властивостей уза-
гальнених дробових похiдних та проiлюстовано їх застосування у рiвняннях, що визначають
деякi класи випадкових полiв на сферi.

Ключовi слова: узагальненi похiднi типу згортки, функцiї Бернштейна, субординатори,
власнi функцiї, диференцiальнi рiвняння з узагальненими дробовими операторами, випадковi
початковi умови, випадковi поля на сферi

The paper presents a concise summary of main properties of generalized fractional derivatives, so-
called convolution type derivatives with respect to Bernštein functions. Applications are considered to
modeling time dependent random fields on the sphere as solutions to partial differential equations with
the generalized fractional derivative in time and random initial condition.

Key Words: generalized convolution–type derivatives, Bernštein functions, subordinators, eigenfunc-
tions, differential equations with generalized fractional derivatives, random initial conditions, random
fields on the sphere

1 Introduction

In the papers by Kochubei [8] and Toaldo
[12] the new types of differential operators
are presented which are related to Bernštein
functions and generalize the classical Caputo-
Djrbashian and Reimann-Liuville fractional deri-
vatives. These operators are called differential-
convolution operators in [8], or convolution-type
derivatives with respect to Bernštein functions
in [12]. It is shown in [12] that these derivati-
ves provide the unifying framework for the study
of subordinators and their inverse processes, and,
in particular, the governing equations for densiti-
es of subordinators and their inverses are obtai-
ned in terms of the convolution-type derivatives.
The introduction of these derivatives has inspi-
red numerous recent studies devoted to new types
of generalized fractional equations, their probabi-
listic interpretation and use in various applied

areas, in particular, for modeling anomalous di-
ffusions and other complicated processes.

This paper presents a concise summary of
main properties of generalized fractional deri-
vatives. We discuss, in particular, the equa-
tions for probability densities of subordinators
and their inverse processes and the eigenvalue
problem for generalized fractional operators. Note
that the knowledge of eigenfunctions of generali-
zed fractional operators allows to construct the
representations of solutions to corresponding
partial differetial equations by using the method
of separation of variables.

As applications, we consider the models of ti-
me dependent random fields on the sphere arising
as solutions to partial differential equations with
the generalized fractional derivative in time and
random initial condition represented by a Gaussi-
an random field.

Papers [6], [5] develop the approach to
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construct time dependent random fields on the
sphere through coordinates change and subordi-
nation by means of partial differential equations
with fractional operators of a particular form.
The representations of the fields are given by the
Karhunen-Loève expansion, and also as a coordi-
nate changed random field. In [7] generalization of
the results of the mentioned papers was presented
via introducing the convolution–type derivatives
in time into the corresponding equations. It was
suggested in [7] that considering equations with
the tempered fractional derivative in time can lead
to the exact formulas for terms involved in the
Karhunen-Loève expansion, since the formulas for
the density of the inverse tempered stable subordi-
nator are available, e.g., in [1]. In the present paper
we consider the example with the tempered fracti-
onal derivative in more detail and show that the
terms in the expansions of the fields can be given
in the exact form.

The paper is organized as follows. Section
2 collects the basic definitions and facts on the
generalized fractional derivatives. In Section 3 we
consider models of random fields on the sphere dri-
ven by equations with fractional operators.

2 Generalized fractional derivatives

In this section we review the main definitions and
some important facts on the generalized fractional
derivatives. (For more details see, e.g., [11, 12].)

Let f(x) be a Bernštein function:

f(x) = a+ bx+

∫ ∞

0

(
1− e−xs

)
ν(ds), (2.1)

x > 0, a, b ≥ 0, ν(ds) is a non-negative measure
on (0,∞) (the Lévy measure for f(x)) such that∫ ∞

0
(s ∧ 1) ν(ds) <∞.

The generalized Caputo-Djrbashian (C-D) deri-
vative, or convolution-type derivative, with
respect to the Bernštein function f is defined on
the space of absolutely continuous functions as
follows ([12], Def. 2.4):

Df
t u(t) = b

d

dt
u(t) +

∫ t

0

∂

∂t
u(t− s)ν(s)ds, (2.2)

where ν(s) = a + ν(s,∞) is the tail of the Lévy
measure ν(s) of the function f .

