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Бахчеджиоглу О. О. Теорiя дуальностi для не увiгнутих функцiй корисностi
за умов невизначеностi моделi. — Квалiфiкацiйна наукова праця на правах
рукопису.

Дисертацiя на здобуття наукового ступеня доктора фiлософiї за спецiаль-
нiстю ”112 - статистика ” — Київський нацiональний унiверситет iменi Тараса
Шевченка Мiнiстерства освiти i науки України, Київ, 2023.

У моделi фiнансового ринку оптимальнi iнвестицiйнi стратегiї залежать
вiд уподобань iнвестора. Однак цi вподобання можуть сильно вiдрiзнятися
залежно вiд рiзних факторiв, як-от: модель ринку, в тому числi його повнота та
припущення щодо множини ймовiрнiсних мiр на ринку, властивостi функцiї
корисностi iнвестора, моделювання виплат, бюджетнi обмеження, тощо.

У дисертацiйнiй роботi дослiджуються iснування оптимальних iнвестицiй
у загальному випадку в умовах невизначеностi моделi та їхня побудова.
Зокрема, розглядаються як стандартнi, так i стiйкi функцiонали максимiзацiї
очiкуваної корисностi у випадку, коли функцiя корисностi не обов’язково
є увiгнутою. Аналiз проводиться для загальної множини ймовiрнiсних мiр
як у повних, так i в неповних моделях ринку. Розглядається два випадки
множини допустимих кiнцевих виплат: зi стандартним обмеженням на капi-
тал та з додатковим обмеження кiнцевої виплати згори певною випадковою
величиною.

Важливими iнструментами, що використовуються для встановлення ре-
зультатiв, є мiнiмакснi тотожностi, яка дозволяють змiнювати порядок ма-
ксимiзацiї за стратегiями та мiнiмiзацiї за множиною мiр, в контекстi моделi
повного ринку, та теорiя дуальностi для моделi неповного ринку. В обох
випадках використовується принцип увiгнутостi, який передбачає розгляд
увiгнутої обвiдної початкової функцiї корисностi.

У дисертацiйнiй роботi дослiджено чотири основнi випадки:
1. модель повного ринку, стандартна задача максимiзацiї функцiї кори-

сностi (а також її модифiкацiя з обмеженням бюджету);
2. модель повного ринку, робастна задача максимiзацiї функцiї корисностi

(та її модифiкацiя з обмеженням бюджету);
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3. модель неповного ринку, стандартна задача максимiзацiї функцiї кори-
сностi;

4. модель неповного ринку, робастна задача максимiзацiї функцiї кори-
сностi.

Вивчення неувiгнутих функцiй корисностi є одним iз найважливiших
аспектiв дисертацiї, оскiльки наявнi емпiричнi данi свiдчать про те, що люди
схильнi уникати ризикiв, коли є гарантований виграш, та ризикувати, за
високої ймовiрностi цiлковитого програшу.

Хоча багато статей спираються на принцип увiгнення, який передбачає
замiну неувiгнутої функцiї корисностi її увiгнутою обвiдною, є й iншi пiдходи
до роботи з неувiгненими функцiями. Ця дисертацiя також пропонує пiдхiд
до розв’язування задач максимiзацiї з неувiгнутими функцiями корисностi
через їхнє увiгнення.

Дисертацiя починається з вивчення властивостей увiгнення функцiй ко-
рисностi та дослiдження окремого випадку увiгнення для функцiї корисностi,
пов’язаної з функцiєю виплат для кол-опцiону.

У моделi повного ринку дослiджено мiнiмаксну рiвнiсть для не увiгнутих
функцiй корисностi. Доведено, що за певних природних припущень стандар-
тний функцiонал максимiзацiї функцiї корисностi для початкової функцiї
корисностi дорiвнює вiдповiдному функцiоналу вiд увiгнення початкової
функцiї корисностi. Використовуючи теореми Колмоша продемонстровано
iснування «найгiршої» мiри у двох випадках: iнфiмуму математичного спо-
дiвання вiд початкової функцiї корисностi та вiд її увiгнення. Мiнiмакснi
рiвностi для не увiгнутих функцiй корисностi отримано як наслiдок рiвностей
та нерiвностей, якi пов’язують робастнi функцiонали вiд початкової функцiї
корисностi та її увiгнення. Крiм того, у дисертацiї також розглянуто випадки,
коли всi нерiвностi перетворюються на рiвностi, що забезпечує справедливiсть
мiнiмаксної рiвностi для початкової не увiгнутої функцiї корисностi.

Основною метою дисертацiї є встановлення iснування оптимального
розв’язку, що, як добре вiдомо, рiвносильно вiдсутностi арбiтражу на ринку.
Це дає альтернативний спосiб доведенняфундаментальної теоремифiнансової
математики, i, вiдповiдно, веде до задачi вибору еквiвалентної мартингальної
мiри.
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У цьому напрямку доведено iснування та єдинiсть оптимального розв’язку
стандартної задачi максимiзацiї не увiгнутої функцiї корисностi. Крiм того,
побудовано його явний вигляд за умови стандартного бюджетного обмеження.
У роботi показано, що цей розв’язок також є єдиним розв’язком стандартної
задачi максимiзацiї функцiоналу для увiгнення початкової функцiї корисностi.
У випадку з додатковим обмеженням згори на кiнцеву виплату, заданого
дискретноювипадковоювеличиною, доведено аналогiчнi теореми та наведено
приклади, якi демонструють, що отриманi результати можуть не мати мiсця,
коли розподiл випадкової величини, яка обмежує виплату, є неперервним.

Крiм стандартної задачi максимiзацiя для не увiгнутої функцiї корисностi,
в дисертацiї також розглядається робастна задача максимiзацiї не увiгнутої
функцiї корисностi. Доведено iснування та єдинiсть оптимального розв’язку
цiєї задачi, а також запропоновано метод побудови оптимального розв’язку.

Аналогiчнi результати отримано в моделi неповного ринку, включаючи
рiвностi та нерiвностi, якi пов’язують робастний функцiонал вiд початкової
функцiї корисностi з функцiоналом вiд її увiгнення, а також наведено достатнi
умови, за яких мiнiмаксна рiвнiсть має мiсце для початкової не увiгнутої
функцiї корисностi.

Друга частина другого основного роздiлу присвячена моделi неповного
ринку, вона використовує теорiю дуальностi. По-перше, тут представлено
оптимальну стратегiю для стандартної задачi максимiзацiї функцiоналу фун-
кцiї корисностi та виведено декiлька властивостей цiєї стратегiї. По-друге,
отримано аналогiчнi результати для робастної задачi максимiзацiї функцiо-
налу увiгнення функцiї корисностi. Показано, за певних умов, iснування
оптимального розв’язку для робастної задачi максимiзацiї функцiоналу для
не увiгнутої функцiї корисностi, а також побудовано оптимальний розв’язок.

Новизна роботи полягає насамперед у розглядi функцiй корисностi, якi не
обов’язково є увiгнутими, та побудовi оптимальних iнвестицiйних стратегiй
для таких функцiй як у повних, так i в неповних ринкових моделях. Iншим
важливим оригiнальним здобутком є встановлення мiнiмаксних рiвностей
та iнших результатiв для робастного функцiоналу вiд не увiгнутої функцiї
корисностi, зокрема у випадку додаткового обмеження згори на виплату.

Дисертацiйна робота має як теоретичне, так i практичне значення. Резуль-
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тати дослiдження можуть бути використанi для доведення або спростування
мiнiмаксних рiвностей для не увiгнутих функцiй корисностi. Вони є також
важливими для побудови явного вигляду оптимальних стратегiй у найбiльш
загальних моделях, де, по-перше, вiдношення iнвестора до ризику може
змiнюватися вiд несхильностi до прийняття, по-друге, є значна гнучкiсть
щодо можливої множини ймовiрнiсних мiр. Як оптимальнi iнвестицiї, так
i максимiзацiя математичного сподiвання функцiї корисностi є одними з
основних задач фiнансової математики, тому отриманi результати можуть
бути включеними у спецiалiзованi курси.

У цiлому, дисертацiйна робота презентує важливий пiдхiд до задачi ма-
ксимiзацiї не увiгнутих функцiй корисностi, якi часто залишаються поза
увагою в лiтературi. Вона проливає нове свiтло на центральнi задачi фiнан-
сової математики i пропонує пiдходи, якi проливають свiтло на оптимальнi
iнвестицiйнi стратегiї в умовах невизначеностi моделi та вподобань iнвестора,
якi моделюються не увiгнутою функцiєю корисностi.

Ключовi слова: Оптимальнi iнвестицiї, теорiя дуальностi, мiнiмакс рiвнiсть,
стандартна задача максимiзацiї функцiї корисностi, робастна задача макси-
мiзацiї функцiї корисностi, неувiгнута максимiзацiя, бюджетнi обмеження,
неопукла оптимiзацiя, увiгнення.
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In a financial market model, the optimal investment strategies depend on the
preferences of the investor. However, these preferences can vary greatly, dependi-
ng on various factors such as market completeness, assumptions on probability
measures, properties of the utility function, payoff modeling, and budget constraints,
among others.

This thesis addresses the existence and construction of optimal investment
strategies in a general setup under model uncertainty. Specifically, it considers
both the standard and robust utility maximization functionals, assuming that the
investor’s utility function is not necessarily concave. The analysis is conducted under
a general set of prior probability measures in both complete and incomplete market
models. Additionally, two cases of admissible final endowments are examined:
standard budget constraints and an additional upper bound represented by a random
variable.

The main tools employed to achieve the desired results are the minimax
identity, which allows for the interchangeability of maximization over strategies and
minimization over measures, in the context of the complete market model, and the
duality theory for the incomplete market model. In both cases, the concavification
principle is utilized, which involves considering the concave envelope of the initial
utility function.

The thesis investigates four main cases:
1. Complete market model, standard utility maximization (+ cases with budget

constraints);
2. Complete market model, robust utility maximizaion (+ cases with budget

constraints);
3. Incomplete market model, standard utility maximization;
4. Incomplete market model, robust utility maximizaion.
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The study of non-concave utility functions is a crucial aspect of the thesis, as the
existing empirical evidence suggests that individuals tend to exhibit risk aversion in
choices involving sure gains and risk-seeking behavior in choices involving highly
probable losses.

While many articles rely on the concavification principle, which involves
replacing the non-concave utility function with its concave envelope, there are
other approaches to dealing with non-concave functions. This thesis also provides
approach for solving non-concave utility maximization problems using concavifi-
cation principle.

The thesis begins by studying the properties of concavified utility functions
and investigating a particular case of concavification for a utility related to the call
option payoff function.

In the complete market model, the minimax identity for non-concave utili-
ty functions is thoroughly investigated. It is proven that, under certain natural
assumptions, the standard utility functional of the initial utility function is equal to
that of its concavification. By employing a Kolmos-type argument, the existence
of a “worst-case scenario” measure is demonstrated in two cases: the infimum of
the expected value of the initial utility function and its concavification. The mini-
max identity for the initial non-concave utility function is established by deriving
equalities and inequalities that relate the robust utility functional of the initial
utility function to its concavification. The thesis also presents cases where all the
inequalities become equalities, thus ensuring the validity of the minimax identity
for the initial non-concave utility function.

The main objective of the thesis is to establish the existence of an optimal
solution, which is equivalent to the absence of arbitrage opportunities. This provides
an alternative way to prove the “fundamental theorem of asset pricing” and leads to
the selection of an equivalent martingale measure.

Regarding this issue, the existence and uniqueness of the optimal solution to
the standard non-concave utility maximization problem were proven. Moreover, its
explicit form was constructed under the assumption of standard budget constraints.
It was shown that this solution is also a unique optimal solution for the maximization
problem of the concavified utility function. Furthermore, in the case of an additional
upper bound represented by a discrete random variable, a similar theorem is proven,
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and examples are provided to illustrate that the previous conclusions may not hold
for a continuous random variable representing the upper bound.

In addition to the standard non-concave utility maximization problem, the thesis
also addresses the robust non-concave utility maximization problem. The existence
and uniqueness of the optimal solution to this problem are established, and a method
for constructing the optimal solution is derived.

Similar results are obtained in the incomplete market model, including equalities
and inequalities that relate the robust utility functional of the initial utility function
to its concavification, as well as assumptions under which the minimax identity
holds for the initial utility function.

The second part of the second main chapter focuses on the incomplete market
model and utilizes the duality theory approach. Firstly, an optimal strategy for
the standard utility maximization problem is presented, and several properties
of this strategy are derived. Secondly, a similar theorem is proven for the robust
maximization functional of the concavified utility function. Subsequently, under
certain conditions, the existence of an optimal solution for the robust non-concave
utility maximization problem is demonstrated, and a method for constructing the
optimal solution is provided.

The novelty of this work lies primarily in the consideration of utility functions
that are not necessarily concave and the construction of optimal investment strategies
for such functions in both complete and incomplete market models. The study of
the minimax identity and the significant results obtained for non-concave robust
functionals, as well as the incorporation of budget constraints in these cases, also
contribute to the originality of the thesis.

The theoretical and practical significance of the thesis is substantial. The research
results can be used to validate or challenge the minimax identity for non-concave
utility functions, which can make a significant contribution to the construction of
explicit optimal solution strategies in general model and investor preference settings.
Moreover, optimal investments and the maximization of expected utility of terminal
wealth are fundamental problems in Mathematical Finance, making the progress
made in this area valuable for teaching specialized courses in the field.

Overall, the thesis presents a valuable approach to the utility maximization
problem within a non-concave framework, a topic that is often overlooked in the
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current literature. It sheds new light on a central issue in Mathematical Finance
and provides insights that can enhance our understanding of optimal investment
strategies under model uncertainty and non-concave preferences.

Keywords:Optimal investments, duality theory, minimax identity, standard utility
functionals, robust utility functionals, non-concave utility, non-convex optimization,
constrained optimization, concave envelope.



10

List of published works on the topic of the
dissertation

Scientific works in which the main scientific results of the
dissertation are published

1. Bahchedjioglou O., Shevchenko G. Minimax identity with robust utility func-
tional for a nonconcave utility // Modern Stochastics: Theory and Applica-
tions. 2022. Vol. 10, no. 1. P. 19–35. Access mode: https://doi.org/10.15559/
22-VMSTA215.

2. Bahchedjioglou O., Shevchenko G. Optimal investments for the standard
maximization problem with non-concave utility function in complete mar-
ket model // Math Meth Oper Res. 2022. Vol. 95, no. 5. P. 163–181. Access mode:
https://doi.org/10.1007/s00186-022-00774-0.

3. Bahchedjioglou O. O. Duality theory for concavification of utility functions in
incomplete market model // Bulletin of Taras Shevchenko National University
of Kyiv. Series: Physics and Mathematics. 2021. no. 2. P. 10–17. Access mode:
https://doi.org/10.17721/1812-5409.2021/2.

4. Kharytonova O. Duality theory under model uncertainty for non-concave
utility functions // Bulletin of Taras Shevchenko National University of Kyiv.
Series: Physics and Mathematics. 2019. no. 4. P. 50–56. Access mode: https:
//doi.org/10.17721/1812-5409.2019/4.

Publications certifying the approval of the dissertation
materials

5. Bahchedjioglou O. Characterization of minimax identity with robust non-
concave utility functions for constrained case of random endowments // Proceedi-
ng of XX International Scientific – Practical Conference“Shevchenkivska Vesna
– 2022”. Kyiv, Ukraine. April 14, 2022. С. 5.

6. Bahchedjioglou O. Properties of utulity maximization functionals for non-
concave utility funtion in complete market model // 15ème Colloque Bachelier

https://doi.org/10.15559/22-VMSTA215
https://doi.org/10.15559/22-VMSTA215
https://doi.org/10.15559/22-VMSTA215
https://doi.org/10.15559/22-VMSTA215
https://doi.org/10.1007/s00186-022-00774-0
https://doi.org/10.1007/s00186-022-00774-0
https://doi.org/10.17721/1812-5409.2021/2
https://doi.org/10.17721/1812-5409.2019/4
https://doi.org/10.17721/1812-5409.2019/4


11
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Notation

Utility functions

𝑈− utility function;
𝑈𝑐− concave envelope of𝑈 , or the smallest concave function such that𝑈𝑐 ≥ 𝑈 .

Sets of measures and related to them sets

ℙ− the real world measure;
Q− set of measures that we consider and which satisfies certain assumptions;
Z− set of Radon-Nikodym derivatives 𝑑𝑄

𝑑ℙ
, for 𝑄 ∈ Q;

Q𝑒− set of measures in Q which are equivalent to the real world measure ℙ;
Z𝑒− set of Radon-Nikodym derivatives 𝑑𝑄

𝑑ℙ
, for 𝑄 ∈ Q𝑒 ;

M𝑒− set of all equivalent local martingale measures;
M𝑎− set of all absolutely continuous local martingale measures;
𝑄𝑒− unique equivalent local martingale measure in a complete market.
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Introduction

Relevance of the topic. Utility maximization is a fundamental concept in
finance that seeks to identify the best investment strategies that would lead to the
highest possible return for a given level of risk or the lowest possible risk for a given
level of return. This concept is widely used in investment decision-making by both
individuals and institutional investors.

One of themost significant challenges of utility maximization is the completeness
of the market, which refers to the availability of all possible investment options. In
practice, it is rare for a market to be fully complete, meaning that not all investment
options are available to investors. Therefore, it is necessary to consider a general
setup that can account for an incomplete market.

Another critical aspect of utility maximization is the properties of the utility
function. The utility function describes the preferences of investors in terms of the
expected return and risk of different investment options. It is essential to consider
the properties of the utility function, such as its concavity, in order to make informed
investment decisions.

Evidently, underlying probability measures play a significant role in utility
maximization: one has to use accurate probability measures in order to make
informed investment decisions. Given that in most cases, the information about
underlying probabilities is limited, it is important to work a robust setting, which
includes a general set of probability measure.

The thesis is devoted to the study of the existence and construction of the optimal
investment strategies in the general model setup. We consider the standard and
robust utility maximization functionals under model uncertainty and assumption
that the investor’s utility function is not necessarily concave. Moreover, this problem
is considered under a general set of prior probability measures in the complete and
incomplete market models. Additionally, in the spirit of Föllmer and Schied [16,

15
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Chapter 3], we look at the two cases of admissible final endowments: the standard
budget constraints and an additional upper bound given by some random variable.

In the second chapter we examined optimal investment strategies for standard
and robust non-concave utility maximization problems in complete market model.
We considered the very general model setup and implemented amodified constrained
counterpart of the optimization problem. To obtain an optimal investment we
relied on the minimax identity, concavification principle and relations between
the corresponding functionals of an initial non-concave utility function and its
concavifications. Throughout the chapter we studied the minimax identity for
non-concave utility functions and applied obtained relations of robust functionals
of initial and concavified utility functions.

The third chapter of thesis is devoted to the similar problems, however, in
incomplete market model, which makes the considered model setup more general.
The key tool, in obtaining the previous results in expanded model setup, is duality
theory. As before we studied the minimax identity for non-concave utility functions
and learned how to relate the corresponding functionals of an initial non-concave
utility function and its concavifications. Moreover, presented a way to derive
an optimal investment strategies for standard and robust non-concave utility
maximization problems (in some cases with implementing additional assumptions
in comparison with the second chapter).

Connection of work with scientific programs, plans, topics. The work
was carried out within the framework of state budgetary research scientific topics:
«Stochastic dynamical systems, inhomogeneous in time or random time: asymptotics
and statistical analysis» (state registration number 0122U001843) and №19БФ038-01
«Exact formulas, estimates, asymptotic properties, and statistical analysis of complex
evolutionary systems with many degrees of freedom» (state registration number
0119U100317) department of probability theory, statistics and actuarial mathematics,
faculty of Mechanics and Mathematics Taras Shevchenko National University of
Kyiv, included in the comprehensive thematic plan of research works «Modern
mathematical problems of natural science, economics and finance».

The purpose and objectives of the research. The aim of the dissertation is
in the study of standard and robust utility functionals for initial utility function and
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its concavification and solving the following problems: establishing the existence of
the optimal investment strategies and construction of them under different model
setups, deriving how can be related the maximizing functionals of initial utility
function and its concavification and solving the described problems in general
framework: both complete and incomplete market models, not necessarily concave
utility function, standard budget constraint and implementation of additional upper
bound on final endowments.

The object of research are the standard and robust utility functionals.
The subject of research are the optimal solutions for the standard and robust utility

maximization problems for non-concave utility function and its concavification, as
well as minimax identities for the robust non-concave utility functionals.

Research methods. The work uses methods of probability theory, theory of
random processes, functional analysis, financial mathematics, non-convex optimiza-
tion.

Scientific novelty of the obtained results. All results obtained in the
dissertation work are new. The main results are as follows:

– the properties of concavified utility function are investigated;
– minimax identity for non-concave utility functions is established;
– it is proved that under some natural assumptions, the standard utility functional

of the initial utility function is equal to that of its concavification;
– in a complete market model, the existence of the “worst-case scenario” measure

is shown in two cases: where one looks at expected value of the initial utility function
and that of its concavification;

– a chain of equations and inequalities that relate the robust utility functionals
of a non-convex utility function and its concavification is established, generalizing
the existing results, and several examples are given where all of the inequalities
become equations and hence the minimax identity for the initial non-concave utility
function holds;

– existence and uniqueness of the optimal solution to standard non-concave
utility maximization problem is proved, and it is shown that the solution is also a
unique optimal solution for the maximization problem of the concavified utility
function;
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– an explicit optimal solution is constructed under the assumption of standard
budget constraints in a complete market model;

– in a constrained case, where an upper bound on the final endowment is
imposed, similar results are established when the upper bound is a discrete random
variable, and it is shown that the conclusions may fail when the upper bound is a
continuous random variable;

– in complete market model the existence and uniqueness of the optimal solution
to the robust non-concave utility maximization problem is proved and an approach
is given to construct it;

– in the incomplete market model, similar results are proved: equations and
inequalities that relate the robust utility functionals of a non-concave utility function
and its concavification are established, and the assumption under which minimax
identity holds is proposed;

– the duality theory approach in incomplete market model is used to obtain
optimal investment strategies for the standard utility maximization problem, the
properties of optimal strategy are derived; similar results are obtained for the
robust maximization functional of the concavified utility function, in particular, the
existence of an optimal solution for the robust non-concave utility maximization
problem is shown and its construction is proposed.

Practical significance of the obtained results. As investors seek to max-
imize their wealth, they face the challenge of terminal wealth maximization, a
problem that hinges on their individual preferences. This research explores various
scenarios related to investor preferences and future payoff modeling, encompassing
factors such as market completeness, properties of utility functions, and budget
constraints. We establish the existence of optimal investment strategies for both
standard and robust utility maximization problems, subject to certain assumptions
in some cases. Moreover, we present a methodology for explicitly constructing
optimal strategies in specific situations.

The research investigates the equations and inequalities that connect robust
utility functionals of an initial non-concave utility function and its concavification.
By doing so, we can verify or disprove the minimax identity for non-concave utility
functions. This contribution holds significant theoretical and practical implications
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as it greatly assists in formulating explicit optimal solution strategies for the general
case of model and investor preferences.

Personal contribution of the acquirer. All the results of thesis were obtained
by solely by its author. All four articles containing results were published. Two of
them, [8, 22], are published by the author solely. The two remaining articles [7] and
[6] is coauthored by the scientific supervisor, Doctor of Physical and Mathematical
Sciences, Professor Georgiy M. Shevchenko, whose contribution was in proposing
the research problem and in general advising.

Approbation of the results of the dissertation. The results of the dis-
sertation were reported and discussed at international scientific conferences and
meetings of scientific seminars of leading Ukrainian scientific institutions.

Conferences:
1. XX International Scientific – Practical Conference“Shevchenkivska Vesna –

2022”, April 14, 2021, Kyiv, Ukraine.
2. International Conference “Modern Stochastics: Theory and Applications V”,

June 1–4, 2021, Kyiv, Ukraine.
3. Scientific conference “Actual Problems of Stochastic Analysis”, February 20–21,

2021, Tashkent, Uzbekistan.
4. XIX International Scientific – Practical Conference“Shevchenkivska Vesna –

2021”, April 15-16, 2021, Kyiv, Ukraine.
5. 15éme Colloque Bachelier en Mathématiques Financiéres et Calcul Stochas-

tique, January 16-21, 2023 Métabief, France.
Scientific seminars:
1. Seminar held by the department of probability theory, statistics and actuarial

mathematics of faculty of Mechanics and Mathematics Taras Shevchenko
National University of Kyiv (Kyiv, 2020).

