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On tail behavior of infinite sums of independent
indicators

Alexander Iksanov* and Valeriya Kotelnikova'

Abstract

Let Y =), 14, be an infinite sum of the indicators of independent events.
We investigate a precise (as opposed to logarithmic) first-order asymptotic behavior
of the tail probabilities P{Y > n} and the point probabilities P{Y = n} as n —
oo. Our analysis provides a reasonably complete classification of the asymptotic
behaviors covering most cases of practical interest. These general results are then
applied to specific examples where the success probabilities r, := P(Ax) decay
polynomially 7, ~ ck™? or (sub-, super-) exponentially rj ~ ce‘kﬁ, yielding the
asymptotic tail and point probabilities in explicit forms.

As briefly discussed in the paper, infinite sums of independent indicators arise
naturally in numerous settings as diverse as the range of Poissonized samples, the
infinite Ginibre point processes and decoupled renewal processes, and records in
the F'® scheme. We also explore connections between our results and the theory
of Hayman-admissible functions, total positivity, and the Laguerre-Pélya class of

type 1.
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1 Introduction

1.1 General classification

Denote by A, As, ...independent events defined on a common probability space (2, F,P)
with r :=P(Ag) for k € N:={1,2,...}. PutY := ), ., 14, and note that, by the Borel-
Cantelli lemma, the series converges almost surely if, and only if, >, ., 7% < co. Further,
if 3 ,~, 7% = 00, then the series diverges almost surely. Therefore, throughout this paper
we assume that >, o, ry < 00.
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Our earlier works [7] and [14] were concerned with laws of the iterated logarithm for
infinite sums of the indicators of independent events parameterized by ¢ as t — oo (a
central limit theorem in this setting is an immediate consequence of the Lindeberg-Feller
theorem). In the present work the parameter ¢ is kept fixed or equivalently there is no
parametrization. Our purpose is to find a precise first-order asymptotic behavior of the
distribution tail P{Y > n} and the point probability P{Y = n} as n — oo.

Investigating an asymptotic decay of probabilities that Y takes extremely large values
only makes sense provided there are infinitely many positive rp. On the other hand,
it is possible that some 7., or even infinitely many r;, are equal to 0. Removing from
Y the indicators 1,4, with P(Ax) = 0 does not change Y. Hence, in what follows it is
tacitly assumed that all r, are positive. Since the distribution of Y is invariant under
permutations of the events, we can and do enumerate them so that the sequence (ry)g>1
is nonincreasing.

Put ¢y (s) :=log(rre® + 1 — ) for s € R and k € N. Then for s € R

)= Sy = e = [[re + 1) = exp (3 wa(s)) =t exp((s)) < oo

n>0 k>1 k>1
(1)

The function 9 is infinitely differentiable on R with

Y'(s) = Z e and 9" (s) Z (1= reJree” seR. (2)

rges +1—r (rpes+1—r
o1 TRt k =7 (ke + k)2

To obtain the first equality, we have represented ¢//(s) as the limit and then used the dom-
inated convergence theorem to interchange the passage to a limit and infinite summation.
The second equality is justified analogously. By Fatou’s lemma, limg ., 9'(s) = 4o0.
The function ¢’ is strictly increasing (and consequently, v is strictly convex). In view of
YP'(0) = > o i < 00, for each integer n > [¢(0)] + 1, there exists a unique solution in
(0,00) to the equation ¥/(s) = n that we denote by s,. Plainly, n — oo if, and only if,
Sp — 00.

To understand origins of the classification given below, note that ¢'(s,) = n may be

rewritten as
n

1—ryg rLe’"
e — S 3

k=1 k>n+1

Here are our main results.



Regime ¢ (s,) — oo

Theorem 1.1. As n — oo, the following are equivalent:

- 1—1r rLe’n
(a) E — = E 0
T]CGS"—Fl—T]C Tke‘g”—i-l—Tk ’
k=1 k>n+1

(b) ¢"(sn) —> 00;
(¢) Yhor T €7 = 00 and 3o,y THES — 00,

If any of (a)-(c) holds, then

PY 2 np ~PlY —np ~ SRS o

Regime 9" (s,) — 0

Theorem 1.2. As n — oo, the following are equivalent:

1—ry rpe’
— L R—
(a) Z rresn + 1 — Z reesr + 1 — 1y '

k>n+1
(b) ¥"(sn) = 0;

(¢) Yo e =0

(d) ZanH rge’® — 0.

If any of (a)-(d) holds, then

P{Y > n} ~P{Y =n} ~ exp(¥(s,) — $,%'(5)), n — 0.

In the remaining case lim, . " (s,) € (0, 00) our result is not as clean as the previous
ones. Here, we require a number of additional assumptions. A complication arising in
this case is briefly discussed in Remark 6.4.

Regime lim,, . 9" (s,,) € (0, 00)

Theorem 1.3. Assume that

(a) for each k € N, there exists a limit lim,_ oo Tpyre®™ =: pr € [0,00). Further-
more, there is a sequence (o )g>1 and an integer Ny € N such that

sup rpak€’ < prp + o and Z (P + ag) <
= k>1

(b) for each k € Ny := NU{0}, there exists a limit lim, ,o, 1,67 =: g1 € [0, 00).




Furthermore, there is a sequence (Sk)k>0 and an integer Ny € N such that

sup r, e " < g+ B and Z(qk + k) < 00
n>Ng 5>0

(c) qo > 0.
Then, as n — oo, the following limits exist:
(1) Dk ry e — > k>0 9k € (0,00);

(i) Zan—i-l rRe’ — 21@1 pr € (0,00);

// Dk .
() Vo) 3 T o * X oy © O

k>0 k>1

1= e qk Dk
(iv) Zrk Z — =Yy —— € (0,0).

65"+1—Tk kon +1Tk68"+1—7”k k201+Qk k211+pk

Furthermore,
P{Y > n} ~ P{Y = 1} ~ coexp(ih(sn) — sut(50)), 1 = 00,

with co :== P{}_, -0 0m = 0} satisfying co € (0,1). Here, 6y € {—1,0} and 0, €
{=1,0,1} for m € N are independent random variables with the distributions

1

P =0 = ey = S T e
G

(L4 pm) (14 gm)

and P{6,, = -1} =

Remark 1.4. Equivalently, for m € N, the random variable #,, arising in Theorem 1.3
may be represented as 6, = ;F — 0 where 6 and 6, are independent Bernoulli random
variables with success probabilities p,,/(1 4+ pn) and ¢,,/(1 + ¢.,), respectively. Setting
po := 0, this representation also extends to m = 0, because §; then has success probability
po/(1+ po) = 0 and is therefore equal to 0 almost surely.

Remark 1.5. Put I(z) := sup,~q (sz — ¢(s)) for x > 0. The function [ is the Legendre
transform of the distribution of Y. Since I(n) = 5,1 (s,) —1(s,) for n > [¢/(0)] + 1, the
asymptotic relations in Theorems 1.1, 1.2 and 1.3 can equivalently be written in terms of
the Legendre transform.

Remark 1.6. Let X be a non-negative integer-valued random variable such that E[e*¥] <
oo for all s € R and P{X = n} > 0 for all sufficiently large n. In particular, ¥ satisfies
these assumptions. For any such X, liminf, ,, P{X > n}/P{X = n} = 1. However,
limsup,,_,.. P{X > n}/P{X = n} need not be equal to 1. For instance, let P{X = 2k} =
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P{X = 2k + 1} = ce ™ for k € Ny, where ¢ is a normalizing constant. For this choice,
the latter lim sup is equal to 2.

Remark 1.7. This remark is motivated by the fact that ¢”(s,) may have several limit
points rather than a unique limit. In such scenarios, the statements in Theorems 1.1, 1.2
and 1.3, with the exception of the equivalence P{Y > n;} ~ P{Y = n,}, remain valid
when n is replaced by appropriate subsequences n; — oo.

1.2 General results in action

Denote by ¢ the (analytic continuation of) the Riemann zeta function. It is defined by

C(s) == ! Z(_l)n_l s€C,Res >0
Tl ’

and
((s) = 2(2m)* 'T(1 — s) sin(7s/2)¢(1 — s), s€ C,Res <0,
where I' denotes the Euler gamma-function.
Define for k € Ny the kth Bernoulli polynomial Bk : R — R by a generating function

tzt
© —ZBk k'.

The first few Bernoulli polynomials are

By(x) = 1;

By(z) =2 —x+ —.

As usual, || and {x} will denote the integer and fractional part of z € R, respectively.
Theorem 1.8. The following asymptotic equivalences hold as n — oo.

(a) Let 3> 1 and c> 0. If ry = ck™? for k € N, then
P{Y >n} ~ P{Y =n} ~ exp ( — Bnlogn — 5(1 <5S;HC(17/T[3/5)> — 1>n
_p ;_ ! logn — glog(2ﬁ sin(w/3)) — %10g(27r) + %log B).
(b) Let B € (0,1), c>0 and put £ = [(1+B)/(28)]. If ri, = c exp(—kP) for k € N, then
P{Y >n} ~ P{Y =n}

B \L2 1 ﬁnw 1+1/5 i .
N s

' % (e e i | (777 st - c-5)).



Here, f; == j1(1 — 27U ((j + 2) for j € Ny, as is defined by as(n) = Ay gn=28 +
Ag gn™P + .+ Apy, gn 218 and A; 5 are the constants which can be calculated
explicitly.

(c) Let ¢ > 0. If ry = c exp(—k) for k € N, then
P{Y >n} ~ P{Y =n} ~ coexp(—n2/2+(10gc—1/2)n—1/8+01—I—h2(1/2)>

with the function hy and the constant ¢y as defined in Lemma 8.15, and a constant
co 1= ]P’{ D kso Ok = 0} satisfying co € (0,1). Here, the random variables 0y are as
defined in Theorem 1.3, with py, := e **/2 and q = e *=1/2.

(d) Let 3> 1 and ¢ > 0. If 1, = c exp(—k®) for k € N, then

1 1 1 1
P{Y >n} ~ P{Y =n} ~ exp (— mnBH - En(ﬂﬂ)ﬂ —|—logc<1 - E)n— 35
+
o (nf-0 4 (1 F= DYy (B1) /2
3 {e<l(8+1)/2]} ’

where By are the Bernoulli polynomials.

Remark 1.9 (to Theorem 1.8(b)). The paragraph containing formula (37) provides an
explanation on how to calculate the coefficients A; g appearing in Theorem 1.8(b). For
instance, for 5 € (1/3,1), as n — oo,

3 1/2 1 1 2 _
P 2np ~ (5rm5) e (- Ty gt trlese s gnt gl - oem).

where fo = 72/12. For B € (1/4,1/3], as n — oo,

1/2 1 2
P{Y >n} ~ (27”515) exp( B n'*? + nloge — Enﬁ + Bfonl_ﬁ

(G- G- )2 -1(G-1)ah+ (5-2) )0 - d-9),

where fo = ¢ = 72/12 and f, = 77*/360.
Remark 1.10 (to Theorem 1.8(d)). For instance, for § € (1,2), the result reads: as n — oo

1 1 1
P{Y >n} ~ P{Y =n} ~exp ( - mnﬁﬂ - 5715 + (logc)n — %nﬁl +3 logc).



2 Some motivating examples

Our interest in the random variable Y was raised by its appearance in various guises. To
be more precise, we now give some examples.

Example 2.1 (The range of Poissonized samples and related variables). Let (7(t)):>0
be a Poisson process of unit intensity, which is independent of &, &, ... independent
identically distributed random variables taking infinitely many values in N and having the
distribution p; :=P{& = j} for j € N. Fizt > 0 and denote by Ran({, w(t)) the range of
the sample &1, . .., &), that is, the number of distinct values attained by the sample. Also,
for k € N, denote by m(t) the number of times that the value k appears in the sample. By
the thinning property of Poisson processes, the variables wi(t), mo(t), ... are independent,
and 7(t) has the Poisson distribution of mean tpy. Then Ran(&,7(t)) = > 1~ Lir1)>1)
is a version of Y, with r, =1 — e "% for k € N. -

Analogously, the number of values appearing at least j times, precisely j times,
and a positive even number of times, given by 2@1 Lim(t)>53» 21@1 Lim (=5} and
> ko1 Limuyeany are also versions of Y, with 1y = 1—e Pk (1+tpp+.. .+ (tpe)? /(G — 1)),
e = e () /51 and rp = Yo € PR (tpr)' /il = (1 — e7P%)2 /2, respectively.

Actually, there is a one-to-one correspondence between the distributions of the ranges
of Poissonized samples and the distributions of Y for which ry < 1 for all k € N (if
r. = 1 for at least one k, then P{Y = 0} = 0, whereas a Poissonized sample has an empty
range with positive probability). Indeed, every such random variable Y =Y, 14, with
> is1 Tk < 00 has the same distribution as Ran(&, w(to)) with to := >+, | log(1—ry)| and
pj =P{& = j} = —log(1—7;)/ty for j € N. With this at hand, we can derive a universal
upper bound for P{Y > n}. Since Ran(§, m(ty)) < m(to) almost surely, we conclude with
the help of Stirling’s formula that as n — oo

ty et

PV > n} < P(to) 2 n} ~ Pimlto) = n} = e™00h ~ o

In particular, this implies that E[e®Y] < oo for all s > 0.