In the papers [8] and [4] the authors provi-
ded respectively the following representations of
the generalized fractional derivative (notation of
the authors):(

D(k)u
)
(t) =

d

dt

∫ t

0
k(t− τ)u(τ)dτ − k(t)u(0)

and

∂wt f(t) =
d

dt

∫ t

0
w(t− s)

(
f(s)− f(0)

)
ds,

where k(·) and w(·) are some fractional kernels
associated with f .

In the present paper the generalized fractional
derivative defined in (2.2) will be used.

In the case when f(x) = xα, x > 0, α ∈ (0, 1),
the derivative (2.2) becomes:

Df
t u(t) = Dα

t u(t),

where Dα
t u(t) is the fractional C-D derivative:

Dα
t u(t) =

dα

dtα
u(t) =

1

Γ(1− α)

∫ t

0

u′(s)

(t− s)α
ds.

If f(x) = x, the convolution-type derivative
coincides with the standard first-order derivative.
For the Laplace transform of the derivative (2.2)
the following relation holds ([12], Lemma 2.5):

L
[
Df
t u

]
(s) = f(s)L [u] (s)− f(s)

s
u(0), s > s0,

for u such that |u(t)| ≤ Mes0t, M and s0 are
some constants. Similarly to the C-D fractional
derivative, the convolution type derivative can be
alternatively defined via its Laplace transform.

The generalization of the classical Riemann-
Liouville (R-L) fractional derivative is introduced
in [12] by means of another convolution-type deri-
vative with respect to f given by the following
formula:

Dft u(t) = b
d

dt
u(t) +

d

dt

∫ t

0
u(t− s)ν(s)ds.

The derivatives Df
t and Dft are related as follows:

Dft u(t) = Df
t u(t) + ν(t)u(0).

Bernštein functions are associated in a natural
way with subordinators.

Let H(t), t ≥ 0, be a subordinator, that is,
nondecreasing Lévy process. Its Laplace transform
is of the form: L[H(t)](s) = Ee−sH(t) = e−tf(s),
where the function f , called the Laplace exponent,
is a Bernštein function. Consider a subordinator H
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with the Laplace exponent f given by (2.1), and
let L be its inverse process defined as

L(t) = inf
{
s ≥ 0 : Hf (s) > t

}
. (2.3)

It was shown in [12] that the distribution of the
inverse process L has a density l(t, x) = P{L(t) ∈
dx}/dx and its Laplace transform with respect to
t has the form

Lt (l(t, x)) (r) =
f(r)

r
e−xf(r),

provided that the following condition holds:
Condition I. ν(0,∞) = ∞ and the tail ν(s) =
a+ ν(s,∞) is absolutely continuous.

The convolution-type derivatives Df
t and Dft

are useful tools which allow to study the properti-
es of subordinators and their inverses in the uni-
fying manner ([12, 11]). In particular, the gover-
ning equations for their densities can be given in
terms of convolution-type derivatives. The density
l(t, u) of the inverse process L satisfies the follo-
wing equation ([12], Theorem 4.1):

Dft l(t, u) = − ∂

∂u
l(t, u),

subject to

l(t, u/b) = 0, l(t, 0) = ν(t), l(0, u) = δ(u).

The following fact is important for deriving
representations of solutions to various classes of
partial differential equations involving generalized
fractional derivatives.

Proposition 2.1. ([7]) Let L be the inverse
process for a subordinator with Bernštein functi-
on f , and assume that Condition I holds. The
space Laplace transform of the density l(t, x) of
the inverse process L

l̃(t, λ) =

∫ ∞

0
e−λxl(t, x)dx = Ee−λL(t) (2.4)

is an eigenfunction of the operator Df
t , that is

Df
t l̃(t, λ) = −λl̃(t, λ). (2.5)

Remark 2.1. The proof of the above Propositi-
on has been derived, by different approaches, in
[3, 8, 11]. In particular, in [3], the authors consi-
der the time-changed Poisson process NLt (with
Lt being an inverse subordinator independent of

the process N) and show that its marginal distri-
butions px(t) = P(NLt = x), x = 0, 1, . . ., satisfy
the difference-differential equations

Df
t px(t) = −λ [px(t)− px−1(t)]

with initial condition px(0) = 1, x = 0 and px(0) =
0, x ≥ 1. Then (2.5) is deduced as a consequence
of the above equation, since

p0(t) = P(NLt = 0) =

∫ ∞

0
e−λxl(t, x)dx = l̃(t, λ).

