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APPROXIMATE AVERAGED BOUNDED SYNTHESIS FOR A PARABOLIC PROCESS
WITH TWO SWITCHING POINTS

In this paper we analyze the problem of the optimal bounded control with semi-definite quality criterion for parabolic process with
rapidly oscillating coefficients on finite time interval. The case when optimal control goes out both on lower, and on upper restriction, that
is has two switch-points is considered. Our aim is to build a synthesized control which is practically preferable to program one. But after
Fourier method application such a control will contain coefficients which are expressed by series and, in addition, it irregularly depends
on small parameter €. Thus, for practical application it is natural to restrict infinite series by finite sums and to get rid of dependence on a
small parameter using average procedure. So, besides the law of optimal synthesis also approximate averaged feedback control, which
provides control system behavior that is close to optimal one and thus has a series of advantages from the practical application point of
view, is proposed and proved. The efficiency of approximate averaged control construction procedure consisted of cutting to finite sums
of series in optimal control and replacing of Fourier coefficients nonregular depended on small parameter by corresponding average
values is illustrated by concreate example of controlled system for parabolic process. We compare the properties of the averaged control
and the sequence of optimal controls calculated at the different values of the small parameter. For comparison, we use the switching
points of optimal control and averaged control, deviation between optimal control and averaged control, the difference in the values of the
quality criterion on optimal control and averaged control. In considered example the precision of quality criteria value on approximate
control has e-order and for sufficiently small € the precision is one order better then .
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Introduction

This paper continues the works presented in (Kapustyan, O. A., Kapustyan, O. V., & Sukretna, 2013) in which an optimal
control problem with a semi-defined quality criterion for a process described by a boundary value problem for a parabolic
equation with rapidly oscillating coefficients is investigated. However, in contrast to these works, in this paper we analyze the
case where the optimal control has two switching points when reaching the upper and lower restrictions. Under these
conditions, optimal program control and optimal control in the feedback form are built. In addition, since the obtained optimal
synthesis is not convenient from the point of view of practical use (it is given by infinite series and irregularly depends on a
small parameter), the law of approximate averaged synthesis, which has the necessary extreme properties, is proposed and
substantiated.

The object of research is optimal control problem with a semi-defined quality criterion for a parabolic process on finite time
interval.

The aim and objectives of the research is to propose alternative approximate feedback control, which provides control
system behavior that is close to optimal one and in the same time can be simply realized in practice, and also to demonstrate
by the example the effectivity of proposed procedure of building the approximate suboptimal synthesis.

1. Main results. Lets 0 ¢ R™ — bounded region with a smooth boundary and for ¢ € (0,1) controlled process in a cylinder
Qr = [0,T] x Q is described by a boundary value problem

YE(x£) = A5 (y5(x, 1) + g (v (®), (t,x) € Qr,
ye(x,t) =0, x€0Q, te€[0,T], (1)
ye(x,0) = y5(x), x€Q,

n
where A%: = div(aSV), at(x) = ((afj (x))) — measured symmetric matrix satisfying the conditions of uniform ellipticity and

ij=1
boundedness, g%, y§ € L,(Q), € — small parameter.

Control is limited by

v() e U={ve Ly,(0,T): |v(t)| <¥almost everywhere in [0; T]. (2)
The problem of optimal control is to minimize the semi-definite quality criterion
2
JE) = (Ja@y*a, T) dx)* + fy v2(6) dt 3)

at solutions (1) for v(-) € U, where q € L,(Q) andy > 0.
We will assume the following convergences of the coefficients of the optimal control problem (1) — (3):
gt—- g% y&E-y, weaklyinL,(Q) as £— 0;
a® - a° in sense of G-convergence of matrices as & — 0. (4)
For definitions and properties of G-convergence of matrices see (Jikov, Kozlov, & Oleinik, 1994).
Further using the limit functions from (4) we can assume that the optimal control problem (1) — (3) is defined also for e = 0
(so-called averaged problem).
It is known that for each fixed control v € U problem (1) has a unique solution in the class € ([0, T]; L,(Q)) (Ladyzhenskaya,
2013). In addition, for an arbitrary € € [0,1) the optimal control problem (1) — (3) also has a unique solution v#(-) € U (Lions, 1971).
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2. Construction of optimal synthesis. Applying the Fourier method and decomposing the data of the initial optimal
control problem by the eigenbasis {Xf(x)}2, of the operator A%: AtXf + (A5)2Xf =0, i =1, o, the problem (1) — (3) is split
and reduced to an equivalent optimal control problems for the first order ordinary differential equation (Temam, 1997).

