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ON MODELING GAUSSIAN STATIONARY ORNSTEIN - UHLENBECK PROCESSES WITH
GIVEN RELIABILITY AND ACCURACY IN Lp-SPACES

Even though the problem of modelling and simulation is not new it continues to be actual over time. Our computers
are becoming more powerful and this allows us to use more sofisticated algorithms for more complicated problems. In this
paper we constructed the model from the series decomposition of the Gaussian stationary Ornstein — Uhlenbeck process. The
Ornstein — Uhlenbeck process is widely used to model reversal processes, exchange rates, asset price volatility, etc. Controlling
the model’s accuracy and reliability with which it approximates the real process is important for applications. For this purpose
we have established the relation between the model’s accuracy measured in the norm of Lp-space and reliability. The classical
methods and results from the general theory of stochastic processes and sub-Gaussian spaces of random variables were used
in our research. Since Gaussian stochastic processes are sub-Gaussian as well, we can utilize them. For one particular case the
calculations were made in order to show how our results can be used in the particular situations. The results from our paper can
help to simulate and analyse the situations which the Ornstein — Uhlenbeck process fits well.

Keywords: modeling with given reliability and accuracy; Gaussian stationary process, Ornstein — Uhlenbeck process,
spectral density of stochastic process.

AMS 2020 classification: 60G10, 60G15, 91-10.

Introduction

The issue of modeling and simulation of stochastic process is very vast. Simulation of different situations via different
stochastic models can help to make an appropriate decision for many practical problems which are too complicated for
solving by standard analytical instruments. This implies the strong demand for such methods in different application areas:
from epidemiology to telecommunications and finance, see for example (Shanbhag, & Raag, 2003). The theory of modeling
the stochastic processes and fields is worked out by many scientists, and a large number of papers are devoted to this
topic. In particularly, the various methods for modeling Gaussian stochastic processes and fields have been thoroughly
studied in the works by (lanevych, Rozora, & Pashko, 2022; Kozachenko, Pogorilyak, Rozora, & Tegza, 2016; Rozora,
lanevych, Pashko, & Zatula, 2023) and many others.

In this research our main objective is to construct the appropriate model for an Ornstein — Uhlenbeck process. In the field
of finance, this process is well known from the Vasicek interest rate model. In particular, an Ornstein — Uhlenbeck process is
widely used to model reversal processes and for stochastic modeling of exchange rates. Recently, the Ornstein — Uhlenbeck
process has been used in finance as a model of asset price volatility as well. So, for the real situation it is important
to have possibility to simulate this kind of process and to control the possible errors measured in some norm and with
some predetermined reliability. (Kozachenko, & Petranova, 2017) also studied and modelled the centered and
stationary Ornstein — Uhlenbeck process but with accuracy measured in the norm of the space C|0, T7.

In this paper, we formulated and proved Theorem (our main result) which establishes a connection between the model’s
error measured in the norm of L,-space and the given accuracy and reliability. For this we utilized the methods and results
from the theory of sub-Gaussian stochastic process. In particular, we rely on the estimates for sub-Gaussian stochastic
processes from the paper by (Kozachenko, & Kamenshchikova, 2009). We have also performed some calculations for
one particular case to show how our theory works in practice.

1. On covariance functions and spectral densities

Let us consider in what follows a stationary Ornstein — Uhlenbeck stochastic process X (t),¢ € R, for which E(X (t)) =0
and the covariance function for all t € R is

R(1) =E(X(t+7)X(t) = o” exp{—a|7|}, 0,2 > 0. (1)
According to the Bochner — Khinchin’s theorem, a covariance function of a real stationary process can be presented as
R(r) = / cos(AT)f(N)dA, T€ER.
Using the Fourier transform it can be deduced that the spectral density of the process with the covariance function (fl) is
02a
m(a? + A2)’
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So, for the real-valued stationary Ornstein — Uhlenbeck stochastic process
2 [0}
= _ R.
R(t)=o0 /_ w(a® £ 29) cos(AT)dA, T €

According to the Karhunen theorem (see, e.g. (Lukacs, 1970)), our stochastic process X (¢),¢ € R can be presented as
X(t) = / cos(M)der(\) + / sin(M)des(V), £ € R, @)

—o0

where £1(\) and &2(\) are independent centered Gaussian stochastic processes with orthogonal increments such that if
A1 < Ao, then

E(&(A2) — Ei()\l))2 = R ’ f)dN, i=1,2.