Tempered fractional derivative is defined by
choosing in (2.2) the following Bernštein function:

g(x) = (x+ β)α − βα, α ∈ (0, 1), β > 0, (2.6)

the corresponding Lévy measure is given by the
formula:

ν(ds) =
1

Γ(1− α)
αe−βss−α−1ds;

and its tail is

ν(s) =
1

Γ(1− α)
αβαΓ(−α, s),

where
Γ(α, s) =

∫ ∞

s
e−zzα−1dz

is the upper incomplete Gamma function defined
for all α, s ∈ R which is real-valued for s ≥ 0.

The corresponding subordinator H is called
the tempered stable subordinator.

The generalized convolution-type derivative
(2.2), for g given by (2.6), becomes:

Dg
tu(t) =

αβα

Γ(1− α)

∫ t

0

∂

∂t
u(t− s)Γ(−α, s)ds

:= Dα,β
t u(t). (2.7)

Equations with tempered fractional derivati-
ves represent currently a topic of intensive studies.

In particular, the following fact presented in
[2] concerns the question on eigenfunctions of
tempered fractional operators.

Proposition 2.2. ([2, Lemma 1]) The solution to
the tempered relaxation equation

Dα,β
t u(t) = −βαu(t) (2.8)

with initial condition u(0) = 1 is given by

φ(t;α, β) = Γ(α, βt)/Γ(α), (2.9)

thus, φ(t;α, β) is an eigenfunction of the operator
Dα,β
t corresponding to the eigenvalue βα.

In the next section we consider generalized
fractional derivatives for the case a = b = 0 in
(2.1) and assuming Condition I to hold.
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3 Equations with generalized fractional
derivatives for modeling random fields
on the sphere

Let T (x), x ∈ S21, be a real-valued, zero-mean,
isotropic Gaussian random field on the unit sphere
S21. We can write the spectral representation

T (x) =
∞∑
l=0

+l∑
m=−l

almYlm(x), (3.1)

where
alm =

∫
S2
T (x)Y ∗

lm(x)µ(dx) (3.2)

are Fourier random coefficients, Ylm are spherical
harmonics, µ(dx) is the Lebesgue measure on the
unit sphere S21. Convergence in (3.1) holds in the
mean square sense, both in L2(dP ×µ(dx)) and in
L2(dP ) for fixed x ∈ S21 (see, e.g., [9]).

We recall that for a fixed l the spherical
harmonics Ylm (or linear combination of them)
solve the eigenvalue problem

∆S21
Ylm = −µl Ylm, l ≥ 0, |m| ≤ l (3.3)

where the eigenvalues are given by

µl = l(l + 1)

and ∆S21
is the spherical Laplace operator (called

also Laplace-Beltrami operator).
In [7] models of random fields on the sphere

are presented which are driven by equations
involving the generalized fractional derivative in
time Df

t and the fractional Laplacian ψ(−∆S21
)

associated with Bernštein functions f and ψ
respectively.

Let the function f correspond to the subordi-
nator H, which inverse process L possesses the
density l with Laplace transform l̃ as introduced
in Proposition 2.1 in formula (2.4).

Theorem 3.1. ([7, Theorem 1]) The solution in
L2(dP × dλ) to the fractional equation(

γ − ψ(−∆S21
) +Df

t

)
Xt(x) = 0, (3.4)

x ∈ S21, t ≥ 0, γ > 0,

with initial condition X0(x) = T (x) is a time-
dependent random field on the sphere S21 written
as

Xt(x) =
∞∑
l=0

+l∑
m=−l

alm l̃(t, γ + ψ(µl))Ylm(x) (3.5)

where alm are given by (3.2).

The generalized Laplace operator ψ(−∆S21
) is

defined in terms of the transition semigroup of the
subordinate rotational Brownian motion Bψ(t) =
B(F (t)), where F is a subordinator with the
Laplace exponent ψ. This covers, in particular, the
case of fractional Laplace operator (−∆S21

)α. We
refer to [5, 6, 7] for more detail on this operator.
To make the paper self-contained, some definitions
are given in Appendix.

