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SIMULATION OF THE FRACTIONAL BROWNIAN PROCESS WITH GIVEN ACCURACY AND RELIABILITY

Random process theory is being used more and more in various fields of science due to the high computing power of modern
computers. However, it's often important to know how much we can rely on the models we use. This paper examines the modelling
of the fractional Brownian motion with given accuracy and reliability. The modelling is based on Dzhaparidze and van Zanten series
representation of the fractional Brownian motion. We consider the fractional Brownian motion as input process to a time-invariant
linear system with a real-valued square-integrable impulse response function, which is defined on the finite domain = € [0,T]. We
prove the theorem that gives the conditions, specifically the value of the upper limit of the summing in the model, under which the
obtained model approximates fractional Brownian motion with given accuracy and reliability taking into account the response of
the system. For the proof, we use the properties of square-Gaussian stochastic processes.
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Introduction

The importance of modeling stochastic processes is growing in various fields such as finance, medicine, physics, ecology,
and sociology. With modern computing capabilities, the simulation of stochastic processes is efficient, but assessing the
quality and reliability of the results is crucial to avoid distorting further considerations in the study. For this reason, methods
and models are developed to approximate the modeling of stochastic processes with predetermined accuracy and reliability.
In papers (Kozachenko et al., 2016; Kozachenko et al., 2005; Rozora, & Lyzhechko, 2018) the problem of simulation of
Gaussian stochastic processes with given accuracy and reliability are considered, including modelling with respect to the
response of a linear system.

This paper considers the simulation of fractional Brownian motion processes. In the work (Dzhaparidze, & Zanten, 2004)
the series representation of fractional Brownian motion can be found, which is used to construct the mathematical model of
the process. These processes are considered as input processes to a time-invariant linear system with a real-valued square-
integrable impulse response function.

The aim of the research is to find conditions under which the obtained model approximates fractional Brownian motion
with given accuracy and reliability taking into account the response of the system.

To simulate the fractional Brownian motion, display the process sample path, and find the necessary conditions the
software environment for statistical computing and graphics R was used.

1. Fractional Brownian motion

Consider fractional Brownian motion. It is Gaussian stochastic process with continuous time ¢ € [0, T], which starts at zero,
has expectation zero for all t in [0, T], and has the following covariance function:

1
R(t,s) = E(tz” + 520 — |t — s|2H),

where H is a real number in (0,1), called the Hurst index. The value of H determines the behavior of the fractional Brownian
process:

a)if H > % then the increments of the process are positively correlated;
b)if H < % then the increments of the process are negatively correlated;

c)ifH = % then the process is a Brownian motion with independent increments (or standard Wiener process)

2. A series representation for the fractional Brownian motion
Consider fractional Brownian process B; with Hurst index H in C([0,T]) space.
Let J, be the Bessel function of the first kind of order v, then

o (_1)71 (g)v+2n
~ Tn+DIv+n+1)

where x > 0,v # —1,—2, ... and I'(z) denotes the Euler Gamma function I'(z) = fow t? e tdt.

For v > —1 the Bessel function of the first kind J,, has a countable number of real positive zeros tending to infinity. The
process B; can be represented as the following sum of a series (Dzhaparidze, & Zanten, 2004):

o]

sin(x,t 1 — cos(y,t
Bt=zl(")Xn+Z (yn)yn’
n=1 n n=1 In
where X,,,Y, are independent zero mean Gaussian random variables with variances depending on H and n, x, is the nth
positive real zero of Bessel function of the first kind J_y, y,, is the nth positive real zero of Bessel function of the first kind J;_y.
The process B, can be represented in the following form (Kozachenko, Sottinen, & Vasylyk, 2005):

X(t) = Xyz1(cn sin(xgt) & + di (1 — cos(yet)Ing), (2.1)
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where &,,1, are independent and identically distributed zero mean Gaussian random variables with E€2 = En2 = Eg,n, = 1,
k>0,l>0and

m\2c
Cx = H T L k = 1,2, ..,
X H-n ()
mhV2e k=12

dk =7 i
Vi om0
_ T(2H+1) sin(mH)

c= 2H+1

Further in the paper, we will use the representation (3.1) for the fractional Brownian process.

