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VY pobomi docaidocyromubes 8AGCTMUBOCTVE MPAEKMOPIT BUNGOKOGUT NPOUECEE, W0 3a0a10Mb PO36 A3~
ku (6 Lo(S)) das pienarns menaonposionocmi 3 p-cybeayccosumu CMAayioHapHUMU SUNAOKOBUMU
ymosamu. Ocrosni peaysvbmamu pobomu — ue oOuinKYy 0Af8 PO3N0JIALE CYNPEMYMIS GKA3AHUT NPOUECLE
HG 0OMEINCEHUT A HEOOMENCEHUT MHONCUHA.

Karowosi caosa: p-cybzayccost npouecu, pI6HANHA MENAONPOGLIHOCTNE, 8UNAIKOST NOYAMKOST YMO-
8uU, PO3NOJiA CYNPEMYMY

In this paper, there are studied sample paths properties of stochastic processes representing solutions
(in L2(Q2) sense) of the heat equation with random initial conditions given by p-sub-Gaussian stationary
processes. The main results are the bounds for the distributions of the suprema for such stochastic
processes considered over bounded and unbounded domains.

Key Words: @-sub-Gaussian processes, heat equation, random initial condition, distribution of
supremum

1 Introduction of solutions by uniformly convergent series and
their approximations in different functional spaces
In this paper we investigate sample paths properti- were developed. The present paper is most closely
es of stochastic processes representing solutions related to the papers |1, 3, 4, 6].
of the heat equation with random initial conditi-
ons given by ¢-sub-Gaussian stationary processes. We obtain the bounds for distribution of
The general theory of ¢-sub-Gaussian processes is  supremum for the processes related to the heat
presented in the classical monograph [2| and its equations with ¢-sub-Gaussian initial conditions.
further development can be found in numerous These results generalize the correspoding results
recent studies. Partial differential equations from papers [3, 4] where the cases of Gaussian and
with random initial conditions have been intensi- sub-Gaussian initial conditions were considered.
vely studied in the literature (from different points We also investigate the rate of growth of soluti-
of view), starting from the papers by J. Kampé ons on an unbounded domain and thus extend the
de Feriet (1955) and M. Rosenblatt (1967) who results of |3, 4]. In [6] similar results were obtained
introduced rigorous probabilistic tools in this area. for the case of higher order heat-type equations
In particular, in [8, 9] solutions to PDE subject (see also [6] for more references on the theory of
to random initial conditions were investigated @-sub-Gaussian processes and partial differential
by means of Fourier methods, representations equations with random initial conditions).
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The paper is organized as follows. Section 2
collects important definitions and facts on ¢-sub-
Gaussian processes needed for our study. In Secti-
on 3 we consider stochastic processes represen-
ting solutions (in Lo(£2) sense) of the heat equati-
on with random -sub-Gaussian initial conditions
and state the results on the distributions of the
suprema for such stochastic processes considered
over bounded and unbounded domains. Section
4 discusses the conditions of convergence of the
integral functional which represent the solution to
the random heat equation. This consideration is
based on the approach of paper [1| and a result
from paper [8] (presented in Appendix).

2 Preliminaries

We present basic definitions and facts from the
theory of ¢-sub-Gaussian variables and processes
which will be used in the paper.

Definition 2.1. [2, 10] Let ¢ = {¢(x),z € R}
be a continuous even convex function. The functi-
on ¢ is an Orlicz N-function if ¢(0) = 0, ¢(z) >
0 as z 75 0 and the following conditions hold:

22— 0, Timgyo 22

lim,_,q £ = 00.

Condition Q. Let ¢ be an N-function which satis-
fies lim inf £ ;C) = ¢ > 0, where the case ¢ = oo
is possible.

Definition 2.2. [2, 7] Let ¢ be an N-function
satisfying condition @ and {2, L, P} be a standard
probability space. The random variable  belongs
to the space Suby,(12), if EC = 0, Eexp{A(} exists
for all A € R and there exists a constant a > 0 such
that the following inequality holds for all A € R

Eexp{A(} < exp{p(Aa)}.

The space Sub,(£2) is a Banach space with
respect to the norm

(=1 (In E exp(())
Al ’

T () = sup

A£0

which can be written equivalently as 7,(¢) =

inf{a > 0 : Eexp{A\(} < exp{p(a))}, and it is

called the p-sub-Gaussian standard of the random
variable (.

