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Y emammi poss’szano ninocky zaoauy meopii npysicHocmi 0l 48epMbNIOWUHY, WO 3HAXOOUMbCSA Ni0
0i€l0 HeCmayioHapHo2o Hasanmasicents. Buxiony zadauy 36e0eno 00 00HOBUMIPHOT ULISXOM 3ACMOCYBANHSL
inmezpanvhux nepemeopenv Jlannaca ma @yp’e. OOHOSUMIpHY Kpatiogy 3adauy Y HpOCMOpi
MpAHCHOPpMAHmM  3aNUCAHO Y 6eKMOPHIU ¢hopmi, ii po38’a30K 3HAUOEHO 3a O0ONOMO20I0 anapamis
Mampuuno2o ougepeHyianbHoco wucienus ma mampuyi-pyuxyii Ipina. s obepuenns ompumaHux
PO38’AA3KI8 Y NPOCMOpi MpaHcHOpManm UKOPUCAHO METO0 CYMICHO20 0bepHeHHs nepemeopets Jlannaca-
@yp’e. Poszs’sizanns euxionoi 3adaui 36e0eHO 00 pO38 SA3AHHA CUHZYIAPHO20 [HMESPANIbHO20 PIGHSHHSA
BIOHOCHO HeBIOOMOI (DYHKYII nepemiwjeHb Ha OOHIU 3 epaHell YeepmvnlowuHuy. Jlane PiGHAHHS PO38 13aHO
MEMOOOM OPMOSOHATLHUX ROTHOMI OJIsL (PIKCOBAHUX MOMEHMIB UAC).

KimodoBi cnoBa: ugepmuniowuna, HecmayioHapHe HABAHMANCEHHS,
cuneynspHe inmespanvie pigHsaHHs, mampuysi-gynxyis I pina.

inmezpanvhe nepemeopeHns,

The plane problem for an elastic quarter-plane under the non-stationary loading is solved in the article.
The method for solving was proposed in the previous authors’ papers, but it was used for the stationary case
of the problem there. The initial problem is reduced to the one-dimensional problem by using the Laplace
and Fourier integral transforms. The one-dimensional problem in transform space is written in vector form.
1Its solution is constructed as the superposition of the general solution for the homogeneous equation and the
partial solution for the inhomogeneous equation. The general solution for the homogeneous vector equation
is derived using the matrix differential calculations. The partial solution is found through Green’s matrix-
function. The derived expressions for displacements and stresses are inverted by using of mutual inversion of
Laplace-Fourier transforms. The solving of the initial problem is reduced to the solving of the singular
integral equation regarding the displacement function at the one of the boundary of the quarter-plane. The
time discretization is used, and the singular integral equation is solved using the orthogonal polynomials
method at the fixed time moments. Based on numerical research some important mechanical characteristics
depending on the time and loading types were derived.

Key Words: quarter-plane, non-stationary loading, integral transform, singular integral equation,
Green’s matrix-function.
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The stationary statement of elastic problems for a
quarter-plane is quite well-known. One of the first
researches dedicated to the stationary problems for
elastic quarter plane was [1]. Two types of loading
were considered there, and the analytical solutions
were derived with help of Mellin transform and
Papkovich-Neiber functions. The static problem for
an elastic quarter-plane for arbitrary type of loading
was solved in [2].

© H.J. Baiicdensa, 3.10. XKypasnsoa, 2021

The problems for a quarter-plane in dynamical
statement are investigated much less frequently. At
this review authors concentrated their attention on
the analytical methods, which can be used for this
problem.

The apparatus of Volterra integral equation was
used in [3] for solving of the problem on optimal
control for either a displacement-vector or a stress-
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tensor component in a section of an elastic half-space
for the case of plane strain.

The apparatus of singular integral equations and
boundary integral equation method are powerful
tools for the solving similar problems. They were
used in [4] for the problem of dynamic stress
intensification due to the defect in a three component
elastic solid consisting of two dissimilar half spaces
and intermediate layer. The application of boundary
integral equations to 2D and 3D problems for space
under impact and time-harmonic loading was
presented in [5].

The methods for solving of the more complex
problems are also worth noting. The method of
solving plane unsteady problems for an elastic half-
space with a mobile boundary related to changing the
boundary conditions of a mixed type was presented
in [6]. There the solution was based on the method of
splitting the functions of influence, and also the
factorization method. The multiple-scale approach
using an extra slow time variable was applied for a
generally anisotropic elastic half-space in [7].