3. Fractional Brownian motion approximation

Consider a time-invariant linear system with a real-valued square-integrable impulse response function H(t), which is
defined on a finite domain t € [0, T]. Then the response of the system to an input signal X(t) has the following form:

Y(®) = [ HOX(t - Ddr,t €[0,T]. (3.1)
Suppose that the impulse response function H(t) is known and that the input signal in system (3.1) is a stochastic process
(2.1). Then from (2.1) and (3.1) it follows that the response of the system Y (t) can be presented as

Y(©) = Zio(Bemie(©) + niesi (1)), (3.2)
T . T
where m, (t) = ¢, [, H(T) sin(x (t — 1)) dt, si(t) = dy Jo H®(1 = cos(yx(t —D))dr.
Definition 3.1. A random process Xy (t) is called a model of the process X (t) if

(2.2)

N
Xu(©) = ) (6 sinCeet) B + de(1 = cosOne.
k=1

If the model Xy (t) is an input signal of a linear system (4.1), then the output process is given by

N
B = ) (5emic© + nisi©).

Denote &, (t) as the sum of the squared differencegj?(t) —Xy(®) and Y(t) — Yy (1):
En(0) = (X(0) — Xy(0)" + () - ()", (3.3)

Definition 3.2. The model X (t) approximates a stochastic process X (t) taking into account the response of system (3.1),
with given reliability 1 — v,v € (0,1), and accuracy & > 0 in the space C([0,T]), if

P{ sup &y (t) — Egy ()] > 6} <.
te[0,T]

Further we will find conditions under which the model X, (t) approximates the process X(t) with given accuracy and
reliability by taking into account the response of the system (3.1).

4. Square-Gaussian stochastic processes
To find conditions under which the model X (t) approximates the process X (t) with given accuracy and reliability let us give
some definitions of square-Gaussian stochastic processes.

Assume (T, p) is a compact metric space with metric p.

Definition 4.1. Let = = {£,,t € T} be a family of centered joint Gaussian random variables. A space SGz({) is a space of
square-Gaussian random variables if for any element n € SGz(Q) there exists a real-valued matrix 4,5, and random vector
&= (8,8, ...5), 5 €EE k=1,n such that n=E AL —EETAE, or n€SGz(Q) is a square-mean limit of sequence
0= lim (§748 - EE'4F).

Definition 4.2. A stochastic process £(t),t € [0, T], is a square-Gaussian if for any fixed t € [0, T], a random variable £(t)
belongs to the space SG=(Q) and s[up]IE(t)l < 0.

telo,T

The following theorem gives us conditions we will use further for modelling process X (t) with given accuracy and reliability.
Theorem 4.3. (Kozachenko et al., 2016) Assume that §(¢t), t € [0, T], is a separable square-Gaussian stochastic process and

|t§lsllgh ,D(E(t) —&(s)) < o(h) = kh*,a € (0,1],
Zﬁmax{éo,k(g)a}

where k is some constant. Then, for x > , the inequality

2 1
rlaron> o <setonl o (o7 ()
su x exexpq— )
tE[OPT] P 2v/28, 2428, V26,
1/2
holds true, where 8, = sup (D(X(t))) .
telo,T]
5. Simulation of fractional Brownian motion with given accuracy and reliability
It is easy to show that the stochastic process &y (t) — E€y(t) is a stochastic square-Gaussian process with &y (t) from

(3.3). Then we can use Theorem 4.3.
Given (2.1), (3.2), (3.3), the process {N(t) can be represented as

Ev(t) = Z Z(%Eka + R & + drmemi),
where ot
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i = Gi(t) = crey sin(xyt) sin(xt) + mymy,
it = Pt (t) = cied,; sin(xgt) (1 = cos(yyt)) + myesy, (5.1)
&3 = d3,(t) = did; (1 — cos(yt)) (1 — cos(y;t)) + sis;.
Let us introduce the following differences
Adjy = by (8) = djy (),
Ay = by (8) — by (),

AdRy = b (8) — by ().
Lemma 5.1. Let &, (t) be a stochastic process from (3.3) (Rozora, & Lyzhechko, 2018). Then

B = ) (6h(0) + bh®),

k=N+1

o)

pe®= Y (2(6h®) +(0h®) +2(410)")

kl=N+1

2 2
D(En(®) = én()) = Z (2a0k)? + (ap%)" +2(803,)°). (5.2)
k,lI=N+1
Consider the following conditions:
Condition A. There exists a constant ¢ > 0 such that |H(z)| < q on the domain [0, T].

