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ON PROPERTIES OF THE HASSE DIAGRAMS OF NP-CRITICAL POSETS
OF ORDER LESS THAN 8

M. Kleiner proved that a poset has finite representation type if and only if it does not contain subposets of the form (1, 1, 1, 1), (2, 2, 2),
(1, 3, 3), (1, 2, 5) and (U, 4), which are called the critical posets. L. Nazarova proved that a poset is tame if and ohly if it does not contain
subposets of the form (1,1,1,1,1), (1,1, 1, 2), (2, 2, 3), (1, 3, 4), (1, 2, 6), (U, 5), called supercritical. The critical and supercritical posets are
also (respectively) critical with respect to weakly positivity and weakly non-negativity of the associated Tits quadratic form. In the case of
substitution on positivity and nonnegativity, such posets which are called P-critical and NP-critical, respectively, were described by the
author together with V. Bondarenko (their number, up to isomorphism and duality, is 75 and 115). This article studies combinatorial
properties of the Hasse diagrams of NP-critical posets.
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Introduction

In the work M. Kleiner proved that a poset is of finite representation type if and only if it does not contain the subposets of
the form (1, 1, 1, 1), (2, 2, 2), (1, 3, 3), (1, 2, 5), (A, 4), these posets are called the critical posets (Kleiner, 1972). In the work
(Drozd, 1974) Yu. A. Drozd proved that a poset has finite representation type if and only if its Tits gadratic form is weakly
positive. In the work (Bondarenko, & Styopochkina, 2005) it is proved that a poset is P-critical (i.e. critical with respect to the
positivity of the Tits quadratic form) if and only if it is minimax isomorphic to a critical poset (the minimax isomorphism was
introduced in the work (Bondarenko, 2005)), all such posets were described (Bondarenko, & Styopochkina, 2005).

In the work (Nazarova, 1975), L. Nazarova proved that a poset is tame if and only if it does not contain subposets of the
form(1,1,1,1,1),(1,1,1,2),(2, 2,3), (1, 3,4), (1, 2,6), (N, 5), these posets are called supercritical. In the work (Bondarenko,
& Styopochkina, 2008) it is proved that a poset is NP-critical (i.e. critical with respect to the non-negativity of the Tits quadratic
form) if and only if it is minimax isomorphic to a supercritical poset, all such critical posets were described in the work
(Bondarenko, & Styopochkina, 2009).

In connection with the above, it is actual the study of combinatorial properties of P-critical and NP-critical posets. In this
paper we continue the investigation of the paper (Bondarenko et al., 2015) on P-critical posets, namely, consider the case of
NP-critical posets.

The main methods are standard methods of combinatorial analysis.

1. Main results. Let S be a finite poset. For S (without an element denoted by 0), the Tits quadratic form is defined by the
following equation (Drozd, 1974):

qs(2) = 2§ + Lies 28 + Licjijes Zi% — Zo Lies Zi- (1)

The poset S is called critical with respect to nonnegativity of the Tits quadratic form or, briefly, NP-critical if the Tits form
of any its proper subposet is non-negative but the Tits form of S is not non-negative (Bondarenko, & Styopochkina, 2005).
Such posets were described in the work (Bondarenko, & Styopochkina, 2009) (their number, up to isomorphism and duality,
is 115). The set of all NP-critical posets of order less than m is denoted by NP_,,.

We denote by H(S) the Hasse diagram of a poset S. For a class of finite posets y we denote by VA(x) the set of pairs (s, k) of
non-negative integer numbers, such that s and k are respectively the number of vertices and edges of H(X) foran X € x.

Theorem 1. VA(NP_g) consists of the following pairs:

(5,0), (5, 1), (5, 3), (5, 4), (5, 5), (5, 6), (7,4), (7,5), (7,6), (7, 7).

From the theorem it follows the following statements.

Corollary 1. Let (s,i), (s,j) e VA(NP.g) and i < k < j. If s is not equal to 5 (the smallest first coordinate for the pairs of
VA(NPC)), then (s, k) € VA(NPg).

Corollary 2. Let (s,k) € VA(NP_g). If s is not equal to 5 (the smallest coordinate for the pairs of VA(NP_g)), then s > k.

