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ABSTRACT. Most mathematical optimization models of the applied
problems are multimodal. Many methods and algorithms have been
developed and are being developed for their solution. To verify the
effectiveness of such methods, many test functions and problems have
been developed. But most of such test functions are simple. They
are symmetric, of low dimension, and have known solutions. This
complicates the verification of the effectiveness of existing and new
methods of global optimization. The paper proposes modifications of
known test functions that satisfy the efficiency conditions. The mi-
nima of these functions are found by the method of exact quadratic
regularization. The results obtained are significantly better than the
solutions obtained by other methods.

KEYWORDS: global optimization, test functions, exact quadratic regu-
larization method, coordinate descent method, computational experi-
ments.

AHOTALIA. BisbuiicTs MaTeMaTUYHAX ONTUMI3AIIHHIX MOJIE el ITpH-
KJIAJHUX 33129 € MyJbTUMOmabHuMA. [[jist IX po3B’si3yBaHHS PO3-
pobJIeHO Ta PO3PODJIAETHCHA HaraTo MeToiB Ta ajroputmis. s me-
peBipkn e(eKTUBHOCTI TAKUX METOMIB pO3po0IEHO HAraro TeCTOBUX
dyHKIIH Ta 3a7a4. Ajie OLIbIIICTh TAKUX TECTOBUX (PYHKIIN € 1Ipo-
crumu. BoHu cumeTputuHi, HU3bKOI PO3MIPHOCTI Ta MalOTh Bijgomi
posB’s3ku. Lle yckiiaaioe mepeBipKy eeKTUBHOCTI iCHYIOUIMX Ta, HO-
BUX METOJIB IJT0OAJIBHOI ONTUMI3alli. ¥ CTaTTi 3alpOIIOHOBAHO MO-
mudikariil BigoMux TecToBUX (DYHKINIHA, SKi 3aI0BOJBHIIOTH YMOBaM
edexkTuBHOCTI. MiHiMyMHI 1nX (DYHKITNH 3HAXOAATHCSI METOIOM TO-
YHOT KBaIpaTuvaHOl peryispusariii. OTpuMaHi pe3ysibTaTi 3HATHO Kpa-
i 38 PO3B’sI3KU, OTPUMAaHI HITUMYU METOAMH.
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KJIFOYOBI CJIOBA: ry106aJibHa ONTUMI3allis, TeCTOBl (pyHKIIT, MeTor,
TOYHOI KBa/IPATUYHOI PEryJIIpU3allil, METOJ] KOOPIUHATHOTO CITYCKY,
0OYHCTIOBAJILHI €KCIIEPUMEHTH.

1. INTRODUCTION

In every sphere of human activity, it is desirable to make the best optimal
decisions. This allows you to create reliable systems, and save resources and
time. Over the past 50 years, many optimization models have been built. Most
of these models are multimodal, that is, they contain many local extrema. Such
problems are very difficult to solve numerically. Classical optimization methods
get stuck at the points of local extrema. Multimodal models can contain 2"
or n! local extrema. Then optimization methods will not be able to get out
of the starting point. It seemed that the problem could be solved by a series
of starting points that cover the entire feasible set of the problem. However,
this idea does not work in high-dimensional spaces. Choosing only one point
from each orthant gives 2" points. This is very a lot for today’s and future
computers. Then, many algorithms were developed that reduce the number of
starting points. These algorithms take into account the behavior (evolution) of
the functions and contain many tuning parameters. To check the effectiveness
of such algorithms, test functions were constructed. For some test functions,
evolutionary algorithms showed good results. This was achieved by tuning the
algorithm parameters. But our computational experiments have shown that the
coordinate descent method is no worse than evolutionary methods.

Most of the existing test functions are very simple. They have known soluti-
ons and low dimensionality and cannot provide a test of the effectiveness of the
algorithms. It is necessary to develop new test functions of arbitrary dimension
with unknown solutions (global minima). Such functions are proposed in this
paper. The minima of these functions were found by evolutionary algorithms
and the exact quadratic regularization method (EQR).

The results obtained show that evolutionary algorithms on average give 50%
of the results obtained by the exact quadratic regularization method. These
computational experiments show the high efficiency of the EQR, which is built
on new ideas in global optimization [1].

2. BRIEF EVOLUTION OF GLOBAL OPTIMIZATION

The first publications on global optimization appeared only in the 70s of
the last century. Then it was shown that global optimization problems are
NP-hard. This reduced the interest of optimization researchers in developing
efficient global optimization methods.