Example 2.2 (The infinite Ginibre point process and decoupled renewal processes). Let
&1, &a, ... be independent copies of a nonnegative random variable £. Put S, =& +...+&,
forn € N. The random sequence (Sy,)n>1 15 called standard random walk with nonnegative
Jumps. Let Si, Ss, ... be independent random variables such that, for each n € N, S, has
the same distribution as S,. Following [3], we call the sequence (S,)n>1 a decoupled
standard random walk.

Let © be the infinite Ginibre point process on the set of complex numbers C, that is,
a simple point process such that, for any k € N and any pairwise disjoint Borel subsets

Bl,...,Bk OfC,

E[ﬁ@(Bj)} = /B det(ezizf)1§i7j§kp(dzl) cop(dag),

1><...><B;C

where z is the complex conjugate of z € C, det denotes the determinant, and p is a Gaus-
sian distribution defined by p(dz) = mle lFPdz for z € C. Fiz any t > 0. According to
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an infinite version of Kostlan’s result [16], ©{z € C: |2] < t'/2} has the same distribution
as 2@1 Leg <iy which is an instance of Y. Here, Sy has an exponential distribution of
unit mean. More generally, the variable Zn21 lig <y which is the value of a decoupled

renewal process at time t is an instance of Y even if the distribution of Sy is arbitrary
nondegenerate.

Example 2.3 (Records in the F'® scheme). Let (ou)r>1 be positive numbers satisfying
Yosi e < 00 and F'a continuous distribution function on R. Let my, na,... be inde-
pendent random variables such that P{n, < z} = F*(x) for + € R. Noting that 1, is a
record value, put, for 1 > 2,

A; = {n; > max(ny,...,mi—1)} = {a record in the sequence (nx)r>1 occurs at time i}.

According to Lemma 25.4 on p. 109 in [18], r; = P(4;) = a;/(a1 + ... + o) fori > 2.
Since Y 5, o < 00 is equivalent to Y., i < 00, we infer that the variable 1+ 3., 14,
which is the number of records in the sequence (Ng)k>1 is a version of Y.

Example 2.4. This example was kindly supplied by Alezander Gnedin. For X\ > 0, let Z
be a random wvariable with the distribution

1 )\2n+1

PZ=nt=Gmmansnr "N

(the right-hand side is a restriction of the Poisson distribution to odd numbers). An
application of the Weierstrass factorization theorem to the generating function of Z yields

2, sinh(As'/2) A Ns o\ (mk)? A2
Els™] = sinh(A\)s1/2 ~ sinh()\) kl:[l (H(wT)?) B g ((M)? VAl (7k)? + )\28>’ sekk

Thus, Z is a version of Y with ry, = N?((7k)? + X?)~! for k € N. We note in passing that
an application of the Stirling formula yields

A

P{Z = ~
{ n} 471/2sinh(\)

672n log(2n) ()\6)2717573/27 n — 00. (5)

By a similar argument, a random variable ¥ with the distribution

P{ 1 A N
{=n}= cosh(\) (2n)!” e
is a version of Y with rp, = 4\?((w(2k — 1)) + 427! for k € N.

Since both distributions appearing in this example are close to the Poisson distribution,
it seems curious that, for no ry, does 'Y have a Poisson distribution. This follows from
Raikov’s theorem, see, for instance, Theorem 5.1.2 on p. 132 in [17], which states that if
the sum of two independent random variables has a (possibly shifted) Poisson distribution,
then so does each summand. It is equally remarkable that the variable Y, 1a, La,,,,
with r, = 1/k for k € N, does have the Poisson distribution of unit mean. The partial
history of this intriguing observation can be traced via the references given in [8].
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3 Connection to other fields of mathematics

3.1 Connection to analytic function theory

Assuming a stronger condition limg o, ¢ (s) = oo, instead of lim,, ., ¥"(s,) = oo, the
asymptotic relation for P{Y = n} in Theorem 1.1 follows from the theory of Hayman-
admissible (or simply admissible) functions developed by Hayman [13] in 1956.

Let C denote the set of complex numbers. Consider a class of functions f(z) =
Y nso @n2" for z € C which are admissible. For the full definition of admissible function
we refer to [13]. Here, we only state a sufficient condition (Theorem 11 in [13]).

Theorem 3.1. A function f is admissible provided that

e f is an entire function of genus zero, that is, f admits a representation
z
()
f(z) = const z H ”
k>1

where m. is the order of the zero z = 0 (if f(0) # 0, then m = 0), 2z, are nonzero
roots of f (the number of z, may be finite), and Y-, -, |2~ < oo;

e f(x) >0 forlarge x > 0;

f'@) o f'(x)

e b(x):==x +x
@ =5+ (i
e for some § > 0, f has finitely many zeros in the angle |argz| < 7 /2 + 0.

Define a function a by a(xz) = xj;/((;)) for x € R. According to Corollary I in [13],

/
) — 00 as T — 00;

a is positive and increasing on (zg,00) for some zq > 0. For large n € N, let z,, be a
unique solution to a(z) = n. We omit the explanation, which can be found in [13], why
the solution exists and is unique. The main result of Hayman’s paper is the following
theorem.

Theorem 3.2. For an admissible function f,

Ap ~ ———————=, N — 0. (6)

an\/2mb(x,)

Analytic proof of the main relation of Theorem 1.1 under limg_,, " (s) = co. Put

f(z):= Z]P’{Y =n}i" = H(l — T+ TR2).

n>0 k>1

Since a, = P{Y = n}, the asymptotic behavior of P{Y = n} as n — oo follows from
Theorem 3.2.

Here are details. First, we point out representations for functions a and b. Recall that
the function ¢ was defined in (1). We start with

) - <Zlog(1 — T+ rk:c)>/ = (¢(log)) = Z -

f(z) i1 =1 1—r,+rx




for x > 1, where we have used (2) for the last equality. Hence, for x > 1 =: x, the

function a is defined by
T
a\r) = E S ——
(z) = 1—rp+rgx

Invoking (2) again, we obtain that
2

(55) = whogay = - 3 -

f(z) (1 = rp + )

for x > 1. Therefore,

'r;p (1—Tk)T]€J]
b _ k _ .
(z) = Z 1—7’k+rkx kg: (1 — 7y + rpx)? Z (1 =7y + rpx)?

k>1 k>1

Summarizing, we have, for s > 0,

f(e?) =exp(d(s)); (7)

a(e®) =1'(s); (8)

b(e®) =" (s). (9)

Now, we are ready to check the sufficient conditions for admissibility stated in Theo-
rem 3.1:

o forall 2 >0, f(2) >0
e the zeros of f are zy = —(1 — ry)/rg, whence arg z;, = 7 for all k € N;

e Hadamard’s canonical representation for f is

e =TIa-m Il (1+ 1?2) ~TIa -1 (1~ fk)

j>1 k>1 j>1 k>1

which implies that the genus of f is zero;

e in view of (9), the condition lim, , b(z) = oo is equivalent to lims_, 9" (s) = oc.

In view of (8), the equation ¢’(s,) = n is equivalent to a(z,) = n with x,, = e*». With
this and (7) at hand, (6) reads

OO [ = (TS

(esn)y/27mh(esn) \/2m)" (sp) ’

A proof of P{Y > n} ~ P{Y = n} does not follow directly from Theorem 3.2 and has to

be worked out separately, for instance, by verifying relation (19) given below. O

n — o0.

The definition of admissible function includes the condition lim, ., b(z) = co. Ac-
cording to (9), this limit relation is equivalent to lims . 9"(s) = co. Hence, Theorem 3.2
only applies to the distributions of Y satisfying lim,_,., " (s) = oo.

To the best of our knowledge, there is no counterpart of Theorem 3.2 in the case
liminf, . b(z) < co. However, there is a recent article [10] investigating the asymptotic
behavior of the nth order convolutions ;. _ P{V = i1 }P{V =iy} -... - P{V =1i,}
for k € N as n — oo, where V' is a random variable taking values in Ny. The condition
lim, ,, b(z) = oo is not required in that work.

10



3.2 Connection to total positivity

This connection was noticed by Alexander Gnedin. According to [2], a real matrix, finite
or infinite, is called totally positive if its minors of all orders are nonnegative. A real
sequence ag, a, . ..(ag = 1) is called totally positive if the corresponding infinite matrix
D is totally positive

Qo 0 0
a; Qo 0
D= Gz a3 Qg

The same paper [2] provides necessary and sufficient conditions for total positivity of a
sequence.

Theorem 3.3. The sequence ag,aq,...(ag = 1) is totally positive if, and only if, its
generating function f is of the form

1) =S = i‘g

k>0 k>1

where v >0, a >0, B, >0 for all k € N, Zk;zl oy, < 0o and Zk;ZI B < 00.

Assume that one is interested in a precise first-order asymptotic behavior of a,, the
nth element of a totally positive sequence, as n — oo. Without loss of generality, we can
and do assume that all 8 < 1. Indeed, if this is not the case, put M := maxy>1 B + 1

and consider . +
z —z
1(57) = G | e ot

k> 0 k>1

Then, with aj, := % for & € Ny, by Theorem 3.3, (aﬁﬂ)kzg is also a totally positive
sequence but with all 3 := B—Aj < 1. Plainly, a precise first-order asymptotic behavior of
a, immediately follows from that of a/,.

For A > 0 and p € (0,1), let Poiss(\), Bern(p) and Geom(p) denote random variables
having the Poisson distribution with parameter A, that is, P{Poiss(\) = j} = e_”j‘.—i for
J € Ny, the Bernoulli distribution with success probability p, that is, P{Bern(p) = 1} = p
and P{Bern(p) = 0} = 1 — p, and a geometric distribution with parameter p, that is,
P{Geom(p) = j} = (1 — p)’p for j € N.

Let f be a generating function as in Theorem 3.3. Then z — f(z)/f(1) is the generat-
ing function of a random variable X say, taking nonnegative integer values and satisfying

P{X < oo} =1, that is,
(2)
1 =Y Px =

n>0

In other words, a, is now represented as f(1)P{X = n}. The variable X has the same
distribution as Poiss(y) + >, Bern(335-) + 32,5, Geom(1 — 53;), where all the sum-
mands are independent. In this settmg, our paper is concerned with a precise first-order
asymptotic behavior of P{}_, ., Bern({%-) = n} as n — co. The remaining steps are

1+
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e to derive a precise first-order asymptotic behavior of P{}_,., Geom(1 — 3;) = n} as
n — 0o,

e to deduce an asymptotic behavior of P{X = n} using the fact that X is the sum
of three independent random variables with known asymptotic behaviors of their
point probabilities.

Our results are useful for deriving the precise asymptotic behavior of a, when the
geometric component is absent, that is, 5, = 0 for all £ > 1. Conversely, if at least
one f; > 0, the geometric sum dominates. Denoting fma.x := maxy>1 B¢, one can show
that a, ~ f()EBLLP{>",., Geom(l — 3;) = n}, where 6 denotes a random variable
distributed as Poiss(y) 4+ >_,-; Bern({£-).

Totally positive sequences, and particularly Theorem 3.3, “reincarnate” in other areas

of mathematics under new circumstances:

e Theorem 3.3 was independently obtained 13 years later in the theory of representa-
tions of the infinite symmetric group in [21];

e in [22], Theorem 3.3 is reproved via the ergodic method, and a connection with the
Young graph is established;

e invoking Theorem 3.3 an implicit classification for Schur-positive specializations was
given in [15];

e a consequence of Theorem 3.3 is used in combinatorics in various guises, see, for
instance, [6] for an explanation of the fact that many polynomials arising in combi-
natorics are known (or conjectured) to have only real zeros.

3.3 Connection to Laguerre-Pdlya classes

This connection was pointed out by Alexander Marynych. By Theorem 3.3, totally pos-
itive sequences with entire generating functions are precisely those whose corresponding
random series lack the geometric component, or equivalently, those with generating func-

tions of the form
f(z) =e" [+ an2),
E>1

where v > 0, o > 0 for all £k € N and Zkzl ap < 00.
These generating functions belong to the so-called Laguerre-Polya class of type I, which
consists of real entire functions g admitting the representation

(o) = [ (14 2),

k>1

where c € R, v >0, n € Ny, 7 >0 forall k € Nand >, 7, < oc.

The Laguerre-Pélya class of type I is of particular interest in complex analysis, since
it is the class of local uniform limits of polynomials with only real and non-positive roots,
see Theorem A in [19].

12



4 Our approach
A change of measure. Put 1, := 14, for k£ € N, so that Y = ZkZI nk. For each s > 0,

define a new probability measure P(*) by

E[e® g(n1,m2, -, )]
E[GSY]

E(S) [9(7717 2, .- 77]/€)] = (10)
for all & € N and all bounded measurable functions g : R¥ — C. Here, E® denotes
expectation with respect to P(*). The change of measure only affects the marginal distri-
butions of 0y, 72, . . . In particular, these random variables are still independent under P(®).
Moreover, the variables 7, remain Bernoulli distributed, with the respective new success

- rie’
probabilities 45—

For any measurable bounded function f : R — R, put g(xy, 29, ..., 2) = f(Zle x;)

for (w1, 2o, ...,7) € R*. Using (10) with the so defined g and sending k — oo we arrive
at
E[e™ f(V)]
EG[£(V)] = ) 11
)] = =, (1)

A specialization of (11), with any n € N fixed and f(z) := e™** 1., yields

P{Y =n} = E[esY POy = n}. (12)
A formula for P{Y =n}. Using (11) we infer
&y E[e™Y] _ (s
EOY] = Sl = v/) (13)

An alternative way to derive (13) is to recall the series representation (2) for ¢

EO] = 3 PO = Y0 T )

k>1 k>1 Hl=m
We shall use (12) with s = s, as defined in Section 1, that is, the unique solution to
E®)[Y] = n, see (13). Invoking

_ _ (sn) _ /
e~ — o spE Y] — e s’ (sn)

we obtain a formula

P{Y =n} = exp(¢(s) — s¢/(s))PHY = n} (14)
with s = s,, which is a starting point of the subsequent analysis.