In addition, we will assume that the spectrum of the averaged operator A° is simple, i.e

0< (A2 < (A? < -, (5)

Let gf, g be the Fourier coefficients of the corresponding functions according to the system {X{(x)};2,. Let us denote

Y20 —(A5)2
fE(t) = Ze(” t-Dgf gt, a8=z AD*Tqe ys

i=1 i=1
RE(x, t) = Zq eAD* =D x(y),

The resulting optimal control problem for an ordinary dlfferentlal equation has already been studied in (Kapustyan, O. A.,
Kapustyan, O. V., & Sukretna, 2013) under the condition that f£(¢) is a positive and strictly monotonically increasing function.

We consider another condition and assume that for each ¢ € [0,1) the function f#(t) remains strictly monotonically
increasing and changes sign, i. e., there exists such t§ € (0,T) that

fs(o) < 0: fs(tO) = 0' fS(T) > 0:
fE(t) strictly monotonically increases on [0; T]. (6)

Refusion of the requirement of function f¢(t) positiveness allows us to observe a more complex behavior of the optimal
control. In particular, it becomes possible for the optimal control to have two switching points when reaching both the lower
v = =& and upper v = & restrictions. This qualitatively new case we will pay our further attention to.

Applying the maximum principle, under the condition that the system of inequalities

F a5 r5(0) _ F a§ f5(1) T e T g
) @ 2 ) s & BhIfF@lds <Fap (7)
is fulfilled for all € € [0,1), we obtain the optimal control in the feedback form for optimal control problem (1) — (3)
+, t €[0,t%],
(RED.YED)4E [ £o(s)ds
u[t,y= ()] =4 — & fE(0), telts, ef], (8)
e (Fe(s)) ds
4§, t e [ti, T],

where y&(x, t) — solution of the boundary value problem (1) with control (8), and the switching points t& and t§ are determined
from the system

(asTe). fS(S)dSiEftTgr fe(s)ds

= fE(tE) = 1§,
v+ (F() ds (9)
a§FE [ Fe(s)ds+E [T Fo(s)ds _
. = fE(t3) = +&
y+[,e (F(s)) ds

The existence and uniqueness of solutions of system (9) follows from the method of finding the control. In addition, the
uniqueness of the solution of the system of equations (9) can also be obtained from the conditions (6) and (7).

3. Approximate averaged synthesis. For an arbitrary £ € [0; 1) and N € N we define
N N

_(25)2 €2 (¢
agy =Ze ADTge yPe, fﬁ(t)=ze“l) =1 gf g5,

i=1 i=1
RE (x, £) = Z gF eP*CE=D) xe (),

Let (8)n and (9)n be the formulas (8) and (9) respectlvely in which all occurrences of a§, f£(t) and R®(x, t) are replaced
with a§ v, fx (t) and Ry (x, t) respectively, and tZ,, t%, are the corresponding switching points.

It can be proved that the formally constructed law (8)n, (9)n is the optimal control law for the problem (1) — (3) with the
functional J€ in which the function q(x) is replaced by the function gy (x) = ¥, qf X£(x) and for each N € N the points t&, ,
t%y are determined uniquely, and for an arbitrary € € [0; 1) the convergences t& — t&, ty — t§ as N — oo are fulfilled.

We will construct the law of approximate averaged synthesis for the problem (1) — (3), and make sure of the closeness of
the values of the quality criterion (3) on the optimal control and constructed approximate control.

Further, the main object of our research is the approximate averaged control

+E t € [0,t2],
(}(© .25 (®)+E [ f9() ds
0 0 0
vyt zy (O] =4~ +ft+”(f,3(s;3v2ds fn@) teltly tinl, (10)
18 t €[t T,

where z§ (x, t) — solution of the problem (1) with control (10), t2, t2, — switching points that are defined from the system (9)n
ate =0.