However, in the 90s, many optimization multimodal models were developed
in various fields of human activity, which stimulated the development of new
methods of global optimization. These methods have two unsolved problems:
the dimension of the problem and getting out of the local minimum point. These
problems are solved by the exact quadratic regularization method. A detailed
review of papers on global optimization can be found in [2, 3.
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To test the effectiveness of global optimization algorithms, test problems have
been used for a long time [4, 5, 6]. Initially, these were constrained optimization
problems. However, it is more efficient to evaluate algorithms on classes of test
functions. Such functions can be found in [7, 8, 9]. Today, these functions cannot
provide an objective evaluation of the effectiveness of new global optimization
methods. Most of these functions are very simple, small in dimension, and have
known trivial solutions.

This encourages authors to develop new functions [10, 11|, but they have the
same disadvantages.

3. TEST FUNCTIONS FOR GLOBAL OPTIMIZATION

Let us list the requirements that test functions for global optimization must
satisfy:

1. Such functions must be multimodal.

2. Functions must have arbitrary dimensions.

3. Functions must be asymmetric.

4. The global minimum of such functions must be unknown.

Verification of these conditions is not a difficult problem. A function is multi-
modal if, at different starting points, we will obtain different values of their
minimum by a local solver. The functions have arbitrary dimensions if this di-
mension is equal to n. A function is asymmetric if the minimum points have
different coordinates. The test function must be difficult and non-separable so
that their minimum point is unknown. If the solutions of the test functions are
unknown, then we get a simple criterion for the best method or solver. The
best method is the one that gives more minimum values of the test functions.
Other criteria for evaluating the effectiveness of algorithms have been proposed,
including the time to solve problems. However, this criterion is difficult to verify.

The paper [9] presents 315 test functions and provides 25 test functions that
are most frequently used to test the effectiveness of new methods.

We will show that these functions do not satisfy the listed requirements.

All of the given functions have trivial solutions, most of them have dimensi-
on 2, some of them are separable (Alpine, Michalewicz, Rastrigin, Schwefel,
Sphere) and several functions are even unimodal (Dixon Price, Rosenbrock,
Sphere). Thus such functions cannot provide an objective evaluation of the
effectiveness of new methods.

We believe that the dimensionality of text functions should be no less than
one hundred variables. Among the 315 test functions, only two satisfy the speci-
fied requirements. This is the Egg holder function

n—1

flx) = Z <—(l'7j+1 + 47) sin <\/\:Ei+1 +x;/2+ 47|) -

i=1

i sin (\/m i1 — 47|)) . xe[-512,512], (1)
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and Rana function

n—1
f(z) = Z <($i+1 + 1) sin (V/|Tig1 + x5 + 1) cos (V/|@ig1 — 2 + 1))+
i=1

oy sin ( |:UZ-+1—xi+1|)cos(\/|xi+1+xi+1\)), z € [~500,500]. (2)

The solutions for these functions for n > 2 are unknown.
Thus, the list of test functions for global optimization problems needs to be
urgently updated.

4. NEW TEST FUNCTIONS FOR GLOBAL OPTIMIZATION

Many well-known test functions of two variables can be generalized to functions
of n variables. Separable functions can be transformed into non-separable ones.
The asymmetry of functions will be ensured by introducing a summation index
into the functions.

We generalize the functions Ackley 3, Adjman, Bird, Liang’s, Mishra 5, Mi-
shra 6, Siam, Trefethen to arbitrary dimensions. Accordingly, we have

n—1
flz)=— 2[2005002\/50?”?“ + pecos Bra)tsinBeir)] 1 e [-32,32];  (3)
i=1
n—1 o
f(x) =) [cos(z;)sin(ziy1) — —5—-], x€[-1,1]; (4)
ZZ; i (5512-1-1 +1)
n—1 ) )
— ; ) p(1—cos (2i41)) . (1—sin (z;))
T) = sin (x;)e + cos (w;+1)e +
o) = X bin e (@) 5
+(x; —xi11)%], = € [-2m,27);
n—1
flx)=— Z[(ml sin (202;11) + o441 sin (202;))% coth (sin (10z;)2;)+ (©)
i=1

+(; cos (20z441) — 2441 sin (10z;))? coth (cos (10z;11)zir1)], 2 € [1,4];

n—1

flz)= Z[(fl(wi,ﬂfz‘ﬂ) + fo(@i, mig1) + 20)°+
=1 (7)

—|—001($Z + l’i+1)], xr € [—10, 10],
where

T, iy 1) = sin®(cos(xz;) 4 cos(ziy1))?,

fi(
fo(zi, zi1) = cos?(sin(z;) + sin(zi41))?;

n—

Fx) = = n((fi(wi, mig1) + fal@i, wisr) + 2:)2)+ -
=1

+0.01((z; — 1) + (zip1 — 1)?)], = €[-10,10];

—_
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n—1
flz) = Z[esm (@) 4 sin (60e™+1) + sin (70sin (z;))+
i=1 (9)

1
+ sin (sin (80x;41)) — sin (10(z; — wit1)) + 1(9312 —ri,)], zel[-1,1];

n—1
fla) =" [0 4 sin (60e™+1) + sin (T0sin (2)) + sin (sin (80z;11))—
=1
— sin (10(x; — zi41)) + %(x? —x3,)], x€[-10,10]. (10)

The solution to the problems (1)-(10) is unknown for dimensions n > 100.
The problems (1)-(10) are difficult multimodal problems.