Condition B. The following integral is convergent I, = fOT H?(t)dt < oo0.
Condition C. X% .1 c2x2! < 00, % 1 c2xZ < o0, a € (0,1].
Lemma 5.2. Suppose that conditions A, B, and C are satisfied. Then

3}

E&y(6) < (1 + I;T) Z (c2 +4d3), (5.3)
k=N+1 2
(o] [oe] 2 T [oe] 2 [oe]
DfN(t)< 1+ T IH>( Z c> 8q? +41H)< Z ;—") +51,3< z C—")( Z c,%>+
k=N+1 k=N+1 k k=N+1 k k=N+1
2
+

k= k=N+1 k

k 1
[ee) [ee) [ee) [ee) 2
+(16q2T+3T1H)< Z ) d,%>+9T1,3< Z c,§>< Z -+
k=N+ xk k=N+21 k=N+1 k=N+1yk
= 81 — d
2 2, %2 Zk
S @) + (72 +41H)(=z yk> v

1
9
+ (1 +2q°T% + ZI,Z,T )(
k=

1
27 [ee) [ee)
+(24q2T+7T113)( Z y—) (k; d >:= 8o(N), (5.4)
/D(EN(t) En(s)) < KNt —s|% a € (0,1],

o

o oo 2
K(N) =227« Z cEx2® Z o +< Z c,fx,‘é‘) +4(1 + ¢*T)? Z cEx2*k = N + 1oodk2 +
KEN+1

+(16+3T21H)< i ) i dk)+(96q +91H)< i ;—">< i d_f)
N+ k
Ck

where

o

KSR+ k=N+1 KENHL
[ee) [ee) [ee) [ee]
+4(1 + q3T) Z cExl Z Azyf + Z ct Z dZy2® + 2 Z dzyz® Z di +
KN+ KEN+1 K=N+1  k=N+1 N k=N+1

2

+2 dzy ) 8q? ( c xza—1)< czx_1>+< chxg 1) +
<k=ZN+1 o k=z1v+1 o k=zzv+1 o k,;d o
+2(1+q2T)< Z c,fx,%“'l)< Z d,%y,:1>+(3+2q2T)< Z cixg 1)( Z diyy )

k=N+1 k=N+1 k=N+1 k N+1
k=N+1 k=N+1 k=N+1 k=N+1 k=N+1
oo oo 0 2 2
2472 (Z dy>( > d,%>+( > d,%yk*) . (5.5)
k=N+1 k=N+1 k=N+1
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Proof. From Lemma 5.1 follows

B = D (k0 + L)
Using the values ¢} (1), 07, () from (6.1), we have

o

EEy(t) = Z (cBsin?(xet) +mE(e) + dZ(E)(1 — cos(y)? + sE (1)) < Z (c +mE(e) + 4df + mi(®)).
k=N+1 k=N+1
Now we evaluate m2(t) + s2(t). We obtain

T T

2 2
m2(t) + sZ(t) = c2 (f H(Dsin(x; (t — ‘r))d‘r> +d2 (f H(1) (1 — cos(y (t — T))) d‘r> <

0 0

T

< J’ H?(t)dr [J- <cﬁsin2(xk(t — 1)) + 4dZsin* (}% (t— ‘r))) d‘t} < IyT[c? + 4d2].
0 0

This proves the estimate (5.3) for E€y (t).

. 2
Now let us prove estimate for D& (t). From Lemma 6.1, it follows that we should estimate (¢;€l(t)) ,i=1,2,3.
2
For (q>,1(l(t)) we obtain

2
(d)il(t)) = cZcfsin?(x,t)sin? (x;t) + 2ccisin(xg t)sin(x t)my (£)my (t) + m2(E)m? ().
It is clear that sin?(x,t)sin?(x;t) < 1. Also,
T

%k H(t) (cos(xk'r) — cos(xx (2t — T))) < %i _ 2qcy

Xk X

sin(x, t)m, (t) = ¢ f H(t)sin(xkt)sin(xk(t — ‘t))d‘r ==

D\'ﬂ

0
Here we used such estimate
T

f cos(x,D)dt =

0

sin(x; 1)

