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ESTIMATION OF RUIN PROBABILITY FOR RANDOM SUM OF NEGATIVE BINOMIALLY
DISTRIBUTED NUMBER OF SUB-GAUSSIAN CLAIMS

This paper investigates the properties of a classical risk process in which the number of insurance claims follows a negative
binomial distribution, and the claim sizes belong to the class of strictly sub-Gaussian random variables of a generalized type.
This class is broad and includes both standard sub-Gaussian and Gaussian random variables. The core assumption is that
each random variable in this class satisfies a specific inequality that constrains its exponential growth, allowing for control
over the behavior of its probabilistic tail. It is also assumed that the insurance premium collected over time is described by
a continuous, monotone increasing function whose increments are bounded by another continuous, increasing function. This
condition enables flexible modeling of premium growth over time.

The aim of the paper is to obtain estimates for the probability of ruin in the described risk process model. To achieve this, the
approach is based on the method of metric entropy, which allows for the consideration of both the complex nature of the claim
count distribution and the properties of strictly sub-Gaussian claim sizes. This approach makes it possible to derive estimates
even in cases where the exact distribution of the claims is unknown, provided that they exhibit sub-Gaussian behavior.

Keywords: negative binomial distribution, sub-Gaussian random variable, ruin probability, claim distribution, metric
entropy.
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Introduction

Negative binomial and Poisson distributions are popular models for describing the number of claims, see e.g. (Klugman,
Panjer, & Willmotl, 2012; Boucher, Denuit, & Guillén, 2008; Ismail & Zamani, 2013; Shi & Valdez, 2014; David & Jemna,
2015). The Poisson distribution assumes that the variance and mean of the claims should be equal, which is often not the
case for real data. The negative binomial distribution doesn’t have this limitation. So, let's develop a risk model using the
negative binomial number of claims on the basis of the classic Poisson model.

Ny
X(t)=u+ct—» Y, t>0, (1)
=1

where u is the initial capital of an insurance company, ¢ > 0 is the intensity of receiving insurance premiums and
(I) Y; areindependent and identically distributed random variables representing the values of insurance claims, EY; = m;,
E Y;-Q = ma.

() Y; € Sub, (), i.e. Y; belong to the space of p-sub-Gaussian random variables with norm 7 = 7, (Y;) < oo.

(Ill) N is a process that describes the number of insurance claims that happened between 0 and ¢ according to negative
binomial distribution, i.e. P(N; = k) = Cf,,_,(1 — 0)*¢"", where k € {0,1,2,...} and racts as an analog of
the claims intensity, such that the expected number of claims during the interval (¢, s) is proportional to its length,
E(N(s) — N(t)) = =20=0 _ rt020) _ rs=0)(=9) |n other words, N(s) — N(t) ~ NB(r(s — t),6).

(IV) N: and the sequence (Y1, Y2, Ys,...) are mutually independent. And let’s also assume that the number of claims on
independent time intervals are independent.

The risk process described by (fl) can also be expressed as:

Ny Ny
Xt)=u+Ct—> (Yita)=u+(C—apt—>» Y, t=0, )
i=1

i=1

where « is the mean value of an insurance payment.
This work focuses on the cumulative total of payments:

under the conditions outlined above.
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Properties of similar sums with ¢-sub-Gaussian claim sizes with Poisson or binomial number of claims are studied in
papers (Yamnenko & Vasylyk, 2007; Saienko & Yamnenka, 2013) and (Yamnenko & Lamin, 2022).

The characteristics of sub-Gaussian, ¢-sub-Gaussian and strictly p-sub-Gaussian random variables and processes
can be found in the books (Buldygin & Kozachenka, 2000; Kozachenko, Vasylyk, & Yamnenkag, 2008; Vershynin, 2018)
and other studies, e.g. (Kozachenko & Kovalchuk, 1998; Giuliano Antonini, Kozachenko, & Nikitina, 2003; Kozachenko
Yamnenko, & VasylyK, 2008; Hopkalo, Kozachenko, Vasylyk, & Sakhng, 2020).

