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Y pobomaxr Kouybes (2011) i Toarvdo (2015) 6yau npedcmasaeni 1osi munu dupeperiyians-
HUT ONepamopis, Ha3sani QUPEPEHUIANDHO—320PTKOBUMYU ONEPATIOPAMU, GO0 NOTIOHUMU MUY 320PM-
xu eidnocro Gynxyit Beprwmetina. L1 noxioni ysazasvrioloms xaacuyhi 0pobosi noxioni Kanymo—
Lorepbawsana i Pimana—/liysisia ma 0o360aa10mb, 30Kpema, onucCy8amu 8AACMUBOCMI cybopouramo-
pi6 ma obeprenux cybopdunamopis. Y cyuachit ATmepamyps thMenHcueHo JOCALOHCYIOMBCA HOBTL KAACU
JupeperyianvHULT PieHAHD 13 Y3a2aAbHEHUMU 0POBOSUMU ONEPATNOPAMU, WO MOHCYMb OYMU 8UKOPUC-
mawi Yy 0620MbOT MEOPEMUNHUL MG NPUKAGOHUT 3a0a4aT, 30KPEMa OAL ONUCY GHOMAALHUT Oudy3it
Ma THWUL CKRAAIHUT NPouecis. Y uith cmammi Hasedero CmucAutl 02480 0CHOBHUL saacmusocmel y3a-
2a40HEHUT OPOOOBUT NOTIOHULT MG NPOLAIOCTNOBAHO 1T 3ACMOCYBAHHA Y PIBHAHHALT, WO BUSHAUAIOMD
deaxi Kaacu 8uNadKo8UXT MO8 Ha CHEPI.

Knowosi caosa: ysazasvreni norioni muny seopmxu, @dymkuii Beprwmetina, cybopdunamopu,
eaacHi Gynryil, Jupepenyianvmi PIGHANHA 3 Y3a2aAPHEHUMU OPOOOGUMU ONEPAMOPaMU, 6UNGIK0G]
NOUAMKOBT YMOBU, BUNAJKOEE NOAS Ha cPhepi

The paper presents a concise summary of main properties of generalized fractional derivatives, so-
called convolution type derivatives with respect to Bernstein functions. Applications are considered to
modeling time dependent random fields on the sphere as solutions to partial differential equations with
the generalized fractional derivative in time and random initial condition.

Key Words: generalized convolution—type derivatives, Bernstein functions, subordinators, eigenfunc-
tions, differential equations with generalized fractional derivatives, random initial conditions, random
fields on the sphere

1 Introduction areas, in particular, for modeling anomalous di-
ffusions and other complicated processes.
In the papers by Kochubei [8] and Toaldo This paper presents a concise summary of

main properties of generalized fractional deri-
vatives. We discuss, in particular, the equa-
tions for probability densities of subordinators
and their inverse processes and the eigenvalue
problem for generalized fractional operators. Note

convolution operators in [8], or convolution-type that the .knowledge of eigenfunctions of generali-
derivatives with respect to Bernstein functions zed fractional operators allows to construct the

in [12]. It is shown in [12] that these derivati- representations of solutions to corresponding
partial differetial equations by using the method

of separation of variables.

[12] the new types of differential operators
are presented which are related to Bernstein
functions and generalize the classical Caputo-
Djrbashian and Reimann-Liuville fractional deri-
vatives. These operators are called differential-

ves provide the unifying framework for the study
of subordinators and their inverse processes, and,
in particular, the governing equations for densiti- As applications, we consider the models of ti-
es of subordinators and their inverses are obtai- me dependent random fields on the sphere arising
ned in terms of the convolution-type derivatives. as solutions to partial differential equations with
The introduction of these derivatives has inspi- the generalized fractional derivative in time and
red numerous recent studies devoted to new types random initial condition represented by a Gaussi-
of generalized fractional equations, their probabi- an random field.