Remark 4.1. Typically, it is hard to find an inverse function for s — E®)[Y]. Solving the
equation E®)[Y] = n, even approximately in s, is then a non-trivial task. We suggest
to deal with this complication in the following way. We solve the equation E®)[Y] = n
approximately, that is, we find a solution s, to E®)[Y]+ o(1/s) = n. Then

e_snn — e—sn(E(S”>[Y]+O(1/Sn)) ~ e_Sn’d/(S’ﬂ)’ n — oo.
Hence, for s = s,

P{Y =n} ~ exp(¢(s) — s¢'(s))PH{Y =n}, n — oo. (15)
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The classification presented in Theorems 1.1, 1.2 and 1.3 is essentially determined by
the asymptotic behavior of the variance Var " [Y] := EGn)[Y?] — (E¢»)[Y])2.
The asymptotic behavior of Var “")Y as n — co. Put Yy(s) := Y — E®[Y]. For
notational simplicity, we often write Yj in place of Yy(s). According to (11) and (13),
E[eSYYZ] (E[esY])//

E@Y?) = E[e™Y] = Efe™] and EC[Y] = (IIEE[;SSY]])/

Invoking (2), we conclude that

BN - B0 - @7 - S - (Bt - ()

_ ¢Il(5) _ ; (riis__i_?)iki:)?' (16)

Analogously to the computation of E(®)[Y], formula (16) can be obtained directly from
the independence of the variables 7

Var O] = Y var Ol = 3 (1

res+1—r res+1—r
o1 o1 Tk + k k€° + k

S

) =v(s).

5 An extension to asymptotically equivalent proba-
bilities

As of now, the application scope of Theorem 1.8 is limited just to 7, = ck™” for 8 > 1
or 1y = ce " for S > 0. We aim at broadening the obtained results for (ug)r>1, where
up ~ 1, as k — oo. First, we state Theorem 5.1, a general result. Then we illustrate
Theorem 5.1 with specific examples.

Theorem 5.1. Let (uy)i>1 and (ry)i>1 be the success probabilities satisfying > <, w < 00
and Y o 1T < 00. Let'Y, and Y, be the corresponding infinite sums of independent
indicators and 1, and 1), the corresponding counterparts of 1.

Assume that uy, = ri(1+¢) fork € N, and ), -, |ex] < 0o. Denote by s, the solution
to Y (s) = n. Suppose that (ry)r>1 satisfies the assumptions of Theorem 1.1 or 1.2 or 1.3
and additionally that

e " Z lew|/r = 0(1/s,) and e Z lex|rr = 0(1/sn), n — oc.
k=1

k>n+1

Then (ug)g>1 also satisfies the assumptions of the same theorem and
P{Y, >n} ~ P{Y,=n} ~ AP{Y,=n} ~ AP{Y, >n}, n—

with a constant A = [[5,(1 + &) € (0,00).

14



Application 1. Recovering the result of Example 2.4.
Put r, = N2 (7k)™2 and up = \?((wk)2+ 237! for k € N. Then g, = —\*((wk)?+\?)~!
and ) ;- [ex| < oo. From equation (29) (with 8 = 2) in the proof of Theorem 1.8(a)

below it follows that s, = 2log (n + %) + 2log (%) + 0o(1) as n — oo. With this at hand,
we check that, as n — oo,

—s - —s . mk ? —s - -
o) Jekl/re = ”Zwiyﬁﬁne "= 0(n™) = o((logn)™)
k=1 k=1

and
e D el < e Y M(wk) Tt =e0(n?) = O(n™") = o((logn) ).
k>n+1 k>n+1

Therefore, all the conditions of Theorem 5.1 are satisfied. To calculate the constant A,
write

1 A
a=11 < 24 )\2> T Lo (T + X2(mk)2) — sinh(A)’

k>1

Applying Theorem 5.1 together with the case = 2 of Theorem 1.8(a) we obtain

P{Z >n} ~P{Z =n} ~ exp(—2nlog(2n) + 2n)A\2mn =3/

A
471/2 sinh(\)
as n — 0o, which is in full agreement with (5).
Application 2. The range of Poissonized samples.

Consider the setting of Example 2.1 with p, = ce * for k € N and 8 > 1. Fix any
t > 0. The variable Ran(§, w(t)) is a version of Y with u, = 1 — e for k£ € N. Put
ry = tpr = tce *” for k € N. Then Y p>1 T < 0o. Further, in view of

Up — Tk tpe —1+e P tpy
NIy

tpk =27
we infer -, [ex| < /2. According to the proof of Theorem 1.8(d) given in Section 8.8
below, s, = n® + nB=Y/2 for large n. With this at hand we obtain, as n — oo,

n

e Y Jenl/r < ne~ /2 = o(n~7)

k=1
and
- - —okp
e’r E lex|r, < 27 1% E pr = 27 (tc)?e E e 2k
k>nt1 k>nt1 k>nt1

< 21(tc)2es”/ e 2 dy = (tc)25121/5165"/ e Yyl/P-1dy
n 21’1,6

~ 2’2(tc)2671e3"e’2”ﬁn1’5 = o(n™").

Here, for the last equivalence we have used [y le™¥dy ~ 2°'e ™ as & — oo for a > 0.

Summarizing, the conditions of Theorem 5.1 are satisfied. Hence, the asymptotic
relations stated in Theorem 1.8(d) hold true for Ran(€, 7(t)) with p, = ce ¥, up to the
. . . —t
multiplicative constant A =[], (1+ex) = [T, * o =

15



6 Proofs for Section 1.1

6.1 Auxiliary results

Since s, is only defined for n > [¢’'(0)] + 1, we tacitly assume that n is large enough
whenever needed. First, we prove several inequalities for a general sequence (r)i>1.
Recall that we assume r, > 0 for all £ € N throughout the paper.

Moreover, by our earlier convention, the sequence (ry)g>1 is nonincreasing. Recalling
that lim, ., s, = oo, we fix large enough n satisfying re** > 1. Since s, < oo and
rr tends to 0 monotonically, there exists positive integer K, such that rpe® > 1 for all
k< K, and rpe®» < 1 for all k > K, + 1.

Lemma 6.1. The following inequalities hold:

rRe’"
o) V(s <2 S — e
(a) ¥ (s0) Z+1_
1 Sn
(b) V" (sy) > 5 Z S for n so large that r, < 1/2 for all k > n+1;
3 Tkes”—i-l—rk
k>n+1
/ra Sn;
() Zrke%—f—l—m_; k
d
(@) 3 < 3 e
E>n41 k>n+1

Proof. (a) follows from (3) and

n

" (1 — rg)ree’ 1—rg rre’
)= <N -k _—
Y(sn) Z(rke&b—i—l—rk)?_;rkesn+1—rk+ Z resn + 1 —ry

k>1 k>n+1

(b) Fix n € N so large that r, < 1/2 for all £ > n + 1. Assume first that K, <n. Then
rre’” < 1 for all k > n + 1. As a consequence,

1 —r )TkeS" TkGS"
" > ( k > — —_—.
(8 (S") = Z (frkesn +1-— Tk)2 -3 Z rrest + 1 —rg

k>n+1

—_

Let now K,, > n. Then rpe® > 1 for all £ < n and thereupon

(1 — rg)rge’ 1 — 11—
> > S S

which completes the proof of (b) by (3).
(c) follows from

n

P
rkesn—i—l—rk_

— 1
—Sn
E Tk .
k=1

(d) is trivial. O

3
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Recall the notation 7, = 14, for £ € N. To prove Theorem 1.1, we need the following
lemma.

Lemma 6.2. For k€N, s >0 and |u| <7

- 20 (1 —ry)rpe’ 20
E(s) une]| < (__ ) _ (__ " > 1
| < enp (- 2 oI o (2t (17)

Proof. We thank the referee for suggesting the following short proof.

Recall that under P, the variable 1, has the Bernoulli distribution with the success
probability rie®/(re® + 1 — ri). More generally, let n = Bern(p), where p € (0,1),
and denote its variance by o? := Var[n] = p(1 — p). Then invoking (1 — cosu)/u® >
(1 —cosm)/m? = 2/x? for |u| < 7, we obtain

[E[e“|]> = |1 —p+ pe™|* = (1 — p)* +p* + 2p(1 — p) cosu = 1 — 20*(1 — cosu)

2 _ 4 2.2
< e—20 (1—cosu) <e Lo

Applying this bound to 7;, under P®), we arrive at (17). O
To prove Theorem 1.3, we need the following inequality.
Lemma 6.3. For any z € (—n,m) and w € [0, 1],
[log(1 + (e — 1)w)| < 2u| tan(2/2)],
where log denotes the principal branch of the logarithm.
Proof. Let u := (¥ — 1)w. First, note that
lu|? = 2w?(1 — cos z) = 4w? sin®(z/2).
Furthermore, for any z € [0, 1], we have
11+ uz|* =1 - 2zw(l — 2w)(1 — cos z) = 1 — daw(l — zw) sin®(z/2) > cos?(z/2),
since p(1 —p) < 1/4 for all p € [0,1]. With this at hand, we arrive at the desired estimate

U
14+ ux

Uyl 2w|sin(z/2)|
—dr  ———.
o T4wux| = |cos(z/2)]

|log(1 +u)| = ‘/01

dx‘ <

Observe that the segment {1+ wuz : x € [0, 1]} does not intersect (—oo, 0], so that the
principal logarithm is analytic along this segment. O]

6.2 Proofs of Theorems 1.1, 1.2 and 1.3

Unless stated otherwise, all the limits below are assumed to be taken as n — oc.
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Proof of Theorem 1.1. (a)=(b) follows from Lemma 6.1(b).

(b)=-(a) follows from Lemma 6.1(a).

(a)=(c) follows from Lemma 6.1(c,d).

(¢)=(a). Fix n € N satisfying n > ky := min{k € N : r, < 1}. We use K,, as defined
in Section 6.1. Assume first that K, < n. Then re» < 1 forall k >n+1. Asa

consequence,
rRe’" 1
P e mt D D
resn —-r
k>ntl F + k k>ntl

Let now K,, > n. Then rpe® > 1 for all £ < n and thereupon

11—y - (r,;l —1)e 1 _1 B 1— 7’k1 1
- = > _ 1 Sn > Sn
Zrke3n+1—rk kz:;l—i-('rkl—l)e 2;( Je Z

k=1 k=k1

Combining both inequalities together we obtain

n

L —rg e’ 1—ry
S X ez i 3 e Y e )
rpest +1—r rest +1—r
=1k koogont1 ' k k

k>n+1 k=k1

exp(Y(sn) — $a9'(sn))
(2m" () /2

asymptotic relation follows if we can show that

Proof of P{Y > n} ~P{Y =n} ~

. In view of (14), the second

1

PEY =n) ~ R (18)
By the Stolz—Cesaro theorem, P{Y = n} ~ P{Y > n} follows if we can prove that
i ey g = (19
Fix any 7 € Ny. A counterpart of (12), with n 4 j replacing n, reads
P{Y =n+ j} = e 7" E[e"PEY = n + 5} (20)
Since lim,, o0 S, = +00, both (18) and (19) are secured by
PEY =n+ 45} ~ ! (21)

(27" (sn)) /2"

with 7 =0 and 5 = 1.
PROOF OF (21). For convenience, we write s in place of s,. In view of

Yo=Yo(s) =Y —EV[Y] =Y —n=> (L, —PY(A)),

k>1

18



the variable Yy under P®) is an infinite sum of independent bounded random variables
with zero means. Hence, the relation

lim B exp(iu(t”(s,)) "> (Yo(sa) — 1)) = ™72, ueR (22)
n—oo
is an immediate consequence of the Lindeberg-Feller theorem and lim,, ., 9" (s,) = oo,
see, for instance, Theorem 3.4.10 on p.148 in [9].
For any n > [¢/(0)] + 1,

1 . . 4 1 . .
PEY =n+ 5} = / e FHIEG [ ]dy = — E®)[e*(0=9)]dz.
POy —niy= g [ i =g [ )
Changing the variable u = z(¢)"(s))"/? yields
1
POHY =n+j} = —/ E® [exp(iu(¥"(s)) /(Yo — j))ldu
27T<”¢//(8)>1/2 lu|<m (" (s))1/2

W / E exp(iu(t(s) ™2 (Yo = )] Lujenurioye du. (23)

To derive (21) from (23), we apply the dominated convergence theorem. To this end,
first note that by Lemma 6.2, for u satisfying |u| < m("(s))"/?,

[E exp(iu(y”(s)) 2 (Yo — )] = ] T IE@ fexp(iu(v”(s))*n0)]|

k>1

o~ 25 ) o (- 2).

k>1

Therefore, exp(—2u?/7?) is a sought integrable majorant for the last integral in (23).
The pointwise limit of the integrand is described in (22). To arrive at (21), it remains
to note that [p e~ /2dy, = \/27. m
ALTERNATIVE PROOF OF (21). For all sufficiently large n, put a,(k) := P {Y = k}
for k € Ny. We first show that the sequence (a,(k))r>o is log-concave.