1. p-sub-Gaussian random values and processes

This section contains the necessary definitions for ¢-sub-Gaussian random variables and processes.

Let (Q2, F,P) be a standard probability space and let (T, p) be a pseudometric (metric) compact space equipped by
pseudometric (metric) p.

Definition 1. (Buldygin & Kozachenka, 2000) A continuous even convex function ¢ is said to be an Orlicz N-function if it is
strictly increasing for = > 0, ¢(0) = 0 and

p(z) (z)

—~—~ —»0asz—0 and L—)ooaSac—>oo.
X X

Condition Q. (Guiliano, Kozachenko, & Nikitina, 2023)
We say that an N-function ¢ satisfies condition Q if

Iigrzn_jgf% =a>0. (4)

It is permitted « to be infinite.

Definition 2. (Buldygin & Kozachenkd, 2000) Let ¢ be an Orlicz N-function satisfying condition Q. The random variable ¢
belongs to the space Sub,(2) (a space of ¢-sub-Gaussian random variables), if it is centered, i.e. E{ = 0, the moment
generating function E exp{\¢{} exists for all A € R and there exists a positive constant a such that the following inequality

Eexp (AE) < exp (p(al)) (5)

holds for all A € R.
Theorem 1. (Buldygin & Kozachenko, 2000) The space Sub,,(Q2) is a Banach space with respect to the norm
7,(§) = inf{a > 0: Eexp (A§) < exp(p(ar)), A € R}
and the inequality
Eexp(A¢) < exp(p(Ar,(€))), (6)
holds for all X € R. Moreover, for all r > 0 there exists constant ¢, > 0 such that (E¢")"" < ¢,7,(€).

Definition 3. (Buldygin & Kozachenkd, 2000) Metric entropy with regard to pseudometric (metric) p, or just metric entropy
is a function ) »
_ _ _ |Og N(T,p) u), |f N(T,p) u) < +OO
Hir,p) () = Hr(u) = H(u) = { 400, if Nop,py(u) = 400’

where N(r ;) (u) = Nr(u) = N(u) denotes the least number of closed p balls with radius u covering the space (T, p).

Example. If T is an interval [a, b] and p is the Euclidean distance then

In (max{bz_—ua,l}) < H(uw) <In (b;ua + 1> .

Definition 4. The random process X = {X (¢),¢ € T} is called p-sub-Gaussian process if for all t € T' X (t) € Sub, ().

Definition 5. (Kozachenko & Kovalchuk, 1998) A family of random variables A from the space Sub(2) is called strictly
Sub, (Q2), if there exists a constant Ca > 0 such that for arbitrary finite set I : §; € A, € I, and for any \; € R the following

inequality takes place
o\ 1/2

el i€l
If A is a family of strictly Sub,,(Q2) random variables, then the linear closure A of the family A in the space L2 () is also
strictly Sub,,(€2) family of random variables. Linearly closed families of strictly Sub,,(§2) random variables form a space of
strictly p-sub-Gaussian random variables. This space is denoted by SSub., ().
When () = 22 /2 the space SSub,, () is called the space of strictly sub-Gaussian random variables and is denoted
as SSub(02). The space of jointly Gaussian random variables belongs to the space SSub(Q2) and 72(¢) = E£2,i.e. Ca = 1.

Definition 6. (Buldygin & Kozachenkd, 2000) A random process X = {X(t),t € T} is a strictly p-sub-Gaussian process if
the corresponding family of random variables belongs to the space SSub.(2). The defining constant of this family is called
the defining constant of the process X and is denoted by C'x.
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Condition X. Suppose there exists such a continuous monotonically increasing function o = {c(h), h > 0}, that o(h) — 0,
as h — 0, and the following inequality for increments of the process is true

sup 7, (Y(t) = Y(s)) <o(h). (8)

p(t,s)<h

If a process X (t) is continuous in norm 7, (-) then the function o(h) = sup 7,(X(¢) — X (s)) satisfies condition 3.
p(t,s)<h
2. Negative binomial random sums
In this section, we study the properties of sums whose number of terms follows a non-negative binomial distribution, as
they appear in model (f)). The following lemmas provide results concerning the moments of such sums and estimates for

their moment-generating functions.