listic interpretation and use in various applied Papers [6], [5] develop the approach to
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construct time dependent random fields on the
sphere through coordinates change and subordi-
nation by means of partial differential equations
with fractional operators of a particular form.
The representations of the fields are given by the
Karhunen-Loeve expansion, and also as a coordi-
nate changed random field. In [7]| generalization of
the results of the mentioned papers was presented
via introducing the convolution—type derivatives
in time into the corresponding equations. It was
suggested in |7] that considering equations with
the tempered fractional derivative in time can lead
to the exact formulas for terms involved in the
Karhunen-Loeve expansion, since the formulas for
the density of the inverse tempered stable subordi-
nator are available, e.g., in [1]. In the present paper
we consider the example with the tempered fracti-
onal derivative in more detail and show that the
terms in the expansions of the fields can be given
in the exact form.

The paper is organized as follows. Section
2 collects the basic definitions and facts on the
generalized fractional derivatives. In Section 3 we
consider models of random fields on the sphere dri-
ven by equations with fractional operators.

2 Generalized fractional derivatives

In this section we review the main definitions and

some important facts on the generalized fractional

derivatives. (For more details see, e.g., [11, 12].)
Let f(x) be a Bernstein function:

f(z)=a+br+ /Ooo (1—e*)u(ds), (2.1)

xz >0, a,b > 0, 7(ds) is a non-negative measure
on (0,00) (the Lévy measure for f(x)) such that

/OO (s A1) D(ds) < oo.
0

The generalized Caputo-Djrbashian (C-D) deri-
vative, or convolution-type derivative, with
respect to the Bernstein function f is defined on
the space of absolutely continuous functions as

follows ([12], Def. 2.4):

where v(s) = a + 7(s,00) is the tail of the Lévy
measure 7(s) of the function f.
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In the papers [8] and [4] the authors provi-
ded respectively the following representations of
the generalized fractional derivative (notation of
the authors):

(oy) (0= 5 [ bt = yu(r)ir = kt)uo)
and
o ) = 55 | e =9)(() = r0)as.

where k(-) and w(-) are some fractional kernels
associated with f.

In the present paper the generalized fractional
derivative defined in (2.2) will be used.

In the case when f(z) = 2% 2 > 0,a € (0,1),
the derivative (2.2) becomes:

D u(t) = Dfult),
where ©%u(t) is the fractional C-D derivative:

o _a” B 1 bl (s)
Diu(t) = d?u(t) = T —a) /0 = S)st.

If f(z) = z, the convolution-type derivative
coincides with the standard first-order derivative.
For the Laplace transform of the derivative (2.2)
the following relation holds ([12], Lemma 2.5):

L {@{u] (s) = f(s)L[u] (s) — f(s)

S
for u such that |u(t)] < Me*! M and sy are
some constants. Similarly to the C-D fractional
derivative, the convolution type derivative can be
alternatively defined via its Laplace transform.

The generalization of the classical Riemann-
Liouville (R-L) fractional derivative is introduced
in [12] by means of another convolution-type deri-
vative with respect to f given by the following
formula:

u(0), s > sq,

jt/o u(t — s)v(s)ds.

The derivatives @{ and ]D){ are related as follows:

D u(t) = b%u(t) +

D/ u(t) = DT u(t) + v(t)u(0).

Bernstein functions are associated in a natural
way with subordinators.

Let H(t),t > 0, be a subordinator, that is,
nondecreasing Lévy process. Its Laplace transform
is of the form: L[H(t)](s) = Ee sH®) = ¢=t/(s),
where the function f, called the Laplace exponent,
is a Bernstein function. Consider a subordinator H
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with the Laplace exponent f given by (2.1), and
let L be its inverse process defined as

L(t) = inf {s >0: H/(s) > t} . (2.3)
It was shown in [12] that the distribution of the
inverse process L has a density I(t,z) = P{L(t) €
dx}/dx and its Laplace transform with respect to
t has the form

f) —wpr)

r

Ly (I(t,x)) (r) =

provided that the following condition holds:
Condition I. 7(0,00) = oo and the tail v(s) =
a+ 7(s,00) is absolutely continuous.

