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Poseaanymo sacmocysanma Memody epaHUNHUT THMEZPANOHUT PIBHAHD NPU J0CAIOHCEHHT HANPY-
2HCEHO020 CMAHY NAOCKUL 8 AZKONPYNHCHUT MiA 13 8KMOUeHHAMU. Memod basyemoves na uKopucmarhi
KOMNAEKCHUL NOMEHUIAAIB Ma anapamy Y3a2arvHeHuxr Gynryit. Ompumaro aHaAimuHul po3s’asok
3a004% 0AA HATIENAOWUHY 13 J0BIADHUMUY 30 HOPMOI0 SKANUEHHAMUY. A8 YUCCABH020 AOCAIONCEHMA
BMIHU HANPYHCEHO20 CIMAHY 3AAEHCHO 610 4aACY MG 260MEMPIT 8KA0UEHD OYA0 PO3POOAEHO ucKkpemHull
AHAN02 CUCTNEMU 2DAHUNHO-YACOBUT THMELPAADHUTL PIBHAND.

Kn104061 cr06a: 8°A3K0NPYAHCHICMS, NAOCKE 6 ASKONPYHCHE MIAO, KOMNACKCHT TOMEHULAAU, MEMOJ
2PAHUNHUT THMEDAALHUL PIBHAND, 8 AZKONPYNCHE TAPAKMEPUCTIUKY 00AGCMET, DE30OALEBEHMMNT ONEPa-
mopu.

The application of the method of boundary integral equations is considered for studying the stress
state of flat viscoelastic bodies with inclusions. The method is based on the use of complex potentials and
the apparatus of generalized functions. An analytical solution of the problem is obtained for a half-plane
with inclusions of arbitrary shape. For a numerical study of the change in the stress state depending
on the time and geometry of the inclusions, a discrete analogue of the system of boundary-time integral

equations has been developed.

Key Words: viscoelasticity, flat viscoelastic body, complex potentials, method of boundary integral
equations, viscoelastic characteristics of regions, resolvent operators.

Communicated by Prof. Moklyachuk M.P.

The method of boundary integral equations
is one of the most popular methods for solving
various problems in the theory of elasticity and
viscoelasticity. Using this method, one can quite
simply and accurately take into account infinitely
distant boundaries, reduce the dimension of the
problem by one, and also reveal the interactions
of contacting areas in a natural way.

Let us consider a viscoelastic half-plane
occupying a region D and containing a finite
number of inclusions D, of arbitrary shape (p =
1, n, where n is the number of inclusions). The
outer contour goes to infinity, and the inclusions
are bounded by piecewise-smooth contours. The
half-plane is subjected to distributed tangential
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and normal loads [8].

To determine the stress state of the gi-
ven region, we use the statement of the second
main problem of the theory of elasticity for
inhomogeneous bodies in movements [3], as well
as the approach proposed for studying the stress
state of a plane viscoelastic piecewise-isotropic
body [8].

Let us assume that there are no mass forces,
and also that the unknown densities of potenti-
als are the stresses on the contours of inclusions.
Then, based on the properties of the generali-
zed functions, and due to Maxwell’s theorem, the
expressions for the components of the vector of
movements can be written as:



Bicnux Kuiscvkoz2o nayionanrvbro2o yrisepcumemy
iment Tapaca Ilesuwernra
Cepia: Pizuro-mamemamusri HAYKY

up(t) = / g€ 1) UL (2, £,1) dr(€) —

E, By
Ep

/F o) (€,8) ny(€) Ui, €,8) d(€),
' (1)

where Ey and Ep are viscoelastic operators of
homogeneous regions belonging to the class of
resolvent operators [5, 6];

Uj (,6,t) = Uf (z,&,) + Ui (x,&,1),

Ui (x,&,t) is the fundamental solution for
problems of two-dimensional flat-strain state of
a viscoelastic infinite body, and U,i (z,€,t) is an
additional term, which provides that the conditi-
on g (z,&,t) = 0 is satisfied Vo € I' and V¢ € D;
gi(&,t) — given densities along the contour T'y;
Ug) ) (&,t)nj(§) — unknown densities of potentials
along the contours I',.

Using the Cauchy relations, Hooke’s law, and
formulas (1), the stress tensor components can be
expressed in the following form:

oij(@,t) = (1 + EqE_EO S(Dq)) X

0
X </F gk(g,t) Uikj(x¢§7t) dﬂ)’(f) -

E,~E
_ prO /F p o (1) m(€) UL (x,€.1) dw(&)) :

(2)
where E, is viscoelastic operator of homogeneous
region belonging to the class of resolvent
operators; S (Dq) is the characteristic function of
the region D, and Ui];- (z,&,t) are stresses arising in
a viscoelastic homogeneous body occupying region
D under the action of unit concentrated forces at
the point £ € D.

