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Розроблена методика проведення кiнематичного аналiзу структурних груп 2-го класу за
Артоболевським за допомогою виключно iнструментарiю векторної алгебри. Плани положень
структурних груп, а за необхiдностi, i зовнiшнiх до них ланок, вважаються виконаними будь-
яким пiдходом. Наведенi формули для обчислень, якi можуть бути використанi для кiнемати-
чного, кiнетостатичного та динамiчного аналiзу плоских важiльних механiзмiв 2-го класу за
Артоболевським, вказанi межi їх використання.

Ключовi слова: кiнематика, плоский механiзм, структурна група, векторна алгебра

The methodology for analyzing velocities and accelerations of characteristic points, as well as an-
gular velocities and angular accelerations of links, of the structural groups of the 2nd class according to
Artobolevsky is developed using exclusively the tools of vector algebra. There are exist five forms of the
structural groups of the 2nd class by Artobolevsky, each form has been considered. The position analyses
of the structural groups, which are described by the links’ direction vectors and the radius-vectors of
points of external kinematic pairs, and in addition, if necessary, the position analysis of external links
are assumed to have been carried out by the vector algebra or some other approach. Provided for all
forms of the structural groups formulas for calculations are prepared for creating a software product that
automatizes the kinematic analysis of planar linkages of the 2nd class according to Artobolevsky. Also,
they can be used for the kinetostatic and dynamic analyses of the mentioned linkages. The specified
limits of application of the presented approach are pointed out.
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Introduction

The development of based on analytical meth-
ods algorithms for the kinematic analysis of struc-
tural groups of the 2nd class according to Ar-
tobolevsky makes it possible to automatize ap-
proaches to the kinematic analysis of any planar
linkage of the 2nd class by Artobolevsky. All well-
known analytical methods are essentially forms
of projection schemes for solving vector contour
equations [1, 2].

The paper [3] describes the method of solv-
ing vector polygonal equations in terms of vector
algebra, but a general approach for linkages that
can be classified is not suggested. As example, the
Wanzer needle-bar mechanism is considered. Vec-
tor algebra is also used for the investigation of the
kinematics of the crank-slider mechanisms in [4].

This work presents the vector algebra ap-
proach to the velocity and acceleration analyses of
the mentioned structural groups, which position
analyses have already been done.
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Figure 1: To the kinematics of a point in a plane

The kinematics of a point in a plane

Consider the motion of a point A in a plane
(Fig. 1). Let a stationary point O and another,
possibly moving, point Os be selected so that
|OA| ̸= 0 and ls = |OsA| ̸= 0. We will join to the
points O and Os the fixed {ı0, ȷ0, k0} and possi-
bly moving {ıs, ȷs, ks} standard bases in R3, so
that vectors k0 = ks will be normal to the plane
and the vector ıs will lie on the ray OsA.

For the radius-vector rA of absolute motion,
the absolute velocity vA and acceleration wA of
the point A it can be written

rA = rOs + lsıs; vA = vOs + l̇sıs + ωslsȷs;

wA = wOs +
(
l̈s − ω2

s ls

)
ıs +

+
(
2ωs l̇s + εsls

)
ȷs.

(1)

Here rOs , vOs and wOs are the radius-vector of
absolute motion, the absolute velocity and accel-
eration of the point Os; ωs and εs are the absolute
angular velocity and acceleration of the ray OsA;
the operation « ˙» means the differentiation of a
quantity by time.

Structural groups

According to [1], the structural group of the
2nd class by Artobolevsky is a planar kinematic
chain consisting of two links m and n (Fig. 2),
which form an inner one at the point E and outer
ones with the links k and p of the mechanism at the
points D and F kinematic pairs of the Vth class.
It is accepted that |DE| = lm and |FE| = ln.

Let the structural group be referred to a fixed
coordinate system with a center at a certain point
and the standard basis {ı0, ȷ0, k0}. The vector
k0 is perpendicular to the plane of the structural
group position. We define the unit vectors ım
and ın along the rays DE and FE then con-
struct joined to the points D and F the local
standard bases {ım, ȷm, km} and {ın, ȷn, kn} so
that km = k0 and kn = k0.

Let the points G and H be selected on the
outer links k and p. Similarly, we introduce the
bases {ık, ȷk, kk} and {ıp, ȷp, kp} with ık and ıp
lying along the rays GD and HF . The notations
|GD| = lk > 0 and |HF | = lp > 0 are accepted.