Definition 2.3. [5] A family A of random vari-
ables ¢ € Sub,(2) is called strictly ¢-sub-
Gaussian if there exists a constant Ca such that

2020, 1-2
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for all countable sets I of random variables (; € A,
1 € I, the following inequality holds:

o\ 1/2

T (Z A,Q) <Cx|E (Z Mi) . (21)
i€l iel

The constant Ca is called the determining

constant of the family A.

The linear closure of a strictly p-sub-Gaussian

family A in the space Ly(€2) is the strictly ¢-
sub-Gaussian with the same determining constant
(I5])-
Definition 2.4. [5] Random process (
{¢(t),t € T} is called (strictly) ¢p-sub-Gaussian
if the family of random variables {((¢t),t € T}
is (strictly) ¢-sub-Gaussian (with the determining
constant C¢).

Let K be a deterministic kernel and suppose
that the process X {X( ),t €T} can be
represented in the form X(t fT (t,s)d&(s),
where £(t), t € T, is a strlctly - sub Gaussian
random process and the integral above is defined
in the mean-square sense. Then the process X (t),
t € T, is strictly p-sub-Gaussian random process
with the same determining constant (see [5]).

Definition 2.5. |2, 10] Let ¢ = {¢(z),z € R} be
an N-function. The function ¢* defined by

¢ (z) = sup(zy — ¢(y))
yER
is called the Young-Fenchel transform (or convex
conjugate) of the function .

The Young-Fenchel transform is also known
as the Legendre (or Legendre-Fenchel) transform,
escpecially in the convex analysis and in the theory
of large deviations.

The function ¢* plays an important role in the
theory of ¢-sub-Gaussian random variables and
processes.

If ¢ is a p-sub-Gaussian random variable, then
we can write exponential estimates for its tail
probabilities, in particular, for all 4 > 0 we have

u

the following bound:
. 2.2
o)) e

By using the entropy methods, various esti-
mates for the distribution of suprema of ¢-sub-
Gaussian random processes can be written in
terms of the function ¢* (see [2]).

Plicl> up < zexp { ¢ (
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To derive the main results in Section 3 we will
need additional notions and statements.

Lemma 2.1. Let Z(u),u > 0 be a conti-
nuous monotonically increasing function such that
Z(u) > 0 and i is nondecreasing for u > wuo,
where ug > 0 is a constant. Then for u > 0,v > 0

Z(u + up)

u
in(—,1 .
mm(v, ) < Z(v+ uo)

Proof. For 0 < u < v we have

u

v

U+ Uup
v+ Uug

< Z(u + up)
= Z(v+ o)’

is nondecreasing for u >

O]

since the function %~
Z(u)
Uugp-

Definition 2.6. [6] The function Z(u),u > 0, is
called admissible for the space Suby(2), if for Z
the conditions of Lemma 2.1 hold and for some

e>0
/Og‘lf(ln (Z(_l)(§> — uo))ds < 00,

where ¥ (v) = ;0> 0.

_v__
=D (v)

Consider a separable ¢-sub-Gaussian process
defined on a separable metric space (7', d), where
T = {a; < t; < b, = 1,2} and d(t,s)
gili’)é ’ti - Si’, t= (tl,tg), S = (31,82).

Theorem 2.1. [6]/ Assume that X = {X(t),t €
T} is a separable o-sub-Gaussian process such that

sup 7o (X (1) — X(s)) < o(h), (2.3)
d(t,s)<h,
t,seT

where {o(h), 0 < h < @‘iné\bi — ail} is a

monotonically increasing continuous function such
that o(h) — 0 as h — 0 and for some ¢ >0

/Oe\ll(lng(_ll)(u)> du < 00,

where ¥ (v) =

(2.4)

<p(+>(v)' Then

P{ igg | X (t)] > u} < 2A(u,b)

forall0 <60 <1 and

21, (min(feg, o))
9(1—0) ’

u >
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where

A(u,0) = . 9

=expq —p* (5 <u(1—9)—51¢(min(950a ’YO)))) }’
and

g0 = sup 1,(X (1)),

Y0 = o(max |b; — aif),
teT Z=1,2

©*(u) is the Young-Fenchel transform of the
function @,

1,(6) =
Rl

3 Main results

231(__1)‘2;) + 1) ( b2 “2) + 1)” du.

201 (u

Consider the Cauchy problem for the heat equati-
on

ou 0%u
— =pu—,t>0,xeR,u>0, 3.1
subject to the random initial condition
u(0,z) = n(z),z € R, (3.2)

where n(z),z € R, is a stochastic process.

