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Pospobaera memodura npogederts KiHEMAMUYHO20 GHAAIZY CMPYKMYPHUL 2pyn 2-20 KAacy 3a
Apmoboaescorum 3a donomozom SUKAIOWHO THCMPYMeHmMapito sexmoprol aszebpu. Ilianu noaostcens
CMPYKMYPHUT 2pYN, & 36 HeOOTIOHOCMI, | 306HIUHIT D0 HUT AGHOK, GEANCAIOMBCA BUKOHAHUMU OY0b-
axum nidrodom. Hasedeni popmyasu oas obvwucsens, axi MONCYMDd OYMU SUKOPUCTAHT OAA KIHEMATU-
YHO20, KIHEMOCTAMUYHO20 MG QUHAMIYHO20 GHAAIZY NAOCKUL SAAHCINOHUT METAHIZMIB 2-20 KAACY 30
Apmobonescokum, 6KA3AHT MEXHCT YT BUKOPUCTIAHHA.

Knowo6i crosa: Kinemamura, nAOCKUT METAGHIZM, CMPYKMYPHA 2PYNa, 6EKMOPHA aA2e0pa

The methodology for analyzing velocities and accelerations of characteristic points, as well as an-
gular velocities and angular accelerations of links, of the structural groups of the 2nd class according to
Artobolevsky is developed using exclusively the tools of vector algebra. There are exist five forms of the
structural groups of the 2nd class by Artobolevsky, each form has been considered. The position analyses
of the structural groups, which are described by the links’ direction vectors and the radius-vectors of
points of external kinematic pairs, and in addition, if necessary, the position analysis of external links
are assumed to have been carried out by the vector algebra or some other approach. Provided for all
forms of the structural groups formulas for calculations are prepared for creating a software product that
automatizes the kinematic analysis of planar linkages of the 2nd class according to Artobolevsky. Also,
they can be used for the kinetostatic and dynamic analyses of the mentioned linkages. The specified
limits of application of the presented approach are pointed out.

Key Words: kinematics, planar linkage, structural group, vector algebra
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Introduction

The development of based on analytical meth-
ods algorithms for the kinematic analysis of struc-
tural groups of the 2nd class according to Ar-
tobolevsky makes it possible to automatize ap-
proaches to the kinematic analysis of any planar
linkage of the 2nd class by Artobolevsky. All well-
known analytical methods are essentially forms
of projection schemes for solving vector contour
equations |1, 2].

© K.I. Xopomes, K.O. dyuekno, C.B. Kukors, 2023

The paper [3] describes the method of solv-
ing vector polygonal equations in terms of vector
algebra, but a general approach for linkages that
can be classified is not suggested. As example, the
Wanzer needle-bar mechanism is considered. Vec-
tor algebra is also used for the investigation of the
kinematics of the crank-slider mechanisms in [4].

This work presents the vector algebra ap-
proach to the velocity and acceleration analyses of
the mentioned structural groups, which position
analyses have already been done.
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Figure 1: To the kinematics of a point in a plane

The kinematics of a point in a plane

Consider the motion of a point A in a plane
(Fig. 1). Let a stationary point O and another,
possibly moving, point O, be selected so that
|OA| # 0 and [5 = |OsA| # 0. We will join to the
points O and Og the fixed {29, Jo, ko} and possi-
bly moving {2s, Js, ks} standard bases in R3, so
that vectors kg = ks will be normal to the plane
and the vector 25 will lie on the ray O A.

For the radius-vector r4 of absolute motion,
the absolute velocity va and acceleration wa of
the point A it can be written

TA=7T0, + ls1s; vA = vo, + ls1s + wsls]s§

wa = Wwo, + (ls — w?ls) 1s + (1)

+ (2wsis + 6515) Js-

Here ro,, vo, and wo, are the radius-vector of
absolute motion, the absolute velocity and accel-
eration of the point Og; w, and e, are the absolute
angular velocity and acceleration of the ray OzA;
the operation « » means the differentiation of a
quantity by time.

Structural groups

According to [1], the structural group of the
2nd class by Artobolevsky is a planar kinematic
chain consisting of two links m and n (Fig. 2),
which form an inner one at the point E and outer
ones with the links k£ and p of the mechanism at the
points D and F' kinematic pairs of the Vth class.
It is accepted that |DE| = [, and |FE| = l,.