If r, = 1 for some k& € N, then the corresponding indicator 7 is equal to 1. Since
Y ks Tk < 00, there are only finitely many indices & for which 7, = 1. Removing the
corresponding indicators merely shifts Y by a constant, and such a shift does not affect
log-concavity. Therefore, we may assume, without loss of generality, that r, < 1 for all
k € N. In particular,

P{y =0} = [J(1—r) > 0.

k>1
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The generating function of the normalized sequence <ggfﬁ) is given by
/520

P{Y = j} E[zY] 1 —ry+rpz
;P{Y—O}Z P{Y = 0} == 1—ry 1}( 1—rk>‘

k>1

Hence, by Theorem 3.3, the normalized sequence is totally positive and therefore log-
concave. Consequently, (P{Y = j});>¢ is also log-concave.
Invoking (11), we obtain, for any s € R and k € N,

Do e €EEPY =k})? e EHUP{Y = k4 1} esUP{Y =k — 1}
(]P) ){Y - k}) - (E[esy])z Z E[esy] E[esY]

=PEY =k + 1}PO{Y =k — 1}.

Thus, (an(k))r>o is log-concave.

As mentioned above, under P®»)| Y satisfies the Lindeberg-Feller central limit the-
orem, with EG»)[Y] = n and Var ®"[Y] = 4" (s,), see (16). Therefore, combining these
two facts and applying Lemma 2 in [4], we conclude that the array (a,(k))n . satisfies a
local central limit theorem. This proves (21) and also shows that it holds for every fixed
j € Z, rather than only for 7 =0 and j = 1.

Proof of Theorem 1.2. (a)=(b) follows from Lemma 6.1(a).

(b)=(a) follows from Lemma 6.1(b).

(a)=(c) and (d). We use K,, as defined in Section 6.1. First, we prove that part (a)
entails K,, = n as long as n is so large that > ;_, Tkesln_+_rk = hon4l % <1/3

and r, < 1/2. Indeed, assuming that r,,e** > 1 we arrive at a contradiction

1 re’m Tpte1€°" 1—7r 1 1
Z k > n+1 11— n+1 > >

resn + 1 —rp = rppesr + 1 —1rp Tpe1€n +1 =1y = 2—1p0 = 2

k>n+1

Hence, K, < n. Assuming now that r,e*" < 1 we arrive at another contradiction

n

1—rg 1—r, 1—r, _ 1
>3 S iy
rgesn +1—rp, — rpesn+1—r, 2—r, 3

oo|>—~

since r, < 1/2. Thus, K,, = n for large n.
With this at hand, (a)=-(c) follows from

1—rk " (k —1) I U [ A R
0« = > — r, —1e "> e on.

Here, we have used for the first inequality that K, = n implies (r;,' — 1)e™*" < 1 for
k < n. Recall for the second inequality that k; denotes the first index k such that
e < 1.
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The implication (a)=-(d) is a consequence of

rke Tke‘S" 1
0+ > > — Sno> ().

k>n+1 k>n+1 k>n+1

The first inequality is secured by K,, = n for large enough n which entails rpe®» < 1 for
all k >n+1.
(c)=(a) follows from Lemma 6.1(c).
(d)=(a) follows from Lemma 6.1(d).
Proof of P{Y = n} ~ exp(¢(sn) — $,¥'(s,)). In view of (15), it suffices to show that
lim,, o PE{Y =n} = 1.

Recall that E¢»)[Y] = n and Var®»[Y] = ¢”(s,). Since Y is integer-valued, by
Chebyshev’s inequality

PEY £ n} =Py —n| > 1} = PE{|Y — ECI[Y]| > 1} < Var G2 [Y].

Assumption (b) (¢"(s,) — 0) implies PC»){Y # n} — 0, and consequently, PC»){Y =
n} — 1.

Proof of P{Y = n} ~ P{Y > n}. By the Stolz-Cesaro theorem, P{Y > n} ~ P{Y =
P{Y=n+1} _

Fy=ny = U An application of (20) yields

n} follows if we can prove that lim,

P{Y =n+1} efsnIF’(S”){Y =n+1}
P{Y =n} PE{Y =n}

— 0, n — oo,

since s, — 400, and PC{Y =n} — 1 whereas PG {Y =n + 1} < 1. O

Proof of Theorem 1.3. (i)-(iv) follow from the dominated convergence theorem. To find
termwise limits and approprlate summable majorants, we use

for (1): Sop_, r ten = S p—o 7 e~ and the assumption (b) ;

for (ii): > pspi1 Th€™ = D ps; Tntke’™ and the assumption (a) ;

for (iii): split ¢"(s,) into two sums ), and »7,. ., and treat them separately. The
first sum is equal to

n—1 1 —
R D
—1.—s, _ a—s 2 -1 —sp _ a—s 2
=~ (ry emsn —e o 4+ 1) i (r, e —e n+1)

According to the assumption (b), the termwise limit is g /(1 + ¢)?. Keeping in mind
that all r, < 1, to obtain a summable majorant, we consider the estimate

r;ike_sn — e
-1 —sp _ a—s 2
(Tn—k’e " e + 1)

<r !

—Sn __ A—Sn -1 _—sn
> T, € e S T'n_k€

and invoke (b) once again.
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Similarly, for the second sum

Z (1 - Tk rRe’" Z 1 - 7“n+lc Tnpre™™
_ sn Sn )2
kot (1 =71y + ke =7 (L= T + Toge )

the termwise limit is p;/(1 + pi)? by the assumption (a). The summable majorant is
obtained from the estimate

(1 - /rn-l—k)rn-l—kesn < Tn—i—kesn
(1 — Tnt+k T rn—&-keSn)Q 1= Ttk + Tntk€m

S Tn+kesn

together with another application of (a).
for (iv): proceed as in (iii) using the bounds (after changing the summation indices)

-1
1—r,_k T._ie "

—e —Sn 1
— - —Sn
= <r e

= =Tk
L—ry g+ rpe e —esn41 "

and i
Tn+ke n

1 — Tn—HC + Tn+]€esn

S Tn—l—kesn

Proof of P{Y =n} ~ coexp(¥(sn) — 0¥ (sn)). In view of (15), it suffices to show that
lim,, oo P {Y = n} = ¢;. To this end, we shall prove that, for z € (—, ),

lim G [e*(Y )] = E[e” 220 9’“}.

n—o0
Invoking (11) we obtain, for any z € (—m, ),

]E[e(anriz)Yfizn]

E(sn) [eiz(an)] . E[ Y]
esn

_ Sn+iz
_ efizn H 1 Tk + rre

1—7r rResn
o1 kT Tk

Therefore, with log denoting the principal branch of the logarithm,

. 1— Sn+iz
E(Sn)[elz(yfn)] — exp (Zlog < TE + rie > _ izn)
E>1

1 —rp + rpes

—ep( T ) e 3 w1 { S

k>nt1 k=1 k>nt1
- (e7 —1)(1 —1p) (e — 1)r, e’
+> log (1+ )) =exp (Y tog (1+ )
; & 1 — 17+ rpesn ; & 1 —7rpsn + rpppes

N nzjllog (1 N (e —1)(1 — Tnk))) =: exp(Si(n, 2) + Sa(n, 2)).

1—1r,_p+ rn_res
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By Lemma 6.3 and the assumption (a), the absolute values of the summands defining
S, are dominated by a summable sequence:

<2|tan(z/2)|r, k€.

(€% — 1)rpype’ )‘<2|tan(z/2)!7“n+kesn

lo (1 +
‘ & 1 —rpsn +rpenesr /17 1 — 1 + rpgpes

Similarly, Lemma 6.3 and (b) entail that the absolute values of the summands defining
S, are dominated by a summable sequence:

‘ log <1 N (e7 —1)(1 — rn_k))‘ < 2| tan(z/2)|(1 — rp_x)
1- Tp—k + Tn—k€°" 1- Tn—k + Tn—k€°"
1/Tn—k —1

1/rp_p — 1+ esn

‘ 1/TTL—]€

esn

< 2|tan(z/2)] < 2|tan(z/2)

Therefore, by the dominated convergence theorem, for z € (—m,7), as n — oo,

_ (e — 1)r, e’ 14 e*py,
Si(n,z) = ;log (1 + ) — 2110g <—)

L= rpyk + rppre’ = 1+ py
and
n—1
(e — Dt =) L+ e
So(n,z) = lo <1 + ’ — lo ( >
2( ) kZ:O g 7",;1 e Sn — e~ Sn 4 1 kz>0 & 1 —+ qr

Summarizing, for z € (=7, ), as n — oo,

EGn) [ —m)] L+e ™ qo H L+ prgr +€"pe e Fqr E[e* Dixo ]
Tta o T+ +a)

Noting that both Y — n and Zkzo 0, are integer-valued, the Fourier inversion formula

and the dominated convergence theorem yield, for each j € Z,

1 [ .. .
]P)(Sn){Y —n = ]} — 2_/ e*lZ]E(sn)[elz(an)]dz
TJ -z

1 ™
2m J_,

oI [eizzkzof)k]dz — p{ > b= j}, n — oo.

k>0

In particular, PC{Y =n} — P{> ., 0k = 0} = ¢o as n — oo.
Finally, -

1 L+ pmgm
co > Pl{O, =0 forall k e Ny} = II > 0.
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Positivity of the infinite product is secured by

qk
< oo and
1+ gk ;

P 1+ Pk
see point (iv) of the theorem. Moreover, ¢y < 1. Indeed, by the assumption (c), go > 0,
whence

do
Var [k§>0j ek] k§>0 Var (03] 2 Var (0] = 15 > 0

Thus, the distribution of ), ., 0, is not degenerate at 0.
Proof of P{Y = n} ~ P{Y > n} mimics the proof of this relation in Theorem 1.2. [

Remark 6.4. Here, we explain why the statement of Theorem 1.3 is not as clean as those
of Theorems 1.1 and 1.2.

The condition lim,, ., ¥"(s,) = oo appearing in Theorem 1.1, without any further
conditions, entails that the P(#)-distributions of ("(s,))""/?(Y — n) satisfy a central
limit theorem. The condition lim,,_,., %" (s,) = 0 appearing in Theorem 1.2, also with-
out further conditions, ensures that the P(»)-distributions of Y — n are asymptotically
degenerate at 0.

The remaining condition lim,, . ¥"(s,) € (0,00) alone (holding possibly along a
subsequence) does not seem to secure a limit theorem for the P(»)-distributions of
Y — n. Sufficient conditions given in Theorem 1.3 ensure the convergence of the P(s)-
distributions of the infinite sum of independent elements of the non-infinitesimal' array
(14, =P (A1))rn>1 to the distribution of a random variable represented by a random
series. We note in passing that, because of non-infinitesimality, we cannot exploit in
the setting of Theorem 1.3 sufficient conditions & la Gnedenko and Kolmogorov [11] for
distributional convergence to an infinitely divisible distribution.

7 Proof of Theorem 5.1

Step 1. Proving that s,, the solution to v/(s) = n, is an approximate solution® to

P, (s)+o(l/s) =n.
It suffices to show that ¢/ (s,) — 1. (s,) = 0o(1/s,) as n — oco. Consider

Uy, (8n) — Ur(sn) = Z (up — r1)e™

= (ugesn + 1 — ug)(rresr + 1 — 1)

€rrLe’"
— E E S
(uges» + 1 —uy)(rpes + 1 — 1) )+ 5a(n).

k>1 k>n+1

There exists kg € N such that || < 1/2 for & > ky. By assumptions of the theorem, as

! This means that for £ € (0,1), max>1 P {| 14, —P(n)(Ay)| > €} does not tend to 0 as n — oo.
2As noted in Remark 4.1, such an approximation is precise enough for the statements of Theorems 1.1,
1.2 and 1.3 to hold.
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ko—1

n
o] ek |kl
S < § < + E 1 L~ [asn
= = —ho

n

n

o(e™) + 27 > " |ex| /ri = o(1/s,)

k=ko

and
[Sa(n)| < e Y Jerlri = o(1/sn).
k>n+1
Step 2. Showing that (uy) satisfies the assumptions of Theorem 1., ¢ = 1,2,3 if so
does (1).
Case 1. (1) satisfies the assumptions of Theorem 1.1.
For s > 0, consider

i) ~ () = D (L mue 5~ ( (1= rree’

upes + 1 — uy)? res +1 —17g)2
E>1 Nk + k) E>1 VK + k)

_ Z (u, — )€ (1 — ug) (1 — 1) — uprgpe®)
(uge® + 1 — ug)?(rres + 1 — ry)?

k>1

Z erree® (1 — ug) (1 — 1) — uprpe®)

= (uge® + 1 — ug)?(rres + 1 — ry)?