Using the ideas from (Kapustyan, O. A., Kapustyan, O. V., & Sukretna, 2013), it is possible to prove the correctness of
the proposed approximate averaged synthesis (10), that is, the control in the feedback form (10) provides close to the optimal
value of the objective functional (3). Namely, we have.

Theorem. Let g%,y§, q € L,(Q) and the assumptions (4) — (7) be fulfilled. Then for an arbitrary small > 0 there exist N, € N
and g, > 0 such that for any N > N, and ¢ € (0, ¢,) for the controls (8), (10) we have the inequalities
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lufl-, ¥yl = vl -, z7l 0 <M
lye(C-, ) —zz(-, O]l <n forall te[0,T]
| JEEle, yD) — JE(unlt, z5 D) | <. (11)
4. Numeric illustration. Let the controlled process in the rectangle Q = [0,1] x [0, ] be described by a boundary value
problem

yE(x, t) = yE.(x, ) + \/g(sinx + 3sin2x)v(t), (t,x)€Q,
y(0,8) = yE(m t) =0, te[01], (12)
y&(x,0) = ZSJEsinZE, x € [0,],
where € > 0 — small parameter. Control is limited by

v()eU={veLy,(0,1):]|v(t)] <1 almosteverywherein [0,1]}. (13)
The problem of optimal control is to minimize the quality criterion on solutions (12) for v(-) € U
2
T 2 . . 1
JE(w) = (fo ’ = (2sin2x —sinx) y*(x, 1)dx> + [, v3(®) dt. (14)
The optimal control problem (12) — (14) can be defined at € = 0 if the following limit function is used
y&(x,0) = 25\/Esin2§—> y0 =25 / g weaklyin L,(0,m) as &- 0. (15)

Applying the results presented above, we obtain formulas for optimal and approximate control for problem (12) — (14).
The corresponding spectral problem for our example does not depend on &, has the form
{X” +p2X =0, x€(0,m),

X(0)=X(m) =0, (16)

and has eigenvalues A2 = n? and eigenfunctions X, (x) = \Esin nx. Therefore, taking into account the form of the function

q(x) = \/% (2 sin 2x — sin x), instead of infinite series, we get sums of two terms.

Problem (12) — (14) is equivalent to the optimal control problem for an ordinary differential equation of the first order. Let's
denote

. 2¢? sin? g -8 . 2¢2 sinzg
| R N— 20 —8M =,
G =¢€ - T e
f() = —et™1 + 6e*(t7D). (17)

The function £ (t) is strictly monotonically increasing on [0; 1] and changes its sign at the pointt, = 1 — st (see Figure 1).

f(t)
5 L
4l
3 L
2 L
1 L
I I I 1 I
f———a— 04 0.6 0.8 1.0

Fig. 1. Graph of function f(t)

Investigating the dependence of the initial value a§ on the small parameter ¢ (see Figure 2), it is obvious that the following
inequalities are satisfied for £ € (0; 0.8]
-a; £(0) _ —a5 () 1 £
em <7l Tiaem b LGl < (18)
The optimal control of the problem (12) — (14) is given in the form
-1, t € [0,tE],
aﬁ—fotg f(s) dS+ft1§r f(s)ds
1+ f:é f2(s)ds
1, t€[tf,1],

us(t) = f@®, tele, tf], (19)
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where switching points t£, t£ are determined from the system
a§ - i° r@)as+ [ f)as

%) =1,

tE
1+ tgfz(s)ds

t& 1 (20)
ag - [, f(s)ds+ ffi f(s)ds .
& f(t+) =-1L
1+ & £2(s)ds
as
0.2 0.4 0.6 0.8 1.0 ¢
-18
-19
-20
-21
-22
Fig. 2. Graph of af depend of €
Replacing a§ by the limiting value a, = —% at e = +0, we have the corresponding averaged control
-1, t €[0,¢t0],
s0 2 1
- = Iy f()ds+ fio f(s)ds
v(t) = e @), telt?,t], (21)
1+ [0 f2(s)ds
1, te[t?,1].
where switching points t2, t2, are determined from the system
50 0 1
—=— [T f(s)ds+ [0 f(s)ds
T () =1,
1+ [ig f2(s)ds
N (22)