B
p-_E p. F £
k---"tm —_—---F23-

D G % D
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Let the structural group be referred to a fixed
coordinate system with a center at a certain point
and the standard basis {29, 70, ko}. The vector
ko is perpendicular to the plane of the structural
group position. We define the unit vectors 2,,
and 2, along the rays DE and FFE then con-
struct joined to the points D and F the local
standard bases {tm, Jm, km} and {en, Jn, kn} so
that k,, = ko and k,, = kq.

Let the points G and H be selected on the
outer links k and p. Similarly, we introduce the
bases {2k, Jk, kr} and {2p, Jp, kp} with 25 and ¢
lying along the rays GD and HF. The notations
|GD| =1, > 0 and |HF| =1, > 0 are accepted.

Using the expressions (1) for the absolute ve-
locity vg and acceleration wg of the point E, we
form the following vector equations

UpF + jm@m + winlmIm = inln + wnlngn;

+ (2wmlm + Emlm> Im =

= (i — w210)  + (20l + 2l ) I

where UpF — Vp — VUV, WpF — Wp — WF; VD,
vy and wp, wg are the absolute velocities and
accelerations of the points D and F'; wy,, and &,
wy, and €, are the absolute angular velocities and
accelerations of the links m and n.

Consider each form of the structural group
separately. Suppose that the position analysis was
performed, that is, the unit vectors 2,,, 2,, the
lengths [,,,, I, and, if necessary, the unit vectors
1k, 1p, the lengths [, [, are known.

We will assume that the velocity and acceler-
ation analyses of the structural group are carried
out completely if all the quantities contained in
the equation (2) are known.

The 1st form. Known: ., L, > 0, 2,,
lp, >0, vpF and wpp. Find: im, in, Wi, Wn, lm,

ln, €m and &,.

Figure 2: Forms of the structural groups of the 2nd class by Artobolevsky (numbering of the forms

starts from the left)
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Since [, and [, are constant in time, then
Iy =1, =0and I, =1, = 0. If 4y - g # O,

then from the equations (2) we obtain

o, _ VYDF'n  _ UDFlm
" lm (]n : @m>7 " ln (]n : zm)’
S WPF * tn — W2, lm (zm-zn)+wiln'
" Im (]n "Lm) ’
o WDF - tm — Wolm + Wil (1 - 1)

" lm (Jn "Lm)

Here and everywhere, the operation «-» means the
scalar product of vectors.

When the links m and n lie on the same line
(2m - Jn = 0), there is no unambiguous solution.

The 2nd form. Known: t,,, l,, = 0, 2y,
ln >0, vp, wp, 1, I > 0, the absolute angular
velocity wy and acceleration e of the link k& and
the absolute velocity vg and acceleration wg of
the point G. Find: vpp, lins Loy Wiy Wny WDF,
lm, ln, em and &,.

Formulas (1) for vpr and wpp give

vpF = VGF + Itk + wWilkdk;

3)

WpF = WGF + (lk; - wih;) U +
+ <2wkik + 5klk> ks

where vgr = vg—VF, Wor = wg—wr. Expres-
sions (3) imply that vpr and wpp will be known
after determlnlng [, and Ij,.
Herelm:ln:O lm:ln:O From
property 2., - ¢, = const follows that w,, = wy,
m = Eg. Substituting (3) into (2) and, if the in-
equality 2g - 2, # 0 holds, we deduce that

_ YGF - Ik + Wil + Wklm (9 - J8)
" ln (2 - 2n) ’
. 1
l, = — X (vGF-zn+wklk (jk-ln)+

1k - tn
+ Wl (Im - tn))
1 .
Enp=——"—=X ('wGF Ik 2wl +
ln (2 - 2n)

(zm : Jk) + 2'5klm X

X (Jm - k) + wiln (n - J8)) 3
1

U " n

+ eplp — w%lm

Iy = Wiy, — X (wgF - tn +

+ <2wkik + €klk) (K - 2n) — w,%lm X

X (m * tn) + €klm (Jm - tn) + w,%ln) .
There are no unambiguous solutions of the
equations (2) when the links &£ and n are perpen-
dicular (2g - tn, = 0).
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The 3rd form. Known: tm, lm > 0, in,
lp, 20, vpr and wpp. Find: lm, ln, Wi, Wn, lm,
ln, em and &,.

Since ln =0, ln =0, w, = wy, and &, = &,
then after substituting (3) in (2) under the condi-
tion Iy, (2, - tm) — lm # 0 we have

UDF ' IJm
Iy (tn - tm) — I
= lm ('UDF ' zm) - ln ('UDF : 'Ln) .
m ln (tn - 2m) — lm ’

WDF " Jm T wgnln (Zn : ]m) + 2wmjm

In (tn - tm) — I
1
= X (I,

m ln (tn - tm) — lm

— 1y (WDF - ) — w2, [I2, + 12 — 2l %

zn)) .

