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2. [TocranoBka 3ajaui. HeIKCOBAaHUM 1  3aJIGKUTh  BiI  KepyBaHHS

PosrmsimatiMemMo cucteMy, IO CKIQJAETHCS 3
nBox Til. OmHE TIIO MOXE pPYXaTHCh B3JIOBXK
TOPU30HTANIBHOI OCi, Jpyre TiIO 3akKpiljicHe Ha
MiZBICI J0 TMEpIIOro 1 SBJISAI0 COOOI MAasTHHUK.
EBourontiss Takoi ABOMAacoBOi CHCTEMHU OIKMCYETHCS
CHCTEMOIO JIBOX JH(epeHIialbHUX PIBHSIHD JAPYTOTo
MOPAAKY

mx = F, _mz%(xl —x,)— F, signX,

(1)

X, =§(x] —X,),

Ie
BITHOCHO TOPU30HTAJIBHOI OCi, Y3J0BXK SKOI 1I€ TLIO
MOXXE pYyXaTHCh, X, — IOJIOXKEHHS APYroro Tiia

X, — BH3HaA4a€ IIOJOXCHHS IIEpHIOro Tina

BIZIHOCHO Ti€T % FOPU3OHTAIBHOIL OCl, 7, M, — MacH
MEepIIoro i Jpyroro Tl BiAMOBIMHO, / — JOBXHHA
HiJBICY Ipyroro Tiia a0 mepumoro, F. — cuia onopy,
110 JIi€ Ha TepIie TUI0 i Yac HOoro pyxy yHacmiiok
30BHIIIHIX (aKTopiB, F,
CIPUYMHSE PyX IEPIIOrO Tilna Y3J0BXK TOPH30H-
TaJbHOI OCI, 1 3MIHIOETHCS Y 3aIaHUX MEXKaX

— 30BHIIIHS CHJIA, IO

Fp e[_Fpmax 3Fpmax]3 (2)
F,max — CTala, sika 3aJa€ MaKCHMajbHy PYLIIHHY

CHUIy, IO MOXE JAiSTH Ha Iepiie Tito, g — cTajia
MPUCKOPEHHS BUTBHOTO TIaIIHHSL.
Ipu pyci mig giero cum F, Ha mepiue Tino

JIBOMACOBOi CHUCTEMH, IO PO3TIBIIAETHCS, 31 CTaHY
CIIOKOIO Yy il CHCTeMI MOXKYTh BHHHMKATH KOJIMBHI
MPOIIECH, CIIPHYMHEH] JIPYTUM TiJIOM CHCTEMH, SIKE
3HaXOJAUThCS Ha Mi/Bici 1o mepmoro Tina. Kepyroun
F

po
MpolecaMy y CHUCTeMi 1, HaBiTh, JOCATTH IMPHUITH-
HEHHS KOJHMBaHb, IEPEBIBIIM CHUCTEMY 10 PIBHO-
MIpHOT'0 PyXY 3 JESIKOIO JI0IATHOIO IIBUAKICTIO.
PosrmsimaTiMemo mporiec pyxy po3TIIsiyBaHOI
JIBOMAcOBOi CHCTEMH 31 CTaHy CIIOKOIO JI0 PiBHO-
MIpHOT'0 PyXy 3 JOJAaTHOI HIBHJKICTIO, BUOMPAIOUH
KepyBaHHs  30BHINIHROK  CHJIOK  Tak, 1100
SKHAWIIBU/IIE TPUIHUHATH KOJHMBHI TIpOIECH Y
CHCTEMI.
Takum 4YHHOM, TpOLEC, MIO PO3IIIAIAETHCS,
omnucyeThes cucteMoro (1) 3 kpaltoBUMH yMOBaMU
%(0)=x,(0) =0, %,(0) = x,(0) = 0;
(1) =2,(T) =0, () =1, (T) = v,
X(T) = X,(T),

ne v, >0 — 3ajgaHa HMBUAKICTH SIKOI CHCTEMa Mae

CHJIOIO MO)KHAa  KEpPYBATH  KOJMBHUMH

€Y
4)

nocsart, T >0 — KIHIIEBUM MOMEHT 4acy, AKUH €
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30BHIIIHBOK CUJIOK0 Fp .