The covariance function (fll) can be represented as the sum of two integrals:

R(t,s) = R(t — 5) = /_w fl(t,/\)fl(s,A)dA+/_Oo Falt, \) a5, N,

fi(t, \) = cos(At) - a\/%; @)
F2(t,\) = sin(\t) - & \/% "

In what follows we will need the results of the theorem from (Kozachenko et al., 2016).

where

Theorem 1. Let X (t),t € T be a centered complex stochastic process with finite variance and covariance function R(t, s) =
E X (t)X (s). Assume also that (A, Ba, i) is @ measurable space with a o-additive measure n. Suppose that for all t € T
functions f;(t,\), i = 1,...,n belong to the space La(A, 11); {gx (), k € Z} is an orthonormalized basis in La(A, 1). The
covariance function R(t, s) is represented as

R(t.s) = 3 [ StV FG A0
=1
if and only if the stochastic process admits a decomposition

X(6) =Y au(t), (5)
=1 k€Z
where

an(t) = / Fit Nge N du(),

& are centered uncorrelated random variables, E &, = 0, E&;ply = 0w and EE4, =1 foralli =1, ...,n.

It follows from (f)) that the stochastic process X (t) can be represented as a sum of two processes

X(t) = Xa(t) + X (t), (6)
where
Xa(t) = / " cos(n)den (M) + / b sin)dea(0):
XAy = /WA cos(M)der(\) + /WA sin(A)des (V).

Then the covariance function for X, (¢) can be written as

A A
Ralts) = /7A fl(t,A)fl(s,)\)d)\—i—/iA Falt, N) fa(s, A)d,

where the functions f; (¢, ) and f»(t, \) are defined in (§)-(#).
Let us apply Theorem [] to the process X (t) imposing a trigonometric orthonormalized basis in the space Lo ([—A, A])

1 1 km 1 . km
= — = — —_— = — — > .
{ao m,akl \/KCOS(AA),akQ \/Ksm( /\),k/l}
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We obtain the following series expansion of the process X; convergent in the mean square sense:

Xa(t) = ao(t)éo + Y larka(t)éik + azpa (t)Eax] , 7)
k=1
where the random variables {&o, {1k, &2k, K = 1,2,... } are such that E&;, = 0, E&ik&i = i fori = 1,2 and E&;i& = 0
for i # j,

(%

1 A
aoA(t) = E/ACOS(At) +g md}\,

1 A «a km
aika(t) = 7 [A cos(\t) - o w02+ 30 cos (XA) dX;

A
azka(t) = %/ﬂ sin(\t) - o msin <%’U> dA.

Remark 1. Since the stochastic process X (t) is Gaussian, the random variables {&o, &1k, &2k, £ = 0,1,2,...} in the
equation () are Gaussian and independent.
2. Building the stochastic process model

In this paper, we consider modeling in the space L, ([0, T]). The representation (B) can be used to build a model of a
stochastic process X with a given accuracy and reliability in different Banach spaces. Let us assume that the Gaussian
stochastic process X (t), ¢t € R can be decomposed in the mean square sense as follows

X(t) = an(t)éx,

k=0

where £,k =0,1,2,... are independent normally distributed random variables with E&;, = 0,E£7 = 1.

Definition 1. A stochastic process Xy (t) is called a model of a process X (t) if

Xn(t) = an(t)é.

k=0

Let || - || denote the norm in the functional Banach space B.

Definition 2. A model X x (t) approximates a stochastic process X (¢) with a given accuracy § > 0 and a reliability 1 —v, v €
(0,1) in a Banach space B if
P{[Xn(t) = X ()] >0} <wv. 8)

To build a model with an accuracy ¢ and a reliability 1 — v in the given space, it is necessary to find N for which the
inequality (B) holds true. For the process X (t) with the covariance function (fl) on the interval [0, 7], we will use the following
finite sum as a model

N
Xn(t) = aoa(t)éo + Z [a1ra (t)€1k + azpa (t)Ear] - 9)
k=1
3. Taking into account the the model’s reliability and accuracy in the space Lp ([0, T])

For taking into account the predetermined accuracy we need to have at least some estimates for the probability of the
model’s error be larger than some value.