The convolution-type derivatives @{ and ]D){
are useful tools which allow to study the properti-
es of subordinators and their inverses in the uni-
fying manner ([12, 11]). In particular, the gover-
ning equations for their densities can be given in
terms of convolution-type derivatives. The density
I(t,u) of the inverse process L satisfies the follo-
wing equation ([12], Theorem 4.1):

_gl(ta u)>

D/ 1(t,u) = o

subject to

l(t,u/b) =0, 1(t,0) = v(t), 1(0,u) = §(u).

The following fact is important for deriving
representations of solutions to various classes of
partial differential equations involving generalized
fractional derivatives.

Proposition 2.1. ([7]) Let L be the inverse
process for a subordinator with Bernstein functi-
on f, and assume that Condition I holds. The
space Laplace transform of the density I(t,x) of
the inverse process L

I(t,\) = / e NU(t, x)de = Be MO (2.4)
0

18 an eigenfunction of the operator @{, that is

D71(t, \) = =(t, \). (2.5)
Remark 2.1. The proof of the above Propositi-
on has been derived, by different approaches, in
[3, 8, 11]. In particular, in [3], the authors consi-
der the time-changed Poisson process Np, (with
L; being an inverse subordinator independent of

30

2022, 2

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

the process V) and show that its marginal distri-
butions p(t) = P(Nr, = z), = = 0,1, ..., satisfy
the difference-differential equations

Dfpa(t) = =A[pa(t) = po1(t)]
with initial condition p,(0) = 1,z = 0 and p,(0) =
0,z > 1. Then (2.5) is deduced as a consequence
of the above equation, since

po(t) =P(Np, =0) = /Ooo e MUt x)dx = I(t, \).

Tempered fractional derivative is defined by
choosing in (2.2) the following Bernstein function:

g(z)=(x+B)* = p% a€(0,1),8>0, (2.6)

the corresponding Lévy measure is given by the
formula:

v(ds) = ae P51,

I'l—a)
and its tail is

1 (6%
v(s) = maﬁ I(—a,s),

where -
INa,s) = / e 2tz
S

is the upper incomplete Gamma function defined
for all a, s € R which is real-valued for s > 0.
The corresponding subordinator H is called
the tempered stable subordinator.
The generalized convolution-type derivative
(2.2), for g given by (2.6), becomes:

l—a / 075

_Daﬂ(

DYu(t) —s)I'(—a, s)ds

(2.7)

Equations with tempered fractional derivati-
ves represent currently a topic of intensive studies.

In particular, the following fact presented in
[2] concerns the question on eigenfunctions of
tempered fractional operators.

Proposition 2.2. (|2, Lemma 1]) The solution to
the tempered relazation equation

D Pult) = —Bu(t) (2.8)
with initial condition u(0) =1 is given by
p(t; o, B) = T(a, Bt)/T(a), (2.9)

thus, p(t; , B) is an eigenfunction of the operator

D?”B corresponding to the eigenvalue B<.

In the next section we consider generalized
fractional derivatives for the case a = b = 0 in
(2.1) and assuming Condition I to hold.
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3 Equations with generalized fractional
derivatives for modeling random fields
on the sphere

Let T(x), * € S?, be a real-valued, zero-mean,
isotropic Gaussian random field on the unit sphere
Sf. We can write the spectral representation

oo+l
T@) =3 S anVinl@), (1)
=0 m=—1
where
o = [ T@Vi @) (32)

are Fourier random coefficients, Y}, are spherical
harmonics, p(dx) is the Lebesgue measure on the
unit sphere S?. Convergence in (3.1) holds in the
mean square sense, both in L?(dP x u(dzr)) and in
L?(dP) for fixed z € S? (see, e.g., [9]).

