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Hezxati N — mmnootcuna namypasvruz wucea. Hexatd F — noae. V pobomi [1] eusnaueni kaacu epyn
SLE(F) ma GLE(F) nepioduunux neckinuennur N x N-mampuuyp maxuz, wo eidnosidaroms wucay
Cmetiniua s. Y danit pobomi mu 6600umo wupwud xiac diazonasvhux aokasvnux SL-epyn ma GL-
2PYN i BUBUAEMO 1T 36 A30K 3 NOKAADHO MAMPUYHUMY AN2E0DAMU. 30KDEMA, MU NOKAYEMO, WO DOBIAb-
na cenapabesvro—diazonanvna aokasvna SL-epyna (sidnosiono GL—z2pyna) isomopgna epyni SLE(F)
(sionosiono GLE(F)).

Kaowosi caosa: Jlokarvho mampuuna anzebpa, wucao Cmetiniya, digeonasvie 3aHYypeHms, nepio-
QUNHA MATNDUUSA.

Let N be the set of natural numbers. Let F be a field. In [1], we introduced a class of groups SLE(FF)
and GLE(F) of periodic infinite N x N-matrices that correspond to a Steinitz number s. In this paper
we introduce a wider class of diagonal locally SL—groups and GL—groups and study their relations
with locally matriz algebras. In particular, we show that every separable—diagonal locally SL-group

(respectively GL—group) is isomorphic to a group SLE(F) (respectively GLE(F)).
Key Words: Locally matriz algebra, Steinitz number, diagonal embedding, periodic matrix.
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1 Introduction

Let P be the set of all primes. A Steinitz or
supernatural number is an infinite formal product
of the form

II»

peP

where r, € NU{0, co}. The product of two Steinitz

numbers
[ wa TTo
p€eP peP

is a Steinitz number

H pr"‘kp’

peP

where we assume, that
k, e NU{0,00}, t+00 =00+t =004+ 00 =00

for all positive integers ¢t. Denote by SN the set of
all Steinitz numbers. Obviously, the set of all posi-
tive integers N is a subset of the set of all Steinitz
numbers SN.

The Steinitz number v divides wu if

there exists w € SN, such that u=wv-w.
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The divisibility relation | makes SN into a partially
ordered set with the greatest element

I:Hpoo

peEP

and the least element 1. Moreover, the poset
(SN, |) is a complete lattice.

Steinitz numbers were introduced by FErnst
Steinitz 6] in 1910 to classify algebraic extensi-
ons of finite fields.

Consider the algebra My(F) of N x N matri-
ces over the ground field F having finitely many
nonzero elements in each column.

Definition 1. Following [1], we call an NxN matrix
periodic (more precisely: n—periodic) if it is block—
diagonal diag(a, a, ...), where a is an n X n matrix.

Let MP(F) be the subalgebra of My(F) that
consists of all n—periodic matrices. Clearly,

MP(F) =2 M,(F).
Let s be a Steinitz number. Then

Mg(F) = Un\s MP(F)

n

is a subalgebra of My(F); see [1]. J.Glimm [3]
defined Steinitz number of uniformly hyperfinite
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algebras in terms of ascending chains of matrix
subalgebras. So, by the Theorem of J.Glimm [3],
ME(F) is the only (up to isomorphism) unital
locally matrix algebra of Steinitz number s.

Let GLL(F) be the group of invertible
elements of M} (F) and

SLL(F) = [GLL(F), GLL(F)].
Clearly,

GLP(F) = GL,(F), SLP(F)= SL,(F).

Let mq, mo, ... be a sequence of positive
integers such that n;|n; 1,7 > 1, and s is the least
common multiple of the numbers (n;,7 > 1). Then

GLY (F) ¢ GL? (F) C ---,

Ui1GLy, (F) = GLE(F),
SLy (F) c SLF (F) C ---,
U,;lSL%(F) = SLP(F).

Let m, n be natural numbers such that n di-
vides m.

Definition 2. We call an embedding ¢gy, of the

group SL,(F) into the group SL,,(F) diagonal if
there exists an element g € SL,,(FF) such that

wsr(a) = g ! diag(a,a,...,a) g.
——

m/n

Similarly, we define diagonal embeddings ¢gr,
and ¢); of the group GL,(F) into the group
G L, (F) and of the algebra M, (F) of n x n matri-
ces over F into the algebra M,,(F) :

YGL - GLn(F) — GLm(IF)v

QOGL(G’) = gil dia‘g(a7a7 s ,CL) 9, g€ GLm(F)v
———

m/n

onv s My (F) — My, (F),

pm(a) = g~ ' diag(a,a,...,a) g, g € My (F).
———

m/n
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2 Diagonal locally SL— and GL—groups

Let I be a partially ordered set such that for any
two elements ¢, j € I there exists an element k €
such that 1 < k,j7 < k.