A technique for determining the stress-strain state
of an elastic half-plane under a nonstationary load
applied to its boundary was developed in [8]. The
corresponding boundary-value problem with initial
conditions was formulated, and Laplace and Fourier
transforms were used there. The initial-boundary
value problem for the linear one-dimensional Jin-Xin
relaxation model in a quarter plane was considered in
[9]. The asymptotic convergence and boundary layer
behavior were studied there by the Laplace transform
and a matched asymptotic analysis. The exact
solutions of nonstationary contact problems of
elastodynamics for a half-plane with the dry and
viscous friction in the contact zone having the
contact edge point moving with arbitrary variable
velocity along the boundary of a half-plane were
obtained by the use of Radon transform in [10].

As it is seen, the Laplace and Fourier transforms
are widely used for the solving of the non-stationary
problems. The most complex part in usage of the
Laplace transform is in its inversion. The useful
expansion theorems, which can be applied for some
classes of functions, were proven in [11]. The
relations that allow direct calculation of the original
function from its transform dispensing contour
integration were derived by the change of variables
in [12].

The method of mutual inversion of Laplace-
Fourier transforms was proposed in [13]. A
homogeneous isotropic elastic half plane with
nonstationary normal displacements on the boundary
was considered in [14]. The integral representations
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for displacements with kernels in the form of surface
influence functions were derived there, and the
originals were computed by using an algorithm of
joint inversion of Laplace and Fourier integral
transformations.

Cagniard-de Hoop method is also one of the well-
known methods for the inversion of Laplace
transform. The transient response in elastodynamic
quarter plane problems with mixed boundary
conditions was considered in [15]. Two dimensional
elastodynamic  equations were solved there
analytically applying of integral transformations and
Cagniard-de Hoop method and complex integration.
The transient response of multiple cracks subjected
to shear impact load in a half-plane was investigated
in [16]. The exact solution for the transient response
of Volterra-type dislocation in a half-plane was
obtained there by using the Cagniard-de Hoop
method of Laplace inversion.

As it can be seen from the review the problems
for dynamic elastic quarter-planes are not fully
developed, so it’s investigation is relevant. In the
following paper authors propose the another
approach dealing with matrix differential calculation
apparatus, matrix Green’s function and analytical
inversion of Laplace transform.

The elastic quarter-plane which occupies an area
describing in Cartesian coordinate system by the
correspondences x,y >0 is considered. The lateral

side of the quarter-plane is fixed
u(0,,6)=0,v(0,,1)=0 (1)
The normal load p(x,t) is applied to the upper
boundary of the quarter-plane:
O'y|y:0 = p(x,t),rxy o= 0,0<a,<x<a,t>0

2

v|y:0 =0,7,, o= 0,0<x<a,,x>a,t>0

The displacements and stresses that satisfy
boundary conditions (1) - (2), zero initial conditions
and the following motion equations should be found:

& k=10%u 2 &% _pK—lazu_
ot K+1g? k+loxdy Gr+1p2 ’(3)
*v k+10*>v 2 % P 0%y B

—+ + - =0,
where p - density, G — shear modulus, x =3 -4 u -

Muskhelishvli’s constant, x - Poisson ration.
The Laplace transform regarding the variable ¢:

{% (x,y)} _ T{“(x’y’t)}wdt

vs(x’y) 0 V(X,yaf)

29



Bicnux Kuiscbkozo nayionanbhozo yHisepcumemy
imeni Tapaca [lleguenka
Cepis izuxo-mamemamuymi Hayku

and the semi-infinite sin-, cos- Fourier transform
regarding the variable y are applied to the boundary-
valued problem (1) - (3):

oy (%) |7 u,(x.2) |[cos By
= Ty
vip(x) ] o[ (xy) |Lsin By
The boundary-valued problem in transform space
if written in the vector form

sz/sﬁ(x):fsﬁ(X),
5. (0) =0, lim 3,5(x)=0

Here s, f are Laplace and Fourier transform
parameters respectively,

(4)

(%) +2805,,'(x) = Py, (x),

1 3_")&()

0
Q: , f;ﬂ(-x)_ K+1 ,
1 ()
(B+a) 7 O

2K+1 2

0 e

)=, g £ (=%,

The solution of the problem (4) is constructed as
the superposition of general solution of the vector
homogeneous equation yfﬂ (x) and partial solution of
. L
inhomogeneous vector equation j, (x).

To find the solution of the vector homogeneous
equation the solution of the corresponding matrix
homogeneous  equation is  constructed [17]
LY, (x)=0, here Y,;(x) is matrix of order 2x2,
=e**] and

substituted into the homogeneous matrix equation.
As the result, the correspondence

Le" =M, 5 (f)ei is derived, where matrix
M, (&) has the form M, (&) =1£° +2B0¢ -
The solution of the matrix equation is found by the

formula [17] Y(x) :%meﬁM;ﬂl (g)dé‘ , where the
iy

which was chosen in the form Y,,(x)

closed contour C covers all poles of the integrand.
After the calculation of the contour integral with the
help of residue theorem the system of 4 matrix
fundamental solution, which correspond to the roots
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/ k-1 .
§1,2 :i‘\/ﬂ2 +q2a‘§3,4 ==t :Bz +qzm 18

found. Considering that solution Y, (x) has to

decrease on infinity, the following general solution is
derived

ysﬂ<x>=(x<x>+n<x>)[3]