Since

lerlree’ (1 — ur) (1 = 74) EA
< R« <
; (ukes +1-— Uk>2(7’kes +1— rk)Q — ; e’ +1 —uy, = Z ‘5k| 00

k>1

and

3 lex|uprie® <y Bl k] <Y el < o,
= (uges + 1 — ug)?(rpes + 1 —rg)? — = uge’ + 1 — uy =

we obtain ¢!/(s) — ¢(s) = O(1) as s — oo and thereupon ¢//(s,) ~ ¥ (s,) as n — oo.
Thus, (uy) satisfies the assumption of Theorem 1.1, namely, lim,, o 1 (s,) = 00. As
a consequence,

) o EP(u(s) = 5u)
(s

Case 2. (1) satisfies the assumptions of Theorem 1.2.
Then

P{Y, > n} ~P{Y, =

~ eXp(¢u(3n) - @Dr(Sn))P{Yr > n}

e’n Z up = e’ Z (14 ep) < 2e* Z r. — 0, n— oo.

k>n+1 k>n+1 k>n+1

Thus, (uy) satisfies the assumption (d) of Theorem 1.2, whence

P{Y, > n} ~ P{Y, = n} ~ exp(u(sn) — snn) ~ exp(y(sn) — ¥r(s,))P{Y, > n}.

Case 3. (r) satisfies the assumptions of Theorem 1.3.
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(a) Fix k € N. Then u, €™ = rpip (14 cpgr)e™ ~ rpxe™ — pr and sup,,s y, Unsrpe™ <
2(pr + o).

(b) Fix k € Ng. Then u ' e™ = 71 (1 + e, ) e ~ r e — g and since
len] < 1/2 for large enough n, sup,,s , u, e ™" < 2(qy + B).

(c) Since (pr) and (gx) are the same for the success probabilities (r;) and (uy), the
inequality ¢ > 0 holds automatically.

Thus, (ug) satisfies the assumptions of Theorem 1.3 with the same (pg) and (qx) as (rx)
does. As a consequence,

P{Y, > n} ~ P{Y, = n} ~ coexp(Pu(sn) — snn) ~ exp(u(sn) — ¥r(sn))P{Y, > n}.

Step 3. End of the proof.
It remains to note that, by the dominated convergence theorem, as s — oo,

Yu(s) = ¥n(s) = ) _log (M) ~ Y log <1 N w>

1—7r e’ 1—7r rLe’
o1 kT Tk kT Tk

— Zlog(l +ex) = log A.

k>1

Indeed, ri(e® —1)/(1 —rp +11e®) € [0,1) for s > 0 and k € N. Furthermore, there exists
k1 € N such that |ex] < 1/2 for all £ > k. Recall that |log(1l + )| < 2|x| whenever
|z] < 1/2. For s > 0 and k > ky, put @ = rgep(e® — 1)/(1 — 1 + rre®). Then |z| < 1/2

and therefore - ) -
o (1+ {2120 | < T < 2.
1—1r,+ rpes 1—r,+ rges

Since ) .-, |ex| < oo by assumption, the sequence (2|ex|)r>k, is a summable majorant.
The finitely many terms with & € {1,2,...,k; — 1} can be treated separately.

8 Proof of Theorem 1.8

8.1 Auxiliary results in the case r, = ck™”

We start by calculating the value of an integral, which repeatedly appears in our proofs.

Lemma 8.1. For0 >0, a>—-1,3>0and~y > (a+1)/p5,

o x® 1 a+1 a+1
/o <1+<0x>ﬁ>wdx:ﬁea+13< g T T >’

where B denotes the Euler beta function.
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Proof. Denote the integral by I. Changing the variable z = (6z)° and then y = z/(z+1),
we arrive at

1 00 (at+1)/B-1 1 1 (a1)/6—1 —(a+1)/8-1
= BQC‘“/O e dz:—ﬁeaﬂ/o y (1—y) dy

1 <a +1 o+ 1)

“ B\ T T )
[

We shall need versions of the Euler-Maclaurin summation formula, which can be

derived from formula (9.67) on p. 455 in [12]. Let m € No, n € NU{oo} and f : [m,n] = R
be a twice continuously differentiable function. Then

510 = [ fakta s KmLEI) | ST [ g Py,

Here, P, is the periodic Bernoulli polynomial defined by Py(z) := {z}*—{x}+1/6, {x} is
the fractional part of x, and f(00) := lim, o f(x) and f'(00) := lim, . f'(x). If n = oo,
we additionally assume that the integrals involved converge. Since |P(z)| < 1/6 for all
x € R we obtain a formula to be used below

32160 [ slayta + LS SO SO0 g o)

2 12

where |Ry,,| < (1/12) [7|f"(z)|dz. Analogously, if f : [m,n] — R is a continuously
differentiable function, then

S )= [ s+ 0 g, )

where |Q.n| < (1/2) [ |f(z)]dx.
Lemmas 8.2, 8.3 and 8.4 are designed to understand the asymptotic behavior of certain
functional series parameterized by a as a — 0+.

Lemma 8.2. For § > 1,

1 - 1
;; 1+ (ak)? ~ Basin(r/B) —5+0(a), a—=0+.

Proof. For each a > 0, put f,(z) := m for x > 0. Since f, is twice continuously

differentiable on [1, 00) with f,(0c0) = f!(oc0) = 0, an application of formula (24) yields

o 1 Ba’
S0k = [ fulee + g o+ s + P

k>1

— /000 fa(z)dz — % + Ry o (a) + O(aﬁ),
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where |R; oo (a)| < (1/12) 7| f/(x)|dz. By Lemma 8.1,

> 1 1 1 T
| @ = B(51-5) = iy

2/32q?B 2262 BB - 1)aPxP~2
(L4 (ax)?)® (1 + (ax)?)?

In view of

fi(@) =

we conclude that

00 ; 262 251»25 2 6 _ 1 aﬁxﬁ 2
d x=:1 I )
/1 (@) xs/O / (@) + Ir(a)

(1+ (az)P)? (1+ (az) )2

Invoking Lemma 8.1 once again we obtain

1 1
Li(a) = QBCLB(Z —=,1+ —) =0(a), a— 0+
5] g
and ] ]
I(a) = (8 — 1)aB (1 - Gt E> —0(a), a—0+.
Combining all fragments together completes the proof. O
Lemma 8.3. For 5 > 1,
(ak)® T
= O(1 0+.
2 T+ @i~ FasinGer) T O 020
Proof. For each a > 0, put f,(z) = % for x > 0. Since f, is continuously
differentiable on [0, 00), an application of formula (25) yields
S f0) = [ fa)de + Quucla)
k>0 0
where [Qooo(a)] < (1/2) [° |f2(2)|dz. By Lemma 8.1,
1 1 s
A TP S (N Q.
[ e 7' 7 5) T Pasin(x/5)
Since
, BalxP~! 23a*By?8~1
fa(x) = 2 3
(14 (ax)?) (1+ (ax)?)
we obtain with the help of Lemma 8.1
00 o Baﬁmﬁfl 00 260,2’31‘2’3 1
fi(x dxg/ —dx—i—/ —dx—B 1,1)+2B(2,1) = O(1
e [ G | gt ~ B+ 2B = 00)
as a — 0+. Combining all fragments together completes the proof. O
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Lemma 8.4. For 8 > 1, as a — 0+

S (1 )~ ey~ 5 (2) - e o
k>1

Remark 8.5. If 5 = 2, there is another way to obtain a counterpart of (26) with a better

accuracy. The equality
1 asinh(m/a)
1 -
H ( + (ak)2> i ’

k>1

which holds for any a > 0, implies that

Zlog (1 + ) — log <1> —log(2n) + O(e ™), a4 — 0+.

k>1

Proof. Put mg := |a=#~#=Y7"| and split the sum into two parts: one with k > m, + 1
and the other with 1 < k < m,. We estimate the first sum as follows: as a — 0+,

Z log <1+—)>

k>mg+1

a(ﬁ_l)z

Z (ak)™? <a™P /OO ) rPde = 51 = 0(a1%).

— a—B—(B-1)"1
a

The second sum is equal to

Zlog(1+ ) Zlog 1—|— (ak)? ﬁZlogk—l—ﬁmalog( >
=: S1(a) — Sa(a) + Ci(a).

By Stirling’s approximation,

— Sy(a) = —5(ma log(myg) — mg + log(zm“) + logg%)) + O(aP+F-17
=: —Cy(a) + C3(a) — C4(a) = C5+ O(a), a—0+.

Note that —C5 appears in the final formula (26).
To analyze S (a), put f.(x) = log(1 + (az)?) for z > 0. According to (24),

e fa(D) + fa(ma) | folma) — f2(1)
Si(a) = 1 fa(x)dx + 5 + B

+R1ma( )

We first observe that as a — 0+
fa(1) =log(1 + aﬁ) = O(aﬁ) = O(a)
and

fa(;na) _ log(1 +2(ama)ﬁ) _ —5105(1/60 N ﬁlog;ma) + O(aPE1HE-D .
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Note that the first summand on the right-hand side appears in (26), whereas the second
is equal to Cy(a). Also, O(a?P~1+B-D"D) = O(a) as a — 04. Further, using

. BaPas
folx) = T+ ()’
we conclude that
) =2~ 0@’ = 0fa)
@ 1+af

and, recalling m, = |a="* )AJ which particularly entails lim, .oy am, = oo, that

pa’mgt B

falme) = T3 Camy ™ ma

= O(a)

as a — 0+. In view of

B8~ DaPaP 2 Fa?a?

fi(x) = 5 (@)? (1 (af)E

we obtain with the help of Lemma 8.1

B2 28—2

12|R1,ma<a>|s/0°°| ()| de < B(f— >ﬁ/0°° ca )dx+52 Zﬁ/om(lﬁ—w)ﬁ)zdx
:a<(ﬁ—1)B<1 ) ( )) O(a), a—0+.

Changing the variable z = (ax)” and then integrating by parts yields

Mg 1 (ama)ﬂ log(l +Z>
B _
/1 log(1 + (az)”)dx = Ba /GB ey dz

1 [(ama)? S1/B
= (mqlog(1 + (am,)?) —log(1 +a”)) — - /5 Tr Zdz =: Cs(a) — Cr(a).

Write
Ces(a) = Bma<log Mg — 10g(1/a)> + mglog(1 4 (am,) ") + O(a).

The first summand is equal to C5(a) — Cy(a), whereas the second is O(a®~D*) as a — 0+.
To deal with C7(a), write

1 (amq)? P 1/8-1 1 (ama)® zl/ﬁfl
Oo(a) = ( 1/8-1 _ )d — _Bm, / dz. (27
(a) a/@ﬁ P o )de=hmat Bt | 5 (@7)

The first summand is equal to —C3(a). We represent the last integral as follows:

aB

1 (ama)? Zl/ﬂ—l 1 00 1 1 00
—/ dz:—/ ...——/ ...——/ .= 11(a) — I1(a) — I3(a).
a Jqp I+=2 a Jo a Jo a (amq)P
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Changing the variable y = (1 + 2z)~! we obtain I (a) = B(1 — 1/8,1/8)/a = PR R
This term appears in (26). By L’Hopital’s rule,
aly(a) —Ba _ p(1+a”)" —f B

— == —0+.
I Bt 1) gy ¢70T

Hence, —I5(a) = =+ O(a®) = =3+ O(a) as a — 0+. Note that —f3 cancels out with /3
n (27). Finally,

1 [~ N (amgy)'=? alP=1’ 2
]ag—/ M2y = - ~ = 0P ), a—0+.
=0 a-yma ~ Toyp e

Combining fragments together we arrive at (26). O

8.2 Proof of Theorem 1.8(a)

Step 1. Determining s, the solution to 9'(s) = n.
Recalling that r, = ck=” for k € N, we start with

S

, rie’ e 1
_ _ , cR.
R v A O D) e

k>1

Using Lemma 8.2 with a := (c(e® — 1))7/# we infer, as s — oo,
1/B(as _ 1)1/8 1/8,5/8

3O = e 2

For large enough n, s = s, is the solution to the equation ¢'(s) = n. Equivalently,

mclBeslB 1

Bsin(r/B) 2

Solving (28) asymptotically we conclude that

— Blog (n+1)+51 <%>+E(n), n — 00, (29)

where ¢ is a function satisfying lim, ,, £(n) = 0. To determine the asymptotic behavior
of €, we substitute the right-hand side of (29) into (28), thereby obtaining

1y . 1 1
_ Z\pe(n)/B _ o
n <n—|—2>e 2+O<nmm( 1)> n — 00.

This proves that £(n) = O(n=™"™2) as n — oo.
Step 2. Asymptotic behavior of ¢".
In view of (16),

kﬁ —c es kﬁcfl(es o 1>71
- e ; (kP 4 ces —1))2  es—1 é (14 kBel(es —1)71)2

e’ 1
—_ (es_1)22(1+k50_1( 1) ) = Tl(S)—T2(5)'

k>1

¢/(S) _ + O(e—smin(l/b’,l—l/ﬁ))‘

+ O(efsmin(l/ﬁ,lfl/ﬁ)) =n. (28>
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According to Lemma 8.2,

e’ 1 Ce(1—
Ta(s) < (e5 — 1)2 Z 1+ kB 1(es — 1)1 =Ole " 1/6)) =o(1), s— o0,
k>1

whereas by Lemma 8.3,

et smct/Pes —1)YP Tcl/B
= =< ow) ~ T oo
1(s) es— 1\ [(Zsin(7/B) +0(1) 32 sin(ﬂ/ﬂ)e 5o
Hence,
V'(s) ~ o8 s — oo, (30)
where 02 := 52%(/:/5) In particular, (30) implies that we are in the setting of Theorem 1.1.