NP-critical posets of order less than 8. The NP-critical posets were classified in the work (Bondarenko, & Styopochkina,
2008) and those of order less than 8 are given (up to isomorphism and duality) by the following Table 1.

Table 1
NP-critical posets of order less than 8
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The numbers in parentheses for the Hasse diagrams in the table 2 indicate the numbers in the general table of the work
(Bondarenko, & Styopochkina, 2009).

2. Proofs. The theorem follows from the following table in which one indicates the NP-critical posets numbers, their
numbers of vertices and edges.

Table 2
The set of pairs VA(NP_g)
Vertices Edges Vertices Edges Vertices Edges
1 5 5 9 5 6 18 7 6
2 7 6 10 5 4 19 7 6
3 7 7 11 5 5 20 7 6
4 7 6 12 5 6 21 7 7
5 7 7 13 7 4 22 5 1
6 7 6 14 7 5 23 5 3
7 7 6 15 7 6 24 5 4
8 5 4 16 7 5 25 5 0
17 7 5

3. Examples. Consider Theorem 1 for the case of critical sets of order less than 7. It follows from Theorem 1 that VA(NP_g)
consists of the following pairs:
(5, 0), (5, 1), (5, 3), (5, 4), (5, 5), (5, 6).
Discussion and conclusions
In this article we study combinatorial aspects of NP-critical of order less than 8. The obtained results (together with the
corresponding research methods) will be used in the study of combinatorial aspects of other classes of posets.
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NPO BNTACTUBOCTI AIArPAMU XACCE NP-KPUTUYHUX
YACTKOBO BMOPAOKOBAHUX MHOXXWH NMOPALOKY, MEHLLOIO 3A 8

M. Knelinep doeie, ujo yacmkoeo ernopsidkoeaHa (CKOPOYEHO 4. 8.) MHOXUHa Mae CKiH4YeHHUl 306paxyeanbHuli mun modi i nuwe modi, konu
80Ha He Micmumb 4. 8. niOMHOXUH euansidy (1,1, 1,1), (2, 2, 2), (1, 3, 3), (1, 2, 5) i (U, 4), AKux Ha3uearoOMb KPUMUYHUMU Y. 8. MHOXXUHamu. J1. Hazapoea
3'Acyeana, wjo Y. 8. MHOXUHa € py4yHoto modi i nuwe modi, Kosu 8oHa He Micmuma 4. 8. MIOMHOXUH euansidy MHOXuH (1,1, 1,1, 1), (1, 1, 1, 2), (2, 2, 3),
(1, 3, 4), (1, 2, 6) i (U, 5), akux Ha3uearomb cynepkpumuy4yHumu. KpumuyHi i HaBcynepKpuMUYHi Y. 8. MHOXXUHU € MaKoX (8i0noeidHo) KpuMu4YHUMU
8i0HOCHO cn1abkoi dodamHocmi i cnabkoi Heeid'eMHocmi acoyilioeaHoi keadpamu4Hoi ¢popmu Timca. Y eunadky 3amiHu Ha dodamHicmb ma
Heegid'eMHicmb maki 4. 8. MHOXUHU, SIKUX Ha3uearomb €idnoeioHo P-kpumu4yHumu ma NP-kpumuy4HuMu, onucaHi asmopom pa3om 3 B. BoHdapeHKkoMm
(ix yucno, 3 mo4yHicmto Ao izomopghiamy i dyanbHocmi, dopieHroe 75 i 115).

Y nponoHoeaHili cmammi docnidxeHo KoMb6iHamopHi enacmueocmi diazpam Xacce NP-Kpumu4yHUX 4. 8. MHOXUH.

Knw4yoBi cnoBa: Y. e MHOXUHa, KpUMUYHa Ma CyrnepKpumMuyHa Y. 8. MHOXXUHa, yanbHicms, Giazpama Xacce, MiHiMaKcHa ekeieaneHmHicma.

ABTOp 3as1BMs€ Npo BIACYTHICTb KOHMNIKTY iHTepeciB. CnoHcopn He Gpanu yyacTi B po3pobneHHi gocnigkeHHs; y 36opi, aHanisi un
iHTepnpeTauii AaHWX; y HanMcaHHi pykonucy; B pilleHHi Nnpo ny6nikauito pesynbTartis.
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