Lemma 1. Let {S(t) = Zf\’:‘l Yi(t),t > O} be a random process satisfying the conditions (I)-(IV). Then for all t > 0,
0 < t1 < ta, and X € R the following expressions hold true

ES(t):%ml, VarS(t):%(mQ_mf)ijQ%’
E(S(t2) — S(t1)) = O_%Mmh
Var(S(t2) — S(t1)) = %(WW —m?) + mQ(l_a);#

and

0 rt
Eexp{AS(t)} < (1 —(1—-0) exp{cp(AT)}> ’

0 r(ta—t1)
=erpla(s(t) - 00 < (—(grepry)

Proof. Recall that for a random variable with a negative binomial distribution £ ~ NB(r, p), we have its moment-generating
function is given by M:(\) = Eexp{A\{} = (ﬁ) . Considering that S(t) has the compound negative binomial
distribution, from (B) we have the following:

Eexp{\S(t)} = Eexp{Ain} =E [E [exp{iAYi} ‘NtH =

i=1 i=1

= i Eexp {zn: AYZ} P(N; i ﬁexp{/\Y}P Ny =n) i (Eexp{\Y1})"P(N; =n) <
n=0 L n=0i=1 n=1

. ) 0 rt
Zl exp{p(A1,(Y1))})"P(N: = n) < (1 —(1-9) eXp{SO()\T)}) .

Since Ny, < Ny, for ti < to, similarly we get

Eexp{A(S(t2) — S(t1))} = Eexp {A i Yi} (E exp {A i } )Ntl,NQ) =

i=Ng, +1 i=Ng, +1
=> "> (Eexp(\1))"™ *P(Ni, = k)P(Ni, = m|N;, = k) =
k=0 m=k
=> > (Eexp(\1))" *P(Ny, = k)P(Ni, — Nyy =m — k) =
k=0m—k=0

M

P(Ni, = k) > (Eexp(A\Y1))’P(Ny, — Niy =j) = Y _(Eexp(AY1))’P(Ny, — Ny, = j) <
7=0

0 J=0

oo ) r(ta—t1)
< S enleOn P PW - N =) = (1= premraoey)

£
Il

The first two moments for a compound distribution (see, e.g. (Klugman et al., 2012)) are
ES(t)=EN,EY:, ES*(t)=EN,VarY, +EYEN?, VarS(t)=EN,VarY; +EY?VarN,,

therefore
(1-0)rt

1-0)rt
SLL (1 —0)rt

0

(1—-0)rt

ES(t) = Vars(t) = 7

(ma —mi) +ms
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and
Q)T(tz — t1)

E(S(t2) = S(t1)) = E(Ni, — Niy ) EY: = “_f"“’

Var(S(t2) — S(t1)) =VarS(ts — t1) = n dl

(m2 — m1) + me
O

We now examine the estimates for the probability that the sums S(t) in (B) exceed a given level = > 0, where f(t) is a
continuous function representing the total insurance premiums collected over time ¢t.

First, we consider the conditions necessary to bound the supremum of the difference S(¢)—f(¢). Additionally, we derive
an estimate for the exponential moment of this supremum.

From Lemma fi it follows that

E(S(t2) — S(t1))* = Var(S(t2) — S(t1)) + [E(S(t2) — S(t1))]” =
_ (1 — G)T(tz — t1)

02

1—0)r(ta — t1) max{ta —t1,1
<( Jrits 10)2 {t=ts }[02(m2—m§)+m2+(1—6’)rmf].

[0%(m2 —m?) +ma + (1 — 0)r(t2 — t1)mi] <

Then let’s choose 1
o(h) = khZ1p<1 + Khlpsa, ®

as a function o(h) satisfying assumption (8) for the process S(t), where k = U527 [0%(ma — m3) + ma + (1 — 0)rm}] and
1. is the indicator function.