Step 3. Asymptotic behavior of .
By Lemma 8.4 with the same a as before, that is, a = (c(e® — 1))7V/5,

cle® — Wcl/ﬁ e — 1/8
U(s) = Zlog (1 + ( 1)) = ( D élog (cM/B(e* — 1)1/7)

= kP sin(m /() 2
1/Bgs/B 1
- glog(Zﬂ) +o(l) = % . g - % - glog(%r) +o(l), s— o0 (31)

Step 4. End of the proof.
By Theorem 1.1, combining (29), (30) and (31) we arrive at

P{Y >n} ~ P{Y =n} ~ exp(—ﬁnlogn—ﬁ(log <M> —1>n

mellB
B+1
2

logn — glog@ﬁ sin(7/fB)) — %10g(27r) + %log ﬁ), n— 0.

8.3 Auxiliary results for r, = cexp(—k”), 8 € (0,1)

First, we calculate the values of integrals which arise in the proofs of Lemmas 8.8 and 8.9.

Lemma 8.6. Forn € N,

* (logy)" -
220y =nl(1— 27 (n + 1),
/1 y(1+y) ( S
where ¢ 1s the Riemann zeta function. For n € Ny,

/oo log(l ;' y—l) (1Og y)"dy _ n|(1 . 2—(n+1)>c(n + 2)'
1

Proof. As far as the first integral is concerned, we change the variable x = logy and then
use formula (23.2.7) in [1]. Integrating the second integral by parts we conclude that it is
equal to (n + 1)~! times the first integral with n + 1 replacing n. O
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Next, we derive the first-order asymptotic behavior of an integral which appears in
subsequent proofs.

Lemma 8.7. For  >0,¢c>0,b>candd € R,

> (qe™” )z B(b—cc) 1\ (d+1)/8-1
faeyat g, BOZad e
/1 (1 + aemﬁ)b 3 og a a +
where B is the Fuler beta function.

Proof. Changing the variable y = ae” we infer that the integral is equal to

1/°° Yot (1 y)(d+1)/6—1d
- —~Z_(logZ .
B (TryP\ *a /

Consider a function ¢ defined by £(x) = (log z)@*+D/8=1 for x > 1. It is slowly varying
at 0o. Hence, by Potter’s theorem (Theorem 1.5.6 in [5]), for any ¢ € (0, min(b — ¢, c)),
there exists X > 0 such that

% < 2max{(%>6, (%)5} forall u > X, v > X.

We can and do assume that X > e. Applying the latter inequality with u = y/a, v =1/a
we have, for small enough a y > aX,

1\ —(d+1)/8+1 g1 (d+1)/8-1 c—1 6 46
(log_) y b(logy> <2Y maX{yl;y ¥
a (1+vy) a (1+vy)

Since the right-hand side is integrable on (0,00), invoking the dominated convergence
theorem we obtain

I <1 1)—(d+1)/,8+1/°° ye ! <1 y)(d+1)/ﬂ—1d /oo Yol .
1m og — - og = —
0k \ o Ty % a O D

=B((b—rcc) < 0.
Since X > e, we are left with
(10g 1) —(d+1)/8+1 /aX e (10g Q) (d+1)/6—1dy
a w (L+y)\ “a
< ¢ af(X¢ — ef) max (1, (log X)“@H1/E71) <log é>_(d+1)/ﬁ+1 =0, a—0+.

]

Next, we provide asymptotic expansions for integrals which appear in Lemmas 8.10
and 8.12 after applications of the Euler-Maclaurin formula.
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Lemma 8.8. For f € (0,1), as a — 0+,
L /B]—
< dx _ 1\1/B 1/ -1 1\1/B-1-n
/1 Traer — (2g) - 5 2 ( )n(10g5> Tyl@)- (32)
where ¢, :=nl(1—2"")((n+1) forn € N; g(a) = O((log(1/a))/#1) asa — 0+ if 1/8
is not integer, and g(a) = O(a(log(1/a))"/?~1) as a — 0+ if 1/B is integer.
Proof. Write, for a € (0,1/e),

< (log(1/a))1/* o
/ —xﬁ:/ +/ .= I)(a) + Ly(a).
1 L+ae 1 (log(1/a))1/?

Changing the variable y = ae”’ yields

(log(y/a))/B-1
I( / g(y/a) dy
] 1+y

L [ (log(y/a) /P! /1 (log(y/a))"/*!
= — dy — d)z:[ a) — I s(a).
Plainly, 11 1(a) = (log(l/a))l/ﬂ — 1. Further, assuming that 1/f is not integer,
log y 1/-1
I ( ) 1(1 1)1/6—1 /1 (1 + log(l/a))
a) = —| log —
PTG a L+y
n [1/8]
Ll/BJ 1(1/8-1 lo lo
1 1\1/8-1 Z ( / )(log(glz/ga)> ! O((log(glya)) )
= —(log —) ( dy + dy)
/8 a ea ]' + y ea ]' + y
having utilized the Taylor expansion for the function x ~ (1 + 2)Y/%71 2 € (—1,1).
Changing the variable y = 1/z in the first integral appearing in Lemma 8.6 we infer
fo l‘ig_:z)n = (—1)"¢, for n € N. Put ¢g := log 2, so that the latter equality also holds

for n = 0. By L’Hopital’s rule,

* (logy)" Lyn
——dy ~ (=1)" <1 —> , —-0+.
/0 1y Y (—1)"ea oga a

Thus,

Il,2(a) _ % U/Zpijzl (1/ﬁn_ 1) (/01 %dy - /Oea (110§_y;” dy) (log é) 1/8—1—n
oo 2) ) 2 1S () e (108 ) 0 (a0 ) )
+O(<10g %){1/5}—1) :% Ll% <1/@n— 1) (—1)”Cn<log 2)1/6—1—n+0<<10g %){1/,3}—1)

n=0

34




If 1/7 is integer, then the second big-oh term is absent, whence

I 5(a) = 5 1/521 (1/67; 1) (—1)”cn<log 2) e + O(a(log 2)1/ﬂ_1>.

n=0

Summarizing, as a — 0+

I(a) = <log é)w -3 Wf: 1 (1/5 N 1) 1)”cn<log 2)1”31" + g(a).

Arguing similarly we obtain

[1/8]-1
1 1/8 -1 1\ 1/8-1-n
I(a) = B nZ:; ( i )cn(log a) +g(a), a— 0+,

thereby arriving at (32). O
Lemma 8.9. For 5 € (0,1),

> 1 1\ 1+1/8
/ log<1+—>dx—ﬁi<log )
1
Ll/ﬁJ 1
2 1/8 — 1/6—1—n 1 1
— 1 - —log — + —— + h(a), — 0+, (33
ﬁevenn 0( ) * Oga 1+B (a> ’ ( )

where f, = nl(1—2""D)((n+2) for n € No; h(a) = O((log(1/a))/#=1) as a — 0+ if
1/B is not integer, and h(a) = O(a(log(1/a))"/?=1) as a — 0+ if 1/B is integer.

Proof. For a € (0,1/e), we use a representation

- ] (1og(1/a))
/ log <1+—B>dx:/
1 ae” 1

Further,

1/8

..—1—/(1 o= Ji(a) + Ja(a).

og(1/a))1/*

(log(1/a))t/? 5 5
Ji(a) = / <log(1 + ae® ) — log(ae® ))dx =:Ji1(a) + Ji2(a).
1

A direct calculation shows that J; 2(a) = 8(1+ )7 ( log(l/a))lﬂ/ﬂ —logl/a+(14+8)"!
As has been done in the proof of Lemma 8.8 for [} 5(a) and Iy(a), we obtain asymptotic
expansions for Jy1(a) and Jy(a):

[1/8]-1

1 1/8 -1 1\1/8-1-n
Jia(a) = 3 nz:% ( /Bn )(—1)”fn<log 5) + h(a), a— 0+,
/B o e it
Jo(a) = % 2 (1/571 1)]‘,1(105:’;%)1 - + h(a), a—0+.
Summing up Ji1(a), Ji2(a) and Jy(a) yields (33). O
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Now we derive asymptotics of three series which appear in the proof of Theorem 1.8(b).
Lemma 8.10. For 5 € (0,1), as a — 0+,

Ll/ Bl-1

> = (e )45

E>1 odd n=1

(1/5 B 1> en(los )" ata),

where t(a) = O((log(1/a))max{/B=L1=1/8)) a5 a — 0+ if 1/ is not integer, and t(a) =
O((log(l/a)) 1/8 ) as a — 0+ if 1/6 is integer, and, as before, ¢, == n!(1 —27")((n+1)
for n € N.

Proof. For each a > 0, put f,(x) = (1+ ae"’“"ﬁ)_1 for x > 0. The first two derivatives of f,
are

ax’le®
falz) = _(BlﬁTB)?
and 252 2,2(8-1) 2z5 52a$2(5—1)ex5 5(1 _ﬁ)axﬂ—Qexﬁ
Ja(x) = (1+ ae®”)3 B (1 + ae®”)? * (1 + ae”)?
Since f, is twice continuously differentiable on [1,00) with f,(c0) = fl(c0) =

fa(1) = (1+ea)"t =14+0(a) and f/(1) = O(a) as a — 0+, an application of formula (24
with m =1 and n = oo yields

D falk) = /100 fa()da + % + Ry oola) + O(a),

k>1

where |Ryoo(a)] < (1/12) [7|f2(2)|dz. The asymptotic expansion for [ f,(z)dz can
be found in Lemma 8.8. By Lemma 8.7,

o) 00 z5\2,.2(3—1) oo 2P 2(8-1)
/ ‘fg(x)‘dxng/ W—Igdﬂy/ 0’ T oy
1 1 1

(1 + ae*”) (1 + ae*”)
00 z8 .8-2 —
ae® x 1\1-1/8
o [T o)), asos
+ B( ﬂ)/1 01 ap o = og — a— 0+
Combining fragments together completes the proof. m

Lemma 8.11. For 5 € (0,1),

kB

Z e 1 (1 1)1/6_1 0 n
£ (1 +ae’“ﬁ)2 Ba og 4 , a .
Proof. For each a > 0, put
ae”’
a - >0



Since f, is continuously differentiable on [1, 00) with f,(1) = O(a) = o(1) as a — 0+ and
lim, o fo(z) = 0, an application of formula (25) yields

S At = [ ule)de + Quala) + o)

k>1

where |Q1,0(a)] < (1/2) [ |fi(x)|dz. Invoking Lemma 8.7 we obtain, as a — 0+
o0 % ger’ ph-1 o (aex 2Pt 1\ 1/8-1
(z)]dx < (/ ae—xd +2 / —d:c) O(1 :0<(lo —) )

[ ‘fa( )’ —6 1 (1+a ) 1 (1+a’exﬁ) ( ) ga

and also - ) I\ 181
a d ~ —|(1 - >
| e ~ 5 (1ox )

which completes the proof. O
Lemma 8.12. For 8 € (0,1),

S ton (14 ) = i (1os )

k>1
[1/8]-1
1/5 -1 1\ 1/—-1-n 1 1
Beyenzn 0< > n<loga) _Eloga_C(_ﬁ)‘i‘O(l), a — 0+,

where, as before, f, = nl(1 — 2=+ (n + 2) for n € Ny, and ¢ is the Riemann zeta
function.

Proof. For each a > 0, put m, := |(log1/a)'/?] and

1
Fra(z) = log (1 + B), 23>0,
ae*
and then write
Zlog(l—i— ekﬁ> Z Z a) + Sz(a).
E>1 k=1 E>ma+1

Since f1 4 is twice continuously differentiable on [1, 00) with lim, 04 f1.4(me + 1) = log 2
and lim, o f1,a(2) = lim,o fi ,(z) = 0, an application of formula (24) with m = m, +1
and n = oo yields

0 log 2 La(mg +1
Sy(a) = / fra(ede 4 1282 Sl T D g o)
S 2 12
as a — 0+, where |R,,, 11,00 < (1/12) f:;H | fl'o(z)|dz. Using f] ,(2) = _fjfe;lﬁ we infer
| f1.a(ma 4+ 1)] = O((log 1/a)* /%) = o(1) as a — 0+. Further,
— 1)B2 zf,.2(8-1)
Ly = -2 e 1)+ Jule).

1+ ae*” (1 + ae*”)?
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Since as a — 0+

/m Q@ngﬁﬂ—BX/w 27~2dz = B(log 1/a) /% = o(1)

Ma+1 (log1/a)l/8

and, by Lemma 8.7, [ J,(z)dz < [[*Ju(z)dz = O((log1/a)'="/%) = o(1), we con-
clude that [ [f{,(z)|dz = 0(1) as a — (H—. Summarizing,

& log 2 & log 2
&@:/ jwmm+f-mm:/‘mmM—f-mm,a%m
ma+ Ma

because lim,_,q fq:;““ fra(z)dz = log 2.
Passing to Si(a) we write

Zlog + ae® +malog1/a—2k5— C(a) + D(a) — E(a).

k=1
By Theorem 14 in [20], as a — 0+

1
1+

E(a) = (log 1/a)" 1% — ({(log 1/a)/*} — 1/2) log 1/a + ¢(—B) + o(1).

To obtain an asymptotic expansion for C'(a), put, for each a > 0,

foa(z) =log (1 + aexﬁ), x> 0.