But only the problems (1)-(2) and (8)-(10) have asymmetric solutions.

Let us consider the following modifications of the test functions Adjman,
Bird, Mishra 5, Mishra 6, Trefethen (4)—(11), which significantly complicate
the search for the global minimum:

n—1
f(z) = ;[COS (z;) sin (iziy1) — (x?ji—i—l)]’ z € [-1,1]; (11)
n—1
flx) = Z[Sin (iz;)e o0 (@it1)* 4

- s (12)

+cos ((i + 1)zjyp)etsm @) 4

+(z; —xi11)%, = € [-2m, 27];

n—1

F@) = [(f3(mi, mig1) + falws, wir) + 22)°+
i=1 (13)

+0.01(x; + xi+1)], = € [-10,10],
where

f3(zs, ziq1) = sin®(cos(iz;) + cos(ziq1))?,
(

fa(zi, zip1) = cos?(sin(iz;) + sin(ziy1))?;

n—1
F@) = [=In((fs(@s, wip1) + falws, wi1) + 21)°)+ (14)
i=1
+0.1((z; — 1)? 4 (2441 — 1)?)], 2 € [-10,10].
n—1
f(x) = Z[esm (5024) 4 gin (60e®+1) + sin (70sin (iz;))+
=1 (15)

+ sin (sin (80x;41)) — sin (10(z; — (i + 1)zi41) )+
+0.01(z7 /i + 22,4)], x € [-10,10];
37



A. I. KOSOLAP

and Chen’s modified function
n—1
Fl@) = [sin (z; + izis1) +sin (2zizi1)/(34)], @ € [3,13].  (16)
i=1
The modifications include the summation index in the arguments of trigonometric
functions, which significantly complicates such functions.

We obtained 16 test functions and propose to use them to test the effecti-
veness of global optimization methods and solvers for dimensions 100 and more.
All test functions (1)—(16) satisfy by the conditions 1-4. Currently, the best
solutions are known only for test functions Egg holder and Rana. We found the
minima of 16 test functions using the exact quadratic regularization method
and a Python solver that uses an evolutionary search algorithm. The results
obtained can be a benchmark for testing the effectiveness of global optimization
methods.

We give simple test for the best method. It is a method that gives more good
results for problems with unknown solutions.

5. EXACT QUADRATIC REGULARIZATION METHOD

Consider the following global optimization problem
min{f(2) |z € [a,8], = € B"}, (17)

where function f(z) is twice continuously differentiable, x is a vector in n-
dimensional Euclidean space E™. Let the solution of the problem (17) exist and
z* is its global minimum point.

The problem (17) is transformed into the following equivalent problem

ming][z]] £(x) + s < |||, = € a.8]}, (18)

where ||z||? = 23 + ... + 22 + 22, and s > ||z*]|? — f(z*). After such a
transformation, the point of the global minimum of the problem (18) will be
closest to the origin of the coordinates. In addition, the transformation (18)
allows using exact quadratic regularization to transform the problem (18) into
the following

min{|lz[[*| f(z) + s + (r = Dl|z|* < d, rl|z||* = d, @ € [a, 8]}, (19)
where the parameter r > 0 is chosen so that the feasible region
{z|f@)+s+ (=Dl <d, z € [a,b]}

becomes convex.

The problem (19) is multimodal and very difficult, which is associated with
the non-convex constraint r||x||? = d. Therefore, the second idea is to transform
the problem (19) into the following one

max{[[z]|*| () + s+ (r = Dfz[]* < d, = € [a,b]}, (20)

and the condition 7||z||> = d should be considered separately. We call this
condition the SP condition. In the problem (20), it is necessary to find the
minimum value of the scalar variable d at which its solution will be satisfied
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by the condition r||z||> = d. This solution will also be the solution to the
problem (17).