Let B C T be a compact set. Put 0 < 8 < 1 be such a number that 8 < o < ig); sup p(t, s)).
s teB

Lemma 2. Let X (t) = S(t) — f(¢t) with {S(t) = Z Y;,t € T} be a random process satisfying assumptions (I)—(IV). Let’s

assume also that increments of continuous functlon f = {f(@),t € T} are bounded by a monotone increasing function
0 =1d(s),s >0} |f(u)— f(v)] < d(p(u,v)), and let {qi, k € N} be such a sequence that q;, > 1, and >_ i < 1. Then for

k=1
all X > 0 and p € (0,1) the following estimate holds true
0 ru/q1
Eexp< Asup X(t) p < su exp{—X\ X
(s X0} <o [ (= gregnny) PO
- 1 oo B2 p2k
)" [ (rameray) oo (55}
X N exp ] Ad . 10
II (e (7 U (- gentun P = 10)
Proof. Pute, = o™" (8p*) = -4 3°p** and denote by V%, set of closed balls of radii £, which forms the miminal coverage

of the compact B. The number of points in the set V., equals to Ng(ex). From Lemma fil and Chebyshev’s inequality for
any € > 0 we get

Ny
1
P{|S(t)—S(s)|>s}<52E<ZlY ZYk> = [o(t — s)]°.
So, the processes S(t) and X (¢) = S(t) — f(t) are continuous in probability. Therefore the set V' = Ej V., is a separant
k=1
of X, and with probability one the following equality holds true
sup X (t) = sup X (¢). (11)

teB teV

Consider a-mapping of the V into V., (see (Buldygin & Kozachenka, 2000)). Let's apply Chebyshev’s inequality. It
follows from (B), (8) and lemma fil that

51 ¢ E(S0) = S(u®))” _ o*(t—au(®)l) _ o*(en) _ [o@ 0 (B _ g2
P{IS(t) = San(®) > p? | < . - ol cote) e O gy,

This last inequality means that
ZP{|S S(an(t))| > p* }<oo

Therefore, it follows from the Borel-Cantelli lemma that S(¢) — S(«.(t)) — 0 with probability one. The same statement is
valid for the process X.

The set V' is countable, therefore X (t) — X (an(t)) — 0 as n — oo for all ¢t simultaneously. Let ¢ be an arbitrary point
fromthe set V. Putt;m = am(t), tm—1 = am—1(tm), ..., t1 = ai(t2) for any integer m > 1. Then for all m > 2 the following
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inequality takes place

X () = X(0)+ Y (X (t) = X (1)) + X () = X (@ (1)) < max X (w)+ Y max (X (u) =X (an-1(w) + X ()= X (o (1))-
k=2 €1 b2 u ek
Therefore it follows from () that with probability one
?ggX(t) = ngX(t) < mllnoo inf (unew‘zaix1 X (u) + 2 urggji (X (u) — X(ak,l(u)))).

Next, applying Hoélder’s inequality and Fatou’s lemma, we obtain for all A > 0 that

Eexp{)\supX(t)} < Eliminfexp /\( max X (u) + 3 max (X (u) fX(ak_l(u)))>} <

teB m—» oo uEVE1 k:QUGVEk
<imireens (3 e X0 3 mgs (X001~ o))
1 m 1
< limi q1 _ K <
< limi lgof(EeXp{unrggEXl X(u)}) 1] (Eexp{qk/\urggi(X(u) X(anma () })™ <
1 ~ 1 oo
q qp
< (Eexp {ql)\ max X(u)}) ' H (Eexp {qk)\ max (X (u) — X(Oék—l(u)))}> g H I.
ueVey P uEVe, 2

Let’s look at each multiplier I;, from the above separately. It follows from the Lemma fi] that

0 >rt
1= (1 —0)exp{p(qAr)}

Eexp {qAS(w)} < (

and

0 rlu—og_q(u)] 9 reg
Eexp {guA (S(u) =8 (en-a (W)} < (1 Eyga—) exp{so(qm}) < (1 Eyga—) exp{so<qw>}> '

Using these inequalities, we get

1

h< (X Eexp{ans(u)exp (~af(w)} )" <

u€ Ve,
<< max ( o )’““ex {=aAf( )}>qll<
< — u X
S weva \1 - (1 —0)exp{p(qA7)} PLa

1 ru/qy
< ()" e | (i grmptaaay) el

Due to the assumption on boundedness of increments of the function f

fu) = fan-1(u)) < 0(p (v, ar-1(u))) < d(er).