Definition 3. We call a group G a diagonal locally
S L—group if there exists a family of subgroups
H; C G, i€ 1, such that

1) if i < j then H; C H; and let

idij: Hi — Hj

denote the embedding homomorphism;
2) UierH; = G;
3) for any ¢ € I there is a fixed isomorphism

u;: Hi — SLy,(F), n; €T,

4) for any ¢ < j

Y SLy, (F) = SLy, (F)

pij = ujidij u;
is a diagonal embedding. In particular,

n; divides n; for @<y

Similarly we define a diagonal locally GL—
group. It is easy to see that for ¢ < j < Kk,
i, j, k €1, we have

PYik = Pik Pij-

Hence, we can talk about a direct limit of groups
SLy,(F), i € I, with respect to the system of
homomorphisms
Pijs i,jEI, 1< J;

see [5]. It is straightforward that this direct limit
is isomorphic to the group G.

Recall (see [4]) that an associative F-algebra
A is called a locally matriz algebra if for each fi-
nite subset of A there exists a subalgebra B C A
containing this subset such that B = M, (F) for
some n.

A locally matrix algebra A is said to be unital
if it contains a unit 1.

Theorem 1. Let A be a unital locally matrix
F-algebra. Then the group A* of invertible
elements of A is a diagonal locally GL-group.
The commutator subgroup [A*, A*] is a diagonal
locally S L—group.
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Proof. Let I be the set of all subalgebras B C A
such that 1 € B and B is isomorphic to a matrix
algebra

Let
up : B — Mn(B)(F)

be an isomorphism. The set I is partially ordered
by inclusion. If B, B’ € I and B C B’ then
by the Theorem of H.M.Wedderbun (see [2]) the
embedding

up idp g uél : Mn(B) (F) — Mn(B’)(]F)

is diagonal. The restriction of this embedding
to groups of invertible elements yields diagonal
embeddings

oL : GLyy(F) = GLypH(F),

¢sr : SLypy(F) — SLyp(F).

This completes the proof of the Theorem. O

Theorem 2. For an arbitrary diagonal locally SL—
group (respectively GL—group) G there exists a
unital locally matrix algebra A such that

G

>~

[A*, A¥] (respectively G = A*).

Proof. Suppose that G is diagonal locally SL—
group, {H;}icr is a locally system of subgroups,
u;

H; — SL,,(F)

are isomorphisms and for each pair i,j € I, i < j,
the embedding
Uj idij ’U,Z-_1

is diagonal.
Any diagonal embedding

SLn(F) = SLy(F)

uniquely extends to a diagonal embedding of
matrix algebras M, (F) — M, (FF). Let

ij : My, (F) — M, (F)
be the diagonal embedding that extends
uj id;j ui_l.
For e, j, ke I, < j <k, the embeddings

@ik pij and @i
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coincide on SL,, (F), hence
Pik Pij = Pik-

The system of algebras M, (F), i € I, and
homomorphisms

Pij» lg],

satisfy the conditions for a direct limit (see [5]).

Let’s denote this direct limit of matrix
algebras as A. Clearly, A is a locally matrix
algebra. Since all embeddings ¢;; map an identi-
ty matrix to an identity matrix it follows that the
algebra A is unital.

It is easy to see that the group of invertible
elements A* is the direct limit of groups GL,, (F)
and the commutator subgroup [A*, A*] is the di-
rect limit of the groups SL,, (IF), hence

~

(A%, A*] = G.

For a diagonal locally GL-group the

arguments are similar. This completes the proof
of the Theorem. O

Let G be a diagonal locally SL—group
(respectively G L—group), { H; };c; is a correspondi-
ng local system of subgroups,
H, — SL,,(F),

U - 1€1,

are isomorphisms (respectively

H; = GLy,(F)

U
are also isomorphisms).

Definition 4. The least common multiple of all
numbers n;, i € I, is called the Steinitz number
st(QG) of the group G.

J.Glimm [3| assigned a Steinitz number to
an arbitrary unital countable-dimensional locally
matrix algebra and showed that two such algebras
A, B are isomorphic if and only if their Steinitz
numbers st(A) and st(B) are equal.
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3 On separable diagonal locally SL— and
G L—groups

Definition 5. A partially ordered set I is called
separable if there exists a countable subset Iy C I
such that for an arbitrary element ¢ € I there exi-
sts an element j € Iy and ¢ < j.

Definition 6. We call a diagonal locally SL-
group (respectively GL-group) separable if the
corresponding partially ordered set [ is separable.

Theorem 3. Let G be a separable diagonal locally
SL-group (respectively GL-group) of Steinitz
number s. Then

G = SIP(F)

(respectively
G = GLE(F)).
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Proof. If the partially ordered set I is separable
then the algebra A in the proof of Theorem 2 is
countable—dimensional. Moreover, it is easy to see
that the Steinitz number of the algebra A is equal
to s. By Glimm’s Theorem |[3]

A = MP(F).

Hence

G

~ (A", AY] = SIP

s

(IF)

if G is a diagonal locally SL—group and

G

~

AY =
if G is a diagonal locally GL-group. This
completes the proof of the Theorem. O
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