Note that the essential component of the proof
of Theorem 3.1 is the knowledge of eigenfun-
tions for the operators involved into the equation.
For the generalized convolution-type derivative we
have (see Proposition 2.1):

Df
t l̃(t, λ) = −λ l̃(t, λ), λ > 0, (3.6)

and for the generalized Laplace operator ψ(−∆S21
)

we know that ([6]):

ψ(−∆S21
)Ylm(x) = −ψ(µl)Ylm(x). (3.7)

Example 3.1. Equations with fractional Caputo-
Djrbashian derivative. If f(x) = xβ , that is, L
is the inverse process for stable subordinator,
the derivative Df

t becomes the fractional Caputo-
Djrbashian derivative and the Laplace transform
l̃(t, µ) is given by the Mittag-Leffler function:
l̃(t, µ) = Eβ(−tβµ). The one-parameter Mittag–
Leffer function is defined as

Eβ(x) =

∞∑
k=0

xk

Γ(βk + 1
, x ∈ R, β > 0.

Theorem 3.1 reduces to first part of Theorem 1 in
[6].

Example 3.2. Equations with tempered fractional
derivative. It was suggested in [7] that equation
(3.4) can be considered with the tempered fracti-
onal derivative in time, and, correspondingly, in
the representation of the solution (3.5) we will
have the Laplace transform l̃(t, λ) of the densi-
ty of the inverse tempered stable subordinator,
expressions for this density are given, e.g., in [1].

We present here all the details for the case of
equation (3.4) with the tempered fractional deri-
vative and give the representation of solution in
the explicit form.

Following [10], define the R-L tempered fracti-
onal derivative of order 0 < β < 1 as follows:

Dβ,λt u(t) = e−λt
1

Γ(1− β)

d

dt

∫ t

0

eλsu(s)ds

(t− s)β
−λβu(t),
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and the C-D tempered fractional derivative of
order 0 < β < 1:

Dβ,λ
t u(t) = Dβ,λt u(t)− u(0)

Γ(1− β)

∫ ∞

t
e−λrβr−β−1 dr.

(3.8)
Let Hλ(x) be the tempered stable subordi-

nator with the Laplace exponent

fλ(s) = (s+ λ)β − λβ.

Consider the inverse process Lλ(t) and denote its
density by gλ(t, x).

It was established in [10, Lemma 3.3.] that the
Laplace transform g̃λ(t, µ) = Ee−µLλ(t) is a soluti-
on to the eigenvalue problem for Dβ,λ

t :

Dβ,λ
t g̃λ(t, µ) = −µg̃λ(t, µ)

with g̃λ(0, µ) = 1. Moreover, it was shown in [10,
Theorem 3.4.] that for any λ, µ > 0, µ ̸= λβ the
function g̃λ(t, µ) can be written in the form:

g̃λ(t, µ) =
µ

π

∫ ∞

0

e−t(r+λ)

r + λ
Φ(r, 1)dr, (3.9)

where

Φ(r, 1) =
rβ sin(βπ)

r2β sin2(βπ) + (µ− λβ + rβ cos(βπ))2
.

We present in the next theorem the solution to
the equation (3.4) with tempered fractional deri-
vative (3.8).

Theorem 3.2. The solution in L2(dP × dλ) to
the fractional equation(

γ − ψ(−∆S21
) +Dβ,λ

t

)
Xt(x) = 0, (3.10)

x ∈ S21, t ≥ 0, γ > 0,

with initial condition X0(x) = T (x) given by
(3.1)and tempered fractional derivative Dβ,λ

t given
by (3.8) , is a time-dependent random field on the
sphere S21 written as

Xt(x) =
∞∑
l=0

+l∑
m=−l

alm g̃λ(t, γ + ψ(µl))Ylm(x),

(3.11)
where alm are given by (3.2) and the function
g̃λ(t, µ) is given by (3.9).

Analogously to [7], the expressions for the
covariance function and higher order moments

of the field (3.11) can be calculated and given
in terms of the angular power spectrum of the
random initial condition field T and the function
g̃λ(t, µ) given by (3.9), thus, all the characteristics
of the field (3.11) can be evaluated explicitly. In
particular, we have the following expressions for
the moments of the field (3.11):

E[(Xt(x))
n] =

∞∑
l1=0

· · ·
∞∑
ln=0

( n∏
j=1

g̃λ(t, γ + ψ(µlj ))
)

×

√∏n
j=1(2lj + 1)

(4π)n
E[al10 · · · aln0],

E[(Xt(x))
2] =

∞∑
l=0

2l + 1

4π
(g̃λ(t, γ + ψ(µl)))

2Cl,

where the coefficients alm, l ≥ 0, |m| ≤ l, are from
the representation of initial condition field (3.1)
and the power spectrum Cl = E|alm|2, l ≥ 0.