Then in the similar way as for I; we get the following estimate for k > 2

1

I < (Nis(ex) max Eexp{giA(S(u) — S(ax— ()} exp {~ad (f(u) = f (ax1(w)} ) ™ <

1

exp{qrAd (8k)}) ™ <

N P TEE
< (N (ex)) (JQ@; (1 —(1-90) exp{so(qk/\T)})

1 0 rer/ak
< @) (1= gresioay) | PR} =
~52p2k

= (e (ﬂ:»— (i aesmany) oo (ﬂnp>}

This is where the assertion of the lemma follows. O

Applying Chebyshev’s inequality to Lemma B, one can obtain an upper estimate of the ruin probability for our risk model.
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Ny
Theorem 2. Let X (t) = S(t) — f(t), where {S(t) = Zf Y;,t € B} is a cumulative claim process satisfying assumptions
i=1

(I)—(1V). Assume also that increments of continuous premium function f = {f(t),t € T} are bounded by such a continuous
monotone increasing function 6 = {é(s),s > 0} that |f(u) — f(v)] < 6(p(u,v)), and let r = {r(u),u > 1} be such a
non-decreasing monotone continuous function that r(u) > 0 as u > 1, and s(t) = r(exp{t}),t > 0, is a convex function.
Then for all 0 < 8 < min{o(b — a)/2), 1} the following estimates hold true

P{sup (s~ 10) > o} < Z(5,0), P

teB

(S(t) — £(1)) < —x} < Z.(,2),

inf
teB

P {sup 1S() — £(0)] > m} <22,(8,2),

teB
where

Bp
)= | rY 1 r (Ng (v?/k?)) du
Z.(8,x) = inf <ﬂp/ (N5 (u?/r?)) d )x

pe(0,1)
0

X Air>1f0exp{77¥,(/\,p) +i {W (Ine —In (1 —(1—0)exp {<p ((1—;\7#)})) + A0 (ﬁlpjkﬂ - )\x},

1o(Ap) = sup [ (N6~ In(1 — (1. 6) exp{p(Ar/ (1~ p)}) (1 = p)ru~ Af(w)].

Proof. Let's apply Lemma [ for the sequence ¢;, = +—1, where p € (0,1). Since

1
(1-p)p

0 (1—p)ru
nee [ (1 — (1 —0)exp{p(Ar/(1 - p))}) eXp{—Af(u)}] =

= sup [ (16— In(1 = (1= ) exp{ip(Ar/(1 — p)})) (1 = pru = Af(w)] = na (A1),

u€eB
then

) B o1 /32p2k
Eexp{ Asup X(t) <eXp{n¢(/\7p)+Z(1 p)p" Hs > )T

K
teB k—1

e Rt o R )|

Properties of r(t) imply

exp{ (1~ phpH (53%)} =Y <T(exp{i(1 —pp"'n NB(ﬁZZ%)})> )

=1

. Bp
<D (2(1 ot (NB (JH) (5pk)))> <D (;p /T (NB (U<—1>(u))) du) : (13)

0

where the function o (u) is defined in (§). Then the statement of the theorem follows from the Lemma [, inequalities ({2),
(f3) and the Chebyshev’s one. O

Corollary 1. Let f(t) = ct describes the linear incoming flow of premiums during time interval [0,T]. Then §(u) = cu and
no(Ap) = (N6~ In(1 = (1 = ) exp{p(Ar/(1 = p))}) (1 = p)r = Ac|T
if(IN0 —In(1 — (1 —0)exp{e(AT/(1 —p))})) (1 — p)r — Ac > 0 and n,(\,p) = 0 elsewhere.