2

)

where Yl(x),Yz(x) are matrix solutions that

correspond

_\/ﬂ +q s 2

that are found from the boundary conditions (1).
To find the partial solution (4) Green’s matrix-

function G ,(x,&) is constructed [18] for the

roots

, ¢,C, are constants

auxiliary boundary problem
L2J_’;sﬁ (x) =/fs (x)7
Vol Fop(x)]= 0, lim 7y (x) =0

where

. 1 0). 0 0)_,
RO R IO e IO}
The kernel of integral transform is chosen in the
f sin ax 0
orm f (x,a) = )
0 cosax

Green’s matrix-function is constructed as the
bilinear expansion

(xfz—_[H (x,0)Q () H (¢,)da

Here

sﬂ (0() = _Iaz - 2ﬂaQ - Pvﬁ

~ 0 1/(x+1)
Q = .
1/(x-1) 0
The partial solution of the problem (4) has the
following form

) =[Gy (66) 7y (£)d

Uniting (5) and (6) the solution of boundary
problem (4) is found in transform space

50 ()= o) 6 ()7, ()
(7

The displacements (7) and stresses in Laplace-
Fourier transform space are inverted analytically by
the mutual inversion of the Laplace-Fourier
transform. According to the approach [19] the

substitution S =As is done in each transform

(6)
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Vi (s, ) ) . Then the following two representations

for the functions in Laplace-Fourier space are
derived

fLF (s,z) _ e-Asmh(ﬂ) (8)
fLF (S,Z) _ e—s(A A’+R+B /12+K)h(/1) ©)

Here A,B,R,K >0 are some constants that

depend neither on s nor on A, A (},) is some known

function.
The changes of variables
A(x/12+R—&)+lzi:t and

ANV +R—ANR+BJA* +K —BJK + Azi=t a

re done for the functions (8), (9) respectively. So,

two expressions for the functions
A(t),a(t)=A? (t) + R for the first case and four
express10ns the functions

= A2 (t)+R.B(t)

the second case are derived. So, the original
functions are constructed by the formula

f(t,x)zljilg(ﬂ (t,z)—ff (t,z)),z=x+iy,

where

7o 0.2)= 5o (= aR) 5 (1)

[ P }(z— )dz

:i%[hg}(z—m/_)

for the first case and

fi (t,z)= —i]gd'(r—A\/ﬁ—B\/E)[h%}(t—z')d‘r

©

—i{é‘(r Af) -

2

1 0
27:01

0y
{h - }(t—A\/E—B\/E)ﬁL
i

for the second case.

Here 0 (t) is the Dirac delta function.

As the result the expressions for the
displacements and stresses that depend on unknown
function y(x,¢) are found. For its finding the first

LI&(r—Aﬁ—BR)%{h%}(l—ﬂd?

condition in (2) is used. It reduces to the following
singular integral equation
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feten)

—-l<x<1,

+f(§,x,t—r)}d§:r(x,t),

L'—.»—

—X

(10)
are knowrtl 4;egu1ar

E+ (ao + al) ;
2 T
The equation (10) is solved with the help of time

discretization and orthogonal polynomials method
[20]. For it the functions

)Zk(f):j(é:,tk),k:l,l... are inputted. The

unknown functions are searched in the form

&)=Y 5,18, (&), e[-11] a1

The correspondence (11) is substituted into the
equation (10) and, using the orthogonal polynomials

method With the spectral correspondence
2

where

f(f,x,t),r(x,t)
functions, j(f,t) = Z[(al —ao)

1
L (tn—
dx’ e ‘x— y‘
the following infinite system of linear algebraic
equations for each time moment # is derived

1-y’U, (y)dy =-z(n+1)U,(x), -1<x<1

ZZSMDMM forsm=0,1,2.,L=12,.. (12)
k=1 n=0
where _I xt \/1 x2dx,

D, = jdxj U, (£)U

X)1=-EN1=x2 [ (&,x,1,)dé

The system (12) is solved with the help of
reduction method.

So, the expressions for the displacements and
stresses inside the quarter-plane are found for each
time moment ¢,k =1,2,....

Conclusions

The non-stationary problem for an elastic
quarter-plane was solved with the help of
Green’s matrix-function and apparatus of matrix
differential calculation. The solutions derived in
the transform space were analytically inverted
by the mutual inversion of Laplace-Fourier
transform. The solution of the problem was
reduced to the solution of singular integral
equation, which was solved by time
discretization and the orthogonal polynomials
method. The stresses’ change during the change
of geometrical coordinates were studied.

(13)
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