Using the expressions (1) for the absolute ve-
locity vE and acceleration wE of the point E, we
form the following vector equations

vDF + l̇mım + ωmlmȷm = l̇nın + ωnlnȷn;

wDF +
(
l̈m − ω2

mlm

)
ım +

+
(
2ωm l̇m + εmlm

)
ȷm =

=
(
l̈n − ω2

nln

)
ın +

(
2ωn l̇n + εnln

)
ȷn,

(2)

where vDF = vD − vF , wDF = wD − wF ; vD,
vF and wD, wF are the absolute velocities and
accelerations of the points D and F ; ωm and εm,
ωn and εn are the absolute angular velocities and
accelerations of the links m and n.

Consider each form of the structural group
separately. Suppose that the position analysis was
performed, that is, the unit vectors ım, ın, the
lengths lm, ln and, if necessary, the unit vectors
ık, ıp, the lengths lk, lp are known.

We will assume that the velocity and acceler-
ation analyses of the structural group are carried
out completely if all the quantities contained in
the equation (2) are known.

The 1st form. Known: ım, lm > 0, ın,
ln > 0, vDF and wDF . Find: l̇m, l̇n, ωm, ωn, l̈m,
l̈n, εm and εn.
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Figure 2: Forms of the structural groups of the 2nd class by Artobolevsky (numbering of the forms
starts from the left)
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Since lm and ln are constant in time, then
l̇m = l̇n = 0 and l̈m = l̈n = 0. If ım · ȷn ̸= 0,
then from the equations (2) we obtain

ωm =
vDF · ın

lm (ȷn · ım)
; ωn =

vDF · ım
ln (ȷn · ım)

;

εm =
wDF · ın − ω2

mlm (ım · ın) + ω2
nln

lm (ȷn · ım)
;

εn =
wDF · ım − ω2

mlm + ω2
nln (ın · ım)

lm (ȷn · ım)
.

Here and everywhere, the operation «·» means the
scalar product of vectors.

When the links m and n lie on the same line
(ım · ȷn = 0), there is no unambiguous solution.

The 2nd form. Known: ım, lm ⩾ 0, ın,
ln > 0, vF , wF , ık, lk > 0, the absolute angular
velocity ωk and acceleration εk of the link k and
the absolute velocity vG and acceleration wG of
the point G. Find: vDF , l̇m, l̇n, ωm, ωn, wDF ,
l̈m, l̈n, εm and εn.

Formulas (1) for vDF and wDF give

vDF = vGF + l̇kık + ωklkȷk;

wDF = wGF +
(
l̈k − ω2

klk

)
ık +

+
(
2ωk l̇k + εklk

)
ȷk,

(3)

where vGF = vG−vF , wGF = wG−wF . Expres-
sions (3) imply that vDF and wDF will be known
after determining l̇k and l̈k.

Here l̇m = l̇n = 0, l̈m = l̈n = 0. From
property ım · ık = const follows that ωm = ωk,
εm = εk. Substituting (3) into (2) and, if the in-
equality ık · ın ̸= 0 holds, we deduce that

ωn =
vGF · ȷk + ωklk + ωklm (ȷm · ȷk)

ln (ık · ın)
;

l̇k = − 1

ık · ın
× (vGF · ın + ωklk (ȷk · ın)+

+ ωklm (ȷm · ın)) ;

εn =
1

ln (ık · ın)
×
(
wGF · ȷk + 2ωk l̇k +

+ εklk − ω2
klm (ım · ȷk) + εklm ×

× (ȷm · ȷk) + ω2
nln (ın · ȷk)

)
;

l̈k = ω2
klk −

1

ık · ın
× (wGF · ın +

+
(
2ωk l̇k + εklk

)
(ȷk · ın)− ω2

klm ×

× (ım · ın) + εklm (ȷm · ın) + ω2
nln

)
.

There are no unambiguous solutions of the
equations (2) when the links k and n are perpen-
dicular (ık · ın = 0).

The 3rd form. Known: ım, lm > 0, ın,
ln ⩾ 0, vDF and wDF . Find: l̇m, l̇n, ωm, ωn, l̈m,
l̈n, εm and εn.

Since l̇n = 0, l̈n = 0, ωn = ωm and εn = εm,
then after substituting (3) in (2) under the condi-
tion ln (ın · ım)− lm ̸= 0 we have

ωm =
vDF · ȷm

ln (ın · ım)− lm
;

l̇m =
lm (vDF · ım)− ln (vDF · ın)

ln (ın · ım)− lm
;

εm =
wDF · ȷm + ω2

mln (ın · ȷm) + 2ωm l̇m
ln (ın · ım)− lm

;

l̈m =
1

ln (ın · ım)− lm
× (lm (wDF · ım)−

− ln (wDF · ın)− ω2
m

[
l2m + l2n − 2lmln×

× (ın · ım)]− 2ωm l̇mln (ȷm · ın)
)
.