Otmxe, OynemMo poO3TIsIATH 3ajady ONTHMAallb-
HOTO KepyBaHHs, y SKid KepoBaHa cHUCTEMa
OIKMCYETHCS KPalioBOKO
3agauero (1), (3), (4), kepylouuM mapaMeTpoM
BUCTyNA€ 30BHIUHA cuma F, 3 obmactio nomy-
CTHUMUX KepyBaHb (2), 1 KpUTEpiEM SKOCTI

T —inf. 5)

Hnst posp's3anns 3anadi (1) — (5) BUKOPHCTOBY-

BaTUMEMO NpUHIHI MakcuMmymy [ToHTpsrina [8, 9].

3. OnTumaibHe KEepyBaHHHA CUCTEMOIO

Jnst 3pydHOCTI MOAANBIIOTO PO3TIISALY MOCTAB-
JIeHol 3a/1a4i YBEIeMO TaKi TI03HAYCHHS:

NW=X, ¥y =X, q=g/1>0,
F F
P
L f=r
m m
Toni epomronifiHa cucrema (1) mepenucyerbes 'y
BUTJIAII

m
p=q—=>0, f,=
m

X =n,

).52 =X . 6)
=1, —p(x—x)— f,signy,

Y =q(x —x,),

a3azada (1)—(5) —

T — inf,

X =y,

X, =,

v =1, plx—x,)— fsigny,

V2 =q(x —Xx,), @)

%(0)=x,(0) =0, »,(0) = »,(0) =0,
(1) =,(T), W(T) = y,(T) = v,
W(T) = ,(T),

Jp €S pmaxs S pmax )

=F

pmax

ne f max /my.

Ilepm HiX po3B's3yBaTH oxepkaHy 3anauy (7),
eKBiBaJIEHTHY BUXimHIH 3amadi (1) — (5), 3BepHEMO
yBary Ha ymoBy ¥,(7) = »,(T") Ha mpaBoMmy KiHIi (y
KIHIIEBHH MOMEHT 4acy). BpaxoByroun iHIII yMOBH
Ha TpaBOMy KiHI, Bigpa3dy maemo, 1o y,(7)=0.
Toni s BHKOHaHHA YKa3aHOI YMOBH IOTpPiOHO,
mo6 y,(7)=0, a ams 0bOro 10CTaTHHO BCTAHOBUTH

3HAYCHHs PYWIAHOI cumM f, y KIHLEBHI MOMEHT

gacy T pisHoto fsigny,, o610 f,(T)=f signy,.

I, sxkmo B momampmomy (s 3HadYeHb (>T)

&



Bicnux Kuigcbko2o nayionanvbHoeo yHigepcumemy
imeni Tapaca lllesuenxa
Cepis ghizuxo-mamemamuuni HayKu

3aJMIIUTH 3HAYEHHsI pyIiiHol cuim 6e3 3MiH, TOOTO
S,(O)=f.signy, mus t>T, TO micis MOMEHTY 4acy
T onmepxwMoO pIBHOMIpDHHH pyX JBOMAacoBOl
CHCTEMH 13 3a/IaHOIO JOJATHOIO IIBHKICTIO V), .

[lpu po3B's3anHi 3ajgadi JUIT BU3HAYEHOCTI
PO3IIIAAATUMEMO BUTIQJIOK PYXy CHCTEMH 3i CTaHy
CIIOKOIO Y IOJJATHOMY HANPSMKY KOOPJIUHATHOT OCI.

3acTocoByro4H TIPUHIIUTI MaKCUMyMy
[louTpsiriHa, 3 yMOBH MAaKCHMyMy MAa€eMoO, IO
ONTHUMaJIbHE KEPYBaHHS BU3HAYAETHCS (PYHKIIIEIO

* fmax’\P3(t)>0:
f,0=1"
~f pmax» V3 (0) <0,
ne V,(f) — KoMIIOHEHTa PO3B'A3KY

PO =¥, 0),F,(0), ¥ (0), ¥, (1)

CHIpsDKEHOI cucTeMy AudepeHITianbHIX piBHSIHb

\P] =q¥;-p¥,,
\Pz =—q¥;+p¥,,
Y,=-Y%,

¥, =-%,,

SIKH# 3a/I0BOJIBHSIE YMOBU TPAHCBEPCAIBLHOCTI
F(0)=4,Y,000=4,
Y;5(0)=4,%,0)=14,,

Y (T) =25, Y, (T) = 4;,
Y, (T)=-4, Y, (T)=-1,,

ne Ag,...,A, — MHOXHHMKK Jlarpamxka y QyHKuii

()