Since fy, is twice continuously differentiable on [1, co) with lim, o4 f2,4(m,) = log2 and
lim, 0+ f2u(1) = 0, an application of formula (24) with m =1 and n = m, yields

Cla)= | fz,a<x>dx+1‘)§2+f27a<ma>12— f.a(1)

+ Rl,ma + 0(1)

LB
as a — 0+, where |Ry | < (1/12) [ |f,(x)|dz. In view of f} (x) = aﬂlnglzeﬁ we infer

f5.(1) =0(1) and f3,(m,) = O((log1/a)'~'/#) = o(1) as a — 0+. Further,

" (2) = a52£€2(’8_1)exﬁ _ afB(1 — ﬁ)wﬁ_%xﬁ _ a252$2(5_1)e2zﬁ = Fy(2) — Go(z) — Hy()
20 1+ ae*” 1+ ae*’ (1 + ae™”)? e ¢ Qe

By L’Hopital’s rule, as a — 0+

mg (log1/a)'/5 5
/ F,(z)dz < aﬂz/ 22P Ve dzr ~ B(log1/a) 8 = o(1).
1 1

Since (1 — 8)7'G.(x) < B7'F,(z) and H,(z) < F,(x) for x > 1, we conclude that
[ 18 (2)|de = o(1) as a — 0+. Finally, we have to deal with [ fo,(z)dz. To this

end, write
Ma Mq

fra(z)dz = fra(z)de + /ma log(aexﬁ)dx
1

1 1
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and observe that

Mg 1
log(ae™ )dz = (m, — 1)1 ——(ml*? 1),
| otae )z = (m, = 1)loga + 5 mt — 1)

Noting that

1

m(m}fﬁ — (log1/a)* /%) 4 {(log 1/a)""}log 1/a

~ D({og1/a) ) l0g1/a) " = o(1), a0+

and combining all fragments together we obtain

Lz

Si0) = [ Ralado + Fl0g1/a +1052) = 1 = C(=B) +o(D), a0+

and thereupon

S g (1 ) = Si(0) + Safa) = / " frala)de + Slog1/a - 5~ SR +ol),

An application of Lemma 8.9 completes the proof. O

8.4 Proof of Theorem 1.8(b)

Step 1. Determining s, the solution to 9'(s) = n.
Recalling that r, = ce=* for g€ (0,1) and k € N, we start with

, rie’ e’ 1
= = , e R.
vis) Z res+1—rp es—1 Z 1+ (cles — 1))~ ter’ °

k>1 k>1

Using Lemma 8.10 with a = (c¢(e® — 1))~ yields as s — oo

[1/8]-1
YP'(s) = (loge + 5)1/5 + % Z (1/@_ 1)cj(logc + S)l/ﬁilij — % + t(e™*/c).

odd j=1
For large enough n, s = s, is a solution to the equation ¢’(s) = n, that is,
[1/8]-1
2 1/p—1 |
(logc+ sn)"7 + = Z /B, ciloge+s,)/P7170 — ~ (e fe) =n.  (34)
p = J 2
odd j=1
Hence,
loge+ s, =n’(1+¢(n)), n— oo, (35)

where ¢ is a function satisfying lim,, ., €(n) = 0. To determine the asymptotic behavior
of €, we substitute the right-hand side of (35) into (34) and obtain

[1/8)-1 -
1=(1+¢en)Y? + 2 Z (1/6,_ 1) cj (1+e(n)/? 1 + O(n‘”) (36)

3 B(1+7)
p odd j=1 J e 2n
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asn — 0o, where v = min(1+5—p{1/5},2—3) > 1if 1/5 is not integer and v = 2—f > 1
if 1// is integer.

Now we have to find an asymptotic expansion of € of length ¢, where ¢ = | (1+3)/(20)].
Assume first that £ = 1. Then e(n) = O(n™1) if 8 € [1/2,1) and e(n) = O(n=2) if
g€ (1/3,1/2). It follows from (42) given below that in both cases € gives a negligible
contribution to the right-hand side of (42). Assume now that ¢ > 2. Then

en)=ALgn P+ Ay sn™ + .+ A 2P L O(TY), n— oo
if 5 e (1/(2¢0),1/(2¢ —1)], and
en) = AL P+ Ay sn™ + .+ A1 mn 2P L O, n— oo (37)

if 6 € (1/(2¢ + 1),1/(2¢)]. While each of the first ¢ — 1 summands gives a nonzero
contribution to the right-hand side of (42), the big-oh terms do not because obviously
O™ = o(n® ') and O(n=2"1) = o(n=?71) and, whenever 8 € ((2¢ + 1)7%,(20)71],
O(n=28) = o(nf~1) and O(n=2*+V) = o(n=P~1). The coefficients A, 5 are uniquely
determined and can be calculated as follows. Substitute in (36) the S-dependent asymp-
totic expansion for €, take an appropriate number of terms in the Taylor’s expansions of
v+ (1+2)Y% and o — (1 + 2)/#717 and then equate to 0 the coefficients in front of

n~%8 for j =1,...,¢ — 1. For instance, implementing this programme for n=2% alone we
obtain 4, 5/8+ (2/8)(1/B8 — 1)1 = 0, whence
A g = =21/ —1)er. (38)

Equating to 0 the coefficient in front of n=*? yields

1 1 2/1 1 2/(1/6—-1
BAQ,ﬁ + < éﬂ) (A1,5)2 + E(E — 1) (E — 2)01141,5 + B( /63 )C3 =0.

This in combination with (38) enables us to compute Aj 3.
Step 2. Asymptotic behavior of ¢” and the denominator in (4).
According to (16),

s kB

)= o & T e — Do

k>1

e’ 1
TP A T e e )~ el

k>1

By Lemmas 8.10 and 8.11, respectively, with a = (¢(e® — 1)),

e’ 1 s /8y
Rals) < (e5 —1)2 ; 1+ (c(es — 1)) T Ofe™*s"%) = o(1)

and R;(s) ~ f7'sY/8~1 as s — co. Hence
W'(s) ~ BV s 0. (39)
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In particular, (39) ensures that we are again in the setting of Theorem 1.1.
Using (39) for the first equivalence below and s,, ~ n”, which is a consequence of (35),

for the second we obtain

1 B 1/2 B 1/2
@ (s )7 <W> - <27m1—/5’> y oo (40)

Step 3. Asymptotic behavior of 1) and the numerator in (4).
By Lemma 8.12, with the same a = (c(e® — 1))~! as before, as s — oo

= log <1 + C<e;; 1)> e f ﬂ(logc + )P
k>1
Ll/ﬁj 1 1/5 1
5 > ( ) j(loge+ )77 — S(log e+ 5) = (=) +o(1). (41)

even j=0
In view of (41), (35) and ¢'(s,) = n, the numerator in (4) is

nt*h
exp((5n) = 500/ (5) = exp (1 4+ (0)) 1

[1/8]-1
+% 3 (1/6]— 1>f B (] 4 e(n)) /P15 — %5(1+6(n)) —((=h)

even j=0

n* (1 +¢e(n)) +nloge + 0(1)), n — 0o.

Using
6711*5(1 + (1 +1/B)e(n)) —n'™P(1 +e(n)) = —LnHB
14+ 1+
and
nPe(n) = nfO(n~™n12)) = o(1), n— oo
we obtain

nith A
expb(on) i) = exp (= g+ g 32 (M1 Yt

> (V7 A1 4 e(n)) 41 = T = (=) + nloge+o(1))
ﬂ even j=0 2

(42)
as n — oo (if 1/ is integer, the summation in the first sum extends over i < 1+ 1/0).

Put
ap(u) = Ay pu™ + Ay su™ . Apy pu? D >0
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whenever ¢ > 2 and ag(u) := 0 if £ = 1. Then

nith ,
exp(W(50)— 520 () —exp (— o #4 0 2(1“/5) () +nlog e—n?

1+3 1+
/B 1y VE -1 '

+% Z (1/5‘7 1) fjnl—ﬂ(l-i-]) Z (1/ﬁ i-l j) (ap(n)) —¢(=8) + 0(1>> (43)
even j=0 =0 ’

as n — 0o. Indeed,
: 1+1/p ,
1+ T __
nh_rélon E ( ; )(Oég(ﬂ)) =0
i>041

in view of 2(¢ + 1)8 > 1+ 8 which is a consequence of the equality ¢ = |(1 + 3)/(26)].
Since 26(¢ — 7/2) > 1 — B(1 + j) for all j € Ny, we also infer

i 151 )
1 1-B(1+7) ij — ()
lim n 'E: i (ag(n))
i >l—7/2
for even j € [0, [1/5] — 1].
For instance, let 8 € (1/3,1). Then ¢ =1, ag(u) = 0 for v > 0 and thereupon

L s N
1+6n+ +nloge 5" +5f0n ¢( 6)—1—0(1))

as n — oo. Now, let 8 € (1/4,1/3]. Then £ =2, ag(n) = Ay gn~ 2% = =2(1/8 — 1)eyn= 2
(the value of A; g is given in (38)) and

exp(t(s0) = 50 (5,)) = exp ( —

exp(¥(s,) — s, (5,)) = exp < 13 ﬂnHﬁ +nlogec — %nﬁ + %fonl_ﬁ

+ %(% — 1) <2(% — 1)0% — 4(% — 1>C1f0 + (% — 2)]”2)”173’8 — (=) + 0(1)>
as n — oo.

Step 4. End of the proof.
By Theorem 1.1, (40) together with (43) yields as n — oo

P{Y >n} ~ P{Y =n} ~ (LY” exp ( - RS

2mni-P 1+
1+8 ¢
6173_;2(1—'—1/6) s(n ))i—i—nlogc—%nﬁ
% zﬁ:_ (1/5 ) - ,8(1+])@ ;/2_2:0 1 <1/5 —ijl —j) (as(n)) —C(—B))-
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8.5 Auxiliary results for r; = cexp(—k)

We start by pointing out some properties of a function that plays a role in Lemmas 8.14
and 8.15 below.

Lemma 8.13. Define a function h: [0,1] — R via
1 1
h(b) =) ——— —— —b—1/2. 44
() Zl+ekb ;1+ek+b / ( )

Then (i) h is not a constant; (i) |h(b)] < 21077 for all b € [0, 1].

Proof. We first prove (i). The series ;. ﬁ and ), HT%)Q converge uniformly

on [0,1]. Hence, to obtain a formula for 4’ we can differentiate termwise the series repre-

senting h:
k—b k+b

h’(b)zzmjtz(lfw—l, beo,1].

k>0 k>1
It suffices to show that h/(by) # 0 for some by € [0, 1]. Take by = log2. Then

W (log2) — ek /2 2¢F
lo82) = 0 e ap * L (T2 -

k>0 E>1
Since s i
e /2 2e
+ ) <523 e <50 <3.107
kzzlg((l—l—e’f/Q)2 (1 4 2ek)2 kzzlg
and s
> ( LT )<0T..7
— (1+ek/2)2 (14 2¢F)2 :/—’
we infer

! . -8 . . -8 _ = -8
K (log2) < 3-10 +0.Z...7 7/9<3-10%-7-107% <.
times

Now we prove (ii). Noting that h(0) = 0 we shall use an inequality: for = € [0, 1]

()| = |h(z) _(/ K (b db‘ <g;/ (b)) db</01 (' (b))*db,  (45)

where the first inequality follows by an application of the Cauchy—Schwarz inequality.
Calculating fol (h’ (b))2db is mostly routine. The only nontrivial action is to notice that
all sums (including double sums) of integrals are telescopic. The obtained result is

/Ol(h’(b)) :——+2Z em—1 —42

m>l

With this at hand, we proceed as follows:

meallm/10 —60

€ —26
22 em_1 22 (e9m/10)3 —21_6—0.6<3'10

m>100 m>100
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and

me™(e™ + 1) e™
2 e il —— < 083...36
Z (em _ 1)3 Z (em _ 1)2 < \,—/ ’
m=1 m=1 12 times
whence )
1)) 2 L1026 _ L1014
/0 (h(b)) db<3-10 +O.8132.tj.36 5/6 <3-107".
Invoking inequality (45) completes the proof. ]

Lemmas 8.14 and 8.15 provide asymptotic expansions for functional series which ap-
pear in the proof of Theorem 1.8(c).

Lemma 8.14. With the function h as defined in (44),
1
Z - =log(1/a) — 1/2+ h({log(1/a)}) + O(a), a—0+.
~ 1+ae

Proof. For fixed a € (0,1), put n := |log(1/a)] and b := {log(1/a)}. Then

n—1
1 1 1 1
Z ko Z k—n—b Z pari Z k—n—b
k211—|—ae kle—l—e k201+e k:ll—l—e
n-l o kb
e
S IR ENPEE Y s
k— b —k—b
o LT o Lte
“S st 2—2—
k>0 k>1 k>n
=n—1+h(b )+b+1/2+2:1 —.
k>n e
It remains to note that . m;kﬂ, <D isn€ P <2e7"P = O(a) as a — 0+ O

Lemma 8.15. With hy given by ha(b) := fob h(z)dx for b € [0,1], where h is as defined
n (44), as a — 0+

S tos (14— ) = (loa(1/a))*/2 ~ log(1/a)/2 + c1 + h({log(1/a)}) + Ola),
where ;1 =log2+2) - log(l+e™).