We recall that for a fixed [ the spherical
harmonics Y}, (or linear combination of them)
solve the eigenvalue problem

where the eigenvalues are given by
w=1(1+1)

and AS? is the spherical Laplace operator (called
also Laplace-Beltrami operator).

In [7] models of random fields on the sphere
are presented which are driven by equations
involving the generalized fractional derivative in
time ZD{ and the fractional Laplacian (—Ag)
associated with Bernstein functions f and o
respectively.

Let the function f correspond to the subordi-
nator H, which inverse process L possesses the
density [ with Laplace transform [ as introduced
in Proposition 2.1 in formula (2.4).

Theorem 3.1. (|7, Theorem 1|) The solution in
L?(dP x d)) to the fractional equation

(v - v(-Ag) +Df) Xi(2) =0,
l’GS%, t>0,v>0,

(3.4)

with initial condition Xo(x) = T(x) is a time-
dependent random field on the sphere Sf written
as

oo+l
Xi(@) =Y > am (7 + () Yim (@) (3.5)

=0 m=—1

where ayy, are given by (3.2).
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The generalized Laplace operator ¢(—Asf) is
defined in terms of the transition semigroup of the
subordinate rotational Brownian motion BY(t) =
B(F(t)), where F is a subordinator with the
Laplace exponent . This covers, in particular, the
case of fractional Laplace operator (—Ag2)®. We
refer to [5, 6, 7] for more detail on this operator.
To make the paper self-contained, some definitions
are given in Appendix.

Note that the essential component of the proof
of Theorem 3.1 is the knowledge of eigenfun-
tions for the operators involved into the equation.
For the generalized convolution-type derivative we
have (see Proposition 2.1):

Df1(t, \) = —\1(t,\),

A>0,  (3.6)

and for the generalized Laplace operator TIZ)(—AS%)
we know that ([6]):

¢<_AS§)YEm<m) = —(1u1) Yim ().

Example 3.1. Equations with fractional Caputo-
Djrbashian derivative. If f(z) = 2%, that is, L
is the inverse process for stable subordinator,
the derivative ’D{ becomes the fractional Caputo-
Djrbashian derivative and the Laplace transform
[(t,u) is given by the Mittag-Leffler function:
It p) = Eg(—t°p). The one-parameter Mittag—

Leffer function is defined as

(3.7)

© k
X
Eﬁ(:p):E ——— 2€R,5>0.
— LBk +1

Theorem 3.1 reduces to first part of Theorem 1 in
[6].

Example 3.2. Equations with tempered fractional
derivative. It was suggested in [7] that equation
(3.4) can be considered with the tempered fracti-
onal derivative in time, and, correspondingly, in
the representation of the solution (3.5) we will
have the Laplace transform [(¢,\) of the densi-
ty of the inverse tempered stable subordinator,

expressions for this density are given, e.g., in [1].

We present here all the details for the case of
equation (3.4) with the tempered fractional deri-
vative and give the representation of solution in
the explicit form.

Following [10], define the R-L tempered fracti-
onal derivative of order 0 < 8 < 1 as follows:

t  As
1 d / e u(s)ds_)\ﬁu(t)’
0

B,A =
Dy u(t) = e tr(pg)% (t—s)P
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and the C-D tempered fractional derivative of
order 0 < 8 < 1:

’Dt’B’)‘u(t) = ]D)f’)‘u(t)— u(0) / 67)\71,87“7571 dr.

I(1-5)J; 58)

Let Hy(z) be the tempered stable subordi-
nator with the Laplace exponent

fals) = (s +2)7 = A7,

Consider the inverse process Ly(t) and denote its
density by gx(t, ).

It was established in [10, Lemma 3.3.] that the
Laplace transform gy (¢, 1) = Ee #2(®) is a soluti-

on to the eigenvalue problem for ”D? A,

7)‘~ =
DJAGa(t, 1) = —pa(t, 1)

with gx(0, ) = 1. Moreover, it was shown in [10,
Theorem 3.4.] that for any A\, > 0, p # A the
function g (¢, 1) can be written in the form:

B L 00 eft(rJr)\)(I) N -
it =2 [T e 39
where
6 .
B(r, 1) = rP sin(pm)

728 sin?(Br) + (u — N + 7P cos(B))?’