Publications. The results of the dissertation were published in:
1. Four articles in peer-reviewed journals [6–8, 22];

• two of them, [6, 7], are in the journals indexed in the Scopus and Web of
Science; in SJR: Scientific Journal Rankings databases their quartiles are
Q2 and Q3 correspondingly;
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• the articles [8, 22] are published in peer-review Ukrainian journal
(category “B”);

2. Four abstracts of reports at conferences [4, 5, 23, 24].

Structure and scope of the dissertation. The dissertation consists of an
abstract in Ukrainian and English, an introduction, four chapters divided into sections
and subsections, conclusions, list of references (41 items), and the appendices, first
one with supplementary proofs and script, second one contains a list of publications
of the acquirer on the topic of the dissertation and information about the approval
of the results. The full scope of the dissertation is 137 pages, the main text takes 97
pages.

The content of the work. The first chapter contains a brief historical
review of the literature on the subject of the dissertation and highlights the current
state of the study of problems similar to those considered in the dissertation work.

In the second chapter firstly, in Section 2.1, we introduced the model setup
with all of the necessary assumptions on the model, i.e. the modelling of the payoff,
assumptions on the set of probability measures and main notations that we have
used throughout the work. Throughout the dissertation we consider standard and
robust optimization problems with and without budget constraints in complete and
incomplete market models.

Consider investor’s utility function 𝑈 : [0,∞) → ℝ. We assume that 𝑈 is
non-constant, non-decreasing, upper semi-continuous and satisfies the mild growth
condition:

lim
𝑥→∞

𝑈 (𝑥)
𝑥

= 0,

and that𝑈 (∞) > 0. We set𝑈 (𝑥) = −∞ for 𝑥 < 0.
For the standard optimization problem we aim to identify

sup
𝑋∈𝔛(𝑥)

𝔼[𝑈 (𝑋 )],

and for the robust optimization problem we look at

sup
𝑋∈𝔛(𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑋 )] .

Two possibilities for the set 𝔛(𝑥) of admissible final endowments are considered:
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• the standard budget constraint:

𝔛(𝑥) = {𝑋 ∈ 𝐿1
+(𝑄𝑒) |E𝑄𝑒 [𝑋 ] ≤ 𝑥}, 𝑥 > 0,

• an additional upper bound:

𝔛(𝑥) = {𝑋 ∈ 𝐿1(𝑄𝑒) | 0 ≤ 𝑋 ≤𝑊, E𝑄𝑒 [𝑋 ] ≤ 𝑥},

with some random variable𝑊 : Ω → [0, +∞) .
Afterwards we study an optimal investment strategies for both standard and

robust non-concave utility maximization problems in complete market model. We
considered the very general model setup and implemented a modified constrained
counterpart of the optimization problem. To obtain an optimal investment we
relied on the minimax identity, concavification principle and relations between
the corresponding functionals of an initial non-concave utility function and its
concavifications.

To ensure market completeness, the following assumption is imposed:

Assumption 2.1. There is a unique equivalent local martingale measure, denoted by

𝑄𝑒 .

Moreover, we use next conditions:

Assumption 2.2. (i) Q is convex;
(ii) ℙ[𝐴] = 0 if and only if 𝑄 [𝐴] = 0 for all 𝑄 ∈ Q;
(iii) The setZ := {𝑑𝑄/𝑑𝑃 | 𝑄 ∈ Q} is closed in 𝐿0(ℙ) .

The following notations is used for brevity:

Z𝑒 := {𝑑𝑄/𝑑ℙ | 𝑄 ∈ Q𝑒}, where Q𝑒 denotes the set of measures in Q
that are equivalent to ℙ;

𝐶 (𝑥) = {𝑔 ∈ 𝐿0
+(Ω, F𝑇 ,ℙ) |0 ≤ 𝑔 ≤ 𝑋𝑇 for some 𝑋 ∈ 𝔛(𝑥)}.

In particular,

𝑔 ∈ 𝐶 (𝑥) ⇐⇒ 𝐸𝑄𝑒 (𝑔) ≤ 𝑥 .

In Section 2.2, we consider a strictly increasing, strictly concave and twice
continuously differentiable function𝑈 : [0,∞) → ℝ, which has vanishing derivative
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at infinity. First we consider a particular non-concave utility function𝑈 : ℝ→ ℝ:

𝑈 (𝑥) =

𝑈 ((𝑥 − 𝐾)+), 𝑥 ≥ 0

−∞, otherwise.

The concavification for function𝑈 is constructed and its several useful properties
are established.

In Section 2.3, we show how to relate the robust functionals for the initial
non-concave utility function and its concavification in the general setup. For this
we used some assumptions.

Assumption 2.11.

For all 𝑥 > 0 exists a measure 𝑄0 ∈ Q𝑒 such that 𝑢𝑄0 (𝑥) < ∞.

Assumption 2.12.

𝑢𝑐𝑄0
(𝑥) < ∞ for some, and hence, for all 𝑥 > 0 and some 𝑄0 ∈ Q𝑒 .

Theorem 2.13. Additionally to Assumptions 2.2, 2.1, 2.11 and 2.12, assume that the

probability space (Ω, F ,ℙ) is atomless.

Then the following holds:

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)]
(1★)
= sup

𝑔∈𝐶 (𝑥)
inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)]
(2★)
= inf

𝑄∈Q
sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)]

≤ (4★) =(3★)
sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] inf
𝑄∈Q𝑒

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)]

=(6★) =(5★)

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑔)]
(7★)
≤ inf

𝑄∈Q
sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈 (𝑔)]
(8★)
≤ inf

𝑄∈Q𝑒
sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈 (𝑔)] .

The proof establishes first the minimax identity and corresponding relations
for the concavified objective function and then turns to the initial utility function.
The conclusion of the proof relies mainly on the Kolmos-type argument, lop-sided
minimax theorem and properties of the concavified utility function.

Further, we prove the existence of the saddle point for the robust maximization
functional of the concavified and initial utility functions as well as existence of
the maximizer in the concavified robust maximization problem. However, for
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this part (until considering the constrained case) we consider the utility function
𝑈 : (0,∞) → ℝ that is strictly increasing, continuously differentiable and satisfying
a mild growth condition.

Lemma 2.20. The function𝑈𝑐 (·) is strictly increasing and continuously differentiable

on (0,∞).

Lemma 2.21. Suppose Assumption 2.2 holds and that for all 𝑄 ∈ Q𝑒 : 𝑢𝑐
𝑄
(𝑥) < ∞ for

some 𝑥 > 0.
Additionally, assume that lim

𝑥→∞

𝑢𝑐
𝑄
(𝑥)
𝑥

= 0 for each 𝑄 ∈ Q𝑒 . Then, for any 𝑥 > 0,

there exists some 𝑔 ∈ 𝐶 (𝑥) and 𝑄 ∈ Q such that

𝑢𝑐 (𝑥) = inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)] = 𝐸𝑄 [𝑈𝑐 (𝑔)] = 𝑢
𝑐

𝑄
(𝑥) .

Conditions are given under which all of the inequalities in Theorem 2.13 become
equations and, thus, the minimax identity holds for the initial non-concave utility
function𝑈 .

Theorem 2.23. Suppose that all assumptions from Theorem 2.13 hold.

Then, the following two equations are equivalent:

(i) sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

𝐸
𝑄
[𝑈 (𝑔)], for 𝑄 ∈ Q𝑒 .

(ii) sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)].

Assumption 2.25. Assume that the set Q from Lemma 2.21 can be replaced by the set

Q𝑒 , i.e. for any 𝑥 > 0, there exists some 𝑔 ∈ 𝐶 (𝑥) and 𝑄0 ∈ Q𝑒 such that

𝑢𝑐 (𝑥) = inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)] = 𝐸𝑄0
[𝑈𝑐 (𝑔)] = 𝑢𝑐

𝑄0
(𝑥).

Further on, 𝑄0 ∈ Q𝑒 denotes a measure such that

𝑢𝑐 (𝑥) = 𝑢𝑐
𝑄0
(𝑥).

Theorem 2.26. Suppose that all assumptions from Lemma 2.21 and Theorem 2.13 are

fulfilled and that Assumption 2.25 holds. Additionally, assume that at least one of the

items below holds

(i) Exists such a measure 𝑄 ∈ Q𝑒 that for all 𝑔 ∈ 𝐶 (𝑥) : inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] =

𝐸
𝑄
[𝑈𝑐 (𝑔)];
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(ii) For any sequence 𝑔𝑛 ∈ 𝐶 (𝑥) such that lim
𝑛→∞

𝐸
𝑄0
[𝑈𝑐 (𝑔𝑛)] = sup

𝑔∈𝐶 (𝑥)
inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)]

it holds that lim
𝑛→∞

𝐸
𝑄0
[𝑈𝑐 (𝑔𝑛)] = lim

𝑛→∞
inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔𝑛)] .
Then, we have

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] .

Hence, all inequalities in the Theorem 2.13 are equalities.

Theorem 2.27. Suppose that all assumptions from Theorem 2.13 hold. Additionally,

assume that 𝑑𝑄
𝑒

𝑑𝑃
has a continuous distribution. Also, suppose that for some non-negative

𝜆 the maximizer for 𝑢𝑐 (𝑥) satisfies 𝑔★ ∈ −𝜕𝑉 (𝜆 · 𝑑𝑄
𝑒

𝑑𝑃
).

Then 𝑔★ is also a maximizer for 𝑢 (𝑥). Moreover, we have

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] .

Hence, all inequalities in the Theorem 2.13 become equalities.

We consider two cases of admissible final endowments: the standard budget
constraint and additional upper bound (which has not been considered before in
such model setup).

From now on we return to the first assumption on the utility function, i.e. that
investor’s utility function 𝑈 : [0,∞) → ℝ such that 𝑈 (∞) > 0, is non-constant,
non-decreasing, upper semi-continuous and satisfies the mild growth condition,
𝑈 (𝑥) = −∞ for 𝑥 < 0.

We extend previous results by showing how to compare the robust utility maxi-
mization functionals of initial non-concave utility functions and its concavification.
Furthermore, we proceed in proving the minimax identity for the general case of
non-concave utility functions. The crucial step for obtaining the mentioned results
with implementing an additional upper bound is the use of the regular conditional
distribution which sheds new light on the possible approaches for solving the
optimization problem.

In the constrained case of the study the minimax identity for the robust non-
concave utility functional in a complete market model we additionally to the previous
part consider an upper bound for the set 𝔛(𝑥) of admissible final endowments:

𝔛𝑊 (𝑥) = {𝑋 ∈ 𝐿1(𝑄𝑒) | 0 ≤ 𝑋 ≤𝑊, E𝑄𝑒 [𝑋 ] ≤ 𝑥},
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with some random variable𝑊 : Ω → [0, +∞) .

Assumption 2.29. 1. (Ω, F ) is a standard Borel space.
2. There exists a regular conditional distribution given𝑊 , which is atomless, i.e.,

there exists a function 𝑃 : F × (0,∞) → [0,∞) such that for all 𝑣 > 0, 𝑃 (·, 𝑣)
is an atomless probability measure, and for all 𝐴 ∈ F , 𝑃 (𝐴, ·) is a measurable

function satisfying 𝑃 (𝐴,𝑊 ) = ℙ(𝐴 |𝑊 ) a.s.

Theorem 2.31. Under Assumptions 2.2, 2.11, 2.12, 2.29, we have the following:

sup
𝑋∈𝔛𝑊𝑥

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )] (1★)= sup

𝑋∈𝔛𝑊𝑥
inf
𝑄∈Q

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )] (2★)= inf

𝑄∈Q
sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )]

≤ (4★) =(3★)
sup
𝑋∈𝔛𝑊𝑥

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑊 (𝜔) (𝑋 )] inf
𝑄∈Q𝑒

sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )]

=(6★) =(5★)

sup
𝑋∈𝔛𝑊𝑥

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑊 (𝜔) (𝑋 )]
(7★)
≤ inf

𝑄∈Q
sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔) (𝑋 )]
(8★)
≤ inf

𝑄∈Q𝑒
sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔) (𝑋 )] .

Lemma 2.33. Suppose that Assumption 2.2 and Assumption 2.12 hold.

Then, we have

𝑢𝑊𝑐 (𝑥) = sup
𝑋∈𝔛𝑊𝑥

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )] = inf

𝑄∈Q
sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )]

= sup
𝑋∈𝔛𝑊𝑥

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )] = inf

𝑄∈Q𝑒
sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )] .

Lemma 2.34. If Assumption 2.2 and Assumption 2.11 hold, then for all 𝑋 ∈ 𝔛𝑊𝑥

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑊 (𝑋 )] = inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑊 (𝑋 )] .

Lemma 2.35. Let {𝑃𝑣, 𝑣 ∈ (0,∞)} be a family of atomless probability measures on a

standard Borel space (Ω, F ), such that for any 𝐴 ∈ F , 𝑃·(𝐴) is measurable. Then, for

all 𝑄 ∈ Q𝑒 , for all 𝑋 ∈ 𝔛𝑊𝑥 there exists 𝑋★ ∈ 𝔛𝑊𝑥 such that

𝐸𝑄 [𝑈𝑊 (𝑋★)] = 𝐸𝑄 [𝑈𝑊𝑐 (𝑋★)] = 𝐸𝑄 [𝑈𝑊𝑐 (𝑋 )] ≥ 𝐸𝑄 [𝑈𝑊 (𝑋 )] .

Lemma 2.36. If Assumption 2.29 holds, then for all 𝑄 ∈ Q𝑒 it holds that

sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔) (𝑋 )] = sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )], for all 𝑥 > 0.
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Lemma 2.37. Under the Assumption 2.29,

inf
𝑄∈Q𝑒

sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔) (𝑋 )] = inf
𝑄∈Q𝑒

sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )] .

In Section 2.4 we construct an optimal investment strategy for non-concave
utility maximization problems. We started with the standard utility maximization
problem and in Section 2.4.1 constructed the optimal investment strategy.

We defined the (one-sided) inverse of𝑈 ′
𝑐 (·):

𝑖 (𝑦) =



(𝑈 ′
𝑐 )−1(𝑦)

·𝕀{𝑦 ∈ ℝ+\{∪𝑖∈ℕ{[𝑈 ′
𝑐 (𝑏+𝑖 ),𝑈 ′

𝑐 (𝑎−𝑖 )] ∪ [𝑈 ′
𝑐 (𝑐+𝑖 ),𝑈 ′

𝑐 (𝑐−𝑖 )]}}
+∑

𝑖

𝑎𝑖 · 𝕀{𝑦 ∈ [𝑈 ′
𝑐 (𝑎+𝑖 ),𝑈 ′

𝑐 (𝑎−𝑖 )]}

+∑
𝑖

𝑏𝑖 · 𝕀{𝑦 ∈ [𝑈 ′
𝑐 (𝑏+𝑖 ),𝑈 ′

𝑐 (𝑏−𝑖 ))}

+∑
𝑖

𝑐𝑖 · 𝕀{𝑦 ∈ [𝑈 ′
𝑐 (𝑐+𝑖 ),𝑈 ′

𝑐 (𝑐−𝑖 )]}, 𝑦 < 𝑈 ′
𝑐 (0+);

0, 𝑦 ≥ 𝑈 ′
𝑐 (0+).

Theorem 2.39. Assume that 𝑑𝑄
𝑒

𝑑ℙ
is continuous and that

ℎ(𝜆) = E𝑄𝑒
[
𝑖

(
𝜆 · 𝑑𝑄

𝑒

𝑑ℙ

)]
< ∞, for all 𝜆 > 0. (1)

Then, for any initial capital 𝑥 > 0, there exists a unique optimal solution to the problem

(2.28) given by 𝑋★ = 𝑖 (𝜆★ · 𝑑𝑄
𝑒

𝑑ℙ
), where 𝜆★ > 0 is such that E𝑄𝑒 [𝑖 (𝜆★ · 𝑑𝑄

𝑒

𝑑ℙ
)] = 𝑥 .

Remark 2.40. Solution 𝑋★ is also a unique optimal solution for the maximization

problem of concavified utility function, i.e.

sup
𝑋∈𝔛(𝑥)

𝔼[𝑈𝑐 (𝑋 )] = max
𝑋∈𝔛(𝑥)

𝔼[𝑈𝑐 (𝑋 )] = 𝔼[𝑈𝑐 (𝑋★)] .

Section 2.5 is devoted to the study of optimization strategies in the constrained
setup, i.e. we assume that there is an upper bound on the endowment, given by a
random variable𝑊 : Ω → [0, +∞). The set of admissible payoff is then given by

𝔛𝑊 := {𝑋 ∈ 𝐿0(ℙ) | 0 ≤ 𝑋 ≤𝑊 ℙ-a.s.}.

Our goal is to maximize 𝔼[𝑈 (𝑋 )] for 𝑋 ∈ 𝔛𝑊𝑥 where the budget set 𝔛𝑊𝑥 is defined
by

𝔛𝑊𝑥 := {𝑋 ∈ 𝐿1(𝑄𝑒) | 0 ≤ 𝑋 ≤𝑊, E𝑄𝑒 [𝑋 ] ≤ 𝑥}.
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For each 𝑘 > 0 denote

𝑈 𝑘 (𝑥) = 𝑈 (𝑥 ∧ 𝑘), 𝑥 ≥ 0. (2)

and let 𝑖𝑘 (𝑦) be the inverse of (𝑈 𝑘
𝑐 )′.

The following result is a counterpart of Theorem 2.39 for the utility function
𝑈𝑊 (𝜔), 𝜔 ∈ Ω.

Theorem 2.42. Assume that the random variable 𝑑𝑄𝑒

𝑑ℙ
is continuous and that the

random variable𝑊 is discrete.

Consider the function 𝑖𝑊 (𝜔,𝑦) := 𝑖𝑊 (𝜔) (𝑦), for all 𝜔 ∈ Ω.

Let also

ℎ𝑊 (𝜆) = E𝑄𝑒
[
𝑖𝑊 (𝜔)

(
𝜆 · 𝑑𝑄

𝑒

𝑑ℙ
(𝜔)

)]
< ∞, for all 𝜆 > 0. (3)

Then for any initial capital 𝑥 > 0, there exists a unique optimal solution to the

problem (2.40), which is given by 𝑋★ = 𝑖𝑊
(
𝜆★ · 𝑑𝑄

𝑒

𝑑ℙ

)
for some 𝜆★ > 0 such that

E𝑄𝑒 [𝑖𝑊 (𝜆★ · 𝑑𝑄
𝑒

𝑑ℙ
)] = 𝑥 .

Furthermore, in Section 2.5.2 we presented examples which show that the
conclusion of Theorem 2.42 may fail in the case where𝑊 is a continuous random
variable.

To achieve this we considered the sample space Ω = [ 1
2, 1] with the probability ℙ

being the normalized Lebesgue measure, i.e. ℙ( [𝑎, 𝑏]) = 2(𝑏 − 𝑎) for 1
2 ≤ 𝑎 < 𝑏 ≤ 1.

We set𝑊 (𝜔) = 2𝜔, for 𝜔 ∈ Ω and considered the utility function

𝑈 (𝑥) =


3
√

2
4 · 𝑥 1

2 , 𝑥 ∈ [0, 1
2);

𝑥+1
2 , 𝑥 ∈ [ 1

2, 1);

𝑥
3
4 , 𝑥 ∈ [1,∞).

Section 2.6 deals with the optimal investment strategies for robust utility
functional.

The main assumption here is equality

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

𝐸
𝑄
[𝑈 (𝑔)] . (4)
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Theorem 2.44. Suppose that (2.46) holds and that 𝑑𝑄
𝑒

𝑑𝑄
is continuous. Additionally let

ℎ(𝜆) = 𝐸𝑄𝑒
[
𝑖

(
𝜆 · 𝑑𝑄

𝑒

𝑑𝑄

)]
< ∞, for all 𝜆 > 0, (5)

be continuous, where 𝑖 is the inverse to 𝑈 ′
𝑐 . Then there exists a unique optimal

solution to the problem (2.48) given by 𝑔★ = 𝑖 (𝜆★ · 𝑑𝑄
𝑒

𝑑𝑄
), where 𝜆★ > 0 and such that

𝐸𝑄𝑒 [𝑖 (𝜆★ · 𝑑𝑄
𝑒

𝑑𝑄
)] = 𝑥, for initial capital 𝑥 .

Remark 2.45. Solution 𝑔★ is also a unique optimal solution for the problem of

maximizing concavification of the utility function, i.e.

sup
𝑔∈𝐶 (𝑥)

𝐸
𝑄
[𝑈𝑐 (𝑔)] = max

𝑔∈𝐶 (𝑥)
𝐸
𝑄
[𝑈𝑐 (𝑔)] = 𝐸𝑄 [𝑈𝑐 (𝑔

★)] .

Theorem 2.46. Consider the model setting and utility function as in Section 2.3.2.

Then under the assumptions of Theorem 2.44, Theorem 2.13, and Lemma 2.21, the

unique optimal solution 𝑔★ for the problem (2.48) is also an optimal solution for (2.47),
in the sense that

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑔)] = inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑔★)] .

In the third chapter we study problems similar to those in the third, however,
now we work in incomplete market model, which makes the considered model setup
more general. The key technique to generalize the previous results to this extended
model setup is duality theory. As before, we investigate theminimax identity for non-
concave utility functions and learned how to relate the corresponding functionals of
an initial non-concave utility function and its concavifications. Moreover, we present
how to deriveoptimal investment strategies for standard and robust non-concave
utility maximization problems.

Section 3.1 is devoted to the minimax identity and relations between the robust
functionals of the initial and concavified utility functions.

Assumption 3.1.

For all 𝑥 > 0 exists some 𝑄 ∈ Q𝑒 such that 𝑢𝑄 (𝑥) < ∞.

Assumption 3.2.

𝑢𝑐𝑄0
(𝑥) < ∞ for some 𝑥 > 0 and some 𝑄0 ∈ Q𝑒 .
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Assumption 3.6. 𝐴𝐸0(𝑉 ) < ∞.

Assumption 3.7. For any 𝑄 ∈ Q𝑒 and any distribution 𝐹𝑄 on ℝ+ with𝑈𝑃 (𝐹𝑄) < ∞,
there exists 𝑓𝑄 ∈ 𝐶 (𝑈𝑃 (𝐹𝑄)) with 𝑓𝑄 ∼ 𝐹𝑄 . The index of distribution shows the

probability measure under which we consider it.

Theorem 3.13. Suppose that Assumptions 2.2, 3.1, 3.2, 3.6, 3.7 are satisfied.

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)]
(1★)
= sup

𝑔∈𝐶 (𝑥)
inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)]
(2★)
= inf

𝑄∈Q
sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)]

≤ (4★) =(3★)
sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] inf
𝑄∈Q𝑒

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)]

=(6★) =(5★)

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑔)]
(7★)
≤ inf

𝑄∈Q
sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈 (𝑔)]
(8★)
≤ inf

𝑄∈Q𝑒
sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈 (𝑔)] .

After that, as in previous chapter, we presented the conditions under which all
of the inequalities in Theorem 3.13 become equalities and we obtain the minimax
identity for the non-concave utility function.

Theorem 3.14. Suppose that all assumptions from Theorem 3.13 holds.

Then, for all 𝑥 > 0, the next two equalities are equivalent
(i) sup

𝑔∈𝐶 (𝑥)
inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

𝐸
𝑄
[𝑈 (𝑔)], for 𝑄 ∈ Q𝑒 ;

(ii) sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] .

Theorem 3.15. Suppose that all assumptions from Lemma 2.21 and Theorem 3.13

hold. Assume that at least one of the items below holds

(i) Exists such a measure 𝑄 ∈ Q𝑒 that for all 𝑔 ∈ 𝐶 (𝑥) : inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] =

𝐸
𝑄
[𝑈𝑐 (𝑔)];

(ii) For any sequence 𝑔𝑛 ∈ 𝐶 (𝑥) such that lim
𝑛→∞

𝐸
𝑄0
[𝑈𝑐 (𝑔𝑛)] = sup

𝑔∈𝐶 (𝑥)
inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)]

it holds that lim
𝑛→∞

𝐸
𝑄0
[𝑈𝑐 (𝑔𝑛)] = lim

𝑛→∞
inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔𝑛)] .
Then we have

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] .

Hence, all inequalities in the Theorem 3.13 turn to equalities.
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In the Section 3.2 we studied the optimal investment strategies for the maximiza-
tion problems for the concavified utility functions. The Section 3.2.1 dealt with the
standard utility maximization problem for the concavified utility function.