In [3, 4] the case of a sub-Gaussian process 7
was studied. We suppose that 7 is ¢-sub-Gaussian
process satisfying the next assumption.

H.1 n(z),z € R is a real, measurable, mean-
square continuous stationary (in wide sense)
stochastic process, which is strictly -sub-
Gaussian with the determining constant c,,.

Let B(x),z € R, be a covariance function of
7, therefore, we have the representation
B(z) = / cos(\x)dF (), (3.3)
R

where F(\) is a spectral measure, and for 7 the

spectral representation holds
n(z) = / N Z(dN). (3.4)

R

The stochastic integral is considered as Ly(£2)
integral. The complex-valued orthogonal random

measure Z is such that E|Z(d)\)|? = F(d)).
Consider the process u(t, x),t > 0,z € R, defi-

ned by

u(t,r) = /Rg(tw —y)n(y)dy, (3.5)
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where
1 x?
A N NP S SR
9(t,) (47rpt)l/2 P Apt v
(3.6)
is the fundamental solution to the heat equation
(3.1).

Taking into account (3.4), we can write the
following representation of the process given by

(3.5):

u(t,x) = /Rexp {i)\ac - ut)\2}Z(d)\). (3.7)

The process (3.7) can be interpreted as the mean-
square or Lo(€2) solution to the Cauchy problem
(3.1)—(3.2), as justified in [4].

Theorem 3.1. Let u(t,z),t > 0,z € R, be the
stochastic process given by (3.7) and assumption
H.1 hold. Assume that Z(u),u > 0, is a functi-
on satisfying conditions of Lemma 2.1 and the
following integral converges:

c% =

:Z/ (22 (,NJFUO) +4Z2<’2)\’+u0))F(d>\) < .
8 (3.9)

Then

o(h) = sup To(u(t, ) —u(ty, z1)) <

max{[t—t1],|z—z1[}<h

1
*‘f’uO

Pruw)

Proof. The proof is similar to the proof of Theorem
3.1 in [4]. We present the main steps. We have:

< eCr(2( (3.9)

sup
max{|t—t1|,|Jz—z1|}<h

To(u(t, x) — u(ty, z1)) <

<ec

(E(u(t, 2)—u(t, 931))2) vz
(3.10)

sup
max{[t—t1],|z—z1|}<h

Using calculations from [4], we get

E(u(t,x)—u(tl,x1)>2:/Rlb()\)]ZF(d)\), (3.11)
where
b(\) = exp{i\z} exp{—pr*t}

—exp{idz1} exp{—p\?t; }.

From formula (3.11) from [4] we have for |t —t;| <
h and |z —x1| < h:

b < (1 —exp { ¥l — 1] })

2020, 1-2
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+4sin? (%)\(l‘ - xl)) < (min(uAQh, 1)>2+

+4<min (ngl))%

Using Lemma 2.1 we can write the bound

ACSTY

Z(,u)\2 +UO)
b)) < 20 w0

B Z(% + o)

(3.12)

Substituting (3.12) in (3.11) and using inequality
(3.10), we obtain (3.9). O

Theorem 3.2. Let u(t,z),a <t < bc <z <d,
be a separable modification of the stochastic process
given by (3.7) and assumption H.1 hold. Assume
that Z(u),u > 0, is an admissible function for the
space Suby(SY), and the integral (3.8) converges.
Then for 0 < 6 <1 and

A~

21, (min(6I", 7))
6(1—0)

u >

the following inequality holds true:

P{ 32% fu(t, 2)] > u} < 24(u,0),  (3.13)
o)
= { — " (T (1 - 0) — 1, (min(Or, ) }
Ly(0)
= [ (] () ) 41
(1 () ) 1) s 0
r- c,,(/RF(d)\))l/Q, V) = o

CnCZ

——————, w=max(b—a,d— c¢);
Z(L + ) ( )

Yo =

Cyz is defined in (3.8).
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Proof. The assertion of this theorem follows from Let d ¢e®>1and % 5%e® > 1, then
Theorems 2.1 and 3.1.