Corollary 2. Let o(u) = u?/2, i.e. claim sizes are sub-Gaussian random variables. Let also f(t) = ct,t € [0,T] as in

Corollary [l. Then
e\ p) = [(me-m (1 —a —9)exp{%}>) (1 —p)r—Ac}T

if (Ine —1In (1 —(1—6)exp {%})) (1 =p)r — Ae > 0andn, (A, p) =0 elsewhere.

Discussion and conclusions

The results of Lemma [ can be extended to other sequences g, allowing for alternative estimates of the ruin probability.
By specifying the exact form of the Orlicz N-function ¢ deeper optimization in Theorem P can be achieved. Of particular
interest is the space of sub-Gaussian random variables, where ¢(z) = x2/2.
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OLIHIOBAHHSA MMOBIPHOCTI BAHKPYTCTBA AN BUNAQKOBOI CYMWU HEFATUBHO BIHOMIATILHO
PO3MOAINEHOIO YACIA CYBIrAYCCOBUMX NO30BIB

Y nponoHoeaHili po6omi docnidxeHo enacmueocmi KJacu4yHO20 Npouyecy pu3uky, 8 sIkoMy KinbkKicmb cmpaxoeux nodili Mae HezamueHul
6iHoMianbHuli po3nodin, a po3mMipu M0308HUX 8UMO2 Hanexamb A0 Knacy y3a2asbHeHuUXx cmpozo cybaayccoeux eunadkosux eenuyuH. Ljed knac €
documb WUpPOKUM U oxonsroe sik cmaHOapmHi cy6zayccoei, mak i 2ayccoei eunadkoei eenuyuHu. B ocHogi makozo nidxody nexumes eumo2a, w06
KOXHa eunadkoea eeluyUHa 8 UbOMy Knaci 3a0080sbHSI/Ia NMNeeHy HepieHicmb, sika 06MexXye ii eKCrioHeHUialbHe 3pOoCmaHHsl, Wo 0ae 3mMo2y
KoHmposroeamu noeediHky ii limogipHicHo2o xeocma. lMpu ybomy makox nepedbadaembcsi, W0 cmpaxoeuli 0oxid, sikuli Ha0xo0umb ynpPoooex
qacy, € HerepepeHO MOHOMOHHO 3POCMaryor0 hyHKUiEH0, NPUPOCMU SIKOT He nepesuuyromb 3Ha4YeHHs iHWOI Herepepa8Hoi 3pocmaroyoi hyHKUT.
Taka ymoea cripusie 2Hy4YKoMy pe2ysito8aHHI0 3MiHi 0ox0dy 3 NIUHOM 4Yacy.

Memoro pobomu € ompumaHHsi OUiHOK liMOgipHOCcmi 6aHKkpymcmea Onsi onucaHoi mMoodeni npouecy pu3uky. [ns OocsizHeHHs1 uiei mMemu
suKopucmoegyemucsi nidxio, 3acHoeaHuli Ha Memodi Mempu4Hoi eamponii. Ljeli Memod Oae 3Mo2y epaxoeyeamu sik Cki1aOHy npupody po3mnodiny Kinbkocmi
cmpaxosux noditi, mak i enacmueocmi cmpoz2o cyb2ayccosux po3mipie Mo308HUX 8UMoa. 3acmocyeaHHsI makozo idxody pobumb MOXJTUSUM OMPUMAaHHS
OUiHOK i 8 cumyauisix, Korlu moyHutli eu2sns10 po3nodiny no3zoeie Hegidomuli, ane 8idoMo, Wj0 80HU Maromb cyb2ayccosy noeediHKy.

KnwuyoBi cnoBa: HezamueHul 6iHoMianbHuli po3nodin, cybzayccoea eunadkoea eesluyuHa, liMosipHicmb 6aHKpymcmea, po3nodin
cmpaxoeux rno3oeie, Mempu4Ha eHmponis.

ABTOpM 3asBNSIOTb NPO BIACYTHICTb KOHNIKTY iHTepeciB. CnoHcopu He Bpanu yyacTti B po3pobneHHi AoCnimkeHHs; y 36opi, aHanisi
4n iHTepnpeTauii AaHnX; y HanMCcaHHi pykonucy; B pilleHHi Npo nybnikauito pe3ynbTartis.
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