If I, (9n - Im) — lm = 0, then the points D, E
and F are vertices of a right triangle with a right
angle at the point D. Unambiguous solutions of
the equations (2) are impossible.

The 4th form. Known: .., l,, = 0, 2p,
ln 20, 1, lp >0, 2p, [, >0, wg, €, vg, wa,
the absolute angular velocity w, and acceleration
ep of the link p, the absolute velocity vy and ac-
celeration wgy Qf the point H. Find: vppF, im, Zn,
Wy Why WDF, by, Uy, €y and €,.

Based on (1) for vpr and wpp we write

Wm =

Em =

)

(wDF : zm) -

X (2 - tm)] = 2wmlbmln (Im

— WplpIp;

WpF = WGF + (lk — w}%h@) 1% + <2wkik+
+ exly) Ik — (lp — wilp) 1p—
— (2wply + &ply) 35

Here vgg = vg — vy, wgg = wg — wyg. It
can be seen from the last expressions that the un-
knowns are lk, l and lk, l .

Given that lm = ln = 0, lm = ln = 0,
Wm = W, €m = € and w, = wp, €, = &p, from
equations (2) for the case 1 - 3p # 0 we get

VDF = VGH + ikzk + wrlipye — ipzp

. 1
I, = X (UGH'Jp'f‘UJklk (]k'ﬂp)_
ip - Jk
— Wplp + Wil (Im - Ip) — Wpln (In - Ip)) ;
. 1
I, = X (vaH - Ik + wilk — wplp X
ip - Jk

X (9p - Ik) + Wilm (9m - k) — Wpln (In - I8)) ;

Iy = Wil + x (wgH - 3p +

p - Jk

162



Bicnux Kuiscvkozo nayionanrvro2o yrisepcumemsy
iment Tapaca Ilesuwernra
Cepia: Pizuro-mamemamushi HaYKY

+ <2szk + €klk> (9% - Ip) — 2wpip -
—eplp — W]%lm (2m - Jp) + eklm (Im - JP) +
+ wzln (7fn ‘]p) - E;oln (]n 'Jp)) ;

lp = wf)lp + X <'wGH Ik + 2wklk +

p - Jk
+ erly — <2prp + splp> (Ip - JK) —
— Wil (tm - 31) + ekl (Jm - J0) +
+ wf)ln (*n - Ik) — €pln (In gk)) )

For the parallel links &k and p (2 - Jp = 0) the
equations (2) can’t be solved unambiguously.

The 5th form. Known: 2,,, L, > 0, 2.,
lp > 0,. VF, WF, Uk, [, >0, Wk €k, VG, WG- Find:
UDF; b, ln, Wm, Wny WDF, Uy, ln, €m, €n-

Here, as for the 2nd form, the quantities vpp
and wpF are represented by expressions (3) with
unknowns I, and Ij.

Substituting (3) into (2) and considering that
inzo,[n:0,wm:wn:wk,em:€n:6k,
after solving for #,, - 75 # 0 we obtain

Iy = x (varF - Jm + wrlk (9K - Jm) +
Im " Jk
+ wilm — wily (Jn : Jm)) 5
. 1
Iy = — X (vaF - Jk + wily +
tm - Jk
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+ wilm (]m 'Jk:) — wiln (Jn : Jk)) ;
1

tm * Jk

Iy = wily + X (WGF * Jm +

+ <2wkik + Eklk) (9% - Jm) + 2wklm +

+ Eklm + wlzln (z’n : J'rn) - 5k‘ln (Jn ]m)) 5
=l
im - Jk

+ erli + <2wkfm + Eklm) (Im - I) +

X (wGF Ik 4 2wply +

+ wiln (vn - Jk) — €kln (In - J8)) -

If the links m and k lie on the same line
(2m - 2k = 0), then the equations (2) are unam-
biguously unsolvable.

Conclusions

The velocity and acceleration analyses of
structural groups of the 2nd class by Artobolevsky
were carried out using the vector algebra methods.
The positions of the structural groups for which
there is no unambiguous solution are pointed out.

The obtained formulas are optimized to create
a software for the automatized kinematic analysis
of the linkages of the 2nd class by Artobolevsky.
They also can be used for further kinetostatic or
dynamical analyses of the specified mechanisms.
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