If ln (ȷn · ȷm)− lm = 0, then the points D, E
and F are vertices of a right triangle with a right
angle at the point D. Unambiguous solutions of
the equations (2) are impossible.

The 4th form. Known: ım, lm ⩾ 0, ın,
ln ⩾ 0, ık, lk > 0, ıp, lp > 0, ωk, εk, vG, wG,
the absolute angular velocity ωp and acceleration
εp of the link p, the absolute velocity vH and ac-
celeration wH of the point H. Find: vDF , l̇m, l̇n,
ωm, ωn, wDF , l̈m, l̈n, εm and εn.

Based on (1) for vDF and wDF we write

vDF = vGH + l̇kık + ωklkȷk − l̇pıp − ωplpȷp;

wDF = wGF +
(
l̈k − ω2

klk

)
ık +

(
2ωk l̇k+

+ εklk) ȷk −
(
l̈p − ω2

plp

)
ıp−

−
(
2ωp l̇p + εplp

)
ȷp.

Here vGH = vG − vH , wGH = wG − wH . It
can be seen from the last expressions that the un-
knowns are l̇k, l̇p and l̈k, l̈p.

Given that l̇m = l̇n = 0, l̈m = l̈n = 0,
ωm = ωk, εm = εk and ωn = ωp, εn = εp, from
equations (2) for the case ık · ȷp ̸= 0 we get

l̇k =
1

ıp · ȷk
× (vGH · ȷp + ωklk (ȷk · ȷp)−

− ωplp + ωklm (ȷm · ȷp)− ωpln (ȷn · ȷp)) ;

l̇p =
1

ıp · ȷk
× (vGH · ȷk + ωklk − ωplp ×

× (ȷp · ȷk) + ωklm (ȷm · ȷk)− ωpln (ȷn · ȷk)) ;

l̈k = ω2
klk +

1

ıp · ȷk
× (wGH · ȷp +
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+
(
2ωk l̇k + εklk

)
(ȷk · ȷp)− 2ωp l̇p −

− εplp − ω2
klm (ım · ȷp) + εklm (ȷm · ȷp)+

+ ω2
pln (ın · ȷp)− εpln (ȷn · ȷp)

)
;

l̈p = ω2
plp +

1

ıp · ȷk
×
(
wGH · ȷk + 2ωk l̇k +

+ εklk −
(
2ωp l̇p + εplp

)
(ȷp · ȷk)−

− ω2
klm (ım · ȷk) + εklm (ȷm · ȷk)+

+ ω2
pln (ın · ȷk)− εpln (ȷn · ȷk)

)
.

For the parallel links k and p (ık · ȷp = 0) the
equations (2) can’t be solved unambiguously.

The 5th form. Known: ım, lm > 0, ın,
ln ⩾ 0, vF , wF , ık, lk > 0, ωk, εk, vG, wG. Find:
vDF , l̇m, l̇n, ωm, ωn, wDF , l̈m, l̈n, εm, εn.

Here, as for the 2nd form, the quantities vDF

and wDF are represented by expressions (3) with
unknowns l̇k and l̈k.

Substituting (3) into (2) and considering that
l̇n = 0, l̈n = 0, ωm = ωn = ωk, εm = εn = εk,
after solving for ım · ȷk ̸= 0 we obtain

l̇k =
1

ım · ȷk
× (vGF · ȷm + ωklk (ȷk · ȷm)+

+ ωklm − ωkln (ȷn · ȷm)) ;

l̇m = − 1

ım · ȷk
× (vGF · ȷk + ωklk +

+ ωklm (ȷm · ȷk)− ωkln (ȷn · ȷk)) ;

l̈k = ω2
klk +

1

ım · ȷk
× (wGF · ȷm +

+
(
2ωk l̇k + εklk

)
(ȷk · ȷm) + 2ωk l̇m +

+ εklm + ω2
kln (ın · ȷm)− εkln (ȷn · ȷm)

)
;

l̈m = ω2
klm − 1

ım · ȷk
×
(
wGF · ȷk + 2ωk l̇k +

+ εklk +
(
2ωk l̇m + εklm

)
(ȷm · ȷk)+

+ ω2
kln (ın · ȷk)− εkln (ȷn · ȷk)

)
.

If the links m and k lie on the same line
(ım · ȷk = 0), then the equations (2) are unam-
biguously unsolvable.

Conclusions

The velocity and acceleration analyses of
structural groups of the 2nd class by Artobolevsky
were carried out using the vector algebra methods.
The positions of the structural groups for which
there is no unambiguous solution are pointed out.

The obtained formulas are optimized to create
a software for the automatized kinematic analysis
of the linkages of the 2nd class by Artobolevsky.
They also can be used for further kinetostatic or
dynamical analyses of the specified mechanisms.
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