©)

(10)

Jlarpanxa
L=2,T + %x,(0) + 4,x,(0) + 4,3, (0) + 4, ,(0) +

+A5 (6 (T) = x, (1) + A (7, (T) =) + 4, (0, (T) =)
Posg'szytoun cucremy (9), onepxyemMo

¥, (t)=—K, +K;\/p+qsin(y/p+qt) -
—K,\/p+qcos(y/p+qt),

‘Pz(t)z—KZ%— Wp+asin(p+qi)+

+K4\/p+q cos(\/p+qt),
Y. (1)=K, +K,t+ K, cos(Jp+qt)+
+K,sin(y/p+q1),
V() =(K +Kyt)q/ p—K;cos(\p+qt)—-
—K,sin(y/ p+q1),
ne K,,K,, K;, K, — noBinbHi ctami. I, BpaxoByroun
ymoBu (10), maemo K, =0.
Takum yuHOM, IJId

SIBHOI'O BU3HAYCHHA

ONITUMAJIBHOTO KepyBaHHS f; (t) (8) omepxyemo

dynxuito V,(¢) y Bursaai
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Y,(t)=K, + Kycos(\/p+qt)+ K, sin(\p+q?).

B 3anexHocTi Bij 3HaueHb KoHCTaHT K|, K, K,
¢ynkuis W,(f) Moxke, abo He 3MiHIOBATH 3HAaK Ha
inrepsani[0, 7], abo 3MIHIOBaTH 3HAK CKiHUYCHHY
KUIBKICTh pa3iB Ha BKa3aHOMY IHTEpBaJIi.

4. IToOyaoBa NporpaMHoOro KepyBaHHs

PosrinsHemMo okpema JeKiibKa BUIAJIKIB IOBeE-
ninku Qynkuii W, (f), a came, BUNAAKu, KOJIU L
(YHKIIIS| € 3HAKOCTAJION0, 1 KOJIM 3MIHIOE 3HAK.

Jdnst  CKOpOYEHHS  3alUCiB  TO3HAYMMO
u=f,— f.signy,, T0ai eBoNIOUiiHA CcHCTeMa, LIO
OITUCYE PYX BOMACOBOI CHCTEMH, NIEPEIUCYETHCS Y
BUTJIAII

x] :yla

X, =¥,,

.2 Y (11)
n=u—-pl—x,),

¥y =q(x; —x,),

a 11 (ha3oBi TpaekTOPii 3aJaFOTHCSI CHCTEMOFO
U (X, %, 11, 5,1) =
=(py +qy2)2 —2up(px; +qx,) =G,
U, (X, %, Y1, 5,1) =
=2u(x —x,)—(p+9)(x _xz)z ~-»)=G,
Us (X,%, 1,5, U) =
=arctg Jpratioy) e (27 +39) =G,
(P+@)q—x)—u  pu
ne C,,C,,C; € R — n0BinbHI cTall, sKi BU3HAYAIOTh

KO)KHY KOHKPETHY TPA€EKTOPilo, MIO MPOXOJUThH
4yepe3 KOHKPETHY TOUKY.

V curyanii, konmu ¢ynkuis V() € 3Hakocra-
aoto, To6to W4(¢) >0 , AKIIO cUcTeMa PyXaeThCs y
JNOJATHOMY HampsMKy KOOpPAMHATHOI oci, 1, Bij-
n0BiIHO, f,(f) = f, s £20, HE HpeAcTaBIAETHCA
MOXIIUBUM TIEPEBECTH PO3TIISIYBaHY JIBOMACOBY
CHCTEMY 13 TIOYaTKOBOro cTaHy (3) y KiHIEBH
ctaH (4), 00 Tpaekropii cucremu (6) HE MOXYTh
OJTHOYACHO TMPOXOTUTH 4Yepe3 TOYKH (ha30oBOTo
MPOCTOPY, SAKI 3a1aF0Th MOYATKOBUH 1 KIHLIEBUI CTaH
JIBOMAcOBOI CHCTEMHU.