We introduced the convex conjugate function 𝑉 of𝑈 ,

𝑉 (𝑦) = sup
𝑥>0

(𝑈 (𝑥) − 𝑥𝑦), 𝑦 > 0.

The dual value function 𝑣𝑃 for 𝑢𝑃 is given by

𝑣𝑃 (𝑦) := inf
𝑌∈Y(𝑦)

𝔼[𝑉 (𝑌𝑇 )], 𝑦 > 0,

where the space Y(𝑦) is defined as

Y(𝑦) = {𝑌 ≥ 0|𝑌0 = 𝑦 and 𝑋𝑌 is a ℙ − supermartingale for all 𝑋 ∈ 𝔛(1)}.

As in [25, 26] consider the following sets:

𝐶 (𝑥) = {𝑔 ∈ 𝐿0
+(Ω, F𝑇 ,ℙ) |0 ≤ 𝑔 ≤ 𝑋𝑇 for some 𝑋 ∈ 𝔛(𝑥)};

𝐷 (𝑦) = {ℎ ∈ 𝐿0
+(Ω, F𝑇 ,ℙ) |0 ≤ ℎ ≤ 𝑌𝑇 for some 𝑌 ∈ Y(𝑦)}.

Theorem 3.16. Assume 𝑣𝑃 (𝑦) < ∞, for all 𝑦 > 0(we need it for the (𝑖𝑖𝑖) and (𝑖𝑣)),
(3.3) and (3.6) hold.

For any 𝑥0 > 0, there exist some 𝑔 ∈ 𝐶 (𝑥0), 𝑦 > 0 and ℎ̂ ∈ 𝐷 (𝑦) such that
(i) 𝑢𝑐

𝑃
(𝑥0) = 𝑣𝑃 (𝑦) + 𝑥0𝑦,

(ii) 𝑢𝑐
𝑃
(𝑥0) = inf

𝑦>0
(𝑣𝑃 (𝑦) + 𝑥0𝑦),

(iii) 𝑣𝑃 (𝑦) = 𝔼[𝑉 (ℎ̂)],
(iv) 𝑢𝑐

𝑃
(𝑥0) = 𝔼[𝑈𝑐 (𝑔)] .

Moreover, 𝑣𝑃 (·) is convex.

Theorem 3.17. Assume 𝑣𝑃 (𝑦) < ∞, for all 𝑦 > 0, (3.3) and (3.6) hold.
Then, for any 𝑥 > 0, there exists an optimal strategy 𝑋 ∈ 𝔛(𝑥) such that

𝑢𝑐𝑃 (𝑥) = 𝔼[𝑈𝑐 (𝑋𝑇 )] .

There also exist some 𝑦 > 0 and 𝑌 ∈ Y(𝑦) such that

𝑣𝑃 (𝑦) = 𝔼[𝑉 (𝑌𝑇 )] and 𝑢𝑐𝑃 (𝑥) = 𝑣𝑃 (𝑦) + 𝑥𝑦.

Moreover, 𝑋𝑇 ∈ −𝜕𝑉 (𝑌𝑇 ). Also, 𝑋𝑌 is a martingale.
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Subsection 3.2.2 deals with the robust utility maximization problem for the
concavified utility function.

Theorem 3.18. Fix arbitrary𝑄 ∈ Q𝑒 . Suppose 𝑣𝑄 (𝑦) < ∞, for all 𝑦 > 0(we need it for
the (𝑖𝑖𝑖) and (𝑖𝑣)), (3.13) and (3.6) hold.

For any 𝑥0 > 0, there exist some 𝑔 ∈ 𝐶 (𝑥0), 𝑦 > 0 and ℎ̂ ∈ 𝐷𝑄 (𝑦) such that

(i) 𝑢𝑐
𝑄
(𝑥0) = 𝑣𝑄 (𝑦) + 𝑥0𝑦,

(ii) 𝑢𝑐
𝑄
(𝑥0) = inf

𝑦>0
(𝑣𝑄 (𝑦) + 𝑥0𝑦),

(iii) 𝑣𝑄 (𝑦) = 𝐸𝑄 [𝑉 (ℎ̂)],
(iv) 𝑢𝑐

𝑄
(𝑥0) = 𝐸𝑄 [𝑈𝑐 (𝑔)] .

Moreover, 𝑣𝑄 (·) is convex.

Theorem 3.19. Suppose that all assumptions of Lemma 2.21, (3.6) and (3.14) hold.
For any 𝑥0 > 0, there exist some 𝑄 ∈ Q𝑒 , 𝑦 > 0 and ℎ̂ ∈ 𝐷

𝑄
(𝑦) such that

(i) 𝑢𝑐 (𝑥0) = 𝑢𝑐
𝑄
(𝑥0),

(ii) 𝑢𝑐 (𝑥0) = inf
𝑦>0

(𝑣 (𝑦) + 𝑥0𝑦),
(iii) 𝑢𝑐 (𝑥0) = 𝑣 (𝑦) + 𝑥0𝑦,

(iv) 𝑣 (𝑦) = 𝑣
𝑄
(𝑦) = 𝐸

𝑄
[𝑉 (ℎ̂)] .

Theorem 3.20. Suppose that all assumptions of Theorem 3.19 hold.

Then, for any 𝑥 > 0, there exist some 𝑋 ∈ 𝔛(𝑥) and 𝑄 ∈ Q𝑒 such that

𝑢𝑐 (𝑥) = inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑋𝑇 )] = 𝐸𝑄 [𝑈𝑐 (𝑋𝑇 )] = 𝑢
𝑐

𝑄
(𝑥). (6)

There also exist some 𝑦 > 0 and 𝑌 ∈ Y
𝑄
(𝑦) such that

𝑣 (𝑦) = 𝐸
𝑄
[𝑉 (𝑌𝑇 )] and 𝑢𝑐 (𝑥) = 𝑣 (𝑦) + 𝑥𝑦. (7)

Moreover, 𝑋𝑇 ∈ −𝜕𝑉 (𝑌𝑇 ), and 𝑋𝑌 is a 𝑄−martingale.

In Section 3.3 we extend these findings to the initial non-concave utility function.

Theorem 3.21. Suppose that Assumption 2.2 and Assumption 3.1 hold.

Additionally, assume that the optimal solution 𝑔★ for concavified problem (either

standard: sup
𝑔∈𝐶 (𝑥)

𝔼[𝑈𝑐 (𝑔)] or robust: sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)]) such that 𝑔★ ∈ −𝜕𝑉 (𝜆𝑍 ),

where 𝑍 ∈ Z has a continuous distribution.

Then, 𝑔★ is also an optimal solution for the corresponding non-concave problem.
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Conclusions section summarizes the main results of this thesis.
In the Appendix A, we present auxiliary statements and supplementary proofs

to make reading of the main part easier for readers.
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Chapter 1

Review of literature on the topic of the
dissertation

The basic problem of mathematical finance is concerned with an economic
agent’s investment decisions in a financialmarket, where the agent seeks tomaximize
the expected utility of their terminal wealth. This can be expressed mathematically
as the so-called standard utility maximization problem:

𝔼[𝑈 (𝑋𝑇 )] → max, 𝑋 ∈ 𝔛(𝑥),

where𝑋 represents the investor’s portfolio,𝔛(𝑥) is the set of all admissible portfolios
with initial wealth 𝑋0 ≤ 𝑥 , 𝑈 is the utility function that measures the investor’s
satisfaction, and 𝑇 is the investment horizon.

In the past, many studies have considered this problem under the assumption
that there is a probability measure that accurately describes the future stock price
evolution. However, in reality, there is always some level of uncertainty and
investors may be averse to both risk and Knightian uncertainty, the latter refers to
the uncertainty associated with choosing an appropriate model, which is often not
reflected in the probabilities of known events.

Therefore, it is essential to consider both risk and Knightian uncertainty when
seeking to maximize the expected utility of terminal wealth. This can be achieved by
using appropriate techniques such as robust optimization, which seeks to identify
the optimal investment strategy that performs well under all possible scenarios, or
by incorporating multiple priors in the decision-making process, which was the idea
initially taken by Savage [35]. In the spirit of it, Yaari [41], Gilboa and Schmeidler
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[17] and Schmeidler [18] worked with the robust utility functional, i.e.

𝑋 → inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑋 )],

where 𝑄 is a set of probability measures (priors).
Note that when the set of all considered probability measures Q is a singleton,

the robust utility maximization problem

sup
𝑋∈𝔛(𝑥)

inf
𝑄∈Q

E𝑄 [𝑈 (𝑋𝑇 )]

coincides with the standard utility maximization problem

sup
𝑋∈𝔛(𝑥)

𝔼[𝑈 (𝑋𝑇 )] .

The literature on utility maximization is rich and varied, with many papers
exploring different problems andmodel frameworks, but there is a lack of connection
between some of the contributions to field due to the diversity of problems and
model frameworks they consider. For example, some papers focus on concave
and non-concave utility functions, while others consider complete and incomplete
market models, and still others address standard and robust utility maximization
problems.

Some of these papers have made significant contributions to the field, such as the
work of Schied and Wu [37], who proved the existence of optimal investment strate-
gies for the problem of maximizing the robust utility function in a general incomplete
market model framework. They assumed a strictly concave, strictly increasing, and
continuously differentiable utility function that satisfies the Inada conditions. Using
the minimax identity for the concave functions, they showed the existence of optimal
probability measure 𝑄 , in the sense that sup

𝑋∈𝔛(𝑥)
inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑋𝑇 )] = sup
𝑋∈𝔛(𝑥)

𝐸
𝑄
[𝑈 (𝑋𝑇 )],

which, together with the results of the Kramkov and Schachermayer [25, 26],
established the existence of optimal investment strategy.

While considering the complete market model denote the unique equivalent
local martingale measure by 𝑄𝑒 . In the spirit of [34], consider a utility function𝑈
on ℝ+ which is non-decreasing upper-semicontinuous and satisfying a mild growth
condition. In this thesis we also look into the standard utility maximization problem,
i.e.

sup
𝑋∈𝔛(𝑥)

𝔼[𝑈 (𝑋 )], (1.1)
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while considering two possibilities for the set 𝔛(𝑥) of admissible final endowments:
• the standard budget constraint:

𝔛(𝑥) = {𝑋 ∈ 𝐿1
+(𝑄𝑒) |E𝑄𝑒 [𝑋 ] ≤ 𝑥}, 𝑥 > 0,

• an additional upper bound:

𝔛(𝑥) = {𝑋 ∈ 𝐿1(𝑄𝑒) | 0 ≤ 𝑋 ≤𝑊, E𝑄𝑒 [𝑋 ] ≤ 𝑥}, (1.2)

with some random variable𝑊 : Ω → [0, +∞) .
The aforementioned Kramkov and Schachermayer’s articles [25, 26] provided

important insights into the problemofmaximizing a strictly concave utility functional
in the context of a general incomplete semimartingale model of financial markets.
Their work addressed several key questions:

1. Does the optimal solution/strategy exist?
2. How may we calculate the optimal solution, provided this solution exists?
3. Does the value function satisfy the usual properties of the utility function?
4. How may we calculate the value function as well as the dual value function?

Their approach represented a significant departure from previous research in this
area, which had typically focused on the assumption of a complete market and
known probability measures for stock price evolution.

The paper [25] made a significant contribution to the understanding of the
utility maximization problem by identifying a key market-independent assumption
for answering important questions about the existence and properties of optimal
solutions. Specifically, Kramkov and Schachermayer demonstrated that the answers
to questions 1 and 3 are positive if and only if the asymptotic elasticity of the utility
function is strictly less than one. This result provides a minimal assumption that
can be made solely on the utility function to address these key questions.

In their subsequent paper, [26], Kramkov and Schachermayer further advanced
the understanding of the utility maximization problem and thus clarified the
conditions under which optimal solutions can be found by identifying a necessary
and sufficient condition for on both the utility function and the model itself: the
finiteness of the value function of the dual problem.

Several other approaches were used for robust portfolio optimization such as
reducing the robust case to the standard one through proving the existence of
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the “worst-case scenario measure” or “the least favourable measure”, e.g. [32, 36],
a stochastic control approach, see [20], an approach using BSDEs, see [11] and
references therein.

Alexander Schied [36] introduced the notion of a least-favorable measure in a
set Q of probability measures absolutely continuous with respect to ℙ★: 𝑄0 ∈ Q is
least-favorable with respect to ℙ★ if the density 𝜋 = 𝑑ℙ★/𝑑𝑄0 (taken in the sense of
the Lebesgue decomposition) satisfies

𝑄0[𝜋 ≤ 𝑡] = inf
𝑄∈Q

𝑄 [𝜋 ≤ 𝑡] for all 𝑡 > 0.

In a complete market model, he presented a solution to the problem of maximizing
the robust utility of the terminal wealth, under a condition that set Q of all measures
that we are considering admits a least-favorable measure. The main result was
that under condition above the robust problem is equivalent to the standard utility
maximization problem with respect to the least-favorable measure. Moreover, he
showed the existence of least-favorable measure in various situations.

Backhoff Veraguas and Fontbona [3] extended these results by implementing the
assumption on the densities of the uncertainty set instead of the usual compactness
assumption. Moreover, they have done this without relying on the existence of
the worst-case measure or on any assumption implying this. Neufeld and Šikić
[29, 30] studied a robust stochastic optimization problem in the quasi-sure setting in
discrete-time. Their paper [29] deals with the study of the general case of concave
utility functions, showing the existence of the the maximizer in different market
models under the linearity-type condition, which is caused by the no-arbitrage
condition. In [30], they consider the non-concave utility maximization problem and
outline the conditions of maximizer’s existence.

For more results concerning the robust utility maximization problem we refer to
Bartl, Kupper and Neufeld [9] and references therein.

The majority of articles on utility maximization assume that the investor’s utility
function is strictly concave, strictly increasing, continuously differentiable, and
satisfies the Inada conditions. While the assumption of monotonicity is natural,
since an agent prefers more wealth to less, other assumptions can be omitted or
relaxed. Most notably, Tversky and Kahneman in their seminal paper [21] showed,
using empirical evidence, that people tend to contribute to risk aversion in choices
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involving sure gains and to risk seeking in choices involving sure losses. Therefore,
one has to consider utility functions which are not necessarily concave.

Jennifer Carpenter [12] and Christian Reichlin [33, 34] are two authors who have
contributed to the study of utility maximization with non-concave utility functions.
Carpenter’s work considered the manager who operates in a complete, arbitrage-free,
continuous-time financial market and who is risk-averse with utility function 𝑈
which is strictly increasing, strictly concave, at least twice continuously differentiable.
She studied the dynamic investment problem of choosing an admissible trading
strategy 𝜋 which maximizes the expected utility of the payoff of a call option on the
assets plus a constant:

max
𝜋
𝐸 [𝑈 (𝛼 (𝑋𝑇 − 𝐵𝑇 )+ + 𝐾)],

where 𝑋𝑇 is the payoff of the assets at time 𝑇 , 𝐾 > 0 represents fixed compensation
and personal wealth, 𝛼 > 0 represent the percentage of positive profits, and 𝐵𝑇
represent the option strike price. One of her main results was constructing the
unique optimal solution using the concavified utility function.

Reichlin’s doctoral thesis [33] provided a comprehensive analysis of the general
framework of non-concave utility functions in both complete and incomplete
market models. He investigated the properties of non-concave utility functions
and their concavifications, and showed several useful relations between the two.
One of the main results was equality between the maximization functionals for
non-concave utility function 𝑈 and its concavification 𝑈𝑐 , i.e. sup

𝑋∈𝔛(𝑥)
𝔼[𝑈 (𝑋𝑇 )] =

sup
𝑋∈𝔛(𝑥)

𝔼[𝑈𝑐 (𝑋𝑇 )]. He also presented several important findings about optimal

solutions for the both problems.
While considering two cases of admissible final endowments: the standard

budget constraint and additional upper bound (which has not been considered before
in such model setup) we extend Reichlin’s results by proving new connections in
the form of equalities and inequalities of the robust utility maximization functionals
of initial non-concave utility functions and its concavification. Furthermore, we
proceed in proving the minimax identity for the general case of non-concave utility
functions. The crucial step for obtaining the mentioned results with implementing
an additional upper bound is the use of the regular conditional distribution which
sheds new light on the possible approaches for solving the optimization problem.
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Moreover, we construct the explicit form of the optimal solution in the standard
utility maximization problem including the case with implementation of the budget
constraints represented by a discrete random variable. And showed that theorem
may fail if budget constraints were represented by a continuous random variable.

The most of the literature on non-concave utility maximization, including this
thesis, rely on the concavification principle, i.e. replacing the non-concave utility
function by its concave envelope, there are also some articles which provide a
general framework for solving non-concave utility maximization problems without
concavification. For example, Dai et al [31] considered cases where the concavifica-
tion principle may not be applied and the utility functions can be discontinuous;
consult the references therein for further relevant research on the topic.



Chapter 2

Optimal investment strategies for the
non-concave utility maximization
problems in complete markets

In this chapter, we will delve into the minimax identity for non-concave utility
functions using the concavification method. We will first introduce the concept
of concavification and show how it relates to utility maximization problems. The
concavification method is particularly useful for non-concave utility functions
since it helps to establish conditions for the existence and uniqueness of optimal
investment strategies.

Next, we will present cases in which the minimax identity holds for non-concave
utility functions. The minimax identity provides a useful tool for characterizing
optimal investment strategies when dealing with robust utility maximization
problems. In such cases, the minimax identity helps to establish a relationship
between the minimization of worst-case scenarios and the maximization of expected
utility.

We will then present the optimal solution for the maximization of non-concave
utility functions. This involves finding investment strategies that maximize the ex-
pected value of the non-concave utility function subject to certain constraints.Finally,
we will present the optimal solution for the robust utility maximization problem
under the assumption that the minimax identity holds.

39
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2.1 Model setup

Throughout this chapter, we assume the uniqueness of equivalent local martin-
gale measure, and hence the market model completeness.

Assumption 2.1. There is a unique equivalent local martingale measure, which we

denote as 𝑄𝑒 .

Throughout the dissertation we consider standard and robust optimization
problems with and without budget constraints in complete and incomplete market
models; let us describe here the general model setup.

By 𝑈 (𝑥) we denote the investor’s utility function; assumptions on𝑈 (𝑥) will be
stated later.

For the standard optimization problem we aim to identify

sup
𝑋∈𝔛(𝑥)

𝔼[𝑈 (𝑋 )], (2.1)

and for the robust optimization problem we look at

sup
𝑋∈𝔛(𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑋 )] .

Throughout this chapter we consider two possibilities for the set 𝔛(𝑥) of admissible
final endowments:

• the standard budget constraint:

𝔛(𝑥) = {𝑋 ∈ 𝐿1
+(𝑄𝑒) | E𝑄𝑒 [𝑋 ] ≤ 𝑥}, 𝑥 > 0,

• an additional upper bound:

𝔛(𝑥) = {𝑋 ∈ 𝐿1(𝑄𝑒) | 0 ≤ 𝑋 ≤𝑊, E𝑄𝑒 [𝑋 ] ≤ 𝑥}, (2.2)

with some random variable𝑊 : Ω → [0, +∞) .
As in [37], we impose the following assumptions on the set of probability measures
Q on (Ω, F ) . (Note that Q is not the set of all measures on the measurable space
(Ω, F ), but just some subset satisfying the below assumptions.)

Assumption 2.2. (i) Q is convex;

(ii) ℙ[𝐴] = 0 if and only if 𝑄 [𝐴] = 0 for all 𝑄 ∈ Q;
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(iii) The set Z := {𝑑𝑄/𝑑ℙ | 𝑄 ∈ Q} is closed in 𝐿0(ℙ) (with respect to pointwise

convergence).

We also need the following notationZ𝑒 := {𝑑𝑄/𝑑ℙ | 𝑄 ∈ Q𝑒},where Q𝑒 denotes
the set of measures in Q that are equivalent to ℙ.

Proposition 2.3. It follows from the Assumption 2.2 (i) and (iii) that the set Q is

closed under countable convex combinations.

Proof. See Appendix A.1. □

Moreover, it follows from the Halmos–Savage theorem that given (𝑖) and (𝑖𝑖𝑖),
assumption (𝑖𝑖) is equivalent to the following:

𝑄 ≪ ℙ for all 𝑄 ∈ Q and Q𝑒 ≠ ∅,

where Q𝑒 denotes the set of measures in Q that are equivalent to ℙ, for the proof
see Lemma A.1.

The main aim is to maximize the robust utility functional inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑋 )] among
all 𝑋 ∈ 𝔛(𝑥).

Hence, we consider the next value function of the robust utility problem

𝑢 (𝑥) := sup
𝑋∈𝔛(𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑋 )] .

Denote

𝑢𝑄 (𝑥) := sup
𝑋∈𝔛(𝑥)

𝐸𝑄 [𝑈 (𝑋 )],

the value function of the optimal investment problem.
To relate the static optimization problem (2.1) to a dynamic one, one can consider

the model setup as in [37] with the additional assumption that the discounted price
process is locally bounded, that is a discounted price process with 𝑑 assets, which is
modelled by a stochastic process 𝑆 = (𝑆𝑡 )0≤𝑡≤𝑇 . Assume that 𝑆 is a 𝑑-dimensional
locally bounded semimartingale on (Ω, F ,ℙ) with respect to a filtration (F𝑡 )0≤𝑡≤𝑇 .

A self-financing trading strategy is given by its initial wealth 𝑋0 ∈ ℝ and a 𝑑-
dimensional predictable and 𝑆-integrable process 𝜉 = (𝜉𝑡 )0≤𝑡≤𝑇 . The corresponding
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value process 𝑋 satisfies

𝑋𝑡 = 𝑋0 +
𝑡∫

0

𝜉𝑟𝑑𝑆𝑟 , 0 ≤ 𝑡 ≤ 𝑇 .

Let X(𝑥) be the set of all such processes 𝑋 with 𝑋0 ≤ 𝑥 which are also admissible
in the sense that 𝑋𝑡 ≥ 0, for 0 ≤ 𝑡 ≤ 𝑇 . In this setting, the standard utility
maximization problem is to maximize the expected utility of the terminal wealth for
the initial capital 𝑥 , i.e. to find sup𝑋∈X(𝑥) 𝔼[𝑈 (𝑋 (𝑇 ))]. Thanks to the completeness
assumption, we have that 𝔛(𝑥) = {𝑋 (𝑇 ) | 𝑋 ∈ X(𝑥)}, so that dynamic utility
maximization problem is equivalent to (2.1).

Example 2.4 (Cox–Ross–Rubinstein-model, also known as binomial model). Con-
sider a financial model consisting of two assets, a bond with a fixed interest rate 𝑟 > −1
and a stock whose price at each time step depends on the state of the economy. The

economy can be in either a good or a bad state. We denote the maturity time by 𝑇 .

The bank account, also known as the bond, evolves according to 𝑆0
𝑡 = (1 + 𝑟 )𝑡 for

𝑡 = 0, . . . ,𝑇 and 𝑟 > −1.
The sample space is given by

Ω = (𝜔1, . . . , 𝜔𝑇 ) : 𝜔𝑖 ∈ 0, 1, for 𝑖 = 1, . . . ,𝑇 ,

where 𝜔𝑖 represents the state of the economy at time 𝑖 . We consider a strictly positive

probability measure ℙ such that ℙ(𝜔) > 0 for all 𝜔 ∈ Ω.

Let 𝑦𝑔 be the growth rate during good times and 𝑦𝑏 be the growth rate during bad

times, where 𝑦𝑔 > 𝑦𝑏 > −1. The stock price evolves according to

𝑆1
𝑡 (𝜔) = 𝑆1

0 · (1 + 𝑦𝑔)𝐷𝑡 (𝜔) · (1 + 𝑦𝑏)𝑡−𝐷𝑡 (𝜔),

where 𝑆1
0 > 0 is the initial price of the stock, and 𝐷𝑡 (𝜔) is the number of good states of

the economy until time 𝑡 , that is, 𝐷𝑡 (𝜔) =
∑𝑡
𝑠=1𝜔𝑠 .