20 p(s)ds+ [ F)ds

L 1+ft§'f2(s)ds
Further we compare the properties of the averaged control (21) and the sequence of optimal controls (19) calculated at

the values of the parameter ¢ which form a decreasing to zero sequence. As such a sequence of values of the € parameter,

we choose the geometric progression g, = Z—S , k=0,1,2,.... For comparison, we use the following characteristics of the

controlled system:
1) switching points tZ, t§ of optimal control when reaching the lower and upper limits, respectively;
2) deviation Au® = [|u® — vl (1) in the space L,(0, 1) between optimal control and averaged control;
3) the difference in the values of the quality criteria A J& = | J&(u®) — JE(v)|.
The results of numerical calculations are given in Table 1.

f9) =-1

Table 1
Numerical calculations for comparison of averaged control and sequence of optimal controls
£ tt t Au® AJE
0,8 0,3666316467 0,4333202569 0,00785654 33,5323
0,4 0,3640556501 0,4351436479 0,00154902 6,04324
0,2 0,3649294736 0,4345296526 0,00162396 6,50383
0,1 0,3645953528 0,4347649688 0,000406207 1,60729
0,05 0,3645116882 0,4348237867 0,000101566 0,400672
0,025 0,3644907636 0,4348384904 0,0000253932 0,100096
0,0125 0,3644855320 0,4348421663 6,34819:10° 0,0250196
0,00625 0,3644842240 0,4348430853 1,58847-10° 0,00625461
0,003125 0,3644838970 0,4348433151 3,86031-107 0,00156363
0,0015625 0,3644838153 0,4348433725 9,16799-108 0,000390908
0,00078125 0,3644837948 0,4348433868 3,62806-10 0,0000977268
0,00039062 0,3644837897 0,4348433904 7,24372.10° 0,0000244317
0,00019531 0,3644837885 0,4348433913 5,12177-10° 0,00000610792
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While £ = 0 we obtain the following values of the switching points of the averaged control t° = 0,364483788033 ...,
t? = 0,434843391635 ..., the norm in space L, (0, 1) of the averaged control vl ,, = 0,976372248559 ... and the value of

the quality criterion on the averaged control J°(v) = 304,046396 ... .

The proposed procedure for constructing an approximate control by replacing the rapidly oscillating functions included in
the problem formulation with the corresponding averaged ones gives sufficient accuracy.

Discussion and conclusions

In the paper we analyze the problem of optimal bounded control of a parabolic process with a semi-definite quality criterion
in the case the optimal control reaches both lower and upper limits that is it has two switching points. In addition to the law of
optimal synthesis, an approximate averaged control in feedback form is proposed and substantiated. Proposed averaged
control ensures the behavior of the controlled system in a close to optimal mode and at the same time has a number of
advantages from the point of view of practical application. The example of a specific controlled system for a parabolic process
illustrates the effectiveness of the procedure for constructing an approximate averaged control which consists in "cutting" the
infinite series included in the expressions for optimal control to finite sums and replacing the Fourier coefficients which
irregularly depend on a small parameter with the corresponding averaged values.

Authors' contribution: Yuriy Loveikin — conceptualization; empirical data collection and validation; empirical research; Anna Sukretna — methodology;
analysis of sources, preparation of literature review or theoretical foundations of research.
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HABINWXEHWUWA YCEPEOHEHUA OBMEXEHWUW CUHTES3 ANA NAPABONMIYHOIO NMPOLECY
3 ABOMA TOYKAMU NEPEMUKAHHA