Axmo dynkuis  V,(¢)
OJIep’KaHHSI KepyBaHHS 30BHIIIHBOIO CHJIO, IO JIi€
HA Tepmie TTO, 1 TIEpeBENeHHS CHCTEMH 13
MOYaTKOBOI'O CTaHy Y KIHIIGBUH CTaH JIOCTAaTHBO,
mo6 ¢ynkuis V,(f) oauH pa3 3MiHMIA 3HAK Ha

3MIHIOE 3HAK, Id

inrepsaini [0, T]. Touka mepektOYeHHST KEpyBaHHS
BU3HAYAETHCS CUCTEMOIO
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U, (X15%5, V195 Y200 11) =0,

U, (%,%5, Y195 Y20, 141) =0,

U (X155, Y105 Y2051) =0,

Uy (X, %, Yips Yaro ) = (p + Q)ng —2pu,(p+q)xr,
U (%0, Yig s Yar ) =0,

U (X1, %5, V175 Yoy t)) = (P +¢q)
ne x, X,

3/2

vy / (puy),

— MOJIOKEHHS B MOMEHT HEpeKII0UeHHS,
Vig» Voo — WBHUIKOCTI TiT 10 MOMEHTY I€peKII0YeH-
Hsl KepYBaHHS, J;,V,y— HMIBUAKOCTI TN Micas Mo-
MEHTY TEpeKIIIOUCHHs KepyBaHHs, u,,U, — KepyBaH-

Hs 30BHIIIHBOIO CHUJIOK JO0 IEPEKIIOYCHHS Kepy-
BaHHA (komu ‘W;(£)>0) 1 micns mnepexTroYeHHs

kepyBaHHs (komu W,(#)<0), x, — KiHLEeBe mojo-
KEHHSI CHCTEMH.
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5. BUCHOBKH

Y po6OTI PO3MIISHYTO CUCTEMY, 1110 CKJIaJIa€ThCS
3 JIBOX TiJ, TeplIe 3 SKHX MOXKE PYXaTHUCh B3JIOBXK
TOPU3OHTAIBHOI OCi, JIpyre — € MasTHHKOM, SKUH
3HAXOJUThCS Ha MiBici 10 mepioro tina. Jist Takoi
JIBOMAcOBOi CHCTEMH PO3TIISIHYTO PO3TiHHUH pyX 3i
CTaHy CIIOKOIO JI0 3aJlaHOi IIBHAKOCTI, a came,
PO3IIITHYTO 3a/lad4y YCYHEHHS KOJIMBHHUX IIPOIIECIB,
SIKI BUHHMKAIOTh y CHUCTEMI IICIs TOYATKy pyXy 3i
CTaHy CHOKOK. Y poOOTi, BHKOPHUCTOBYIOUH
OpUHIUN MakcuMyMy [loHTpsiriHa, TOOymOBaHO
MpOorpaMHe OINTHMAaJIbHE 30BHIIIHBOIO CHIIOK, SKa
Jie Ha Tepme TiT0 1 COPUYHHSAE PyX CHCTEMH.

[loOymoBaHe  KepyBaHHS Ma€  OAHY  TOYKY
MEPEKTIOYEHHS.
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TepmomexaHiuHa 3aja4a PO KOJIMBAaHHSA Thermomechanical problem on vibration of a
B’AA3KOINPY’KHOI0 'yMONOAiOHOT0 CTEepP:KHA viscoelastic rubberlike rod by kinematic load

npu KiHeMaTI/I‘IHOMy HaBaHTaKeHHi
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Pozensinymo 3a0auy npo KoaueamHs 8 SA3KONPYICHOSO CMEPIHCHA NPU KIHEMAMUYHOMY HABAHMAICEHHI,
NPUKAAOEHOMY HA 0OHOMY 3 1i020 Kinyie. JJocniodiceno enacmusocmi 2ymonooiono2o mamepiany Ha npukiaoi
OYMUIKAYUYKA, 3 AKO20 CKAA0aembcs cmepicervb. Ompumani amnaimyoOHo-4acmomHi Xapakxmepucmuxu 0jist
Hanpyoicents ma oepopmayii. Ha ocnogi cxinuenno-enemenmuoi mooeni nooy0o8ano po3e'sizox zaoaui 3
BPAXYBAHHAM 8'SI3KONPYICHUX eracmugocmetl oymunxayyyka. Ilposedeni nopieHauHA npu mMpvbox pPisHUX
3HAYeHHAX memnepamypu mamepiany. Ilpoananizosano pesyromamu 32i0HO 3 KIACUYHOW MEOPIEIO
npystcHocmi, 3podieni 8iON0BGIOHI BUCHOBKU U000 NOBEJIHKU OAH020 2yMON0dibHo20 mamepiany. Ilepesipero
00CMOGIPHICHb 3HAUEHb YACMOM 015 NEPULUX PE3OHANCI8 HA OCHOBI MeOPeMUYHUX PO3PAXYHKIE.