This model is arbitrage-free if and only if 𝑦𝑔 > 𝑟 > 𝑦𝑏 > −1, and in this case, the

model is also complete. The unique equivalent (local) martingale measure is given by

𝑄 (𝜔) =
(
𝑟 − 𝑦𝑏
𝑦𝑔 − 𝑦𝑏

)𝐷𝑇 (𝜔)
·
(
1 − 𝑟 − 𝑦𝑏

𝑦𝑔 − 𝑦𝑏

)𝑇−𝐷𝑇 (𝜔)
.
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Example 2.5 (Black–Scholes model). For a fixed time horizon, consider a continuous-

time market on the time interval [0,𝑇 ]. Let (Ω, F ,𝔽 = 𝔽 = (F𝑡 )𝑡∈[0,𝑇 ],ℙ) be a filtered
probability space. Themarket consists of a bond 𝑆0 = (𝑆0

𝑡 )𝑡 ∈ [0,𝑇 ] with a fixed interest
rate 𝑟 ∈ ℝ, defined by 𝑆0

𝑡 = 𝑒𝑟𝑡 for all 𝑡 ∈ [0,𝑇 ], and a stock 𝑆1 = (𝑆1
𝑡 )𝑡∈[0,𝑇 ] , whose

price dynamics is governed by the stochastic differential equation𝑑𝑆1
𝑡 = 𝑆

1
𝑡 (𝜇 𝑑𝑡+𝜎 𝑑𝐵𝑡 )

for 𝑡 ∈ [0,𝑇 ], where 𝐵𝑡 is a standard Brownian motion w.r.t. 𝔽. In other words, the

stock price is follows a geometric Brownian motion with volatility 𝜎 > 0 and drift

𝜇 − 𝜎2/2:
𝑆1
𝑡 = 𝑆

1
0 · 𝑒𝜎𝐵𝑡+(𝜇−𝜎

2/2)𝑡 , 𝑡 ∈ [0,𝑇 ],

where 𝑆1
0 > 0 is the initial stock price.

The unique equivalent local martingale measure 𝑄 in this market has the Radon-

Nikodym derivative 𝑑𝑄
𝑑ℙ

= exp
(
𝑟−𝜇
𝜎
𝐵𝑇 −

(𝑟−𝜇
𝜎

)2 𝑇
2

)
.

For brevity, we introduce the following sets, as in [25, 26]:

𝐶 (𝑥) = {𝑔 ∈ 𝐿0
+(Ω, F𝑇 ,ℙ) |0 ≤ 𝑔 ≤ 𝑋 for some 𝑋 ∈ 𝔛(𝑥)}.

It is easy to see that

𝑢 (𝑥) = sup
𝑋∈𝔛(𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑋 )] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑔)];

𝑢𝑄 (𝑥) = sup
𝑋∈𝔛(𝑥)

𝐸𝑄 [𝑈 (𝑋 )] = sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈 (𝑔)] .

Remark 2.6. It is known from Delbaen and Schachermayer (see [13] for the case of a

locally bounded semimartingale 𝑆 , [14] for the general case and [15] for a more specific

version) that for 𝑔 ≥ 0, it holds that

𝑔 ∈ 𝐶 (𝑥) ⇐⇒ sup
𝑄∈M𝑒

𝐸𝑄 (𝑔) ≤ 𝑥 ⇐⇒ sup
𝑄∈M𝑎

𝐸𝑄 (𝑔) ≤ 𝑥,

where M𝑒 is the set of equivalent local martingale measures and M𝑎 is the set of

absolutely continuous local martingale measures.

In our model setupM𝑒 = {𝑄𝑒}, and hence

𝑔 ∈ 𝐶 (𝑥) ⇐⇒ 𝐸𝑄𝑒 (𝑔) ≤ 𝑥 .



44

Consider investor’s utility function 𝑈 : [0,∞) → ℝ. We assume that 𝑈 is
non-constant, non-decreasing, upper semi-continuous and satisfies the mild growth
condition:

lim
𝑥→∞

𝑈 (𝑥)
𝑥

= 0,

and that𝑈 (∞) > 0. We set𝑈 (𝑥) = −∞ for 𝑥 < 0. It follows from [2, Proposition 3.1]
that𝑈 (𝑥) has a non-decreasing and continuous on (0,∞) concavification (concave
envelope) 𝑈𝑐 (𝑥), or the smallest concave function such that 𝑈𝑐 (𝑥) ≥ 𝑈 (𝑥), for all
𝑥 ∈ ℝ. Concavification can be used to deal with non-concave utility function and it
is crucial for this thesis. In view of this, we consider a particular utility function in
the next section in order to provide more intuition about the concavification.

2.2 Special case of non-concave utility

Throughout the section we assume that utility function𝑈 is strictly increasing,
strictly concave, at least twice continuously differentiable, and is defined on a
domain containing [0,∞).

Moreover, suppose that𝑈 ′ (𝑥) approaches zero as 𝑥 approaches infinity.
Define𝑈 : ℝ→ ℝ by

𝑈 (𝑥) =

𝑈 ((𝑥 − 𝐾)+), 𝑥 ≥ 0

−∞, otherwise.

Throughout this section we will assume that investor’s utility function is𝑈 ; we will
sometimes call it original utility function to differentiate it from its concavification.

Function𝑈 (𝑥) is non-concave, hence we are going to consider its concavification,
which we denote by𝑈 (𝑥).

The concavified objective function𝑈 is linear in the interval [0, 𝑥], where the
point 𝑥 > 𝐾 is such that the the slope of a line through (0,𝑈 (0)) and (𝑥,𝑈 (𝑥)) is
𝑈 ′(𝑥). For 𝑥 ≥ 𝑥 , the concavified objective function coincides with𝑈 . The existence
of such concavification𝑈 follows from Lemma 2.7 and Lemma 2.9 below.

Lemma 2.7. There exists a unique point 𝑥 > 𝐾 such that

𝑈 (𝑥) −𝑈 (0)
𝑥

= 𝑈 ′(𝑥). (2.3)
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𝐾 𝑥
𝑥

Figure 2.1. Investor’s original and concavified functions. The solid line represents the
function𝑈 (𝑥) = 𝑈 ((𝑥 − 𝐾)+); the dotted line represents the concavification of𝑈 (𝑥), function𝑈 (𝑥);
for simplicity, in this and the following picture𝑈 (0) = 0.

Remark. For all 𝑥 ∈ (0, 𝐾] the equality (2.3) is obvious.

Proof. Noting that𝑈 (0) = 𝑈 (0), consider the linear function 𝑦 (𝑥), such that

𝑦 (𝑥) = 𝑘𝑥 +𝑈 (0), where 0 < 𝑘 <
𝑈 (𝐾 + 1) −𝑈 (0)

𝐾 + 1 .

It follows that

𝑦 (𝐾 + 1) = 𝑘 · (𝐾 + 1) +𝑈 (0) < 𝑈 (𝐾 + 1) . (2.4)

Since 𝑦 (𝑥) > 𝑈 (𝑥), for 𝑥 ∈ (0, 𝐾) it follows that exists such a point 𝑥1 ∈ (𝐾,𝐾 + 1)
for which 𝑦 (𝑥1) = 𝑈 (𝑥1) . By the assumptions on the utility function 𝑈 , we know
that𝑈 ′(∞−) = 𝑈 ′(∞−) = 0. It follows that

∃𝑥0 > 𝑥1 : ∀𝑥 > 𝑥0 0 < 𝑈 ′(𝑥) < 𝑘

2 .

Noting that 𝑦′(𝑥) = 𝑘 > 0, we obtain

∃𝑥 > 𝑥1 : 𝑦 (𝑥) > 𝑈 (𝑥).

Noting (2.4), it follows from the intermediate value theorem that there exists a
point 𝑥2 > 𝐾 + 1 > 𝑥1 such that 𝑦 (𝑥2) = 𝑈 (𝑥2). (See Figure 2.2.)

We have

𝑈 (𝑥1) = 𝑦 (𝑥1) and 𝑈 (𝑥2) = 𝑦 (𝑥2).
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𝐾 𝐾 + 1𝑥1 𝑥2
𝑥

Figure 2.2. Investor original function𝑈 (𝑥) and linear function𝑦 (𝑥). The solid line represents
the function𝑈 (𝑥) = 𝑈 ((𝑥 − 𝐾)+); the dotted line represents the linear function 𝑦 (𝑥) = 𝑘𝑥 +𝑈 (0);
the points 𝑥1, 𝑥2 are such that𝑈 (𝑥𝑖) = 𝑦 (𝑥𝑖), for 𝑖 ∈ {1, 2}.

Since 𝑥1 > 𝐾 ,𝑈 (·) is continuously differentiable around the point 𝑥1.

Moreover,

𝑈 ′(𝑥1) = lim
𝑥→𝑥+1

𝑈 (𝑥) −𝑈 (𝑥1)
𝑥 − 𝑥1

= lim
𝑥→𝑥+1

𝑈 (𝑥) − 𝑦 (𝑥1)
𝑥 − 𝑥1

≥ lim
𝑥→𝑥+1

𝑦 (𝑥) − 𝑦 (𝑥1)
𝑥 − 𝑥1

= 𝑘. (2.5)

Inequality in (2.5) follows from the fact that𝑈 (𝑥) is a strictly concave function for
𝑥 > 𝐾 . Similarly,

𝑈 ′(𝑥2) = lim
𝑥→𝑥−2

𝑈 (𝑥2) −𝑈 (𝑥)
𝑥2 − 𝑥

= lim
𝑥→𝑥−2

𝑦 (𝑥2) −𝑈 (𝑥)
𝑥2 − 𝑥

≤ lim
𝑥→𝑥−2

𝑦 (𝑥2) − 𝑦 (𝑥)
𝑥2 − 𝑥

= 𝑘. (2.6)

Noting that

𝑈 (𝑥1) −𝑈 (0)
𝑥1

=
𝑦 (𝑥1) −𝑈 (0)

𝑥1
=
𝑘𝑥1
𝑥1

= 𝑘
(2.5)
≤ 𝑈 ′(𝑥1)

and

𝑈 (𝑥2) −𝑈 (0)
𝑥2

=
𝑦 (𝑥2) −𝑈 (0)

𝑥2
=
𝑘𝑥2
𝑥2

= 𝑘
(2.6)
≥ 𝑈 ′(𝑥2),

we obtain that the function𝑔(𝑥) := 𝑈 (𝑥)−𝑈 (0)
𝑥

−𝑈 ′(𝑥) is continuous and𝑔(𝑥1) ·𝑔(𝑥2) ≤
0. By the intermediate value theorem function 𝑔(𝑥) has a zero in the interval [𝑥1, 𝑥2].
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Hence,

∃ 𝑥 > 𝐾 : 𝑈 (𝑥) −𝑈 (0)
𝑥

= 𝑈 ′(𝑥).

The uniqueness of such point 𝑥 follows from the fact that a tangent to strictly
concave function lies above that function. □

From Lemma 2.7 it follows that the concavification𝑈 : ℝ→ ℝ is given by

𝑈 (𝑥) =


𝑈 (𝑥) for 𝑥 ≥ 𝑥,

𝑈 (0) +𝑈 ′(𝑥) · 𝑥 for 0 ≤ 𝑥 < 𝑥,

−∞ for 𝑥 < 0.

(2.7)

Lemma 2.8. The function 𝑓 (𝑥) := 𝑈 (𝑥)−𝑈 (0)
𝑥

has following properties:
(i) 𝑓 (𝑥) = 0 for 𝑥 ∈ (0, 𝐾];
(ii) 𝑓 is increasing for 𝑥 ∈ (𝐾, 𝑥);
(iii) 𝑓 ′(𝑥) = 0;
(iv) 𝑓 (𝑥) is decreasing for 𝑥 ∈ (𝑥,∞) .

Proof. See Appendix A.2. □

Lemma 2.9. Function

𝑈 (𝑥) =


𝑈 (𝑥), 𝑥 ≥ 𝑥 ;

𝑈 (0) +𝑈 ′ (𝑥) · 𝑥, 0 ≤ 𝑥 < 𝑥 ;

−∞, 𝑥 < 0.

is strictly increasing, concave and continuously differentiable on the (0,∞).

Proof. The proof is straightforward. □

To summarize, we obtain the concavified objective function𝑈 , which satisfies
𝑈 ≥ 𝑈 and denoted by

𝑈 (𝑥) =


𝑈 (𝑥), 𝑥 ≥ 𝑥 ;

𝑈 (0) +𝑈 ′ (𝑥) · 𝑥, 0 ≤ 𝑥 < 𝑥 ;

−∞, 𝑥 < 0.
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Moreover, the function𝑈 is concave, strictly increasing, continuously differentiable
on (0, +∞), satisfies the Inada condition in the ∞, however the Inada condition in 0
does not hold.

Example 2.10. Consider the function

𝑈 (𝑥) = (𝑥 − 𝐾) 𝑗+ , for 𝐾 > 0, and 0 < 𝑗 < 1.

The concavification of this function is

𝑈𝑐 (𝑥) =


(
𝐾

1− 𝑗 − 𝐾
) 𝑗

+ 𝑗
(
𝐾

1− 𝑗 − 𝐾
) 𝑗−1 (

𝑥 − 𝐾
1− 𝑗

)
, 𝑥 < 𝐾

1− 𝑗 ;

(𝑥 − 𝐾) 𝑗 , 𝑥 ≥ 𝐾
1− 𝑗 .

Then, the point 𝑥 , starting from which objective function 𝑈 and it’s concavification 𝑈𝑐
coincides, is equal to 𝐾

1− 𝑗 .

2.3 Minimax identity for non-concave utility
function in a complete market

This section is devoted to study of the minimax identity for the robust non-
concave utility functional in a complete market model, i.e.

𝑢 (𝑥) := sup
𝑋∈𝔛(𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑋 )] = inf
𝑄∈Q

sup
𝑋∈𝔛(𝑥)

𝐸𝑄 [𝑈 (𝑋 )] .

We keep all the assumptions from Section 2.1 on the set of all probability
measures Q and the utility function𝑈 intact.

We assume that the probability space (Ω, F ,ℙ) is atomless and suppose that
Assumption 2.2 holds.

Recall that

𝑢 (𝑥) = sup
𝑋∈𝔛(𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑋 )] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑔)];

𝑢𝑄 (𝑥) = sup
𝑋∈𝔛(𝑥)

𝐸𝑄 [𝑈 (𝑋 )] = sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈 (𝑔)] .

Define

𝑢𝑐 (𝑥) := sup
𝑋∈𝔛(𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑋 )] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)];
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𝑢𝑐𝑄 (𝑥) := sup
𝑋∈𝔛(𝑥)

𝐸𝑄 [𝑈𝑐 (𝑋 )] = sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)] .

Also, we need the value function of optimal investment problem to be finite,
which we can write as

Assumption 2.11.

For all 𝑥 > 0 there exists a measure 𝑄0 ∈ Q𝑒 such that 𝑢𝑄0 (𝑥) < ∞.

Assumption 2.12.

𝑢𝑐𝑄0
(𝑥) < ∞ for some, and hence for all 𝑥 > 0 and some 𝑄0 ∈ Q𝑒 .

Note that the finiteness of 𝑢𝑐
𝑄
(𝑥) implies that of 𝑢𝑄 (𝑥), since 𝑢𝑄 (𝑥) ≤ 𝑢𝑐𝑄 (𝑥).

Theorem 2.13. Additionally to Assumptions 2.2, 2.1, 2.11 and 2.12 assume that the

probability space (Ω, F ,ℙ) is atomless.

Then the following holds

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)]
(1★)
= sup

𝑔∈𝐶 (𝑥)
inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)]
(2★)
= inf

𝑄∈Q
sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)]

≤ (4★) =(3★)
sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] inf
𝑄∈Q𝑒

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)]

=(6★) =(5★)

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑔)]
(7★)
≤ inf

𝑄∈Q
sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈 (𝑔)]
(8★)
≤ inf

𝑄∈Q𝑒
sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈 (𝑔)] .

The proof of this theorem will be divided into several parts. In Section 2.3.1,
we prove equations (1★)–(3★) and in Section 2.3.2, the rest of inequalities and
equations are proven.

2.3.1 Minimax identity for the concavified objective function
𝑈𝑐 (𝑥)

In this subsection we show that the minimax identity holds for 𝑈𝑐 (𝑥). The
minimax identity for robust utility functionals has been extensively studied in the
literature, with the most general case being considered in [37]. However, in that
work, the authors assume that the utility function is strictly increasing, strictly
concave, and satisfies the Inada conditions at both 0 and∞.
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In our case, the function 𝑈𝑐 (·) is not strictly concave and does not satisfy the
Inada conditions at 0, so we cannot simply apply the previous results without
modifications.

To address this issue, we need the following lemma. While its proof is similar to
that of [37, Lemma 3.4], we give it for completeness.

Lemma 2.14. Under Assumptions 2.2 and 2.12, we have

𝑢𝑐 (𝑥) = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)] = inf
𝑄∈Q

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)]

= sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] = inf
𝑄∈Q𝑒

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)] .

Remark. The lemma above also holds for a utility function defined on the domain

(0,∞).

Proof. Take arbitrary 𝜀 > 0. It follows from the definition of𝐶 (𝑥) that𝑔+𝜀 ∈ 𝐶 (𝑥 +𝜀)
whenever 𝑔 ∈ 𝐶 (𝑥). Therefore, using the properties of conditional expectations, we
get

𝑢𝑐 (𝑥 + 𝜀) ≥ sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝜀 + 𝑔)]

= sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

[
𝐸𝑄

(
𝑑𝑃

𝑑𝑄

)
· 𝐸𝑃

[
𝑈𝑐 (𝜀 + 𝑔) ·

𝑑𝑄

𝑑𝑃

] ]
= sup
𝑔∈𝐶 (𝑥)

inf
𝑍∈Z

𝔼[𝑍𝑈𝑐 (𝜀 + 𝑔)] .

Next, we show that 𝑍 → 𝔼[𝑍𝑈𝑐 (𝜀 + 𝑔)] is, for each 𝑔 ∈ 𝐶 (𝑥), a weakly lower
semi-continuous affine functional defined on the weakly compact convex setZ.

Consider the sequence 𝑍𝑛
𝑑→ 𝑍 .We need to show that

lim inf
𝑛→∞

𝔼[𝑍𝑛𝑈𝑐 (𝜀 + 𝑔)] ≥ 𝔼[𝑍 𝑈𝑐 (𝜀 + 𝑔)] . (2.8)

By the Skorokhod representation theorem, there exist a sequence 𝑌𝑛, 𝑛 ≥ 1, and
a random variable 𝑌 such that 𝑌𝑛 → 𝑌, 𝑛 → ∞, a.s., 𝑌 has the same distribution as
𝑍 , and for each 𝑛 ≥ 1, 𝑌𝑛 has the same distribution as 𝑍𝑛.
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Since𝑈𝑐 (𝜀 +𝑔) is bounded from below, there is a 𝑐 > 0 such that𝑈𝑐 (𝜀 +𝑔) +𝑐 > 0.
Moreover, 𝑌𝑛 · (𝑈𝑐 (𝜀 + 𝑔) + 𝑐) is nonnegative and converges to 𝑌 · (𝑈𝑐 (𝜀 + 𝑔) + 𝑐) a.s..
From Fatou’s lemma and definition of 𝑌𝑛 we obtain

lim inf
𝑛→∞

𝔼[𝑍𝑛 · (𝑈𝑐 (𝜀 + 𝑔) + 𝑐)] = lim inf
𝑛→∞

𝔼[𝑌𝑛 · (𝑈𝑐 (𝜀 + 𝑔) + 𝑐)]

≥ 𝔼[𝑌 · (𝑈𝑐 (𝜀 + 𝑔) + 𝑐)] = 𝔼[𝑍 · (𝑈𝑐 (𝜀 + 𝑔) + 𝑐)] .

Noting that 𝔼[𝑍𝑛 · (𝑈𝑐 (𝜀 + 𝑔) + 𝑐)] = 𝔼[𝑍𝑛𝑈𝑐 (𝜀 + 𝑔)] + 𝑐, we derive equation (2.8).
From [37, Lemma 3.2] it follows that Z is a weakly compact convex set. Also

for any 𝑔1, 𝑔2 ∈ 𝐶 (𝑥) and 0 < 𝜆 < 1,

𝔼[𝑍𝑈𝑐 (𝜀 + 𝜆𝑔1 + (1 − 𝜆)𝑔2)] = 𝔼[𝑍𝑈𝑐 (𝜆(𝜀 + 𝑔1) + (1 − 𝜆) (𝜀 + 𝑔2))]
≥ 𝔼[𝑍 (𝜆𝑈𝑐 (𝜀 + 𝑔1) + (1 − 𝜆)𝑈𝑐 (𝜀 + 𝑔2))]

= 𝜆𝔼[𝑍𝑈𝑐 (𝜀 + 𝑔1)] + (1 − 𝜆)𝔼[𝑍𝑈𝑐 (𝜀 + 𝑔2)] .

Hence, for each 𝑍 ∈ Z, 𝑔 → 𝔼[𝑍𝑈𝑐 (𝜀 + 𝑔)] is a concave functional defined on
the convex set𝐶 (𝑥), see [25, Proposition 3.1]. Since almost sure convergence implies
weak convergence, the conditions of the lop sided minimax theorem [1, Chapter 6,
p. 295] are satisfied, and thus

sup
𝑔∈𝐶 (𝑥)

min
𝑍∈Z

𝔼[𝑍𝑈𝑐 (𝜀 + 𝑔)] = min
𝑍∈Z

sup
𝑔∈𝐶 (𝑥)

𝔼[𝑍𝑈𝑐 (𝜀 + 𝑔)] .

Therefore, we obtain

𝑢𝑐 (𝑥 + 𝜀) ≥ min
𝑄∈Q

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝜀 + 𝑔)] ≥ inf
𝑄∈Q

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)]

≥ sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)] = 𝑢𝑐 (𝑥).

The last inequality follows from the fact that for all 𝑄 ∈ Q and 𝑔 ∈ 𝐶 (𝑥)

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)] ≥ inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)] .

Sending 𝜀 ↓ 0 and using the continuity of 𝑢𝑐 , we obtain the first part of lemma.
Now Assumption 2.12 combined with [37, Lemma 3.3] imply that 𝑢𝑐 (𝑥) =

inf
𝑄∈Q𝑒

𝑢𝑐
𝑄
(𝑥). Thus,

𝑢𝑐 (𝑥) = inf
𝑄∈Q𝑒

𝑢𝑐𝑄 (𝑥) = inf
𝑄∈Q𝑒

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)]

≥ sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] ≥ sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)] = 𝑢𝑐 (𝑥),

as required. □
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2.3.2 Minimax identity for the objective function𝑈 (𝑥)

In this section, we prove lemmas that complete the proof of Theorem 2.13.

Lemma 2.15. If Assumption 2.2 and Assumption 2.11 hold, then for all 𝑔 ∈ 𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑔)] = inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] . (2.9)

Remark 2.16. The statement holds for𝑈𝑐 verbatim.

Proof. Fix 𝑔 ∈ 𝐶 (𝑥). Note that Assumption 4.9 implies the existence of a measure
𝑄0 ∈ 𝑄𝑒 such that 𝐸𝑄0 [𝑈 (𝑔)] < ∞.

Take 𝑄1 ∈ Q and define 0 ≤ 𝑡 < 1 the measure 𝑄𝑡 = 𝑡𝑄1 + (1 − 𝑡)𝑄0. Evidently,
𝑄𝑡 ∈ Q𝑒 .

Let (𝑄 (𝑛)
1 ) ∈ Q be such that 𝐸

𝑄
(𝑛)
1
[𝑈 (𝑔)] → inf

𝑄∈Q
𝐸𝑄 [𝑈 (𝑔)] < ∞.

Thanks to continuity of function 𝑓 (𝑡) = 𝐸𝑄𝑡 [𝑈 (𝑔)] = 𝑡𝐸𝑄1 [𝑈 (𝑔)] + (1 −
𝑡)𝐸𝑄0 [𝑈 (𝑔)] on [0, 1], one has

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑔)] = lim
𝑛→∞

𝐸
𝑄

(𝑛)
1
[𝑈 (𝑔)] = lim

𝑛→∞
lim
𝑡→1

𝐸
𝑄

(𝑛)
𝑡

[𝑈 (𝑔)], (2.10)

where 𝑄 (𝑛)
𝑡 := 𝑡𝑄 (𝑛)

1 + (1 − 𝑡)𝑄0.

Since 𝑄 (𝑛)
𝑡 ∈ Q𝑒 for 𝑛 ≥ 1, there exists a subsequence (𝑄 (𝑛𝑘 ))𝑘∈ℕ ∈ Q𝑒 such that

lim
𝑛→∞

lim
𝑡→1

𝐸
𝑄

(𝑛)
𝑡

[𝑈 (𝑔)] = lim
𝑘→∞

𝐸𝑄 (𝑛𝑘 ) [𝑈 (𝑔)] ≥ inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] . (2.11)

From (2.10) and (2.11) we obtain

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑔)] ≥ inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] ≥ inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑔)],

yielding the proof. □

To prove equality (5★), we refer to the paper by Christian Reichlin [34].
He considered a non-constant, increasing and upper semi-continuous function
𝑈 : (0,∞) → ℝwith𝑈 (∞) > 0 and that satisfies a mild growth condition:

lim
𝑥→∞

𝑈 (𝑥)
𝑥

= 0.