To determine the unknown densities, multiply
both sides of (2) by n;(z) and obtain the system
of boundary-time integral equations:
= 772E‘L X

Eq + EO

x ( /F g1 (€,1) U (.€. 1)y () dy (€) —
_E By

Ly
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In order to apply the integral representati-
ons (1) and (2) for the semi-infinite region,
it is necessary to set additional conditions for
the functions used. These conditions concern the
behavior of functions at infinity and are defined as
regularity conditions [1]. In this case, the functi-
ons ug(z,t) and o;(x,t) behave at infinity as
fundamental solutions:

o(lnp+1),
o(1),

oij(x,t) ~ Ui’;(x,ﬁ,t) = o(pfl).

Note that the expressions for fundamental
movements and corresponding stresses for the case
of an elastic half-plane are given in [1].

i =k,

uk(:E,t) ~ U]f;(%é»ﬂ = { ik

Based on this, we write integral representati-
ons for the components of the movement vector
and the stress tensor:

+oo +00 )
i, t) = / [ X Ui ety deades -

- EE:EO /D XD U6, 4S6) +
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+
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p

S(Dq)) X

+oo +o00
) (/ X(&,1) Uk (z, €, 1) déa déy —
A
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p P
(5)

In the absence of mass forces, the expressi-
ons for movements (4) and stresses (5) take the
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following form:

up(w,t) = /J:O
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(7)
Using relations (3), we write down the equati-
ons that allow us to determine the stresses on the
contours of the inclusions:

((1) _ 2Eq
] (':U t)nj(x) - Eq—i-EO X
+oo
x [/ gu(60, ) UL (2,€.1) dey

E,-E
_% / o) (&, 1) my(€) Ufj(x,f,t)dv(s)]-

(8)

For the numerical solution of the system (8),
the contours of the inclusions were discretized by
linear elements, which are characterized by the
coordinates of their midpoints.

‘nj(x), zely.

In accordance with [2, 8], unknown densiti-
es of potentials for n-th boundary element of the
p-th inclusion were approximated using the functi-
on f (aznp ), , ) For inclusions bounded by contours
that do not contain angular points, the densi-
ty of potential along each boundary element was

assumed to be constant.
Moreover, as it turned out, the function

f (xq(lp ),f,t), which approximates the stresses on
each boundary element, is equal to 1 and does not

depend on time ¢ if the nodal point x(p) belongs to
an ordinary boundary element, and f (IL‘np ),f t) =

s1(t)—1
(g) ' if the nodal point x,(@)
angular boundary element, where d is the length
of this element, a; (i = 1, 2) are the coordinates
1
a;) (& — ai)]>.

The unknown densities of potentials for n-th

belongs to an

of the angular point, r = [(§ —
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boundary element of the p-th inclusion can be
represented as follows:

o (&) m(€) =
= Ay (l,glp)’ t) f<x7(zp)’ &, t) ny (:L'glp)>’ (9)

where Ay <x£1p ), t) are unknown constants;
(p)

ny (xn — components of the outward normal

vector to the contour of the inclusion at the point
(p)
Ty .

(»)

Unknown constants Ayg; (:vn ,t) are determi-

ned from a system of linear algebraic equations
for a given t = tg:

) <<q>>

y /g fT(j 720 ,1,) UL (29,61, dv(f)) x

X nj (l'ng)>:| , (10)
(p)

where 1z,  are coordinates of the n-th nodal
point of the p-th inclusion; M, is the number
of boundary elements on the p-th inclusion;

§n {1 — coordinates of the n-th boundary
element of the p-th inclusion; &, &, — coordi-
nates of the m-th discrete element belonging to
contour I'; & is the middle of this element (m =

1, M).

Integrals over segments [5 , T(nzrl] should be
understood in the sense of Cauchy principal value

[4]

Discrete analogs for the stress tensor
components have the form
E,—F
O'Z'j(l’,ts) = (1 + qfo S(Dq)> X
Ey
M §;n
X (Z gk(&:rnt) /51 Uzk]:(l‘7€’t8)d7(€) -
m=0 m
N — — M,
E — FEy
Z ZAM( <p>t) ( (p))x
p=1 p m=1
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m

(p)
<[ (et Ub 1) dv(€)>, reD.
£

Thus, the constructed mathematical model
with its subsequent numerical implementation
makes it possible to determine the stress state of
a viscoelastic half-plane with arbitrary inclusions,
taking into account the rheological parameters of
materials at any given time.
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