Kniouogi cnosa: 6ymunxayyyx, 6 si3KONPYICHULL CINEPHCEHb, MEMNEPAmypa, KOMNIIEKCHI MOOYIL.

By using the complex moduli the problem on vibration of the viscoelastic rod was solved. The complex
shear and Young's moduli of a rubberlike material should exhibit the same dependence on frequency. The
viscoelastic rod under kinematic loading was considered. The properties of rubberlike materials such as
filled butyl rubber were investigated. The transition frequencies of high-damping materials occur at or near
frequencies that are normally of interest in vibration problems at room temperature. The strain and stress
amplitude-frequency characteristics at temperatures of 5,20, and 35°C were obtained. For solving the
problem a finite element model was applied. According to the theory of elasticity an analysis of the results
was done. Conclusions about the behavior of the filled butyl rubber were made. The reliability of the values
of frequencies on the first resonances was checked. Butyl rubber is essentially polyisobutylene, in which a
small proportion of the isobutylene molecules has been replaced by isoprene. Using the graphs of frequency-
response curves at three different values of the temperature were compared. The numerical results by the
general theoretical laws on vibration in damped mechanical systems were confirmed.

Key Words: filled butyl rubber, viscoelastic rod, temperature, complex moduli.

CrarTio nipeacTaBuB 1.¢.-M.H., mpod. Kyk . O.

1. Beryn SKI CTalli OCHOBOIO JUIsl iHXKeHepiB Ta (i3WKiB TpH
poOOTI 3 KOJIMBAJIbHUMH CHCTeMaMH. Lle nmutaHHs €
HaHOUIBII BaXJIMBUM JUII MOPCBKUX CYACH Ta
aepoKocMiuHMX KopabmiB. B nmamiii poborti go-
CIIJDKYIOTBCS JTUCUIIATHBHI BJIACTUBOCTI TyMOIIO-
NiOHMX MatepiajiB Ha TPUKIAIl 3alOBHEHOro Oy-
TUJIKaydyKa MpH Pi3HUX Temrepatrypax. BHyTpiniae
3aTyxXaHHS TYMONOJIOHUX MaTrepialliB OMHCYEThCS
CTalliOHAPHUMH PIBHSHHIMH pyXy. ByTmikayuyk €
KOMITOHEHTOM TBEPOT0 PAKETHOT'O ITaJINBa, a TAKOK
BiH BHKOPHUCTOBYEThCS B OyIiBENbHIN, TYMOTEXHIU-
Hill cdepax MPOMUCIOBOCTI, HANPUKIAJ JJIsI BUTO-
TOBJICHHS aHTHKOPO3iHMX, TE€PMETH3YIOUHX, TiPO-
130JIFOFOUMX TOKPUTTIB. PE30HAHCHI YaCTOTH TaKUX

JlocmipKeHHsT IUCUITATUBHMX BJIACTHBOCTEH
MaTepialiB cTajJo HEOOXiJIHUM B cydacHidl Hayii. B
Takux cdepax SK IOBITpSHA, MOPChKAa Ta aBTO-
MOOiTbHA TMPOMUCIIOBICT BHKOPUCTAHHSI B’S3KO-
MPYXHUX MaTepiayliB Ta AUCUMIATUBHUX KOMITIOHCH-
TiB 3pOOMJI0 MOXJIMBHM MpAIIOBATH HAaBITh Yy BH-
MajKax, KOJH KOJHWBAaHHS € HeOC3MEYHUMHU JUIs Me-
XaHIYHHX Ta CJIGKTPOHHHX CHUCTeM ab0 HecHpu-
STIMB] JJISL JIIOACBKOTO KOM(OPTY YH TMPOILYKTHB-
HOCTi poboTH. B maHiit craTTi MOCHiKEHHS 30ce-
peKEeHe Ha JMHAMIYHUX Ta MEXaHIYHUX BIIACTH-
BOCTSIX TYMOMNOAIOHHMX B’S3KONPYKHUX MaTepialis,

© 0O.X. Ocroc 2018

34