Note, that from Theorem 3.1 we have that f@(é) < €
condition (2.3) of Theorem 2.1 holds with o(h) = 5 V2 X X
-1 b — 1 1
chZ<Z(%+uo)> . We also have / ( (d cb aexp{2(%>a}>>2
s
b a)\ s
g0 = sup Tolu(t,x)) < < / d
" (t.2)€lab]x[cd] olulh: ) V2 > °
CZ o
N\ 1/2 +/ &
< ¢ sup <E(u(t,1:)) ) < )
(t,z)€lab]x[c,d] 8 ( ( c)(b - a))) 2
=7 —
1/2
< ¢y sup /exp{—2,u)\2t}F(d)\) < Cz\ e 1\t
(t,x)€[a,b] X [c,d] ( ) + 5(7) (1 - %) . (3.16)

It follows from (3.13) that in this case for

1/2
<ey F(d)) =T < oo.
(/R ) 21, (min (6T, 7o)

(1 - 6)

0 u >

Ezxample 3.1. Let n = {n(u),u € R} be a centered

Gaussian random process satisfying Assumption
2 2

H.1. Then ¢; = 1, p(z) = %, o*(x) = %, P{ sup |u(t,z)] >u} <

U(z) = %xl/ 2. Consider the following admissi- ‘égélzi

we have

ble function 2
< (- (3(os-0 2o}

In this case 0= (i +ea)’

If 0 is such that 0T’ < vy (# < 3%), then for

Z(u)=In%(u+1), u>0, a>1/2.

w =e*—1, ZD(v) =exp {vé} -1,

. 21,(6T)
U up
0<h< ’YO 0(1 - 9)

Z(v+ug) =In%(v+e%),

C% = / {111204 (,u)\Q—i—ea) 44 1p3 <’2)\’+e°‘>]F(d)\). we get the estimate
R

The above integral converges if the following P { ailtlg lu(t, z)| > “} =<

integral converges c<a<d

/ In%* (])\| + ea)F(d)\). (3.15) < 0<ig”% exp{ — %(% <u(1 —0) — %ﬁp(er)))Q},
R

and if 3 > 1 then for
That is, if condition (3.15) holds true, then A
Theorem 3.2 holds. It follows from (3.14) that 21,(0T")

u > sup
. 5 q b—a Cz\w
I@(5)_/0 ﬂ(ln < 2 <eXp{<TZ> }_ e et P{ sup [|u(t,z)| >u} <

0<6<10(1 —0)
o) (B (') £

_ea>+1)D ds. < inf exp{—%(%(u(l—&) %f (9F))>2}.

0<6<1

NI
= —

21
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Ezxample 3.2. Let n = {n(u),u € R} be a centered
Gaussian random process, as in Example 3.1.

Consider the admissible function Z(u) = |ul|?,
0 < a < 1. In this case
ug = 0, Z(_l)(u) = ué, u >0,

Al

ci= ()" (3 )y

/R ((2)" +atex) @y, 3a7)

if the next

<

This integral converges integral

converges
MeF(d)) < oo.
R
That is, if condition (3.18) holds, then
Theorem 3.2 holds. It follows from (3.14) that

\f/ b—a iz)i+1>
(T ) #1)]) s

For0< g <1, >0,y >0, we have

(3.18)

Cz

S

In((1 +«)(1 +y)) = 7 n[(1 +2)(1 +y))’

[In(1 +2)” +In(1 + y)”]

IN

[In(1 + %) + In(1 + ¢°)]

(@ +y°),

IN

Q\HQ\HEM—‘Q —

therefore, in the case of f < a we obtain

5

2

)5

(3.19)

1

1p(0) <

B

f(CZ) 2 0 )1
(5]~

It follows from (3.13) that in this case for

C

u> ZJ@(mln(era ’YO)) /B) ,

91— 0) Y =Czx

we get the estimate

P{ sup |u(t,z)| > u} <

a<t<b
c<x<d
<pion{-3(3(on-0
~ ST, min(6T,70),9))) '}
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Consider now the process u(t,x),(z,t) € V
defined on an unbounded domain of the following
form: V = [-A, A] x [0,00), A > 0.

Introduce a family of segments {[by, bx+1], k =
,1,...} such that by = 0,b; > bgi1,bp — 00,
— 00; bri1 — b > 2A, define the sets V, =
A, ] [bk,bk+1],k_0,1,... and V = Uzo:ovkz-

Let {a(t),t > 0} be a continuous strictly
increasing function such that a(t) > 0,¢ > 0 and
a(t) — oo, as t — oo.

0
k
-

Denote:
ap = min a(t); ep= sup T,(u(t, x)).
t€[bk,bi+1] (z,t)EV},

In the next theorem the rate of growth of
u(t,x), (z,t) € V, is evaluated.