Let us prove an auxiliary lemma first. It then can be utilized for proving our main result.

Lemma 1. For a centered stationary Gaussian process X (t), t € [0, T] with covariance function R(t) = o exp{—a|7|},
o,a > 0 and the model Xy (t), defined in (@), the inequality is true:

sup (E[X(t) — Xn()]*)""* < By, (10)
te[0,T]
where ) 5 2 1
_[2 207 A 8Aac ‘ 2 2’ _ 1 .1 2
BN,A—[J — arctana—i— N T-nNA++vVa2+A2|—T-Ina m—ka } (11)

Proof. The equation (B) implies that

2 2
sup E[X(t) — Xn(t)? = sup E[XA(t)JrXA(t)—XN(t)} = sup E[XA(t)] + sup E[Xa(t) — Xn(t)?.
t€[0,T) tin[0,T) t€[0,T] t€[0,T]
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Let us estimate each term separately.

2

= / cos®(\t) Eder(N) + / sin*(\t)déa(N) =
A=A [A[ZA

A [— .
E [X (t)] =E |:/>\>A cos(At)déi(A) + /|A|>A sin(At)déz(\)
B /W% = /|A|>A Jax = /\MgA md)\
1

and also
/OOL—larctané|°°—lf—arctané
A 02N a 20 « a

Therefore,
2

2 2
sup E [XA(t)] _2oa (L _! arctan é) =0’ - 20° arctan é,
te[0,T] s 20« « s «

which implies that sup E [X“(t)]2 — 0 as A — oo. For the second term in (ff) we have
t€[0,T]

oo

EXa(t) — Xn®)]* = > [atea(t) + a3ea(®)] .
k=N+1
Let us estimate a7, :
km AN . (krm
laika(t)] = \/> o " _cos(h) cos (lmA) d)\‘ dv:COS<A)\) . U:kism(/\))
1kA = N =
Ar 0o VaZ+az _ cos(At) 7 du — _sin(At) - ¢ A cos(At) QA
Va2 + 22 Va2t a2 (af+A2)32
oy [ | cos(A) Asin (7)) ‘AJF/A Asin (5FA) [ sin(At) -t Acos(At) ol <
= Am /042 T2 km 0 0 km /o2 + A2 (ag +)\2)3/2 X

/ Al —sin(\t) sin (£ A At) sin (Ex )
<20’ &A t/ ’ ( ) (A )’d>\+/ ‘ COS( )Sln(A )’d>\ <
Am knm 0 Va2 + X2 0 NCZESY
< /aA 20 / / B
= T ,/a2 A2 (2 + )\2 3/2 | =

aA 20 A aA 20
V= (t In’>\+\/a2+/\2 m)] -/ ( In‘A+\/a2+A2

Similarly, we can get an estimate for |a§k1\(t>|- Then,

1 1
“tmas o ),
vaz+ A2«

oo

2
A 20 1 1
_ 2 < \/T. . 2 20 _¢. (R Wl <
sup E[Xa(t) — Xn(1)]2 < E 2[ — |t In‘A+m) t-Ina a2+A2+a <

t€[0,7) BN 1
8Aaa( 1 1Y < 1
T In‘A—&-\/a?—H\?’—T Ina — —— + ) -y 5 <
a? 4+ A2 k:N+1k
1 8Aac? 1 1\?
< = . Va2 2 . -4+ =) .
SN 3 (T In’AJr az+ A T -Ina m+a)
Obviously sup E[Xa(t) — Xn(t)]> = 0as N — co. So,
t€[0,T]
202 A 18Aaa 1 1\?
sup E[Xa(t) — Xn@®))? < o? — Z—arctan = + — ( ‘A+\/a2+A2‘lena77+f> =: B2
Sup [Xa(t) — Xn ()] - TN VoIt Az a N.A

O

A Gaussian process is a special case of a sub-Gaussian process. Therefore we can use the needed estimate from the
paper by (Kozachenko, & Kamenshchikova, 2009) in our case as well.
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Theorem 2. Let {T,u} be a measurable space, £ = {{(t), t € T} be a strictly sub-Gaussian stochastic process with
E&%(t) < co. Let there exist a Lebesgue integral

/T(E£(>)

then [1|&(t)[Pdu(t) exists with probability one and for any « > cpP/?