We will find the minimum value of d in several iterations. We will gradually
increase the value of d until the solution of the problem (20) satisfies the condi-
tion 7||z||?> = d. For starters the iterations, it is necessary to find the minimum
feasible value of d. This value d is easy to find from the solution of the following
convex problem

min{d| fo(z) + s+ (r — 1)||z||* < d, fi(z)+r||z|* <0, i=1,...,m}. (21)

We use only a local solver to solve the problems (20)—(21).
We can list the advantages of the exact quadratic regularization method:

The starting point for the problem (20) is always feasible.

The method can be applied to a wide class of multimodal problems.
The transformed multimodal problem (20) can become unimodal.
The method is easy to implement and uses only a local solver for uni-
modal problems.

5. This method allows us to solve large-scale multimodal problems.

6. The method has a simple geometric interpretation.

Ll e

The numerical implementation of the EQR method uses the coordinate des-
cent method. This simplifies solving difficult multimodal problems. The numeri-
cal implementation is presented in Algorithm 1.

Algorithm 1.

Step 1. Select the parameter values r, s, and the starting point, for example,
=1i=1,..,n+1.

Step 2. Solve the convex optimization problem (21) and find the minimum
value dg.

Step 3. Solve a sequence of problems (20) for increasing values of d (d; =
do + Ady, ...,dg11 = di, + Ady, Ad; > 0,7 =0,1, ) until the SP condition is
satisfied with a given accuracy. We obtain a sequence of solutions z!, ..., z*.

Step 4. Solve problem (17) by the method of coordinate descent with the
starting point z¥. If we get a better solution, then move on to step 3. Otherwise,

x¥ is a solution to problem (17).

Table 1 shows the algorithm iterations for the Bird function when the para-
meters of problem (20) are equal to s = 12000, 7 = 1500.

TABLE 1. The algorithm iterations.

dy, 10857 | 20000 | 80000 | 120000 | 180000
fo(zF) -1191.4 | -2199.4 | -4267.8 | -5028.2 | -5330.33

6. COMPUTATIONAL EXPERIMENTS
39



A. I. KOSOLAP

For a computer implementation of EQR, it is sufficient to have a local solver.
We use Open Solver for Excel.

Table 2 shows the results of solving 16 test problems with unknown solutions
for n = 100. We see that the EQR method showed significantly better solutions
for all test problems.

The Python solver found solutions in almost an hour, the EQR method takes
up to 5 minutes. We have used other solvers, including Couenne. But this solver
takes a lot of time. The problem (11) was not solved in 5 hours.

The starting point was usually chosen as = (1,1, ..., 1). The solution to the
problems sometimes depended on the choice of the parameter r» and the step
of changing d.

TABLE 2. Results of solving test problems.

Function name EQR method best min | Best known min
Ackley 3 -21766.8655 | -19494.03687(py)
Adjman -30.37418 -23.30464(py)
Bird ~5230.32938 | -4097.8487 (py)
Egg holder -89948.532 -89938(web)
Liang'‘s -85466.348 | -33162.8595(py)
Mishra 5 -0.164278 11.919746
Mishra 6 2197.53142 | -154.07665(py)
Rana ~50874.9533 “47332(web)
siam -236.16287 -51.496279(py)
Trefethen -200.37906 17.0243597(py)
Adjman M. -124.147677 | -109,59992 (py)
Bird M. -5180.53596 | -1870.60098 (py)
Mishra 5 M. -0.857934 187141 (py)
Mishra 6 M. -1582.5753 -239.6717(py)
Trefethen M. -312.11068 34.201124 (py)
Chen M. ~114.90839 | 68527654 (py)

7. CONCLUSIONS

Existing libraries of test functions are not suitable for testing the effectiveness
of global optimization methods. We propose requirements for text functions, as
well as a set of test functions that satisfy these requirements. To minimize the
test functions, we used the method EQR and other solvers. The EQR method
showed the best results for all test functions, even for those functions (Egg
holder, Rana) that have been solved by various methods in the last 30 years.

The author hopes that the list of new test functions will be continued in
compliance with the specified requirements. The effectiveness of existing and
new methods will be evaluated on these test functions.

We can solve multimodal problems with thousands of variables using the
EQR method. But to check the effectiveness of modern global optimization
methods, 100 variables are enough.

40



DIFFICULT MULTIMODAL PROBLEMS

The paper does not consider test and applied problems of constrained opti-

mization. For such problems, it is more difficult to determine the criteria for
the effectiveness of the methods. This depends on the accuracy of the constrai-

nt’s performance. Many such problems are in well-known libraries GlobalLib,
MinlpLib, and PrincetonLib.

The author obtained better results using the EQR method for problems from

these libraries. However, the analysis of the obtained results is beyond the scope
of this article.

The author declares that there is no conflict of interest concerning the publication of this
article.
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