lMponHanizoeaHo 3adayy onmumMasnibHO20 06MeXeHO20 KepysaHHs 3 Haliegu3sHa4YeHUM Kpumepiem sikocmi Onsi napabosliyHo20 npoyecy 3i WweuodKo
ocyusIrYUMU KoegiyieHmamu Ha cKiHYeHHOMY iHmepeani Yacy. Po3ansiHymo eunadok, Konu onmumasibHe KepyeaHHsI auxoOumb sIK Ha HUXHE, mak i
Ha eepxHe o6MexeHHsl, mo6mo mae d8i mMoyku nepemMukaHHsi. Hawa mema nonsizae @ momy, w06 no6ydyeamu cuHme3oeaHe KepyeaHHsl, W0 € nNpakmu-
YHO Kpawjum, Hix npozpamHe. [fpome nicna 3acmocyeaHHs Memody ®yp'e make kepysaHHs1 6yde Micmumu koegbiyieHmu, siki supaxkarombcsi psidamu, i,
KpiM mo20, 0HO Hepe2yssIPHO 3anexums 8i0 Masno2o napamempa . Omxxe, Ons1 NPaKMUYHO20 3acMocy8aHHs MPUPOOHO 06MEeXUMmuU HeCKiHYeHHI psidu
CKiHYeHHUMU cymamu i mo36ymucs 3anexxHocmi eid Mano2o napamempa 3a AonomMozoto npoyedypu ycepedHeHHs1. TOX, OKpiM 3aKoHy onmuMabHO20
CUuHmMe3y, MakKoX 3anporioHoeaHo ma doeedeHO HabruxeHe ycepedHeHe KepyeaHHs 3i 360POMHUM 38 'A3KoM, w0 3abesneyye nosediHKy cucmemu Ke-
PpYyseaHHsi, HabnuxxeHy 0o onMuMaJsibHOI, a oIme, Ma€ nepesazu 3 No3uUyii NPaKMuU4YyHo20 3acmocysaHHsi. Ha koHKkpemHomy npuknadi kepoeaHoi cucmemu
0Onsi napa6osiyHO20 npoyecy npointocmpoeaHo eghekmueHicms npoyedypu nobydoeu HabnuxeHo20 ycepeGHEeHO20 KepyeaHHSl, sika rnoJisi2ae 8 3amiHi
HecKiH4eHHUX psidie CKiHYeHHUMU CymMaMu 3a OnmuMasibHO20 KepyeaHHs1 ma y pa3i 3aMiHu Hepe2ysisipHO 3a/leXXHUX 8i0 Masio20 napamempa KoegiyieH-
mie ®yp'e Ha eidnoeidHi cepedHi 3Ha4eHHs1. Mu nopieHOEMO enracmueocmi ycepeOHeHO20 KepyeaHHsI ma nocslidoeHocmi onmMuMasibHUX KepyeaHhb,
Ppo3paxosaHuXx 3a Pi3HUX 3Ha4YeHb Masi020 napamempa. [ns nopieHsIHHA 8UKOPUCMOB8YEMO MOYKU MepeMuKaHHsI OlMuMasibHo20 ma ycepedHeHOo20 Ke-
PpyeaHb, 8i0XusieHHs1 MiXk onmumasibHuUM U ycepeOHeHUM Kepye8aHHSIM, Pi3HUYI0 3Ha4YeHb Kpumepito sKkocmi Ha onmumasibHOMy ma ycepeOHeHOMY Kepy-
8aHHSIX. Y po3anistHymomy npukiadi mo4Hicmb 3Ha4eHHS1 KpUMePIro skocmi Ha HabrnuXeHoMy yrnpaseJsliHHi Ma€ e-nopsi0oK i dnsi docmamHbO Manoz0 &
moy4Hicmb Ha NopsiGok euwa 3a &.

KnwuyoBi cnoBa: onmumansHe kepysaHHsl, napabosniyHuli npoyec, HanieeusHa4yeHuli Kpumepili skocmi, moy4Ka nepeMuKaHHs, KepyeaHHs
3i 380pOMHUM 38's13KOM, HabnuxeHUll ycepeOHeHUl CUHmMe3.

ABTOpM 3a8BNSIOTb NPO BiACYTHICTb KOHAMIKTY iHTepeciB. CnoHcopy He Gpanu y4acTi B po3po6neHHi AoCnimKeHHs; y 36opi, aHanisi un
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