Reichlin studied

𝑢 (𝑥,𝑈 ) = sup{𝔼[𝑈 (𝑓 )] |𝑓 ∈ 𝐿0
+(Ω, F ,ℙ) with 𝐸𝑄 (𝑓 ) ≤ 𝑥},
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for a (pricing) measure 𝑄 ≈ 𝑃 .
For convenience, we introduce one more notation.

𝐶′(𝑥) := {𝑓 ∈ 𝐿0
+(Ω, F ,ℙ) with 𝐸𝑄 (𝑓 ) ≤ 𝑥}. (2.12)

Note that 𝑢 (𝑥,𝑈 ) = sup
𝑓 ∈𝐶′ (𝑥)

𝔼[𝑈 (𝑓 )] .

One of the main results of the Reichlin’s paper was the [34, Theorem 5.1] which
is

Theorem 2.17 ([34, Theorem 5.1]). Let (Ω, F ,ℙ) be atomless. Then it holds that

𝑢 (𝑥,𝑈 ) = 𝑢 (𝑥,𝑈𝑐) for all 𝑥 > 0.

The non-concave problem 𝑢 (𝑥,𝑈 ) admits a maximizer if and only if the concavified

problem 𝑢 (𝑥,𝑈𝑐) admits a maximizer. Every maximizer for the non-concave problem

𝑢 (𝑥,𝑈 ) also maximizes the concavified problem 𝑢 (𝑥,𝑈𝑐) .

In view of Remark 2.6, we can use the 𝑄𝑒 as a pricing measure in [34] to derive

𝑓 ∈ 𝐶 (𝑥) ⇐⇒ 𝑓 ∈ 𝐶′(𝑥) .

Then it follows from the Theorem 2.17 that

sup
𝑔∈𝐶 (𝑥)

𝔼[𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

𝔼[𝑈𝑐 (𝑔)], for all 𝑥 > 0.

Lemma 2.18. Suppose Assumption 2.1 holds and assume that (Ω, F ,ℙ) is atomless.

Then it holds that

inf
𝑄∈Q𝑒

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈 (𝑔)] = inf
𝑄∈Q𝑒

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)] .

Proof. First, note that in Theorem 2.17 only the probability space (Ω, F ,ℙ) and the
pricing measure 𝑄𝑝 ≈ ℙ were used. Moreover, the condition 𝐸𝑄𝑝 (𝑓 ) ≤ 𝑥 does not
depend on ℙ. If (Ω, F ,ℙ) is atomless, then (Ω, F , 𝑄) is atomless for all 𝑄 ≈ ℙ.

Moreover, the set 𝐿0
+(Ω, F , 𝑄) is the same for all 𝑄 ≈ ℙ. Hence, everything remains

true if we substitute ℙ with another measure 𝑄 ≈ ℙ. Furthermore, equivalent local
martingale measure 𝑄𝑒 remains the same and unique. Thus, we use 𝑄𝑒 as a pricing
measure in Reichlin’s paper.
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Hence,

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)], for all 𝑄 ∈ Q𝑒 . (2.13)

Consequently,

inf
𝑄∈Q𝑒

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈 (𝑔)] = inf
𝑄∈Q𝑒

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)] .

□

Proof of the Theorem 2.13.

• (1★) - (3★) follows from the Lemma 2.14;
• (4★) follows from the fact that𝑈𝑐 ≥ 𝑈 ;
• (5★) follows from the Lemma 2.18;
• To obtain (6★) we need to take the sup

𝑔∈𝐶 (𝑥)
of the both sides in the equality (2.9);

• The inequality (7★) follows from the fact that for all 𝑄̂ ∈ Q and all ℎ ∈ 𝐶 (𝑥)
holds

inf
𝑄∈Q

𝐸𝑄 [𝑈 (ℎ)] ≤ sup
𝑔∈𝐶 (𝑥)

𝐸𝑄̂ [𝑈 (𝑔)];

• Since Q𝑒 ⊆ Q, the inequality (8★) is clear.
□

2.3.3 A deeper dive into the minimax identity

In this subsection, we consider a utility function𝑈 : (0,∞) → ℝ, which is strictly
increasing, continuously differentiable and satisfies the mild growth condition:

lim
𝑥→∞

𝑈 (𝑥)
𝑥

= 0.

As was stated in the Section 2.1, 𝑈 (𝑥) has a non-decreasing and continuous on
(0, +∞) concave envelope𝑈𝑐 (·).
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Under assumptions from Section 2.1 the concavified objective function has useful
properties, as demonstrated in the following lemma from [34, Lemma 2.8]:
Lemma 2.19. The concave envelope 𝑈𝑐 of 𝑈 is finite, continuous on (0,∞), and
satisfies a mild growth condition. The set {𝑈 < 𝑈𝑐} := {𝑥 ∈ ℝ+ | 𝑈 (𝑥) < 𝑈𝑐 (𝑥)} is
open, and𝑈 is affine on each of the open intervals contained in it.

Proof. See [34, Lemma 2.8]. □

By applying Lemma 2.19, we can express the set where 𝑈 (𝑥) is strictly
less than its concavification 𝑈𝑐 (𝑥) as the union of bounded (open) intervals:
𝑥 ∈ ℝ+ | 𝑈 (𝑥) < 𝑈𝑐 (𝑥) =

⋃
𝑖

(𝑎𝑖, 𝑏𝑖), where 0 ≤ 𝑎1 < 𝑏1 < ∞ and 0 < 𝑎𝑖 < 𝑏𝑖 < ∞
for 𝑖 > 1. Additionally, we will assume that 𝑈 is strictly concave on {𝑥 ≥ 0 |
𝑈 (𝑥) = 𝑈𝑐 (𝑥)}. Let us denote the intervals where 𝑈 (𝑥) is strictly less than its
concavification by (𝑎𝑖, 𝑏𝑖), 𝑖 ≥ 1. Hence, {𝑥 ∈ ℝ+ : 𝑈 (𝑥) < 𝑈𝑐 (𝑥)} =

⋃
𝑖

(𝑎𝑖, 𝑏𝑖),
where for all 𝑖 ≥ 1, 0 ≤ 𝑎𝑖 < 𝑏𝑖 < ∞.

Moreover, under our assumptions on utility function𝑈 (𝑥), it’s concave envelope
has the following properties.

Lemma 2.20. The function𝑈𝑐 (·) is strictly increasing and continuously differentiable

on (0,∞).

Proof. See Appendix A.7. □

Lemma 2.21. Suppose Assumption 2.2 holds and that for all 𝑄 ∈ Q𝑒 : 𝑢𝑐
𝑄
(𝑥) < ∞ for

some 𝑥 > 0.
Additionally, assume that lim

𝑥→∞

𝑢𝑐
𝑄
(𝑥)
𝑥

= 0, for each 𝑄 ∈ Q𝑒 . Then, for any 𝑥 > 0,

there exist some 𝑔 ∈ 𝐶 (𝑥) and 𝑄 ∈ Q such that

𝑢𝑐 (𝑥) = inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)] = 𝐸𝑄 [𝑈𝑐 (𝑔)] = 𝑢
𝑐

𝑄
(𝑥) .

Remark 2.22. Since the authors of [37] consider the general framework of the

incomplete market, this lemma holds for the framework that we consider in Chapter 3

without any changes in proof.
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Proof. The proof follows from the first part of the proof of [37, Theorem 2.6 and
Lemma 4.1 (a)]. Note that we have 𝑈 : [0,∞) → ℝ. Hence, we do not have to
consider𝑈 (𝑔 + 𝜀) which simplifies the proof of [37, Lemma 4.1 (a)] in our case.

The full proof of the part 𝑢𝑐 (𝑥) = 𝑢𝑐
𝑄
(𝑥) can be done similarly to the proof of

Theorem 2.23 part (𝑖𝑖) ⇒ (𝑖), noting that minimax identity for concavified objective
function𝑈𝑐 holds. □

The main argument in the proof of minimax identity for the robust utility
maximization problem is the lop sided minimax theorem by Aubin and Ekeland,
see [1, Chapter 6, p. 295], which holds if the functional 𝑔 → 𝔼[𝑍𝑈 (𝑔)] is concave.
Since we consider the non-concave utility function𝑈 , we can not prove the minimax
identity in this case similarly. A more general case of the minimax identity was
proved by Maurice Sion, see [40]. However, to use Sion’s minimax theorem, we
still need functional 𝑔 → 𝔼[𝑍𝑈 (𝑔)] to be quasi-concave, which is not true in the
general case, even in the simplest case of an indicator functions multiplied by the
constants.

While we do not prove the minimax identity for a general non-concave functions,
we show that it holds under quite mild assumptions.

Theorem 2.23. Suppose that all assumptions from Theorem 2.13 hold.

Then, the next two equalities are equivalent
(i) sup

𝑔∈𝐶 (𝑥)
inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

𝐸
𝑄
[𝑈 (𝑔)], for 𝑄 ∈ Q𝑒 ;

(ii) sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] .

Proof. Suppose (𝑖) holds, then from (2.13) it follows that

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

𝐸
𝑄
[𝑈 (𝑔)] = sup

𝑔∈𝐶 (𝑥)
𝐸
𝑄
[𝑈𝑐 (𝑔)] ≥ sup

𝑔∈𝐶 (𝑥)
inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] .

Noting that for all 𝑥 ≥ 0 : 𝑈𝑐 (𝑥) ≥ 𝑈 (𝑥), we have

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] ≤ sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] .

Which gives us (𝑖𝑖).
Assume (𝑖𝑖) holds, then from the Theorem 2.13 we obtain that

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = inf
𝑄∈Q𝑒

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈 (𝑔)] = inf
𝑍∈Z𝑒

sup
𝑔∈𝐶 (𝑥)

𝔼[𝑍𝑈 (𝑔)] .
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Take a sequence (𝑍𝑛)𝑛∈ℕ ∈ Z𝑒 such that

lim
𝑛→∞

sup
𝑔∈𝐶 (𝑥)

𝔼[𝑍𝑛𝑈 (𝑔)] = inf
𝑍∈Z𝑒

sup
𝑔∈𝐶 (𝑥)

𝔼[𝑍𝑈 (𝑔)] .

Using the Kolmos-type argument [13, LemmaA1.1] there exists a sequence (𝑍𝑛)𝑛∈ℕ ∈
conv(𝑍𝑛, 𝑍𝑛+1, . . . ) such that 𝑍𝑛 converges a.s. to some 𝑍 .

Moreover, (𝑍𝑛)𝑛∈ℕ ⊂ Z𝑒 , because (𝑍𝑛)𝑛∈ℕ ⊂ Z𝑒 ⊂ Z. Proposition 2.3 implies
that (𝑍𝑛)𝑛∈ℕ ⊂ Z and also for all 𝑛 ∈ ℕ, 𝑍𝑛 ≈ ℙ. It follows from Assumption 2.2
(iv) that 𝑍 ∈ Z𝑒 .

For each𝑛 ∈ ℕ, there exists a non-negative sequence (𝛼𝑛𝑖 )𝑖∈ℕ such that
∑
𝑖∈ℕ

𝛼𝑛𝑖 = 1

and 𝑍𝑛 =
∑
𝑖∈ℕ

𝛼𝑛𝑖 𝑍𝑛+𝑖−1.

Hence,

sup
𝑔∈𝐶 (𝑥)

𝔼[𝑍𝑛𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

𝔼

[
𝑈 (𝑔)

∑︁
𝑖∈ℕ

𝛼𝑛𝑖 𝑍𝑛+𝑖−1

]
≤

∑︁
𝑖∈ℕ

𝛼𝑛𝑖 sup
𝑔∈𝐶 (𝑥)

𝔼 [𝑍𝑛+𝑖−1𝑈 (𝑔)] .

As a result,

lim sup
𝑛→∞

sup
𝑔∈𝐶 (𝑥)

𝔼[𝑍𝑛𝑈 (𝑔)] ≤ lim sup
𝑛→∞

∑︁
𝑖∈ℕ

𝛼𝑛𝑖 sup
𝑔∈𝐶 (𝑥)

𝔼 [𝑍𝑛+𝑖−1𝑈 (𝑔)]

= inf
𝑍∈Z𝑒

sup
𝑔∈𝐶 (𝑥)

𝔼[𝑍𝑈 (𝑔)],

where the last equality holds due to the Proposition A.2, for ℎ𝑛 = sup
𝑔∈𝐶 (𝑥)

𝔼[𝑍𝑛𝑈 (𝑔)]

and Assumption 2.11.
Noting that

lim inf
𝑛→∞

sup
𝑔∈𝐶 (𝑥)

𝔼[𝑍𝑛𝑈 (𝑔)] ≥ inf
𝑍∈Z𝑒

sup
𝑔∈𝐶 (𝑥)

𝔼[𝑍𝑈 (𝑔)],

we have

inf
𝑍∈Z𝑒

sup
𝑔∈𝐶 (𝑥)

𝔼 [𝑍𝑈 (𝑔)] = lim
𝑛→∞

sup
𝑔∈𝐶 (𝑥)

𝔼[𝑍𝑛𝑈 (𝑔)] . (2.14)

Since𝑈 (𝑔) is bounded from below, it follows that exists 𝑐 > 0 such that𝑈 (𝑔) +𝑐 > 0.
Fatou’s lemma yields that

𝔼

[
lim inf
𝑛→∞

𝑍𝑛 · (𝑈 (𝑔) + 𝑐)
]
≤ lim inf

𝑛→∞
𝔼

[
𝑍𝑛 · (𝑈 (𝑔) + 𝑐)

]
.
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Moreover,

𝔼

[
lim inf
𝑛→∞

𝑍𝑛 · 𝑐
]
= 𝑐,

lim inf
𝑛→∞

𝔼

[
𝑍𝑛 · 𝑐

]
= 𝑐.

Hence, for all 𝑔 ∈ 𝐶 (𝑥) one has

𝔼

[
lim inf
𝑛→∞

𝑍𝑛𝑈 (𝑔)
]
≤ lim inf

𝑛→∞
𝔼

[
𝑍𝑛𝑈 (𝑔)

]
.

This immediately implies

sup
𝑔∈𝐶 (𝑥)

𝔼

[
lim inf
𝑛→∞

𝑍𝑛𝑈 (𝑔)
]
≤ sup
𝑔∈𝐶 (𝑥)

lim inf
𝑛→∞

𝔼

[
𝑍𝑛𝑈 (𝑔)

]
. (2.15)

Noting that for all 𝑍𝑛 ∈ Z𝑒 and all 𝑔 ∈ 𝐶 (𝑥) holds 𝔼
[
𝑍𝑛𝑈 (𝑔)

]
≤ sup
𝑔∈𝐶 (𝑥)

𝔼

[
𝑍𝑛𝑈 (𝑔)

]
,

we have

lim inf
𝑛→∞

𝔼

[
𝑍𝑛𝑈 (𝑔)

]
≤ lim inf

𝑛→∞
sup
𝑔∈𝐶 (𝑥)

𝔼

[
𝑍𝑛𝑈 (𝑔)

]
.

Since 𝑔 is arbitrary, it follows that

sup
𝑔∈𝐶 (𝑥)

lim inf
𝑛→∞

𝔼

[
𝑍𝑛𝑈 (𝑔)

]
≤ lim inf

𝑛→∞
sup
𝑔∈𝐶 (𝑥)

𝔼

[
𝑍𝑛𝑈 (𝑔)

]
. (2.16)

Combining (2.14), (2.15) and (2.16), we arrive at

sup
𝑔∈𝐶 (𝑥)

𝔼[𝑍𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

𝔼

[
lim inf
𝑛→∞

𝑍𝑛𝑈 (𝑔)
] (2.15)

≤ sup
𝑔∈𝐶 (𝑥)

lim inf
𝑛→∞

𝔼

[
𝑍𝑛𝑈 (𝑔)

]
(2.16)
≤ lim inf

𝑛→∞
sup
𝑔∈𝐶 (𝑥)

𝔼

[
𝑍𝑛𝑈 (𝑔)

] (2.14)
= inf

𝑍∈Z𝑒

sup
𝑔∈𝐶 (𝑥)

𝔼 [𝑍𝑈 (𝑔)] .

The proof is concluded by observing that

inf
𝑍∈Z𝑒

sup
𝑔∈𝐶 (𝑥)

𝔼 [𝑍𝑈 (𝑔)] ≤ sup
𝑔∈𝐶 (𝑥)

𝔼[𝑍𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

𝐸
𝑄
[𝑈 (𝑔)] .

□

Lemma 2.24. Suppose that Assumptions 2.2, 2.11 and 2.12 hold.

Then, for all 𝑔 ∈ 𝐶 (𝑥),
(i) inf

𝑄∈Q𝑒
𝐸𝑄 [𝑈 (𝑔)] = 𝐸

𝑄
[𝑈 (𝑔)], where 𝑄 ∈ Q𝑒 ;
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(ii) inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] = 𝐸𝑄 [𝑈𝑐 (𝑔)], where 𝑄 ∈ Q𝑒 .

Proof. See Appendix A.4. □

Lemma 2.24 shows that for all 𝑔 ∈ 𝐶 (𝑥) infimum attained in some measure
𝑄𝑔 ∈ Q𝑒 . However, this measure 𝑄𝑔 depends on the choice of the random variable
𝑔 ∈ 𝐶 (𝑥).

The next theorem shows that if 𝑄𝑔 was the same for all 𝑔 ∈ 𝐶 (𝑥), then the
minimax identity was true. Moreover, it shows that this assumption can be simplified.

Assumption 2.25. Assume that the set Q in Lemma 2.21 can be replaced by Q𝑒 , i.e.
for any 𝑥 > 0, there exists some 𝑔 ∈ 𝐶 (𝑥) and 𝑄0 ∈ Q𝑒 such that

𝑢𝑐 (𝑥) = inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)] = 𝐸𝑄0
[𝑈𝑐 (𝑔)] = 𝑢𝑐

𝑄0
(𝑥).

Further on, 𝑄0 ∈ Q𝑒 denotes a measure such that

𝑢𝑐 (𝑥) = 𝑢𝑐
𝑄0
(𝑥).

Theorem 2.26. Suppose that all assumptions from Lemma 2.21 and Theorem 2.13 are

fulfilled and that Assumption 2.25 holds. Additionally, let at least one of the conditions

below hold:
(i) There exists a measure 𝑄 ∈ Q𝑒 such that for all 𝑔 ∈ 𝐶 (𝑥) : inf

𝑄∈Q𝑒
𝐸𝑄 [𝑈𝑐 (𝑔)] =

𝐸
𝑄
[𝑈𝑐 (𝑔)];

(ii) For any sequence 𝑔𝑛 ∈ 𝐶 (𝑥) such that lim
𝑛→∞

𝐸
𝑄0
[𝑈𝑐 (𝑔𝑛)] = sup

𝑔∈𝐶 (𝑥)
inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)],

it holds that lim
𝑛→∞

𝐸
𝑄0
[𝑈𝑐 (𝑔𝑛)] = lim

𝑛→∞
inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔𝑛)] .
Then, we have

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)],

and all inequalities in the Theorem 2.13 are equalities.

Proof. Let us prove the first part, i.e:

(𝑖) =⇒ sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] .
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The proof of Lemma 2.18 together with [34, Proposition 5.3] imply that for all
𝑔 ∈ 𝐶 (𝑥) there exists 𝑔★ ∈ 𝐶 (𝑥) such that {𝑔★ ∈ {𝑈 < 𝑈𝑐}} = ∅ and

𝐸
𝑄
[𝑈𝑐 (𝑔)] = 𝐸𝑄 [𝑈𝑐 (𝑔

★)] = 𝐸
𝑄
[𝑈 (𝑔★)] .

Since {𝑔★ ∈ {𝑈 < 𝑈𝑐}} = ∅, we have

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔★)] = inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔★)] .

As a result, (𝑖) yields

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] = 𝐸𝑄 [𝑈𝑐 (𝑔)] = 𝐸𝑄 [𝑈𝑐 (𝑔
★)] (𝑖)

= inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔★)]

= inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔★)] ≤ sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] .

Since 𝑔 ∈ 𝐶 (𝑥) was arbitrary, one has

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] ≤ sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] .

Noting that𝑈𝑐 ≥ 𝑈 , this implies

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] .

Now, we prove second part, i.e.

(𝑖𝑖) =⇒ sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] .

From the definition of 𝑄0, see Assumption 2.25, it follows that

𝑢𝑐 (𝑥) = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

𝐸
𝑄0
[𝑈𝑐 (𝑔)] = 𝑢𝑐

𝑄0
(𝑥). (2.17)

Owing to Lemma 2.14, it holds that

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] .

Now take a sequence 𝑔𝑛 ∈ 𝐶 (𝑥) such that

lim
𝑛→∞

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔𝑛)] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] . (2.18)
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Noting that inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔𝑛)] ≤ 𝐸
𝑄0
[𝑈𝑐 (𝑔𝑛)] ≤ sup

𝑔∈𝐶 (𝑥)
𝐸
𝑄0
[𝑈𝑐 (𝑔)], we have

lim
𝑛→∞

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔𝑛)] ≤ lim
𝑛→∞

𝐸
𝑄0
[𝑈𝑐 (𝑔𝑛)] ≤ sup

𝑔∈𝐶 (𝑥)
𝐸
𝑄0
[𝑈𝑐 (𝑔)] .

From (2.17) and (2.18) we obtain

lim
𝑛→∞

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔𝑛)] = lim
𝑛→∞

𝐸
𝑄0
[𝑈𝑐 (𝑔𝑛)] = sup

𝑔∈𝐶 (𝑥)
inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] . (2.19)

As in the first part of the proof, for all 𝑔𝑛 ∈ 𝐶 (𝑥) exists 𝑔★𝑛 ∈ 𝐶 (𝑥) satisfying
{𝑔★𝑛 ∈ {𝑈 < 𝑈𝑐}} = ∅ and

𝐸
𝑄0
[𝑈𝑐 (𝑔𝑛)] = 𝐸𝑄0

[𝑈𝑐 (𝑔★𝑛 )] = 𝐸𝑄0
[𝑈 (𝑔★𝑛 )] . (2.20)

By taking lim
𝑛→∞

to the first equality of (2.20) from (𝑖𝑖) and definition of the sequence
𝑔★𝑛 one has

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] = lim
𝑛→∞

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔★𝑛 )] = lim
𝑛→∞

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔★𝑛 )]

≤ sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] .

The proof is concluded, since𝑈𝑐 ≥ 𝑈 . □

Consider the conjugate of𝑈 :

𝑉 (𝑦) := sup
𝑥>0

{𝑈 (𝑥) − 𝑥𝑦}.

In what follows 𝜕𝑉 denotes the subdifferential of 𝑉 .

Theorem 2.27. Suppose that all assumptions from Theorem 2.13 hold. Additionally,

assume that 𝑑𝑄
𝑒

𝑑𝑃
has a continuous distribution and that for some 𝜆(≥ 0) the maximizer

for 𝑢𝑐 (𝑥) satisfies 𝑔★ ∈ −𝜕𝑉 (𝜆 · 𝑑𝑄
𝑒

𝑑𝑃
).

Then 𝑔★ is also a maximizer for 𝑢 (𝑥). Moreover, we have

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] .

Hence, all inequalities in the Theorem 2.13 are equalities.

Remark. This theorem also holds verbatim for a utility function defined on (0,∞).
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Proof. Since 𝑔★ is a maximizer for 𝑢𝑐 (𝑥), we have

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] = inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔★)] .

If follows from the proof of [34, Lemma 5.7] that ℙ(𝑔★ ∈ {𝑈 < 𝑈𝑐}) = 0. Hence,

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔★)] = inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔★)] .

Thus, we obtain

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] = inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔★)] = inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔★)] ≤ sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] .

Since𝑈𝑐 ≥ 𝑈 , we have

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] = inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔★)] = inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔★)] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] .

Now, from Lemma 2.15 it follows that 𝑔★ is a maximizer for 𝑢 (𝑥) . □

Example 2.28. Consider a two-period binomial model, see Example 2.4. Each

probability measure is defined by𝑄 ({𝜔}) = 𝑞𝐷2(𝜔) · (1−𝑞)2−𝐷2(𝜔), for some 𝑞 ∈ (0, 1),
where 𝐷2(𝜔) the number of good periods.