O_Xk

T<2

T 2

f H(Osin(x(t —1))d T

0

CI%IH

T
2
mZ()mi(t) = cf < Tf (1 — cos(2x, (t — r))) dt < %(T + %)
0

Finally, we have
2 8q? T 1\/T 1
1 < 2.2 2 (_ - — J—
(L) < cke <1+x—+1,,(2+2xk) (2+2x1)>. (5.6)

kX1
2
For (q),zd(t)) we have

((1),2(l(t))2 =4 [c,fdlzsinz(xkt)(l - cos(ylt))2 + 2¢,d;sin(x ) (1 = cos(y;t) )my (D)5, (t) + mE(t)s? (t)].
We will use the following estimates
sin?(x,t)(1 — cos(y,t))2 < 4.
T
(1 — cos(ylt))sl(t) =d,; f H(1) (1 — cos(yl(t - ‘t))) (1 — cos(ylt))dt <

0
T

1 6
< qd, f <1 — cos(y;t) — cos(y,(t — ) + E(cos(y,(Zt -0))+ cos(ylt))> dt < qd, (T + ;)

1
0

T 2 T T
sE() =d? J- H(t) (1 — cos(y,(t — ‘E))) d’t\ <d? f H2(t)d rf (1 —2cos(y;(t — 1)) + cos?(y, (t — ‘E))) dt <
0 0 0
T
1 3 9
< d?ly nf <1 —2cos(y,(t— D) + E(l + cos(2y,(t — ‘[)))) dt < d?Iy (ET + 2_311)
We get
2 4q? 6 1,?1 1\ /3T 9
(d)lzd(t)) < 4C}§d12 [4+X(T +E) +?(T+E) (?+2_311)l (57)

2
In the same way we obtain the estimate (¢,§l(t))
2 6 6 3T 9 3T 9
3 232 2 _ _ 2 (2 4~ ([
(o) < did] [1 +2q (T + k) (T + yz) +12 ( S+ Zyk)( o+ 2y,)]' (5.8)
The estimate for D&y (¢t) follows from (6.6), (6.7), (6.8).

Finally, we should estimate (D(EN(t) - EN(s)))E. From Lemma 6.1, it follows that it is enough to evaluate

(84)° = ($a(®) = $u(®)) i = 123,
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First let us estimate |Ady, |
|Aq),1d| = |ckcl(sin(xkt)sin(xlt) - sin(xks)sin(xls)) + my ()m;(t) — mk(s)ml(s)| <
< e (Isin(x ) |[sin(x;t) — sin(x;s)| — [sin(x; )| [sin(xt) — sin(xs)) + [my (©[1my () — my(s)] +
+m ()1 Imy (t) — my(s)].
Since in (Kozachenko et al., 2016) the following inequality is proved
|sin(h)| < h*, a € (0,1],

cos <%(t +S)> sin (%(f —5)> sin (% (¢ _S)>

|cos(x;t) — cos(x;s)| < 217 %t — s|*.

we have

[sin(x;t) — sin(x;s)| = 2 <2 < 21% Xt — 5|
1 1 1

In the same way we get

Then we obtain
T

[my (£) — m ()] < ¢ le(‘t)Hsin(xk(t - ‘r)) - sin(xk(s - ‘r))|d‘r <

0
T
. Xk
sin <— (t— s))
2 (‘)f

2
< 2¢q dt < 2¢cpqxg2 %t —s|*— <

Xk

cos <x7k (t+s— 2T)>

< 227% e x 2t — s|*

T T
2qc
Im (O] = cx fH(T)SiH(Xk(t—T))dT < qc fsin(xk(t -1)dt| < 9%
0 0
From the inequalities above we get the estimate we need

4 2

|agh| < ckc121-“|t—s|“(x,?+xf‘><1 +i). (5.9)
XkXy

For |AdZ,| we have
|A<|)il| = |2 [ckdl (sin(xkt)(l — cos(ylt)) - sin(xks)(l - cos(yls))) + my(t)s;(t) — mk(s)sl(s)” =

= 2|[ckdl(sin(xkt) — sin(xgs) — sin(xt)cos(y;t) + sin(xks)cos(yls)) + my (t)s;(t) — mk(s)sl(s)” <
< 2¢d;(|sin(xt) — sin(xgs)| + [sin(x,t)[|cos(y;t) — cos(y;s)| + |cos(y;t)||sin(x,t) — sin(x,s)|) +
5 +mi Olls; () = sy ()| + s (O Imy (£) — my (s)]].
ince

T
|s; () — s;(s)| < d; fIH(t)||1 — cos(yl(t — ‘t)) -1+ cos(yl(s —T))ld‘t <
0

T
sin <% (t- s)> J-

0
T T

|s;(®)] = d, f H(t) (1 - cos(yl(t - ‘t))) dt| < qd, f (1 — cos(yl(t - ‘[))) dt| < qd; (T + %),
0 0