We present in the next theorem the solution to
the equation (3.4) with tempered fractional deri-
vative (3.8).

Theorem 3.2. The solution in L?>(dP x d\) to
the fractional equation

(v - v(-ag) + D7) Xi(@) =0,
xeS%, t>0,v>0,

(3.10)

with initial condition Xo(x) = T(x) given by
(3.1)and tempered fractional derivative @f“\ given
by (3.8) , is a time-dependent random field on the

sphere S} written as

oo+l

Xe(2) =D > amgalt,y + () Vim (@),

=0 m=—1
(3.11)

where apy, are given by (3.2) and the function
g (t, 1) is given by (3.9).

Analogously to [7], the expressions for the
covariance function and higher order moments
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of the field (3.11) can be calculated and given
in terms of the angular power spectrum of the
random initial condition field 7" and the function
ga(t, ) given by (3.9), thus, all the characteristics
of the field (3.11) can be evaluated explicitly. In
particular, we have the following expressions for
the moments of the field (3.11):

E[(X(2))" = Y-+ > (T oty +vim,)

=0  l,=0 j=1
1_[3'2(1(72Tl)jn—i_1)]5;[(”10 eag,0)s
Bl = 3 LGty + wm)C
=0

where the coefficients ay,,, [ > 0, |m| < [, are from
the representation of initial condition field (3.1)
and the power spectrum C; = E|ay,|?, [ > 0.

We refer to [7] for more details on calculation
of characteristic of the field (3.11).

Appendix. Generalized fractional Laplacian
on the sphere

Consider f € L2%(S}) = L%*(S?,p), where pu is
the Lebesgue measure on the unit sphere S}:
wu(dz) w(dv, do) dp dd sinv with =z
(sin¥ cos p,sindsinp,cosd), ¢ € [0,7], ¢ €
[0, 27).

The set of spherical harmonics {Yj,, : [ >
0, m = —I,...,+l} represents an orthogonal basis
for the space L?(S?). For a fixed [ the spherical

harmonics solve the eigenvalue problem

AS%lem = W Yim, 120, ‘m’ <l

where p; = 1(l 4+ 1) and the operator

1 9?2 N 1 0 /. 9 0
= —_— MNv—
S 520002 | sin0 a9 oo

v € [0,7], ¢ €[0,27).

The spherical harmonics are defined as

20+ 1 (1 — ! )
FLE=mt  (cos 9)eme,
47

lem('lga 30) = (l T m)|

where the associated Legendre functions

_ z2)m/2d7le(z)7

dzm

Qim(z) = (=1)"(1
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and the Legendre polynomials ); are given by the
Rodrigues’ formula

1 d

Q=) = g g & = )"

For f € L?(S?) we have the representation
0o l
= Z Z flevlm(x)a T € S%,
1=0 m=—1

which holds in the L? sense, where

fun = [, F@)Yir(@) do

27 pm
:/ / F9, )Y, (9, ¢) sind dd dep,
o Jo
’m|§l7l:0,1,2,
(see, e.g., the Peter-Weyl representation theorem

on the sphere in [9]).
The angular power spectrum of f is defined as

fi="> |l

Im|<l

1=0,1,2,.... (3.12)

Define the generalized fractional Laplace
operators on the sphere following [5], [6].

Let F(t), t > 0 be a Lévy subordinator with
the Laplace exponent

W(N) = b)\+/ (1 - e*AZ) M(dz), b>0, A >0,
0

with M being the corresponding Lévy measure.

Let By, t > 0, be a Brownian motion on the
unit sphere S?. Its transition density can be writ-
ten as follows (|5, 6]):

Pr{z+ B, € dy}/dy = Pr{Bt €dy|By=uz}/dy

—ZZ Y () Vi ()

=0 m=-—1
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