We wish to consider a subset Q of all measures, so we fix 0 < q < 𝑞 < 1 and

consider the set which determined by 𝑞 such that q ≤ 𝑞 ≤ 𝑞. Note that Q coincides

with the set Q𝑒 of all equivalent measures in the set Q .
The set Q is not convex, but it is closed with respect to the almost sure convergence.

Denote 𝜔1 = (0, 0), 𝜔2 = (1, 0), 𝜔3 = (0, 1), 𝜔4 = (1, 1), where 0 corresponds to a

bad state of economy and 1 to a good one.

Thus, we have

𝑋1(𝜔1) = (𝑥0 − 𝑥0
0) (1 + 𝑟 ) + (1 + 𝑦𝑏)𝑥0

0,

𝑋1(𝜔2) = (𝑥0 − 𝑥0
0) (1 + 𝑟 ) + (1 + 𝑦𝑔)𝑥0

0,

𝑋1(𝜔3) = (𝑥0 − 𝑥0
0) (1 + 𝑟 ) + (1 + 𝑦𝑏)𝑥0

0,

𝑋1(𝜔4) = (𝑥0 − 𝑥0
0) (1 + 𝑟 ) + (1 + 𝑦𝑔)𝑥0

0,

where 𝑋0 = 𝑥0 is the initial capital, 𝑥0
0 is the capital invested in stock at time 𝑡 = 0, 𝑋1

is the payoff we obtain at time 𝑡 = 1.
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At maturity 𝑇 = 2, one has

𝑋2(𝜔1) = [(𝑥0 − 𝑥0
0) (1 + 𝑟 ) + (1 + 𝑦𝑏)𝑥0

0 − 𝑥0
1] (1 + 𝑟 ) + (1 + 𝑦𝑏)𝑥0

1,

𝑋2(𝜔2) = [(𝑥0 − 𝑥0
0) (1 + 𝑟 ) + (1 + 𝑦𝑔)𝑥0

0 − 𝑥1
1] (1 + 𝑟 ) + (1 + 𝑦𝑏)𝑥1

1,

𝑋2(𝜔3) = [(𝑥0 − 𝑥0
0) (1 + 𝑟 ) + (1 + 𝑦𝑏)𝑥0

0 − 𝑥0
1] (1 + 𝑟 ) + (1 + 𝑦𝑔)𝑥0

1,

𝑋2(𝜔4) = [(𝑥0 − 𝑥0
0) (1 + 𝑟 ) + (1 + 𝑦𝑔)𝑥0

0 − 𝑥1
1] (1 + 𝑟 ) + (1 + 𝑦𝑔)𝑥1

1,

where 𝑥0
1 and 𝑥1

1 denote respectively the capital invested in stock at time 𝑡 = 1, if at
time 𝑡 = 1 economy was in a bad, respectively good, state; 𝑋2 is the payoff that obtain

at maturity.

We are interested in verifying the equality below:

sup
𝑥0

0,𝑥
0
1,𝑥

1
1

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑋2)]
?
= inf
𝑄∈Q

sup
𝑥0

0,𝑥
0
1,𝑥

1
1

𝐸𝑄 [𝑈 (𝑋2)], (2.21)

for all admissible 𝑋, i.e. 𝑋𝑡 ≥ 0, for all 𝑡 ∈ {0, 1, 2}. A python script were written to

this end (see Appendix A.6), and we have considered a number of different non-concave

utility functions, most being of the form 𝑈 [(𝑥 − 𝐾)+], where function 𝑈 is concave,

e.g. (𝑥 − 𝐾) 𝑗+,− exp[−(𝑥 − 𝐾)+], log[(𝑥 − 𝐾)+] . The absolute value of the difference
between the right-hand and left-hand sides of (2.21) was between 10−5 and 10−11,

which illustrates the fact that the minimax identity holds for non-concave utility

functions.

2.3.4 Constrained case

This section examines the minimax identity for a robust non-concave utility
functional in a complete market model. The utility function is defined as follows:

𝑢 (𝑥) := sup
𝑋∈𝔛(𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑋 )] = inf
𝑄∈Q

sup
𝑋∈𝔛(𝑥)

𝐸𝑄 [𝑈 (𝑋 )] .

Here, 𝔛(𝑥) is the set of admissible final endowments, and we consider an additional
upper bound for this set, given by:

𝔛𝑊 (𝑥) = {𝑋 ∈ 𝐿1(𝑄𝑒) | 0 ≤ 𝑋 ≤𝑊, E𝑄𝑒 [𝑋 ] ≤ 𝑥}, (2.22)

where𝑊 : Ω → [0, +∞) is a random variable. Throughout this section, we will use
the Borel sense to understand the measurability of real-valued functions.
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As noted in [16, Chapter 3], this formulation has various applications. For
example, we can consider an agent who aims to reach a certain random final wealth
𝑊 , which may represent the future price of a particular asset or the claim the agent
has to pay. In this scenario, any utility for an amount above𝑊 is zero, while the
agent still applies their utility function for endowments below𝑊 . Because we
assume completeness, we can safely replace endowments 𝑋 that exceed𝑊 with
positive probability with 𝑋 ∧𝑊 .

We maintain all the assumptions from Section 2.3 on the set of all probability
measures Q and the utility function 𝑈 . For technical reasons, we also assume that
(Ω, F ) is a standard Borel space, implying the existence of a regular conditional
distribution given𝑊 . We require that this conditional distribution is atomless,
which means that the constraint𝑊 leaves enough randomness.

Formally, we make the following assumptions:

Assumption 2.29. 1. (Ω, F ) is a standard Borel space.
2. There exists a regular conditional distribution given𝑊 , which is atomless. That

is, there exists a function 𝑃 : F × (0,∞) → [0,∞) such that for all 𝑣 > 0, 𝑃 (·, 𝑣)
is an atomless probability measure, and for all 𝐴 ∈ F , 𝑃 (𝐴, ·) is a measurable

function satisfying 𝑃 (𝐴,𝑊 ) = ℙ(𝐴 |𝑊 ) almost surely.

Remark 2.30. A simple sufficient condition for (Ω, F ) to be a standard Borel space is
that F is generated by a countable collection of real-valued random variables, which is

satisfied in the majority of applications. Since we assume market completeness, this

assumption is automatically fulfilled unless one considers completion of F .

The second assumption is also relatively mild. For example, it is satisfied if there

exists a random variable on (Ω, F ,ℙ) that is independent of 𝑊 and has a continuous

distribution. We also emphasize that this assumption does not contradict market

completeness. A simple example is a market with two independent continuously

distributed assets 𝑆1 and 𝑆2, where𝑊 = 𝑓 (𝑆1).

As in [7] for each 𝑘 > 0 denote

𝑈 𝑘 (𝑥) = 𝑈 (𝑥 ∧ 𝑘), 𝑥 ≥ 0. (2.23)

Note that the function𝑈 𝑘 and its concavification𝑈 𝑘
𝑐 satisfy all of the assumptions

on the utility function 𝑈 and its concavification 𝑈𝑐 . Moreover, 𝑈 𝑘
𝑐 (𝑥) = 𝑈 𝑘 (𝑥), for

all 𝑥 ≥ 𝑘.
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Our goal is to prove some equalities and inequalities, related to the minimax
identity for the robust non-concave utility functionals:

sup
𝑋∈𝔛𝑊𝑥

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑊 (𝜔) (𝑋 )] = inf
𝑄∈Q

sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔) (𝑋 )],

where the budget set 𝔛𝑊𝑥 is defined by

𝔛𝑊𝑥 := {𝑋 ∈ 𝐿1(𝑄𝑒) | 0 ≤ 𝑋 ≤𝑊, 𝐸𝑄𝑒 [𝑋 ] ≤ 𝑥},

where 𝑥 > 0 is the initial wealth and 𝑄𝑒 is the unique equivalent local martingale
measure.

Introduce the following notation:

𝑢𝑊𝑐 (𝑥) := sup
𝑋∈𝔛𝑊𝑥

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )];

𝑢𝑊𝑄 (𝑥) := sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔) (𝑋 )];

𝑢𝑊𝑐,𝑄 (𝑥) := sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )] .

Remark. Since 𝑈 𝑘 (𝑥) ≤ 𝑈 (𝑥), 𝑥 ≥ 0 Assumption 2.11 and 2.12 provide the finiteness

of the value function above.

It is natural to consider only the case where

E𝑄𝑒 [𝑊 ] > 𝑥, (2.24)

as otherwise, thanks to the monotonicity of𝑈 , the optimization problem has a trivial
solution 𝑋 ∗ =𝑊 .

The formulation of the next theorems and lemmas are the same as in Section 2.3.
However, because of the boundness assumption on the endowments the proof of
the corresponding statements will be different.

Theorem 2.31. Under Assumptions 2.2, 2.11, 2.12, 2.29, we have the following:
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sup
𝑋∈𝔛𝑊𝑥

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )] (1★)= sup

𝑋∈𝔛𝑊𝑥
inf
𝑄∈Q

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )] (2★)= inf

𝑄∈Q
sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )]

≤ (4★) =(3★)
sup
𝑋∈𝔛𝑊𝑥

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑊 (𝜔) (𝑋 )] inf
𝑄∈Q𝑒

sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )]

=(6★) =(5★)

sup
𝑋∈𝔛𝑊𝑥

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑊 (𝜔) (𝑋 )]
(7★)
≤ inf

𝑄∈Q
sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔) (𝑋 )]
(8★)
≤ inf

𝑄∈Q𝑒
sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔) (𝑋 )] .

We divide the proof into several parts: in Section 2.3.5, we prove equations
(1★)–(3★); the rest is shown in Section 2.3.6.

2.3.5 Minimax identity for the concavified objective function
𝑈
𝑊 (𝜔)
𝑐 (𝑥)

We will now demonstrate that the minimax identity holds for𝑈𝑊 (𝜔)
𝑐 (𝑥). First,

we will prove some useful properties.

Lemma 2.32. a) The set 𝔛𝑊𝑥 is convex.

b) It holds that 𝑢𝑊𝑐 (𝑥) = sup
𝑋∈𝔛𝑊𝑥

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )] is concave.

Proof. a) Let 𝑋1 ∈ 𝔛𝑊𝑥1 and 𝑋2 ∈ 𝔛𝑊𝑥2 for some 𝑥1, 𝑥2 > 0 and 𝛼 ∈ (0, 1). Since
0 ≤ 𝛼𝑋1 + (1 − 𝛼)𝑋2 ≤𝑊 , we have E𝑄𝑒 [𝛼𝑋1 + (1 − 𝛼)𝑋2] ≤ 𝛼𝑥1 + (1 − 𝛼)𝑥2.
Hence, 𝛼𝑋1 + (1 − 𝛼)𝑋2 ∈ 𝔛𝑊

𝛼𝑥1+(1−𝛼)𝑥2
, which shows that 𝔛𝑊𝑥 is convex.

b) Let 𝑋1 ∈ 𝔛𝑊𝑥1 and 𝑋2 ∈ 𝔛𝑊𝑥2 for some 𝑥1, 𝑥2 > 0 and 𝛼 ∈ (0, 1). Noting that
{𝛼𝑋1 + (1 − 𝛼)𝑋2 | 𝑋1 ∈ 𝔛𝑊𝑥1 , 𝑋2 ∈ 𝔛𝑊𝑥2 } ⊂ 𝔛𝑊

𝛼𝑥1+(1−𝛼)𝑥2
, we have:

𝑢𝑊𝑐 (𝛼𝑥1 + (1 − 𝛼)𝑥2) = sup
𝑋∈𝔛𝑊

𝛼𝑥1+(1−𝛼 )𝑥2

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )]

≥ sup
𝛼𝑋1+(1−𝛼)𝑋2 |𝑋1∈𝔛𝑊𝑥1 ,𝑋2∈𝔛𝑊𝑥2

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝛼𝑋1 + (1 − 𝛼)𝑋2)]

≥ sup
𝛼𝑋1+(1−𝛼)𝑋2 |𝑋1∈𝔛𝑊𝑥1 ,𝑋2∈𝔛𝑊𝑥2

inf
𝑄∈Q

𝐸𝑄 [𝛼𝑈𝑊 (𝜔)
𝑐 (𝑋1) + (1 − 𝛼)𝑈𝑊 (𝜔)

𝑐 (𝑋2)]

≥ sup
𝛼𝑋1+(1−𝛼)𝑋2 |𝑋1∈𝔛𝑊𝑥1 ,𝑋2∈𝔛𝑊𝑥2

[𝛼 inf
𝑄∈Q

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋1)] + (1 − 𝛼) inf

𝑄∈Q
𝐸𝑄 [𝑈𝑊 (𝜔)

𝑐 (𝑋2)]]

= 𝛼 sup
𝑋1∈𝔛𝑊𝑥1

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋1)] + (1 − 𝛼) sup

𝑋2∈𝔛𝑊𝑥2

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋2)]

= 𝛼𝑢𝑊𝑐 (𝑥1) + (1 − 𝛼)𝑢𝑊𝑐 (𝑥2).□
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Lemma 2.33. Suppose that Assumption 2.2 and Assumption 2.12 hold.

Then, we have

𝑢𝑊𝑐 (𝑥) = sup
𝑋∈𝔛𝑊𝑥

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )] = inf

𝑄∈Q
sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )]

= sup
𝑋∈𝔛𝑊𝑥

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )] = inf

𝑄∈Q𝑒
sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )] .

Proof. Take 𝜀 > 0. Consider 𝑌 = (𝑋 + 𝜀) ∧𝑊 , where 𝑋 ∈ 𝔛𝑊𝑥 . Then 𝑌 ∈ 𝔛𝑊𝑥+𝜀 , since
0 ≤ 𝑌 ≤𝑊 and 𝐸𝑄𝑒 [𝑌 ] = 𝐸𝑄𝑒 [(𝑋 + 𝜀) ∧𝑊 ] ≤ 𝐸𝑄𝑒 [𝑋 + 𝜀] ≤ 𝑥 + 𝜀.

Define 𝑌𝑊
𝑋,𝜀

:= {𝑌 ∈ 𝐿1(𝑄𝑒) | 𝑌 = (𝑋 + 𝜀) ∧𝑊,𝑋 ∈ 𝔛𝑊𝑥 }. Then 𝑌𝑊
𝑋,𝜀

⊂ 𝔛𝑊𝑥+𝜀 .
Thus, it holds that

𝑢𝑊𝑐 (𝑥 + 𝜀) = sup
𝑋∈𝔛𝑊𝑥+𝜀

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )]

≥ sup
𝑌∈𝑌𝑊

𝑋,𝜀

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑌 )] = sup

𝑌∈𝑌𝑊
𝑋,𝜀

inf
𝑄∈Q

𝔼

[
𝑈
𝑊 (𝜔)
𝑐 (𝑌 ) · 𝑑𝑄

𝑑𝑃

]
= sup
𝑌∈𝑌𝑊

𝑋,𝜀

inf
𝑍∈Z

𝔼[𝑍𝑈𝑊 (𝜔)
𝑐 (𝑌 )] .

The proof of [22, Lemma 1] shows that for each 𝑋 ∈ 𝔛(𝑥), the map 𝑍 ↦→
𝔼[𝑍𝑈𝑊 (𝜔)

𝑐 (𝑌 )] is a weakly lower semicontinuous affine functional defined on
the weakly compact convex set Z. Moreover, it shows that for each 𝑍 ∈ Z,
𝑋 → 𝔼[𝑍𝑈𝑊 (𝜔)

𝑐 (𝑋 + 𝜀)] is a concave functional. Therefore, 𝑋 ↦→ E[𝑍𝑈𝑊 (𝜔)
𝑐 (𝑌 )] is

a concave functional defined on the convex set 𝔛𝑊𝑥 , for each 𝑍 ∈ Z.
Noting that almost sure convergence implies weak convergence, the conditions

of the lop-sided minimax theorem [1, Chapter 6, p. 295] are satisfied, so

sup
𝑌∈𝑌𝑊

𝑋,𝜀

min
𝑍∈Z

𝔼[𝑍𝑈𝑊 (𝜔)
𝑐 (𝑌 )] = min

𝑍∈Z
sup
𝑌∈𝑌𝑊

𝑋,𝜀

𝔼[𝑍𝑈𝑊 (𝜔)
𝑐 (𝑌 )] .

Hence, we arrive at

𝑢𝑊𝑐 (𝑥 + 𝜀) ≥ sup
𝑌∈𝑌𝑊

𝑋,𝜀

inf
𝑍∈Z

𝔼[𝑍𝑈𝑊 (𝜔)
𝑐 (𝑌 )] = min

𝑍∈Z
sup
𝑌∈𝑌𝑊

𝑋,𝜀

𝔼[𝑍𝑈𝑊 (𝜔)
𝑐 (𝑌 )]

≥ inf
𝑄∈Q

sup
𝑌∈𝑌𝑊

𝑋,𝜀

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑌 )]

𝑌≥𝑋
≥ inf

𝑄∈Q
sup
𝑌∈𝑌𝑊

𝑋,𝜀

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )] ≥ sup

𝑋∈𝔛𝑊𝑥
inf
𝑄∈Q

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )] = 𝑢𝑊𝑐 (𝑥).
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The last inequality follows from the fact that for all 𝑄 ∈ Q and 𝑋 ∈ 𝔛𝑊𝑥

sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )] ≥ inf

𝑄∈Q
𝐸𝑄 [𝑈𝑊 (𝜔)

𝑐 (𝑋 )] .

By sending 𝜀 ↓ 0 and using the continuity of the concave function 𝑢𝑊𝑐 on the set
(0, +∞), we obtain the first part of the lemma.

From Assumption 2.12 and [37, Lemma 3.3], we have 𝑢𝑊𝑐 (𝑥) = inf
𝑄∈Q𝑒

𝑢𝑊
𝑐,𝑄

(𝑥); the
proof is similar to that of [22, Lemma 2].

Hence,

𝑢𝑊𝑐 (𝑥) = inf
𝑄∈Q𝑒

𝑢𝑊𝑐,𝑄 (𝑥) = inf
𝑄∈Q𝑒

sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )]

≥ sup
𝑋∈𝔛𝑊𝑥

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )] ≥ sup

𝑋∈𝔛𝑊𝑥
inf
𝑄∈Q

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )] = 𝑢𝑊𝑐 (𝑥).

This concludes the proof. □

2.3.6 Minimax identity for the objective function𝑈 (𝑥)

In this section, we present auxiliary results that will aid us in proving Theo-
rem 2.31. We begin with the following lemma.

Lemma 2.34. Under the assumptions of Assumption 2.2 and Assumption 2.11, for all

𝑋 ∈ 𝔛𝑊𝑥 , we have

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑊 (𝑋 )] = inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑊 (𝑋 )] . (2.25)

Proof. The proof of Theorem 2.34 follows the same approach as in the unconstrained
case. For details, see [22, Lemma 2]. □

Lemma 2.35. Let {𝑃𝑣, 𝑣 ∈ (0,∞)} be a family of atomless probability measures on a

standard Borel space (Ω, F ), such that for any 𝐴 ∈ F , 𝑃·(𝐴) is measurable. Then, for

all 𝑄 ∈ Q𝑒 , for all 𝑋 ∈ 𝔛𝑊𝑥 there exists 𝑋★ ∈ 𝔛𝑊𝑥 such that

𝐸𝑄 [𝑈𝑊 (𝑋★)] = 𝐸𝑄 [𝑈𝑊𝑐 (𝑋★)] = 𝐸𝑄 [𝑈𝑊𝑐 (𝑋 )] ≥ 𝐸𝑄 [𝑈𝑊 (𝑋 )] . (2.26)

Proof. The main idea of the proof is to utilize the ideas of [34, Proposition 5.3] in
our conditional setting.
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For a fixed 𝑄 ∈ Q𝑒 , define the Radon–Nikodym derivatives of 𝑄𝑒 with respect
to ℙ and 𝑄 as 𝜓 = 𝑑𝑄𝑒/𝑑ℙ, 𝜑 = 𝑑𝑄𝑒/𝑑𝑄 . Since 𝜓 is positive, we have that
𝑀 (𝑣) :=

∫
Ω
𝜓, 𝑃 (𝑑𝜔, 𝑣) is also positive. Thus, the measure

𝑃𝑄 (𝐴, 𝑣) =
∫
𝐴
𝜓 𝑃 (𝑑𝜔, 𝑣)
𝑀 (𝑣) , 𝐴 ∈ F ,

is a probability measure. It is easy to see that it is measurable in 𝑣 and 𝑃𝑄 (𝐴,𝑊 ) =
𝑄 (𝐴 |𝑊 ) 𝑄-a.s. We can check that 𝑃𝑄 is measurable in 𝑣 and that 𝑃𝑄 (𝐴,𝑊 ) = 𝑄 (𝐴 |
𝑊 ) 𝑄-almost surely, in other words, that 𝑃𝑄 is a regular conditional probability
𝑃 (· |𝑊 ).

Next, we apply Lemma A.6 to the functions 𝑌 (𝑥,𝜔) = 𝑋 (𝜔), 𝜙 (𝑣, 𝜔) = 𝜑 (𝜔) and
𝑃𝑣 (𝐴) = 𝑃𝑄 (𝐴, 𝑣). This yields a jointly measurable function 𝑌★(𝑣, 𝜔) such that, for
all 𝑣 > 0,

𝐸𝑃𝑄 (·,𝑣) [𝑌★(𝑣, 𝜔)𝜑 (𝜔)] ≤ 𝐸𝑃𝑄 (·,𝑣) [𝑋 (𝜔)𝜑 (𝜔)], and
𝐸𝑃𝑄 (·,𝑣) [𝑈 𝑣

(
𝑌★(𝑣, 𝜔)

)
] = 𝐸𝑃𝑄 (·,𝑣) [𝑈 𝑣

𝑐

(
𝑌★(𝑣, 𝜔)

)
] = 𝐸𝑃𝑄 (·,𝑣) [𝑈 𝑣

𝑐

(
𝑋 (𝜔)

)
] .

Set 𝑋★(𝜔) = 𝑌★(𝑊 (𝜔), 𝜔). Then, we have

𝐸𝑄𝑒
[
𝑋★

]
= 𝐸𝑄

[
𝑌★

(
𝑊 (𝜔), 𝜔

)
𝜑
]
= 𝐸𝑄

[
𝐸𝑄

[
𝑌★

(
𝑊 (𝜔), 𝜔

)
𝜑 |𝑊

] ]
= 𝐸𝑄

[
𝐸𝑃𝑄 (·,𝑣) [𝑌★(𝑣, 𝜔)𝜑 (𝜔)]

��
𝑣=𝑊

]
≤ 𝐸𝑄

[
𝐸𝑃𝑄 (·,𝑣) [𝑋 (𝜔)𝜑 (𝜔)]

��
𝑣=𝑊

]
= 𝐸𝑄

[
𝐸𝑄 [𝑋 (𝜔)𝜑 |𝑊 ]

]
= 𝐸𝑄 [𝑋 (𝜔)𝜑] = 𝐸𝑄𝑒 [𝑋 ] ≤ 𝑥,

so 𝑋★ ∈ 𝔛𝑊𝑥 . Further,

𝐸𝑄
[
𝑈𝑊𝑐 (𝑋★)

]
= 𝐸𝑄

[
𝑈
𝑊 (𝜔)
𝑐

(
𝑌★(𝑊 (𝜔), 𝜔)

) ]
= 𝐸𝑄

[
𝐸𝑄

[
𝑈
𝑊 (𝜔)
𝑐

(
𝑌★(𝑊 (𝜔), 𝜔)

)
|𝑊

] ]
= 𝐸𝑄

[
𝐸𝑃𝑄 (·,𝑣) [𝑈 𝑣

𝑐

(
𝑌★(𝑣, 𝜔)

)
]
��
𝑣=𝑊

]
= 𝐸𝑄

[
𝐸𝑃𝑄 (·,𝑣) [𝑈 𝑣

𝑐

(
𝑋 (𝜔)

)
]
��
𝑣=𝑊

]
= 𝐸𝑄

[
𝐸𝑄

[
𝑈 𝑣
𝑐

(
𝑋 (𝜔)

)
|𝑊

] ]
= 𝐸𝑄

[
𝑈 𝑣
𝑐

(
𝑋 (𝜔)

) ]
.