< 2qd, dt < 227%qdyf e — s|%,

sin (% (t++s— 2T)>

we obtain

1 x4y
|AdZ| < crd, 237t — 5] [(1 +@2T)x + =y + 2¢2 "7”] (5.10)

2 XYL
In the same way it can be shown the estimate for |Ad3,|

|A¢,§,| = |2 [dkdl ((1 - cos(ykt))(l - cos(ylt)) — (1 - cos(yks))(l - cos(yls))) + s5,.(O)s;(t) — sk(s)sl(s)“ <
< dyd;(|cos(y;t) — cos(y;s)| + |cos(yyt) — cos(yis)| + |cos(yit)||cos(y,t) — cos(y;s)| +

. +lcos(yt)||cos(yit) — cos(Ves)I) + [sk (O)Is,(t) — s;()| + 5O I5x (£) — 55 (5],
an

2 2
A3 < didi 2 — 5| ((y;: +79 (1 - ﬁ) + Ty + yz"“l)>- (5.11)
Finally, if we put (5.9), (5.10), and (5.11) into (5.2), we will have

/D(EN(t) —&v(s)) < KNt —s|% a € (0,1],
where K(N) is from (5.5). Lemma 5.2 is proved.
The results of Lemma 5.2 can be used to approximate a fractional Brownian motion process with given accuracy and
reliability.
Theorem 5.3. Assume that conditions A, B, and C are satisfied. The model X (t) approximates a fractional Brownian
motion process X(t) taking into account the response of system (3.1) with given reliability 1 —v,v € (0,1), and accuracy
8 > 0 in the space C([0,T]), if for N, the following inequalities hold true:

max {SO(N),K(N) (;)a} <2

22
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3 Sa 26
<v

I} [ 2
eaexp{— X 1+—— A
p{ zﬁzso(zv)} <zﬁ60(N)> ( \/ESO(N)>
where 8§,(N) and K(N) are from (5.4) and (5.5) respectively.
Proof. The proof of the theorem follows from (2.1), Theorem 4.3, and Lemma 5.2.
6. Software simulation

Consider the following case a = %,T = 1, and the following impulse response function H(t) = e~
Let us estimate the series

cixd, Z dzy?,d < 2a.
From (Watson, 1944) we have

X ~ Vi ~ Tk, k > oo,
and for large |x| we have the following asymptotic relation for the Bessel function J, for v > —1

2 2 2
B + s ()~ —n o
Additionally, in (Kozachenko, Sottinen, & Vasylyk, 2005) the following asymptotic relations were proved
2
]12—H(Xk)~a. ]EH(YI()NE; k — oo,
Therefore, we obtain
c
C]%’Vd,%“'m,k — 0,

Hence, we have

o)

[ee) [ee)
c 1 dx dx
2..d d — .d — ~d d —
CkXk Z k2H+1 (mk)® = cm Z k2H+1-d cn Z fk2H+1—dSCT[ Z fx2H+1—d
k=N+1 k=N+1 k=N+1 k=N+1jk=1 k=N+1pk=1
[ee]
d
df dx CT
N

= | SzHria - NZH=4(2H — d)’ 6.1)
where ¢ is from (2.2).
In the same way we prove

cm?

2.,d <
Y < NEmacg —qy
k=N+1 1

From the representation of H(7) and conditions A and B obtain g = 1,1, = % — 5

Now let us estimate K(N) and &,(N) from (5.4) and (5.5) respectively using (6.1), (6.2)
c? c

— _ -2 —4 _ -2 —4
8o(N) = (21,375 = 2.75¢™* + 1.375¢ ™) gy + (183.375 — 1475¢ ™2 + 7.375¢ ™) o

(6.2)

2

TN*HH1(4H? + 2H)
N 11 ) c’n ( 7 N 6.25 N 1 ) 8c?
H(H—05) " (2H —05)2) N*i1 " \2HQ2H + 1) ' (2H + 0.5)2 ' 16H(H + 0.5)) TN4H-1

c? 2
+(46.5 —13e72 + 6.5¢7%) ] ,

K(N) = 215 [( +

4 14c2
+ ((H T DH+05)  @H ¥ 1.5)2) n3N4H+3]'

Now, let us provide an example of software modeling for a fractional Brownian process. For different values of accuracy
and reliability we will search for such N, that satisfy Theorem 5.3. Then, we will simulate the process using those values and
construct the sample path of the model. For example, for accuracy § = 0.1

And reliability 1 — v = 0.95 the cutting level N = 150. If we enlarge accuracy § = 0.35 and decrease reliability 1 — v = 0.75
the cutting level will be equal N = 38.