Theorem 3.3. Let u(t,z), (t,x) € V, be a
separable modification of the stochastic process gi-
ven by (3.7) and assumption H.1 hold. Assume
that Z(u),u > 0, is an admissible function for the
space Suby(Q2), and the integral (3.8) converges.
Suppose that the following conditions hold:

=
o < o0

2. Foro >0

I.(0) /OU q:(m [(A(ZH)( ) — ug) + 1)
X (w(z(*)(#) —ug) +1)] )ds

and for some 6, 0 < 0 < 1

1. sup;_ 0,00

CnCZ

1,06
sup Tok(Ock) _
k=0,00 Ak
o
. * (1_6
3. The series kgoexp{ % (%)}

such  that

converges  for  some s
sup % <s< 4.
=0,00
Then for
Iox(0
u > sup @,k( k) 1 ,
k=00 @ O(1—0)
t
P sup MO ) <o { ot (4))
(z,t)eV a(t> S
sag(1—0)

o

)} =1 24(u). (3.20)

2¢p

o
x> exp{
k=0

22
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Proof. The assertion of this theorem follows from
Theorem 6.1 (|6]) (see also Theorem 3 in [9]). The
arguments used for the proof are the same as that
for Theorem 6.2. in [6]. O

Corollary 3.1. Let the assumptions of
Theorem 3.3 hold true. Then there exists a random
variable & such that

P{¢>u} <2A(u)

for
4

(1 - 6)

jcp,k: (0€k)
ag

u > sup
k=0,00

and
lu(z, )| < &a(?)

with probability one.

4 On convergence of the integral (3.7)

In the papers [1], [6] the integral functionals (wi-
th kernels of a particular form) of ¢-sub-Gaussian
random processes were studied as solutions of
higher order partial differential equations with
random initial conditions.

By using the same approach as in [1], we can
state that under the conditions of Theorem 3.2 the
integrals given by formula (3.7), that is,

u(t,z) = /Rexp {i)\:c - ,ut)\Q}Z(d)\)

converge with probability 1 for |z| < A, 0 <t < T,
where A > 0 and T > 0 are some constants.
For this end we can apply the result from [8] (see
Theorem A.1 in Appendix). In view of Theorem
A.1 it is sufficient to show that there exists a
sequence a,, > 0, a, — co asn — 0o, such that the
sequence uy, (t,z) = ffzn exp {z’)\x - ,ut/\Q}Z(d)\)
converges uniformly in probability for |z| < A,
0<t<T.

Reconsidering the proof of Theorem 3.1, we
obtain

sup
max{|t—t1|,|z—z1|}<h

T@(un(t’x) - un(tla -Tl))

<ec

sup
max{|t—t1|,|z—z1|}<h

<e, /R BOVPE () < e (2

(ECun(t, ) (11,21))?) 2

)

L
- u
h 0
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1-2

therefore, condition (5.21) of Theorem A.1 holds

with ))_1.

1
*‘i‘uO

o(h) = ¢yC (Z< .

Taking into account that

Z (uo)

9y
CnCZ

1
oV (e) = — , 0<e<
— Z
Z(=1) (i) g
and Z is an admissible function (see Definition
2.6), we conclude that condition (5.22) of Theorem
A.1 holds as well.

5 Appendix

Let (T,d) be a compact metric space and C (T')
be the Banach space of continuous functions
with uniform norm. Let X = {Xj (t),t € T} be
a sequence of ¢-subGaussian random processes
such that X € C(T). The general conditions
of convergence in probability of X in the space
C (T') are presented in the book [2|. In the paper
[8] these conditions are presented for the case
where T is a finite-dimensional space.

Theorem A.1. ([8]) Let R* be a k-dimensional
space, d(t,s) = maxj<ij<k [ti —si|, T ={0<t; <
Ti,i=1,2,..,k},T; > 0; X, ={Xp (t),t €T} be
a sequence of p—subGaussian random processes
such that X, € C(T). Let us assume also that
there exists a continuous increasing function o =

{o(h),h >0}, 0(h) =0 as h — 0, such that

sup 7, (Xp (t) — Xn (5)) <o (h) (5.21)
d(t,s)<h
and
1
/0+ v <ln e Y (8)) de < o0, (5.22)

where W (u) = #)(u), o=V (u) is the inverse

function of o (u), =V (u) is the inverse functi-
on of ¢ (u), for u >0, and [y, f(c)de denotes
foéf(s) de for sufficiently small 5 > 0. If the
sequence of processes X, (t), n > 1, converges
in probability to X (t) for all t € T, then X, (t)

converges in probability to X (t) in the space
c(T).
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