The equality 𝐸𝑄 [𝑈𝑊 (𝑋★)] = 𝐸𝑄 [𝑈𝑊𝑐 (𝑋★)] is proved similarly. Finally, the inequality
𝐸𝑄 [𝑈𝑊𝑐 (𝑋 )] ≥ 𝐸𝑄 [𝑈𝑊 (𝑋 )] is obvious, since𝑈𝑊𝑐 ≥ 𝑈𝑊 . □

Lemma 2.36. If Assumption 2.29 holds, then for all 𝑄 ∈ Q𝑒 it holds that

sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔) (𝑋 )] = sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )], for all 𝑥 > 0.
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Proof. Apply sup
𝑋∈𝔛𝑊𝑥

to both sides of (2.26). This yields

sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔) (𝑋★)] = sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋★)]

= sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )] ≥ sup

𝑋∈𝔛𝑊𝑥
𝐸𝑄 [𝑈𝑊 (𝜔) (𝑋 )] . (2.27)

Since 𝑄 ∈ Q𝑒 , 𝑋 ∈ 𝔛𝑊𝑥 are arbitrary and 𝑋★ ∈ 𝔛𝑊𝑥 , the inequality in (2.27) is an
equality, as claimed. □

Lemma 2.37. Under the Assumption 2.29,

inf
𝑄∈Q𝑒

sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔) (𝑋 )] = inf
𝑄∈Q𝑒

sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄 [𝑈𝑊 (𝜔)
𝑐 (𝑋 )] .

Proof. Follows immediately from Lemma 2.36. □

Proof of Theorem 2.31.

• (1★) - (3★) follows from Lemma 2.33;
• (4★) follows from the fact that𝑈𝑊 (𝜔)

𝑐 ≥ 𝑈𝑊 (𝜔) ;
• (5★) follows from Lemma 2.37;
• To obtain (6★) we need to apply sup

𝑋∈𝔛𝑊𝑥
to both sides of the equality (2.25);

• The inequality (7★) follows from the fact that for all 𝑄̂ ∈ Q and all 𝑋 ∈ 𝔛𝑊𝑥 ,
we have

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑊 (𝜔) (𝑋 )] ≤ sup
𝑋∈𝔛𝑊𝑥

𝐸𝑄̂ [𝑈
𝑊 (𝜔) (𝑋 )];

• Since Q𝑒 ⊆ Q, the inequality (8★) is clear.
□

2.4 Optimal investments for non-concave utility
maximization problems in complete market

The aim of this section is to develop optimal investment strategies for a general
framework of non-concave utility functions, by considering two cases of budget
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constraints. We assume that the market model is arbitrage-free and complete, which
implies the existence of a unique equivalent local martingale measure denoted as𝑄𝑒 .

For any initial capital𝑥 > 0, let𝔛(𝑥) be the set of all possible randomendowments
corresponding to 𝑥 , i.e., all non-negative random variables 𝑋 such that E𝑄𝑒 [𝑋 ] ≤ 𝑥 .
We are interested in two optimization problems: the standard maximization problem
of the utility functional for initial capital 𝑥 > 0,

sup
𝑋∈𝔛(𝑥)

𝔼[𝑈 (𝑋 )], (2.28)

and the maximization of the robust utility functional,

sup
𝑋∈𝔛(𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑋𝑇 )] . (2.29)

Merton [27] and [28] proved that the optimal solution to the standard optimiza-
tion problem can be written using the inverse to the derivative of the utility function
and the “state price density”. However, in our case, the utility function and its
concavified version will not be strictly concave, and it is not clear how the solution
will look like in this case.

In this section, we slightly change the assumptions on the utility function𝑈 (𝑥),
namely we consider the utility function 𝑈 : (0,∞) → ℝ, while keeping all other
assumptions and the model setup as in Chapter 2. Hence, we consider a utility
function𝑈 which is non-decreasing, upper-semicontinuous, defined on a domain
(0,∞) and satisfying the mild growth condition:

lim
𝑥→∞

𝑈 (𝑥)
𝑥

= 0.

By𝑈𝑐 (𝑥) we denote the concave envelope of utility function𝑈 (𝑥).
Additionally, wewill assume that𝑈 is strictly concave on {𝑥 ≥ 0 | 𝑈 (𝑥) = 𝑈𝑐 (𝑥)}.

Recall from Section 2.3.2 that {𝑥 ∈ ℝ+ : 𝑈 (𝑥) < 𝑈𝑐 (𝑥)} =
⋃
𝑖

(𝑎𝑖, 𝑏𝑖), where for all
𝑖 ≥ 1, 0 ≤ 𝑎𝑖 < 𝑏𝑖 < ∞.

We will need the following well-known result.

Lemma 2.38. The concavified objective function 𝑈𝑐 has both one-sided derivatives

at any point 𝑥 > 0, and the right derivative is less or equal than the left derivative.

The derivatives coincide (and hence 𝑈𝑐 is differentiable) everywhere except at most

countable set.
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Moreover, for all 𝑥,𝑦 ∈ ℝ, we have:

𝑈𝑐 (𝑥) −𝑈𝑐 (𝑦) ≤ 𝑈 ′
𝑐 (𝑦+) (𝑥 − 𝑦), (2.30)

𝑈𝑐 (𝑥) −𝑈𝑐 (𝑦) ≤ 𝑈 ′
𝑐 (𝑦−) (𝑥 − 𝑦). (2.31)

Based on the assumptions regarding the utility function𝑈 , we can conclude that
the derivative𝑈 ′

𝑐 of the concavified objective function𝑈𝑐 is decreasing, and since𝑈𝑐
satisfies a mild growth condition, it follows that lim

𝑥→∞
𝑈 ′
𝑐 (𝑥) = 0. However,𝑈 ′

𝑐 is not
strictly decreasing on the intervals (𝑎𝑖, 𝑏𝑖), as it is constant on each of them.

2.4.1 Optimal investments for the standard utility
maximization problem in complete market

The purpose of this section is to develop optimal investment strategies within
the framework of non-concave utility functions in a complete market. We consider
the standard maximization problem of the utility functional 𝔼[𝑈 (𝑋 )].

Recall from Section 2.3.2 that the set 𝑥 ∈ ℝ+ : 𝑈 (𝑥) < 𝑈𝑐 (𝑥) can be expressed as a
countable union of finite, disjoint open intervals, specifically𝑥 ∈ ℝ+ : 𝑈 (𝑥) < 𝑈𝑐 (𝑥) =⋃
𝑖

(𝑎𝑖, 𝑏𝑖).
Let 𝑐𝑖, 𝑖 ≥ 1 denote the set of all non-differentiability points of the concavified

objective function 𝑈𝑐 , excluding the points 𝑎𝑖 and 𝑏𝑖 . We use B to represent the set
of all points 𝑎𝑖, 𝑏𝑖, 𝑐𝑖 , where 𝑖 ≥ 1.

From the Lemma 2.38 it follows

𝑈 ′
𝑐 (𝑏+𝑖 ) ≤ 𝑈 ′

𝑐 (𝑏−𝑖 ) = 𝑈 ′
𝑐 (𝑎+𝑖 ) ≤ 𝑈 ′

𝑐 (𝑎−𝑖 ), (2.32)
𝑈 ′
𝑐 (𝑐+𝑖 ) ≤ 𝑈 ′

𝑐 (𝑐−𝑖 ). (2.33)

Define the (one-sided) inverse of𝑈 ′
𝑐 (·):

𝑖 (𝑦) =



(𝑈 ′
𝑐 )−1(𝑦)

·𝕀{𝑦 ∈ ℝ+\{∪𝑖∈ℕ{[𝑈 ′
𝑐 (𝑏+𝑖 ),𝑈 ′

𝑐 (𝑎−𝑖 )] ∪ [𝑈 ′
𝑐 (𝑐+𝑖 ),𝑈 ′

𝑐 (𝑐−𝑖 )]}}
+∑

𝑖

𝑎𝑖 · 𝕀{𝑦 ∈ [𝑈 ′
𝑐 (𝑎+𝑖 ),𝑈 ′

𝑐 (𝑎−𝑖 )]}

+∑
𝑖

𝑏𝑖 · 𝕀{𝑦 ∈ [𝑈 ′
𝑐 (𝑏+𝑖 ),𝑈 ′

𝑐 (𝑏−𝑖 ))}

+∑
𝑖

𝑐𝑖 · 𝕀{𝑦 ∈ [𝑈 ′
𝑐 (𝑐+𝑖 ),𝑈 ′

𝑐 (𝑐−𝑖 )]}, 𝑦 < 𝑈 ′
𝑐 (0+);

0, 𝑦 ≥ 𝑈 ′
𝑐 (0+).
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For clarity, we present below a sketch of plots for 𝑈 ′
𝑐 and 𝑖 (𝑦) in Figure 2.3 and

Figure 2.4 respectively.

𝑦

𝑈 ′
𝑐 (𝑦)

𝑈 ′
𝑐 (0+)

𝑈 ′
𝑐 (𝑎1)

𝑈 ′
𝑐 (𝑎2)

...

𝑈 ′
𝑐 (𝑎𝑛)

𝑎1 𝑏1 𝑎2 𝑏2 · · · 𝑎𝑛 𝑏𝑛0

. . .

Figure 2.3. The derivative𝑈 ′
𝑐 of a continuously differentiable concavified objective

function𝑈𝑐 .

Theorem 2.39. Assume that 𝑑𝑄
𝑒

𝑑ℙ
is continuous and

ℎ(𝜆) = E𝑄𝑒
[
𝑖

(
𝜆 · 𝑑𝑄

𝑒

𝑑ℙ

)]
< ∞, for all 𝜆 > 0. (2.34)

Then, for any initial capital 𝑥 > 0, the unique optimal solution to the problem (2.28) is
given by 𝑋★ = 𝑖 (𝜆★ · 𝑑𝑄

𝑒

𝑑ℙ
), where 𝜆★ > 0 is such that E𝑄𝑒 [𝑖 (𝜆★ · 𝑑𝑄

𝑒

𝑑ℙ
)] = 𝑥 .

Proof. The function 𝑖 is inverse to𝑈 ′
𝑐 in the sense 𝑦 ∈ [𝑈 ′

𝑐 (𝑖 (𝑦)−),𝑈 ′
𝑐 (𝑖 (𝑦)+)], which,

thanks to (2.30) and (2.31) amounts to

∀𝑧 > 0 𝑈𝑐 (𝑧) −𝑈𝑐 (𝑖 (𝑦)) ≤ 𝑦 (𝑧 − 𝑖 (𝑦)) . (2.35)

DenoteI =
⋃
𝑖≥1

{{𝑈 ′
𝑐 (𝑎−𝑖 )}

⋃{𝑈 ′
𝑐 (𝑎+𝑖 )}

⋃{𝑈 ′
𝑐 (𝑏+𝑖 )}

⋃{𝑈 ′
𝑐 (𝑐−𝑖 )}

⋃{𝑈 ′
𝑐 (𝑐+𝑖 )}}

⋃{𝑈 ′
𝑐 (0+)}.

Note that if 𝑦 ∈ ℝ+\I, then 𝑈𝑐 is differentiable in 𝑦 and the inequality in (2.35) is
strict:

∀𝑧 > 0, 𝑧 ≠ 𝑖 (𝑦) 𝑈𝑐 (𝑧) −𝑈𝑐 (𝑖 (𝑦)) < 𝑦 (𝑧 − 𝑖 (𝑦)) . (2.36)
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𝑦

𝑖 (𝑦)

𝑎1

𝑏1

𝑎2

...

𝑏𝑛

𝑎𝑛+1

𝑈 ′
𝑐 (𝑎𝑛) · · · 𝑈 ′

𝑐 (𝑎2) 𝑈 ′
𝑐 (𝑎1) 𝑈 ′

𝑐 (0+)

. . .

Figure 2.4. The inverse function 𝑖 (𝑦) for the derivative of the concavified objective
function.

The statement above is obvious for
𝑦 ∈ ⋃

𝑖≥1
(𝑈 ′

𝑐 (𝑎+𝑖 ),𝑈 ′
𝑐 (𝑎−𝑖 )) ∪ (𝑈 ′

𝑐 (𝑏+𝑖 ),𝑈 ′
𝑐 (𝑏−𝑖 ))

⋃(𝑈 ′
𝑐 (𝑐+𝑖 ),𝑈 ′

𝑐 (𝑐−𝑖 )). For other 𝑦 ∈
ℝ+\I, the statement follows from assumption that 𝑈 , and hence 𝑈𝑐 , is strictly
concave on {𝑥 ≥ 0 | 𝑈 (𝑥) = 𝑈𝑐 (𝑥)}.

Since 𝑑𝑄𝑒

𝑑ℙ
> 0 a.s., the function

ℎ(𝜆) = E𝑄𝑒
[
𝑖

(
𝜆 · 𝑑𝑄

𝑒

𝑑ℙ

)]
= 𝔼

[
𝑑𝑄𝑒

𝑑ℙ
· 𝑖

(
𝜆 · 𝑑𝑄

𝑒

𝑑ℙ

)]
is well-defined for all 𝜆 > 0. Since the function 𝑖 is decreasing, the function ℎ is
decreasing as well. Let us show its continuity. The set𝐴 of discontinuity points of the
function 𝑖 is at most countable. Let 𝜆𝑛 be a decreasing sequence such that lim

𝑛→∞
𝜆𝑛 = 𝜆.

If 𝜔 ∈ Ω is such that lim
𝑛→∞

𝑖

(
𝜆𝑛 · 𝑑𝑄

𝑒

𝑑ℙ
(𝜔)

)
≠ 𝑖

(
𝜆 · 𝑑𝑄

𝑒

𝑑ℙ
(𝜔)

)
, then 𝜆 · 𝑑𝑄

𝑒

𝑑ℙ
(𝜔) ∈ 𝐴. But

ℙ(𝜆 · 𝑑𝑄
𝑒

𝑑ℙ
∈ 𝐴) = 0, since 𝑑𝑄𝑒

𝑑ℙ
has continuous distribution. Therefore,

ℙ

[
lim
𝑛→∞

𝑖

(
𝜆𝑛 ·

𝑑𝑄𝑒

𝑑ℙ

)
≠ 𝑖

(
𝜆 · 𝑑𝑄

𝑒

𝑑ℙ

)]
= 0.

Since 𝑖 is non-increasing and right-continuous, it follows from the monotone
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convergence theorem and (2.34) that

lim
𝑛→∞

E𝑄𝑒
[
𝑖

(
𝜆𝑛 ·

𝑑𝑄𝑒

𝑑ℙ

)]
= E𝑄𝑒

[
𝑖

(
𝜆 · 𝑑𝑄

𝑒

𝑑ℙ

)]
,

as required.
Note in passing that

lim
𝜆→∞

ℎ(𝜆) = 0, lim
𝜆→0

ℎ(𝜆) = ∞.

Hence, there exists 𝜆★ > 0 such that ℎ(𝜆★) = E𝑄𝑒 [𝑖 (𝜆★ · 𝑑𝑄
𝑒

𝑑ℙ
)] = 𝑥 .

Denote 𝑋★ = 𝑖 (𝜆★ · 𝑑𝑄
𝑒

𝑑ℙ
). It remains to show that 𝑋★ is optimal. Take another

feasible random variable 𝑋 ∈ 𝔛(𝑥), i.e. such that E𝑄𝑒 [𝑋 ] = 𝑥 and 𝑋 ≥ 0, which is
not almost surely equal to𝑋★. Note that 𝑖 (·) and hence𝑋★ never takes on the values
where𝑈 ≠ 𝑈𝑐 . Moreover, thanks to the continuity of distribution 𝑑𝑄𝑒

𝑑ℙ
one has

ℙ

[
𝜆★ · 𝑑𝑄

𝑒

𝑑ℙ
∈ ℝ+\ I

]
= 1.

Therefore,

ℙ

[
𝑈𝑐 (𝑋 ) −𝑈𝑐 (𝑋★)

(2.35)
≤ 𝜆★ · 𝑑𝑄

𝑒

𝑑ℙ
(𝑋 − 𝑋★)

]
= 1,

ℙ

[
𝑈𝑐 (𝑋 ) −𝑈𝑐 (𝑋★)

(2.36)
< 𝜆★ · 𝑑𝑄

𝑒

𝑑ℙ
(𝑋 − 𝑋★)

]
> 0. (2.37)

Consequently,

𝔼[𝑈 (𝑋 ) −𝑈 (𝑋★)] = 𝔼[𝑈 (𝑋 ) −𝑈𝑐 (𝑋★)] ≤ 𝔼[𝑈𝑐 (𝑋 ) −𝑈𝑐 (𝑋★)]
(2.37)
< 𝔼

[
𝜆★ · 𝑑𝑄

𝑒

𝑑ℙ
(𝑋 − 𝑋★)

]
= 𝜆★ · 𝔼

[
𝑑𝑄𝑒

𝑑ℙ
𝑋 − 𝑥

]
≤ 0. (2.38)

Hence, for all 𝑋 ∈ 𝔛(𝑥) which do not coincide 𝑋★ we have

𝔼[𝑈 (𝑋 )] < 𝔼[𝑈 (𝑋★)] .

As a result,

sup
𝑋∈𝔛(𝑥)

𝔼[𝑈 (𝑋 )] ≤ 𝔼[𝑈 (𝑋★)] .

Noting that 𝑋★ ≥ 0 and E𝑄𝑒 (𝑋★) = 𝑥 , we obtain

sup
𝑋∈𝔛(𝑥)

𝔼[𝑈 (𝑋 )] = max
𝑋∈𝔛(𝑥)

𝔼[𝑈 (𝑋 )] = 𝔼[𝑈 (𝑋★)] .

□
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Remark 2.40. Solution 𝑋★ is also a unique optimal solution to the maximization

problem for concavified utility function, i.e.

sup
𝑋∈𝔛(𝑥)

𝔼[𝑈𝑐 (𝑋 )] = max
𝑋∈𝔛(𝑥)

𝔼[𝑈𝑐 (𝑋 )] = 𝔼[𝑈𝑐 (𝑋★)],

which follows from the inequality (2.38) using the same arguments as for𝑈 .

Example 2.41. Consider the function

𝑈 (𝑥) = (𝑥 − 𝐾) 𝑗+ , for 𝐾 > 0, and 0 < 𝑗 < 1.

Its concavification is

𝑈𝑐 (𝑥) =


(
𝐾

1− 𝑗 − 𝐾
) 𝑗

+ 𝑗
(
𝐾

1− 𝑗 − 𝐾
) 𝑗−1 (

𝑥 − 𝐾
1− 𝑗

)
, 𝑥 < 𝐾

1− 𝑗 ;

(𝑥 − 𝐾) 𝑗 , 𝑥 ≥ 𝐾
1− 𝑗 .

We have that 𝑎1 = 0, 𝑏1 =
𝐾

1− 𝑗 , 𝑎2 = ∞. The derivative of𝑈𝑐 (𝑥) is

𝑈 ′
𝑐 (𝑥) =


𝑗

(
𝐾

1− 𝑗 − 𝐾
) 𝑗−1

, 𝑥 < 𝐾
1− 𝑗 ;

𝑗 (𝑥 − 𝐾) 𝑗−1 , 𝑥 ≥ 𝐾
1− 𝑗 .

The function 𝑖 is given by

𝑖 (𝑦) =
(𝑈

′
𝑐 )−1(𝑦) · 𝕀{𝑦 ∈ (0,𝑈 ′

𝑐 ( 𝐾
1− 𝑗 )))}, 𝑦 < 𝑈 ′

𝑐 (0+);

0, 𝑦 ≥ 𝑈 ′
𝑐 (0+).

This can be simplified as

𝑖 (𝑦) =


(𝑈 ′

𝑐 )−1(𝑦), 𝑦 < 𝑗

(
𝐾

1− 𝑗 − 𝐾
) 𝑗−1

;

0, 𝑦 ≥ 𝑗

(
𝐾

1− 𝑗 − 𝐾
) 𝑗−1

.

Hence, we obtain that

𝑖 (𝑦) =


(
𝑦

𝑗

) 1
𝑗−1 + 𝐾, 𝑦 < 𝑗

(
𝐾

1− 𝑗 − 𝐾
) 𝑗−1

;

0, 𝑦 ≥ 𝑗

(
𝐾

1− 𝑗 − 𝐾
) 𝑗−1

.

Consider the standard Black–Scholes model. Then,

𝑑𝑄𝑒

𝑑ℙ
= exp

{
𝑟 − 𝜇
𝜎

𝐵𝑇 −
(𝑟 − 𝜇
𝜎

)2 𝑇

2

}
.
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According to Theorem 2.39, we need to find 𝜆★ such that

𝔼

[
𝑑𝑄𝑒

𝑑ℙ
𝑖

(
𝜆★ · 𝑑𝑄

𝑒

𝑑ℙ

)]
= 𝑥 .

Equivalently, ∫
Ω

𝑒

(
𝑟−𝜇
𝜎
𝐵𝑇−( 𝑟−𝜇𝜎 )2𝑇

2

)
·
©­­«
©­«𝜆

★𝑒

(
𝑟−𝜇
𝜎
𝐵𝑇−( 𝑟−𝜇𝜎 )2𝑇

2

)
𝑗

ª®¬
1
𝑗−1

+ 𝐾
ª®®¬

×𝕀
{𝜆★𝑒

(
𝑟−𝜇
𝜎 𝐵𝑇 −( 𝑟−𝜇𝜎 )2𝑇

2

)
< 𝑗

(
𝐾

1− 𝑗−𝐾
) 𝑗−1

}
𝑑ℙ = 𝑥 .

Denote by 𝑋𝑇 := exp
(
𝑟−𝜇
𝜎
𝐵𝑇 −

(𝑟−𝜇
𝜎

)2 𝑇
2

)
, thus 𝑋𝑇 ∼ 𝐿𝑁 (−

(𝑟−𝜇
𝜎

)2 𝑇
2 ,

(𝑟−𝜇
𝜎

)2
𝑇 ) . Thus,∫

Ω

𝑋𝑇 ·
((
𝜆★𝑋𝑇

𝑗

) 1
𝑗−1

+ 𝐾
)
· 𝕀

{𝜆★𝑋𝑇< 𝑗
(
𝐾

1− 𝑗−𝐾
) 𝑗−1

}
𝑑ℙ = 𝑥 .

We can write the last expression as a sum of two integrals:∫
Ω

𝑋𝑇 ·
((
𝜆★𝑋𝑇

𝑗

) 1
𝑗−1

+ 𝐾
)
· 𝕀

{𝜆★𝑋𝑇< 𝑗
(
𝐾

1− 𝑗−𝐾
) 𝑗−1

}
𝑑ℙ

= 𝐾

∫
Ω

𝑋𝑇 · 𝕀
{𝜆★𝑋𝑇< 𝑗

(
𝐾

1− 𝑗−𝐾
) 𝑗−1

}
𝑑ℙ +

(
𝜆★

𝑗

) 1
𝑗−1

∫
Ω

𝑋
𝑗

𝑗−1
𝑇

· 𝕀
{𝜆★𝑋𝑇< 𝑗

(
𝐾

1− 𝑗−𝐾
) 𝑗−1

}
𝑑ℙ.

Denote 𝑐 (𝜆★) = 𝑗

𝜆★

(
𝐾

1− 𝑗 − 𝐾
) 𝑗−1

. Hence, we need to find 𝜆★ such that

𝐾

∫
Ω

𝑋𝑇 · 𝕀{𝑋𝑇<𝑐 (𝜆★)}𝑑ℙ +
(
𝜆★

𝑗

) 1
𝑗−1

∫
Ω

𝑋
𝑗

𝑗−1
𝑇

· 𝕀
{𝑋

𝑗
𝑗−1
𝑇

>𝑐 (𝜆★)
𝑗
𝑗−1 }

𝑑ℙ = 𝑥 .

Noting that 𝑋
𝑗

𝑗−1
𝑇

has a lognormal distribution, each of these integrals can be calculated

using the Black–Scholes formula, allowing to compute 𝜆★ numerically.

The unique optimal solution to the problem (2.28) is then given by𝑋★ = 𝑖 (𝜆★ · 𝑑𝑄
𝑒

𝑑ℙ
).

2.5 Constrained optimization

This section is similar in nature to Section 2.4, as we are concerned with finding
the optimal solution to the standard utility maximization problem. Specifically, we
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aim to identify

sup
𝑋∈𝔛(𝑥)

𝔼[𝑈 (𝑋 )], (2.39)

which is the unconstrained optimization problem. However, we follow the approach
of [16, Chapter 3] and consider a modified version of the optimization problem
(2.28), subject to a budget constraint. Specifically, we assume that there is an upper
bound on the endowment, given by a random variable𝑊 : Ω → [0, +∞), and define
the set of admissible payoffs as

𝔛𝑊 := {𝑋 ∈ 𝐿0(ℙ) | 0 ≤ 𝑋 ≤𝑊 ℙ-a.s.}.