The figure 1 displays the trajectory of the model X;5,(t), which approximates a fractional Brownian process with Hurst
index H = 0.8 with reliability 0.95 and accuracy of 0.1, taking into account the response of the system.

0.4 1

0.3

0.2

X(t)

0.1

0.0

0.0 0.2 0.4 0.6 0.8 10

t
Fig. 1. The sample path of the simulated model X;5,(t) that approximates the process X(t)
with accuracy 0.1 and reliability 0.95, taking into account the response of the system
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Discussion and conclusions

In this paper, we investigated the modelling of fractional Brownian motion with given accuracy and reliability. The process was
considered as input process to a time-invariant linear system with real-valued square-integrable impulse response function, which
is defined on the finite domain t € [0, T']. Therefore, while the modelling the response of this system was taken into account.

To obtain conditions for modelling with given accuracy and reliability taking into account the response of the system, we
proved the theorem which gave us the value of the upper limit of the summing in the model for such modelling.

Using the results of the obtained theorem, we performed software simulation of the fractional Brownian motion, presented
the sample path of the modeled process, and the table with the conditions of simulation corresponding to given accuracy and
reliability.

Authors' contribution: Iryna Rozora — conceptualization and theoretical foundations of research; Yevhenii Sheptukha — making the
mathematical calculations, preparation of the first draft.
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MOJENIOBAHHSA IPOBEOBOIO EPOYHIBCHKOIO NPOLIECY 13 3AAAHOIO TOYHICTIO TA HALIUHICTIO

Teopis eunadkoeux npouyecie dedani yacmiwe 3HaxoOuMb 3aCMOCY8aHHs 8 Pi3HUX 2asly3s1X HayKu 3ae0sIKU 8UCOKill 064UCIH08aNbHIll TomyXHocmi
cyy4acHux ob4yucrosanbHUX npucmpois. OGHaK 4acmo 8aJIugo 3Hamu, HacKiflbKu MU MOXeMo roknadamucsi Ha Moderti, siKi gukopucmosyemo. Y npo-
rnoHoeaHili cmammi po3ansiHymo memodu modesitoeaHHs1 po608020 6pPoyHIBCbKO20 npouyecy i3 3adaHoro mo4Hicmro ma HadiliHicmro. ModentoeaHHs
rpyHmyemscsi Ha npedcmassieHHi Opo608o20 6poyHiecbko20 npouyecy sik cymu psidy. Mu po3ansidaemo dpobosuli 6poyHiecbKull npoyec sik 8xiOHull
npouyec iHeapiaHmHoi e 4aci sniHiliHoi cucmemu 3 dilicHoro Keadpamu4yHo-iHMe2pPo8aHoo iMMyIbCHOIO hyHKUiEI 8Ux00y, sika 8U3Ha4YeHa Ha CKIHYEeHHIl
o6nacmi t € [0,T|. JoeedeHo meopemy, wjo Hadae yMoeuU, 30KpeMa 3Ha4YeHHs1 8ePXHbOI Mexi cymu psidy, sikuM npedcmassieHo ModeJlb, 3a sSIKUX ompu-
MaHa modesib Habnuxae dpoboesuli 6poyHiecbKull pyx i3 3adaHot0 moyHicmio ma HadiliHicmio 3 ypaxyeaHHsIM euxody cucmemu. [nsi doeedeHHs1 8UKO-
pucmaHo enacmueocmi keadpamuyHo-2aycciecbKkux eunadkoeux npouecie. [Mo6ydoeaHi Modesii MOXYymb WUPOKO 8UKOpUCMO8y8amuch SIK Yy
npupodHUYUX, MaK i 8 coyianbHUX HayKax O71s1 anpoKcuMauii mpoyecie 3 KOPOMKO-, a MaKOX i3 00820MpPUBAIIOHD 3asIEKHICMIO.

KnwuyoBi cnoBa: dpoboeuli 6poyHiecbkuli pyx, MOOesIl08aHHsI, MOYHicmb, HadiliHicmb, niHiliHa 0OHopidHa cucmema.
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