L [lepan > e} < 2exp{—§§%;}, (12)

yz
2

du(t) < oo,

where c = [ (E&*(t ))g du(t).
Now we can state our main result.
Theorem 3. Let X (t), t € [0, T be a stationary centered Gaussian stochastic process with the covariance function B(t) =

o? exp{—al7|}, o, > 0. The model Xy (t) defined by (9) approximates the stochastic process X (t) with a given accuracy
0 > 0 and a reliability 1 — v, v € (0,1) in the Banach space L,([0,T)) if

By < (13)

5
TP max (/—2In%,/p)’
where By, is defined in ({0).
Proof. Since Gaussian processes are strictly sub-Gaussian as well, we can use the results from Theorem [ for the process

measuring the model’s error. Let us consider a measurable space {7, u} = {[0,T7], dt}. First, let us show that the conditions
of Theorem [ are fulfilled. We need to prove that there exists an integral

/T(Ef ) du(t) < oo.

The Lemma [i implies that

o= [(E€w)ta

w\v

te[0,T]

(t)z/OT (E(x(t>—XN(t))2)gdt</ <sup VEX( ))2)p<

(14)
é/ BRdt < BI]Q’AT < 00.
0

From the inequality (1J) and the estimate (fi4)) for the constant ¢ we have

{(/lx |Pdu()> } P{ X0 - x> ) <

52 52 5
<29Xp{‘m}<2”p T2, Ty PO TemR, T |

Under the conditions of the Theorem [ it follows that the latter inequality is true only if

(15)

e>cpp/2<:)6p>B§,7ATpp/2®BN,A<

1
\/ﬁTl/p'
This condition is satisfied, since under our assumptions

o
/v max(\/72ln 5,\[) N

By Definition (), the model X (¢) approximates the stochastic process X (t) with the accuracy 6 and the reliability 1 — v if

{(/X Ipdu()>;>6}<u

Substituting the estimate (f[5) into the last inequality, we obtain

BN,A B

52 )
2eXp{‘W} SV BvAS g e
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The relationship (f16) is valid since, according to the condition ({(3),
5

0
< .
T'/pmax (y/—2In%,\/p) ~ T'r\/—2In%

By <

O

Remark 2. The value By links together the model parameters IV and A. It balances the interval of the integration [— A, A]
in (8) and the number of terms in the model (g).

Remark 3. It becomes clear from (f0) that
A
By — 0, asﬁ — 0, N,A — .

Thus, it is possible to find N for which the inequality (f3) holds.

Example. Inthe case wheno =a =1,p =2,t € [0, 10], for the given accuracy ¢ = 0.1 and the reliability 1 — » = 0.05, we
have found the value N = 14 - 10° which corresponds to the interval [—A, A] = [—1000, 1000].

Discussion and conclusions

The results of this paper fill certain gaps in what has been done before by other authors mentioned in the Section 1.
The inequality obtained in Theorem [§ makes it possible to control the quality of the model determined in terms of reliability
and accuracy in the L,-norm.

Authors’ contribution: Tetiana lanevych — conceptualization and theoretical foundations of research; Olga Vasylyk — analysis of
sources, preparation of literature review; Julia Doshchuk — making the mathematical calculations.

References

lanevych, T., Rozora, I., & Pashko, A. (2022). On one way of modeling a stochastic process with given accuracy and reliability. Monte Carlo Methods and
Applications, 2(28), 135—147. doi: https://doi.org/10.1515/mcma-2022-2110

Kozachenko, Y. V., & Kamenshchikova, O. E. (2009). Approximation of stochastic processes in the space Lp(T). Theory of Probability and Mathematical
Statistics, 79, 83-88.

Kozachenko, Y. V., & Petranova, M. (2017). Simulation of Gaussian stationary Ornstein - Uhlenbeck process with given reliability and accuracy in space
C([0,T]). Monte Carlo Methods and Applications, 4(23), 277-286.

Kozachenko, Y. V., Pogorilyak, O., Rozora, ., & Tegza, A. (2016). Simulation of stochastic processes with given accuracy and reliability. ISTE Press, Elsevier.

Lukacs, E. (1970). Characteristic functions (2nd ed.). Hafner Publishing, New York.