We refer to [7] for more details on calculation
of characteristic of the field (3.11).

Appendix. Generalized fractional Laplacian
on the sphere

Consider f ∈ L2(S21) = L2(S21, µ), where µ is
the Lebesgue measure on the unit sphere S21:
µ(dx) = µ(dϑ, dφ) = dφdϑ sinϑ with x =
(sinϑ cosφ, sinϑ sinφ, cosϑ), ϑ ∈ [0, π], φ ∈
[0, 2π).

The set of spherical harmonics {Ylm : l ≥
0, m = −l, . . . ,+l} represents an orthogonal basis
for the space L2(S21). For a fixed l the spherical
harmonics solve the eigenvalue problem

∆S21
Ylm = −µl Ylm, l ≥ 0, |m| ≤ l,

where µl = l(l + 1) and the operator

∆S21
=

1

sin2 ϑ

∂2

∂φ2
+

1

sinϑ

∂

∂ϑ

(
sinϑ

∂

∂ϑ

)
,

ϑ ∈ [0, π], φ ∈ [0, 2π).

The spherical harmonics are defined as

Ylm(ϑ, φ) =

√
2l + 1

4π

(l −m)!

(l +m)!
Qlm(cosϑ)e

imφ,

where the associated Legendre functions

Qlm(z) = (−1)m(1− z2)m/2
dm

dzm
Ql(z),
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and the Legendre polynomials Ql are given by the
Rodrigues’ formula

Ql(z) =
1

2ll!

dl

dzl
(z2 − 1)l.

For f ∈ L2(S21) we have the representation

f(x) =

∞∑
l=0

l∑
m=−l

flmYlm(x), x ∈ S21,

which holds in the L2 sense, where

flm =

∫
S21
f(x)Y ∗

lm(x) dx

=

∫ 2π

0

∫ π

0
f(ϑ, φ)Y ∗

lm(ϑ, φ) sinϑ dϑ dφ,

|m| ≤ l, l = 0, 1, 2, . . . .

(see, e.g., the Peter-Weyl representation theorem
on the sphere in [9]).

The angular power spectrum of f is defined as

fl =
∑
|m|≤l

|flm|2, l = 0, 1, 2, . . . . (3.12)

Define the generalized fractional Laplace
operators on the sphere following [5], [6].

Let F (t), t ≥ 0 be a Lévy subordinator with
the Laplace exponent

Ψ(λ) = bλ+

∫ ∞

0

(
1− e−λz

)
M(dz), b ≥ 0, λ ≥ 0,

with M being the corresponding Lévy measure.
Let Bt, t ≥ 0, be a Brownian motion on the

unit sphere S21. Its transition density can be writ-
ten as follows ([5, 6]):

Pr{x+Bt ∈ dy}/dy = Pr{Bt ∈ dy |B0 = x}/dy

=

∞∑
l=0

+l∑
m=−l

e−tµlYl,m(y)Y∗
l,m(x).

Consider the the initial-value problem{
∂u

∂t
= ∆S2

1
u, x ∈ S2

1, t > 0

u(x, 0) = f(x)

for f ∈ L2(S2
1). The solution to the above problem

can be written as follows:

u(x, t) = Ptf(x) = Ef(x+Bt)

=

∫
S2
1

f(y)Pr{x+Bt ∈ dy}

=

∞∑
l=0

+l∑
m=−l

e−tµlYl,m(x)flm.

In [5] the following operator acting on f ∈
L2(S2

1) was introduced:

Ψ(−∆S2
1
)f(x) :=

∫ ∞

0
(Pt f(x)− f(x))M(dt).

It was shown in [5] (see also [6]) that

Ψ(−∆S2
1
)Ylm(x) = −Ψ(µl)Ylm(x),

thus, Ylm(x) are the eigenfunctions of the operator
Ψ(−∆S2

1
) with the eigenvalues −Ψ(µl).

Basing on the above fact, the action of the
operator Ψ(−∆S2

1
) can be also defined by means

of a series representation as given below.
Let us consider the space of functions

Hs(S21) =

{
f ∈ L2(S21) :

∞∑
l=0

(2l + 1)2sfl <∞

}
,

where fl is the angular spectrum of f given by
(3.12).
Definition. Let f ∈ Hs(S21) and s > 5/4. Then

Ψ(−∆S2
1
)f(x) :=

∞∑
l=0

+l∑
m=−l

flmYlm(x)Ψ(µl).
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