Proof. As in Lemma 8.14, fix a € (0,1) and put n := |log(1/a)| and b := {log(1/a)}.
Then

Z log (1 + —> Z log(1 + e" k) Z log(1 + e *1?)

k>1 k>1 k>0
n—1
+Zlog(1—|—ek+b Zlog (14 e FFb) +Z<log (1+e" )—i—k—i—b)
k=1 k>0

:Zlog(1+e_k+b)+210g (1+e " +nn—1)/2+bn—1) Zlog (1+e*

k>0 k>1 k>n
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Note that 7., log(1+e™*7%) <37 e™*" < 2e7"" = O(a) as a — 0+. Next, consider
a function f : [0, 1] — R defined via

Fb) = "log(1+e )+ "log(1+e ).
k>0 k>1

. e—k+b e—k—b . . .
The series D ;- tre=rs and ) ;o) 1io=r=s converge uniformly on [0, 1]. Hence, differenti-
ating termwise the series representing f we obtain

e—k+b e—k—b 1 1

k>0 k>1 k>0 k>1

and thereupon

b
f(b) = / f'(z)dz + £(0) = hy(b) +b?/24+b/2 + ¢;.
0
Summarizing,

S(a) = (n+0b)?/2— (n+0b)/2+c1 + ha(b) +O(a), a—0+.

[
8.6 Proof of Theorem 1.8(c)
Step 1. Determining s, the solution to 9’(s) = n.
Recalling that r;, = ce™ for k € N, we start with
, rie’ e’ 1
5) = = , seR.
i) kglrkes—l—l—rk es—lkZle—F(C(es—l))_lek
An application of Lemma 8.14 with a = (c(e® — 1))~! yields
Y (s) =s+loge—1/2+4 h({logec+log(e’ —1)}) + O(se™®), s — o0,
where h is as defined in (44) and, by Lemma 8.13, h(b) is of order 1077 for b € [0, 1].
For large enough n, s = s, is a solution to the equation ¥’(s) = n, that is,
s+loge—1/2 + h({logc+ log(e®* — 1)}) + O(se™®) = n.
Hence,
Sp=n+1/2—logc—¢e, +O0(ne™), n— oo, (46)
where ¢, = h({logc + s, + log(1 —e™*")}). We intend to prove that €, = o(1) as
n — oo. To this end, consider any limit point ¢, that is limy .. €,, = € for some

subsequence (ng). By Lemma 8.13, |e,, | < 1/4, whence |¢| < 1/4. With this at hand,
since €, = h({ng +1/2 —¢,, +0(1)}) = h(1/2 — ¢, + 0o(1)), we conclude that the limit
e should satisfy the equation ¢ = h(1/2 — ¢). Recalling (44) the latter is equivalent to

1 1

E S - 1.
k+e—1/2 Z k+1/2—

=y LAk / = 1+e /2—¢
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The function on the left-hand side is strictly decreasing. Therefore, € = 0 is the unique
solution to € = h(1/2 — ¢). Summarizing,

sp=n+1/2—logc+o(l), n— oo, (47)

Step 2. Verifying the conditions of Theorem 1.3.
(a) Fix k € N. Invoking (47), as n — o0

P g€ = o—k+1/24+0(1) _y o—h+1/2 _. D
and
SUp 7y 1" < e k12 4 g —kt1/2
n>N

for N € N such that e°™ < 2 for all n > N. Here, a; = e *t1/2. Plainly,

Z(Pk +oy) =2 Ze_k“/z < 0.
k>1 k>1

(b) Fix k € Ny. Again, invoking (47), as n — oo

-1 _—sn _ —k—1/240(1 —k—1/2 __.
r,_€ " =e¢e /2roll) e /—-Qk

and

sup ,r;ike—sn S e—k—1/2 —I—e_k_l/Q
n>N

for the same N € N as in (a). Here, 3, = e *Y/2 and

Z(qk + Br) = QZe_k—l/2 < 00.

k>0 k>0

(c) go =e Y2 >0.
Step 3. Asymptotic behavior of .
By Lemma 8.15, with the same a = (c(e® — 1))~! as before,

P(s) =Y log(1l+c(e’ —1)e ™) = 5*/2+ s(logc — 1/2)

k>1
+ (log*¢)/2 — (logc) /2 + ¢1 + ha({log c + log(e® — 1)}) + O(se™®), s — 0o, (48)
where hy is as defined in Lemma 8.15 and, similarly to h, hy(b) is of order 1077 for
be[0,1].
Step 4. End of the proof.
In view of (48), (46) and ¢'(s,) = n,
exp(t(sn) = sut (sn)) = exp (= n?/2+ (loge = 1/2)n — 1/8 + £2/2

+op+ ha(1/2 = 20+ O(ne ™) + 0(n2e—“)), n — oo,
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Recalling that lim,, .., €, = 0 and hy is continuous, we arrive at as n — oo

exp(t(sn) = sat/(s2)) ~ exp (= n%/2 + (loge = 1/2)n = 1/8 + c1 + ha(1/2)).
With this at hand, Theorem 1.3 yields

P{Y >0} ~ PY =n} ~ coexp(u(sn) — sut(50)
~coexp(—n2/2+(logc—1/2)n—1/8+cl+h2(1/2)), n — 0o,

where ¢y € (0,1) is a constant defined in Theorem 1.3 with p, = e **'/2 for k¥ € N and
g = e V2 for k € Ny.

8.7 Auxiliary results for r;, = cexp(—k”), 8 > 1

Lemmas 8.16 and 8.17 provide asymptotic expansions for functional series which appear
in the proof of Theorem 1.8(d).

Lemma 8.16. For > 1,

1 1 1 _8 1-1/8
— — =c,— 1+ + + O(e 2 e l/a) , a— 0+,
; 1+ ae” 1 +aee 1+ aeleatd’ ( )

where ¢, = |(log1/a)'/?].
Proof. 1t suffices to show that

1 _
D e =0T a0t (49)
k>cq+2 @
and
e aekB /3(1 1/ )171/6
E —  —O(e 2logl/a , - 04+. 50
“ 1+ aek’ (e ) @ (50)

PROOF OF (49). As a preparation, note that

S
ca+2 Z e~ < e (ca+2)P / _xﬁdl’

k‘>Ca+3 ca+2

= el t?” / y!/P ey < BN e +2)"F = 0, a—0+.
(cat2)?
With this at hand, we obtain as a — 0+

-1 —1_—(ca+2)? __ 0O —B(logl/a)l_l/ﬁ 51
Y e sat Y e nate @ — o ). 61
k>cq+2 1 +ae k>cq+2

To justify the equality, write

a~te~(catd)’ < [ —le=(1+(og1/a)" /%)  log(1/a)  o—Bllog1/a)'~1/?
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having utilized for the last inequality (1 + :L‘)ﬁ > 1+ px for x > 0.
PROOF OF (50). Arguing similarly we infer as a — 0+

Ca—2
e_(ca_l)ﬁ Z ek6 S (Ca _ 2)8_(Ca_1)6+(ca_2)6
k=1
— (g — 2)e~ (=D A=0=(@=)")%)  o o~(=1)(Blea=D) 0~ 2) )

As a consequence,

ca—1 kB Cca—1

ae 8 _1)8 _B 1-1/p
E — _<a E e~ gelea™)” = O (e 208 1/a) , a— 0+, 52
p 1+ aet” — — ( ) (52)

where the equality is ensured by
aelaD)? < ge(logl/a)t/P-1)F _, log(1/a)(1-(log 1/a)~1/7)?
— qelos(1/a)(1—p(log 1/a)~/#+0(log 1/a) /%) < o~ 5(og1/a)1=1/7
for small a > 0. O]
Lemma 8.17. For > 1, as a — 0+,

(log 1/a)**1/?

1 1
1 1+—) =1 1+ —- log(1 . log(1
;og( ) =g (14— ) +loa(1+ o) + g, log(1/a) — =L

1+(8]
~CA) - g (7 ) Buttttog 10 o 1 /a4 1 o),

where ¢, = | (log1/a)Y?] and, for k € N, By, is the kth Bernoulli polynomial.
Proof. In view of (51),
Z log(1+—> <a! Z e ¥’ -0, a—=0+.
k>cq+2 k>cqa+2

Further,

cZalog <1 + —) Zlog (1+ ac®’ cZalog(aekﬁ) =: Si(a) — Sa(a).
k=1 k=1

Note that the summand of S} (a) with k& = ¢, appears in the final result. The rest of S (a)
is negligible:

ca—1 Cca—1

Zlog(l—l—aekﬁ) < aZekﬁ —0, a— 0+
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as follows from (52). Finally, as a — 0+

a log 1/a)t*+1/#
— Syla) = calog(L/a) = S0k = cylog(1/a) — LEHADTT (g
— B+1
1 1+ 8] B+1
g 2 GO (7T ) Bt tog /) g 1) o),
k=1
where the last equality follows directly from Theorem 14 in [20]. H

Remark 8.18. Neither in Lemma 8.16, nor in Lemma 8.17 were we able to analyze the
behavior of terms with ¥ = ¢, and £ = ¢, + 1. Here is the reason of this failure.
For instance, if along a chosen subsequence (a,) the values of (log1/a)'/? are integer,

then ¢, = (log1/a)'/?, whence ac’ = 1. But if one chooses a subsequence (a,) along
which the values of (log1/a)'/? —1/2 are integer, then ¢, = (log1/a)'/? — 1/2, whence
lim, 04 aes = 0.

8.8 Proof of Theorem 1.8(d)

Step 1. Determining s, the solution to 9'(s) = n.
Under the present assumption r;, = ce ™ for 8 > 1 and k € N we adopt the approach
suggested in Remark 4.1. The reason is discussed in Remark 8.18. Recall that

, rie’ e’ 1
= = , e R.
vis) Z reet+1—r, e —1 Z 1+ (c(es —1))~tet” i

k>1 k>1
In view of Lemma 8.16,
1
}:_:0 log(1/a)*?), a—0+.
e 1+ aek” (log(1/a)""), @ *

Using this relation with a = (c(e® — 1))~! yields

1
P'(s) = ——————— + 0(esY), s o0
; 1+ (cles —1))~ter”

We claim that s, = n? + n®=D/2 is a solution to ¢/(s) = n + O(e""""*). Indeed, with

a= (c(e’” — 1))t as n — oo,

o = [(log 1/a)"/?] = [(log c + n® + n®=D/2 4 10g(1 — e '~ 2 )18

= (1487 72 P (loge + log(1 — e ) £ O ) ) | =,
(53)

aecg _ C_lenﬁ_sn(l . e—sn)—l < QC—lenﬁ—Sn = O(e_n(ﬁ—l)/Q) (54)
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and

&_16_(ca+1)6 _(n+1)ﬂ+sn(1 N e_S") < ce—/jnﬁﬂ+O(n372)+n(ﬁ71)/2 _ O(G_Bnﬁfl/z)‘ (55)

= ce
With this at hand, invoking Lemma 8.16 we obtain, as n — oo,
W(sn) =n—1+0 ™" ") 1402 40P N 1 o(e ) = nt0(e V).

Step 2. Verifying the condition (c) of Theorem 1.2.
Recalling that s, = n® + n#~1/2 we infer

_ _ 1 s
es"g rklgcle npe™ — 0, n — oo.

Step 3. End of the proof.

To determine the asymptotic behavior of ¢(s,) = >, log(1 + ce ™ (esn — 1)), we
apply Lemma 8.17 with a = (c(e** — 1))~! and derive the asymptotic behavior of each
term on the right-hand side of the equality in Lemma 8.17 (excluding, of course, —((—f)).
As n — o0,

e log (1+ ) = O(e=P""7"/2) by (55);

ae(ca"rl)ﬁ
o log(1+ ae®) = O(e™"""*) by (54);

cqlog(1/a) = n(logc 4+ n’ + n¥=1/2) 1 o(1) by (53);

(log 1/a)"+1/?
B+1 )
1 _ 1+1/8
— 55 1nﬁﬂ <1 4+ (BHD/2 4 n—ﬁ(logc + log(1 — e 1)/2))>
1 1 +1
=3 /3“(1 X (1 i B)(n(/ﬁrl)/? +nPloge) + %n(ﬁﬂ)) + o(1);

To analyze the last principal term, we first note that (log 1/a) (k=1)/B = pf=(=1) 1
(1~ (k— 1)/B)ntF+D/2= '“+0( ). Also, {(log1/a)!/"} = B~ (n~=D/2+(log c)n' ") —
(28)7'(1 = YY) + o(n™?). Summarizing,

[B]+1
a7 2 G () ) Batton a1 a0

1+|8]
s (e )

k-1
<0 (1 T) Lie<ias)/2y 07 0278) 4 o(1).
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Combining all fragments together we obtain

1 1 1 1
€x Sn Sn lsn ~ €ex <_— A+l —n(5+1)/2+10 c(l——)n——
D(W(s2) = su (50)) ~ exp (= 50— 2 ge(1-5)n =5
18] +1
1 w(B+1 I sy, loge 1 5 B—=1 4
-7 2 < . )Bk<5n< I Rt )
k=1
—(k— k-1 B
X (nﬁ k=) 4 (1—T> 1{k§L(B+1)/2J}n(5+1)/2 k>), n — Q.

Now the statement of Theorem 1.8(d) is a direct consequence of Theorem 1.2.
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