Rozora, I. V., lanevych, T. O., Pashko, A. O., & Zatula, D. V. (2023). Simulation of stochastic processes with given reliability and accuracy. Chapter 10 in:
Stochastic Processes: Fundamentals and Emerging Applications, 415-452. doi: https://doi.org/10.52305/KEGG1336

Shanbhag, D., & Rao, C. (2003). Stochastic processes: Modelling and simulation. Handbook of statistics (1st ed.). Elsevier.

OTpumMaHoO pepakuicto xypHany / Received: 24.02.24
NMpopeueHsoBaHo / Revised: 15.03.24
CxBaneHo Ao Apyky / Accepted: 08.05.24

Terana AHEBUY, kaHa. ¢is.-maT. Hayk, aou,.

ORCID ID: 0000-0001-8550-8062

e-mail: tetianayanevych@knu.ua

KuiBcbkuin HauioHanbHuUi yHiBepcuteT imeHi Tapaca LLeBuyeHka, KuiB, YkpaiHa

Onbra BACUNMUK, a-p is.-mat. Hayk, npod.

ORCID ID: 0000-0002-0880-3751

e-mail: vasylyk@matan.kpi.ua

HauioHanbHuWi TexHiYHWI YHiBepcuTeT YkpaiHu "KniBcbKkuit nonitexHiyHUi iHCTUTYT iMeHi Irops Cikopcbkoro”, Kuis, YkpaiHa

Onis OOLWWYK, cTya.
e-mail: dosuku26@gmail.com
KuiBcbkui HauioHanbHU yHiBepcuTeT iMeHi Tapaca LleBuyeHka, KuiB, YkpaiHa

NPO MOAOENOBAHHSA FTAYCCOBOIO CTALIOHAPHOIO NMPOLIECY OPHLUTEWHA - YNEHBEKA I3 3ANAHOIO
TOYHICTIO TA HAAIUHICTIO B Lp-NPOCTOPI

He3seaxaroyu Ha me, wjo 3adayi Modesiro8aHHsI ma cCuMysIr08aHHSI Mpouyecie He € HOBUMU, 80HU 3a1UWarombCcsl akmyansHumu i domenep. Hawi
KoMn’romepu cmaromb NoMyxHiwumu, i ye dae Ham 3Mo2y euKkopucmoeyeamu cknadHiwi anzopummu Ans 6inbw cknadHux 3aday. Y cmammi mu
no6ydyeanu modesib Ha OCHOBI Po3ks1ady 2aycco8020 cmayioHapHo20 npoyecy OpHwmeliHa — YneH6eka e psid. [lpouec OpHwmeliHa — YneH6eka
WupoKo sukopucmosyroms 07151 MOOesTI08aHHS1 Ppe8epcusHUX rnpouyecie, 06MiHHUX Kypcie, KonueaHb YiH Ha akmueu mowo. KoHmposabs moyHocmi
ma HadiliHocmi moderni, 3 IKUMU 80Ha anpPOKCUMye peanbHulli Npoyec, saxueuli A51s1 3acmocyeaHb. I3 yieto Memoro Mu ecmaHoeusu cnieeio-
HOWeHHs MiXX mo4Hicmto moderti, eumipsiHoi @ Hopmi Lp-npocmopy, ma HadiliHicmto. KnacuyHi Memodu ma pe3ynbmamu i3 3a2asbHoi meopii
cmoxacmu4Hux npouecie i cy6z2ayccosux npocmopie eunadkoeux eesluduH 6ysu eukopucmaHi y Hawomy docnidxeHHi. OcKinbku cmoxacmuYHi
npoyecu Maycca makox € cyb6zayccosumu, Mu MOXXeMo ix eukopucmoeyeamu. [nsi 00Ho20 KOHKpemHo20 eunadky 6ynu 3pobrieHi po3paxyHKU,
w06 nokazamu, sik HawWi pe3ynbmamu MOXHa 3acmocosyeamu 8 KOHKpemHux cumyauisix. Pesynbmamu cmammi donomMoxyme 3modeniroeamu
ma npoaHanizyeamu cumyauyii, Ons siKux xapakmepHut npoyec OpHwmelHa — YneH6eka.

Knw4yoBi cnoBa: MmodentogaHHs i3 3a0aHor0 movHicmio ma HadiliHicmro, 2ayccoeuli cmayioHapHull npoyec, npoyec OpHwmeliHa —
YneH6eka, cnekmpanbHa WinbHicmb eunadkoeozo npouyecy.
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