Our goal is to maximize 𝔼[𝑈 (𝑋 )] for 𝑋 ∈ 𝔛𝑊𝑥 , where the budget set 𝔛𝑊𝑥 is defined
by

𝔛𝑊𝑥 := {𝑋 ∈ 𝐿1(𝑄𝑒) | 0 ≤ 𝑋 ≤𝑊, E𝑄𝑒 [𝑋 ] ≤ 𝑥},

with 𝑥 > 0 being the initial wealth and 𝑄𝑒 being the unique equivalent local
martingale measure. Hence, we aim to find the optimal solution to the following
constrained optimization problem:

sup
𝑋∈𝐿1(𝑄𝑒 )

𝔼[𝑈 (𝑋 )] subject to 0 ≤ 𝑋 ≤𝑊 and E𝑄𝑒 (𝑋 ) ≤ 𝑥 . (2.40)

We keep all of the assumptions from Section 2.4 on the utility function𝑈 and its
concave envelope𝑈𝑐 . As before, we consider only the case where

E𝑄𝑒 [𝑊 ] > 𝑥,

as otherwise the set of admissible endowments has at most one element, making
the optimization problem meaningless.

2.5.1 Optimal investments for the constrained utility
maximization problem in complete market

The goal of this section is to identify the optimal investment strategies for the
standard constrained utility maximization problem (2.40).

Recall notation and basic properties of

𝑈 𝑘 (𝑥) = 𝑈 (𝑥 ∧ 𝑘), 𝑥 ≥ 0,

for each 𝑘 > 0, see (2.23):
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• the function𝑈 𝑘 and its concavification𝑈 𝑘
𝑐 satisfy all of the assumptions on

the utility function𝑈 and its concavification𝑈𝑐 .
• 𝑈 𝑘

𝑐 (𝑥) = 𝑈 𝑘 (𝑥), for all 𝑥 ≥ 𝑘.
Similarly to the Section 2.4 define the set {𝑎𝑖,𝑘, 𝑏𝑖,𝑘}𝑖∈ℕ such that {𝑥 ∈ ℝ+ :

𝑈 𝑘 (𝑥) < 𝑈 𝑘
𝑐 (𝑥)} =

⋃
𝑖

(𝑎𝑖,𝑘, 𝑏𝑖,𝑘).

Define the set {𝑐𝑖,𝑘}𝑖∈ℕ as set of all points where𝑈 𝑘
𝑐 is non-differentiable, with

the exception of the points 𝑎𝑖,𝑘 and𝑏𝑖,𝑘 . Consider the setB𝑘 =
⋃
𝑖∈ℕ

{𝑎𝑖,𝑘∪𝑏𝑖,𝑘∪𝑐𝑖,𝑘∪𝑘}.

On the set {𝑥 ∈ (0, 𝑘) : 𝑈 𝑘
𝑐 (𝑥) = 𝑈 𝑘 (𝑥)}, 𝑈 𝑘 is strictly concave, therefore, with

the exception of set B𝑘 , the derivative of𝑈 𝑘 is strictly decreasing.
Define the inverse of the (𝑈 𝑘

𝑐 )′:

𝑖𝑘 (𝑦) =



𝑘, 𝑦 = 0;
((𝑈 𝑘

𝑐 )′)−1(𝑦)
·𝕀{𝑦 ∈ ℝ+\{⋃

𝑖∈ℕ
{[(𝑈 𝑘

𝑐 (𝑏+𝑖,𝑘))
′, (𝑈 𝑘

𝑐 (𝑎−𝑖,𝑘))
′] ∪ [(𝑈 𝑘

𝑐 (𝑐+𝑖,𝑘))
′, (𝑈 𝑘

𝑐 (𝑐−𝑖,𝑘))
′]}}

+∑
𝑖

𝑎𝑖,𝑘 · 𝕀{𝑦 ∈ [(𝑈 𝑘
𝑐 (𝑎+𝑖,𝑘))

′, (𝑈 𝑘
𝑐 (𝑎−𝑖,𝑘))

′]}

+∑
𝑖

𝑏𝑖,𝑘 · 𝕀{𝑦 ∈ [(𝑈 𝑘
𝑐 (𝑏+𝑖,𝑘))

′, (𝑈 𝑘
𝑐 (𝑏−𝑖,𝑘))

′)}

+∑
𝑖

𝑐𝑖,𝑘 · 𝕀{𝑦 ∈ [(𝑈 𝑘
𝑐 (𝑐+𝑖,𝑘))

′, (𝑈 𝑘
𝑐 (𝑐−𝑖,𝑘))

′]}, 0 < 𝑦 < (𝑈 𝑘
𝑐 (0+))′;

0, 𝑦 ≥ (𝑈 𝑘
𝑐 (0+))′.

Let us now establish an analogue of Theorem 2.39 for the utility function𝑈𝑊 (𝜔),

𝜔 ∈ Ω.

Theorem 2.42. Assume that the random variable 𝑑𝑄𝑒

𝑑ℙ
is continuous and that the

random variable𝑊 is discrete.

Consider the function 𝑖𝑊 (𝜔,𝑦) := 𝑖𝑊 (𝜔) (𝑦), for all 𝜔 ∈ Ω.

Let also

ℎ𝑊 (𝜆) = E𝑄𝑒
[
𝑖𝑊 (𝜔)

(
𝜆 · 𝑑𝑄

𝑒

𝑑ℙ
(𝜔)

)]
< ∞, for all 𝜆 > 0. (2.41)

Then for any initial capital 𝑥 > 0, the unique optimal solution to the problem (2.40)
is given by 𝑋★ = 𝑖𝑊

(
𝜆★ · 𝑑𝑄

𝑒

𝑑ℙ

)
for some 𝜆★ > 0 such that E𝑄𝑒 [𝑖𝑊 (𝜆★ · 𝑑𝑄

𝑒

𝑑ℙ
)] = 𝑥 .

Remark 2.43. Thanks to𝑊 being discrete, the function 𝑖𝑊 (𝜔) (𝜆 · 𝑑𝑄𝑒
𝑑ℙ

(𝜔)
)
is clearly

measurable. The measurability actually holds for any random variable𝑊 thanks to

monotonicity of 𝑖 ·(·) in both arguments.
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Proof. From the definition of 𝑖𝑊 (𝜔) it follows that for any 𝑧 > 0

𝑈
𝑊 (𝜔)
𝑐 (𝑧) −𝑈𝑊 (𝜔)

𝑐 (𝑖𝑊 (𝜔) (𝑦)) ≤ 𝑦 (𝑧 − 𝑖𝑊 (𝜔) (𝑦)) . (2.42)

The proof of (2.42) is similar to the corresponding part of proof of Theorem 2.39,
with the exception of the case 𝑦 = 0, which we will address immediately. For 𝑦 = 0,
inequality (2.42) is equivalent to the requirement that for any 𝑧 > 0

𝑈
𝑊 (𝜔)
𝑐 (𝑧) −𝑈𝑊 (𝜔)

𝑐 (𝑊 (𝜔)) ≤ 0,

which does hold true since𝑈𝑊 (𝜔) is decreasing.
Let us set I𝑊 (𝜔) :=

⋃
𝑖∈ℕ

{{(𝑈𝑊 (𝜔)
𝑐 (𝑎−𝑖,𝜔))′}∪{(𝑈𝑊 (𝜔)

𝑐 (𝑎+𝑖,𝜔))′}∪{(𝑈𝑊 (𝜔)
𝑐 (𝑏+𝑖,𝜔))′}∪

{(𝑈𝑊 (𝜔)
𝑐 (𝑐−𝑖,𝜔))′} ∪ {(𝑈𝑊 (𝜔)

𝑐 (𝑐+𝑖,𝜔))′}} ∪ {(𝑈𝑊 (𝜔)
𝑐 (0+))′} ∪ {0}. Similarly to the cor-

responding part of proof of Theorem 2.39, for all 𝑦 ∈ ℝ+\ I𝑊 (𝜔) and for any
𝑧 > 0, 𝑧 ≠ 𝑖𝑊 (𝜔) (𝑦), we have

𝑈
𝑊 (𝜔)
𝑐 (𝑧) −𝑈𝑊 (𝜔)

𝑐 (𝑖𝑊 (𝜔) (𝑦)) < 𝑦 (𝑧 − 𝑖𝑊 (𝜔) (𝑦)) . (2.43)

Since 𝑑𝑄𝑒

𝑑ℙ
> 0 a.s., the function

ℎ𝑊 (𝜆) = E𝑄𝑒
[
𝑖𝑊

(
𝜆 · 𝑑𝑄

𝑒

𝑑ℙ

)]
= 𝔼

[
𝑑𝑄𝑒

𝑑ℙ
· 𝑖𝑊

(
𝜆 · 𝑑𝑄

𝑒

𝑑ℙ

)]
,

is well defined for all 𝜆 > 0. Since 𝑑𝑄𝑒

𝑑ℙ
> 0 a.s., ℎ𝑊 (𝜆) is continuous and decreasing

due to the continuity of 𝑖𝑊 (·) and the fact that 𝑖𝑊 is decreasing (see Theorem 2.39).
Additionally, we have that

lim
𝜆→∞

ℎ𝑊 (𝜆) = 0, ℎ𝑊 (0) = E𝑄𝑒 [𝑊 ] .

Since E𝑄𝑒 [𝑊 ] > 𝑥 , there exists a positive 𝜆★ such thatℎ(𝜆★) = E𝑄𝑒 [𝑖𝑊 (𝜆★ · 𝑑𝑄
𝑒

𝑑ℙ
)] = 𝑥 .

Let 𝑋★ = 𝑖𝑊 (𝜆★ · 𝑑𝑄
𝑒

𝑑ℙ
). It is evident that 𝑋★ ∈ X𝑊

𝑥 . The proof of the optimality of
𝑋★ is similar to the corresponding part of the proof of Theorem 2.39. Essentially, it
follows from the fact that

ℙ

[
𝜆★ · 𝑑𝑄

𝑒

𝑑ℙ
∈ ℝ+\ I𝑊

]
= 1,

which implies

ℙ

[
𝑈𝑊𝑐 (𝑋 ) −𝑈𝑊𝑐 (𝑋★)

(2.42)
≤ 𝜆★ · 𝑑𝑄

𝑒

𝑑ℙ
(𝑋 − 𝑋★)

]
= 1, (2.44)

ℙ

[
𝑈𝑊𝑐 (𝑋 ) −𝑈𝑊𝑐 (𝑋★)

(2.43)
< 𝜆★ · 𝑑𝑄

𝑒

𝑑ℙ
(𝑋 − 𝑋★)

]
> 0. (2.45)

The proof concludes as in Theorem 2.39. □
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2.5.2 Examples

In this section, we provide examples that demonstrate that the conclusion of
Theorem 2.42 may not hold when𝑊 is a continuous random variable.

We begin by presenting the general setup for the examples. The sample space
is Ω = [ 1

2, 1] and the probability measure ℙ is the normalized Lebesgue measure.
Specifically, for 1

2 ≤ 𝑎 < 𝑏 ≤ 1, we have ℙ( [𝑎, 𝑏]) = 2(𝑏 − 𝑎).
Let𝑊 (𝜔) = 2𝜔 for 𝜔 ∈ Ω, and consider the utility function

𝑈 (𝑥) =


3
√

2
4 · 𝑥 1

2 , 𝑥 ∈ [0, 1
2);

𝑥+1
2 , 𝑥 ∈ [ 1

2, 1);

𝑥
3
4 , 𝑥 ∈ [1,∞).

Observe that the function𝑈 (𝑥) is increasing, continuous on (0, +∞) and satisfies
the mild growth condition.

0 1
2

1
0

3
4

1

𝑥

𝑈 (𝑥)
3
√

2
4 · 𝑥 1

2

𝑥+1
2
𝑥

3
4

Figure 2.5. The utility function𝑈 .

As before, for each 𝜔 ∈ [ 1
2, 1] denote

𝑈𝑊 (𝜔) =

{
𝑈 (𝑥), 𝑥 ∈ [0,𝑊 (𝜔)];
𝑈 (𝑊 (𝜔)), 𝑥 ∈ (𝑊 (𝜔), +∞) .

To construct the concavification, one needs to build the straight line passing
through the points ( 1

2,
3
4) and (2𝜔, (2𝜔) 3

4 ). Therefore, the concavification 𝑈𝑊 (𝜔)
𝑐 of
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0 1
2

1 3
2

0

3
4

1

( 3
2
) 3

4

𝑥

𝑈 𝑘 (𝑥)
3
√

2
4 · 𝑥 1

2

𝑥+1
2
𝑥

3
4( 3

2
) 3

4

Figure 2.6. The utility function𝑈 𝑘 , for 𝑘 = 3
2 .

𝑈𝑊 (𝜔) is given by:

𝑈
𝑊 (𝜔)
𝑐 (𝑥) =


3
√

2
4 · 𝑥 1

2 , 𝑥 ∈ [0, 1
2);

4(2𝜔)
3
4−3

2(4𝜔−1) · 𝑥 − 4(2𝜔)
3
4−3

4(4𝜔−1) + 3
4, 𝑥 ∈ [ 1

2, 2𝜔);

(2𝜔) 3
4 , 𝑥 ∈ [2𝜔,∞) .

Note that the concavification𝑈𝑊 (𝜔)
𝑐 is still increasing and continuous on (0, +∞),

as it preserves the original properties of𝑈𝑊 (𝜔) .

0 1
2

3
2

0

3
4

( 3
2
) 3

4

𝑥

𝑈 𝑘
𝑐 (𝑥)

3
√

2
4 · 𝑥 1

2

𝑎( 3
4) · 𝑥 + 𝑏 ( 3

4)( 3
2
) 3

4

Figure 2.7. The concavified utility function𝑈 𝑘
𝑐 , for 𝑘 = 3

2 .
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The tangent line to the function 𝑥 3
4 , 𝑥 ≥ 1 at the point ( 1

2,
3
4) touches the function

𝑥
3
4 , 𝑥 ≥ 1 approximately at (2.12, 1.76). Since 𝑥 ∈ [ 1

2, 2𝜔) and 2𝜔 ≤ 2, it follows that
𝑈
𝑊 (𝜔)
𝑐 ≥ 𝑈𝑊 (𝜔) . Hence,𝑈𝑊 (𝜔)

𝑐 is indeed the concavification for𝑈𝑊 (𝜔) .
For convenience let us abbreviate 𝑎(𝜔) := 4(2𝜔)

3
4−3

2(4𝜔−1) and 𝑏 (𝜔) := −4(2𝜔)
3
4−3

4(4𝜔−1) + 3
4 .

Observing that

(𝑈𝑊 (𝜔)
𝑐 )′

(1
2
−)

=
3
4 >

4(2𝜔) 3
4 − 3

2(4𝜔 − 1) = (𝑈𝑊 (𝜔)
𝑐 )′

(1
2
+)
, for 𝜔 >

1
4,

we conclude that 𝑈𝑊 (𝜔)
𝑐 is also concave and is the smallest concave function which

is not less than the utility function𝑈𝑊 (𝜔) . Note also that𝑈𝑊 (𝜔) is strictly concave
on the set where𝑈𝑊 (𝜔)

𝑐 (𝑥) = 𝑈𝑊 (𝜔) (𝑥), 𝑥 <𝑊 (𝜔).
The derivative of𝑈𝑊 (𝜔)

𝑐 (𝑥) is

(𝑈𝑊 (𝜔)
𝑐 (𝑥))′ =


3
√

2
8 · 𝑥− 1

2 𝑥 ∈ (0, 1
2);

4(2𝜔)
3
4−3

2(4𝜔−1) , 𝑥 ∈ [ 1
2, 2𝜔);

0, 𝑥 ∈ [2𝜔,∞);

and the inverse function 𝑖𝑊 (𝜔) (𝑦) is

0 1
2

3
2

0

3
5

3
4

𝑥

(𝑈 𝑘
𝑐 (𝑥))′

3
√

2
8 · 𝑥 1

2

𝑎( 3
4)

0

Figure 2.8. The derivative of concavified utility function (𝑈 𝑘
𝑐 )′, for 𝑘 = 3

2 .



84

𝑖𝑊 (𝜔) (𝑦) =


2𝜔, 𝑦 ∈ [0, 𝑐 (𝜔));
1
2, 𝑦 ∈ [𝑐 (𝜔), 3

4);
9
32 · 𝑦

−2, 𝑦 ∈ [ 3
4,∞),

where 𝑐 (𝜔) := 4(2𝜔)
3
4−3

2(4𝜔−1) .

0 3
5

3
4

0

1
2

3
2

𝑦

𝑖𝑘 (𝑦)
3
2
1
2

9
32 · 𝑥

−2

Figure 2.9. The inverse function 𝑖𝑘 of (𝑈 𝑘
𝑐 )′, for 𝑘 = 3

2 .

2.5.2.1 The function ℎ𝑊 (𝜆) may be discontinuous

In this example, the function ℎ𝑊 (𝜆) is not continuous and misses some values of
admissible initial capitals.

Consider 𝑑𝑄
𝑒

𝑑ℙ
(𝜔) = 1

𝜆★
𝑐 (𝜔), for some 𝜆★. In this case we have∫

Ω

𝑑𝑄𝑒

𝑑ℙ
(𝜔)ℙ(𝑑𝜔) = 1.

Thus, ∫
Ω

1
𝜆★
𝑐 (𝜔)ℙ(𝑑𝜔) = 1 ⇐⇒

1∫
1
2

1
𝜆★

· 4(2𝜔) 3
4 − 3

2(4𝜔 − 1) ℙ(𝑑𝜔) = 1 ⇐⇒
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1
𝜆★

1∫
1
2

4(2𝜔) 3
4 − 3

2(4𝜔 − 1) · 2𝑑𝜔 = 1.

Let us compute the integral
1∫

1
2

4(2𝜔) 3
4 − 3

2(4𝜔 − 1) · 2𝑑𝜔

= −4
3 + 4 · 2 3

4

3 − 2
1
4 · arctan(2 1

4 ) + 2
1
4 · arctan(

√
2)

+2
1
4 · arctanh(2 1

4 ) − 2
1
4 · arctanh(

√
2) − 3 ln(3)

4 ≈ 0.59.

Hence, 𝜆★ ≈ 0.59.
Let us choose an initial capital 𝑥 ∈

(
1
2,

3
2

)
and let us prove that E𝑄𝑒 (𝑊 ) > 𝑥 :

E𝑄𝑒 (𝑊 ) = 𝔼

[𝑑𝑄𝑒
𝑑ℙ

· 2𝜔
]
=

1∫
1
2

4(2𝜔) 3
4 − 3

2(4𝜔 − 1) · 1
𝜆★

· 2𝜔 𝑑𝜔

=
1
𝜆★

·
(
− 167

84 + 38 · 2 3
4

21 − arctan(2 1
4 )

2 3
4

+ arctan(
√

2)
2 3

4

+arctanh(2
1
4 )

2 3
4

− arctanh(
√

2)
2 3

4
− 3 ln(3)

8

)
≈ 1.51.

Now we show that function ℎ𝑊 (𝜆) := E𝑄𝑒 [𝑖𝑊 (𝜆𝑑𝑄
𝑒

𝑑ℙ
)] is not continuous at 𝜆★.

Take an increasing sequence 𝜆𝑛 ↑ 𝜆★. Then

ℎ𝑊 (𝜆★) = E𝑄𝑒
[
𝑖𝑊 (𝜆★𝑑𝑄

𝑒

𝑑ℙ
)
]
= E𝑄𝑒

[
𝑖𝑊 (𝑐 (𝜔))

]
= E𝑄𝑒

[1
2

]
=

1
2 .

Since 𝜆𝑛 ↑ 𝜆★, it follows that 𝜆𝑛𝑑𝑄
𝑒

𝑑ℙ
↑ 𝜆★𝑑𝑄

𝑒

𝑑ℙ
. Moreover, 𝜆𝑛𝑑𝑄

𝑒

𝑑ℙ
< 𝜆★

𝑑𝑄𝑒

𝑑ℙ
=: 𝑐 (𝜔) .

Thus

ℎ𝑊 (𝜆𝑛) = E𝑄𝑒
[
𝑖𝑊 (𝜆𝑛

𝑑𝑄𝑒

𝑑ℙ
)
]
= E𝑄𝑒

[
2𝜔

]
= 𝔼

[𝑑𝑄𝑒
𝑑ℙ

· 2𝜔
]
=

1∫
1
2

4(2𝜔) 3
4 − 3

2(4𝜔 − 1) · 1
𝜆★

· 2𝜔2𝑑𝜔 ≈ 1.51.

Since ℎ𝑊 (𝜆) is decreasing, it does not attain the values between 1
2 and 3

2 .
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2.5.2.2 The inequality (2.45)may fail

In this example we consider 𝑥 = 1
2 as initial capital. As mentioned in the previous

example, we know that there exists a value of 𝜆★ ≈ 0.59 such that ℎ𝑊 (𝜆★) = 1
2 .

Denoting 𝜈 (𝑥) = (𝑈𝑊𝑐 )′(𝑥), consider the probability

ℙ

(
𝜆★
𝑑𝑄𝑒

𝑑ℙ
∉ ℝ\I𝑊

)
= ℙ

(
𝜆★
𝑑𝑄𝑒

𝑑ℙ
∈ I𝑊

)
= ℙ

(
𝜆★
𝑑𝑄𝑒

𝑑ℙ
∈

{
𝜈

(
1
2
−)
, 𝜈

(
1
2
+)
, 𝜈

(
(2𝜔)+

)
, 𝜈 (0+), 0

})
= ℙ

(
𝜆★
𝑑𝑄𝑒

𝑑ℙ
∈

{
3
4, 𝑐 (𝜔), 𝜈 (0+), 0

} )
≥ ℙ

(
𝜆★
𝑑𝑄𝑒

𝑑ℙ
= 𝑐 (𝜔)

)
= 1.

Hence, ℙ
(
𝜆★

𝑑𝑄𝑒

𝑑ℙ
∈ ℝ\I𝑊

)
= 0.

2.6 Optimal investments for the robust utility
functional maximization problem in complete
market

This section presents optimal investment strategies for the problemofmaximizing
the robust utility function sup

𝑋∈𝔛(𝑥)
inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑋𝑇 )] under certain assumptions. We

will use the results from Section 2.4.1. Hence, we assume that the equality

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

𝐸
𝑄
[𝑈 (𝑔)], (2.46)

holds for some 𝑄 ∈ Q𝑒 .
Under the assumptions of Theorem 2.13, the assumption above is equivalent

to the minimax identity, as shown in Theorem 2.23. Using Remark 2.6, we can
reformulate our problem as follows:

Find the optimal solution for sup
𝑔∈𝐿0

+(Ω,F ,ℙ)
inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑔)] subject to 𝐸𝑄𝑒 (𝑔) ≤ 𝑥,

(2.47)

where 𝑥 is the initial capital.
Assuming that (2.46) holds, we consider the problem:

Find the optimal solution for sup
𝑔∈𝐿0

+(Ω,F ,ℙ)
𝐸
𝑄
[𝑈 (𝑔)] subject to 𝐸𝑄𝑒 (𝑔) ≤ 𝑥, (2.48)
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where 𝑥 is the initial capital.

Theorem 2.44. Suppose that (2.46) holds. Additionally, assume that 𝑑𝑄
𝑒

𝑑𝑄
is continuous.

Denote

𝑖 (𝑦) =



(𝑈 ′
𝑐 )−1(𝑦)

·𝕀{𝑦 ∈ ℝ+\{∪𝑖∈ℕ{[𝑈 ′
𝑐 (𝑏+𝑖 ),𝑈 ′

𝑐 (𝑎−𝑖 )] ∪ [𝑈 ′
𝑐 (𝑐+𝑖 ),𝑈 ′

𝑐 (𝑐−𝑖 )]}}
+∑

𝑖

𝑎𝑖 · 𝕀{𝑦 ∈ [𝑈 ′
𝑐 (𝑎+𝑖 ),𝑈 ′

𝑐 (𝑎−𝑖 )]}

+∑
𝑖

𝑏𝑖 · 𝕀{𝑦 ∈ [𝑈 ′
𝑐 (𝑏+𝑖 ),𝑈 ′

𝑐 (𝑏−𝑖 ))}

+∑
𝑖

𝑐𝑖 · 𝕀{𝑦 ∈ [𝑈 ′
𝑐 (𝑐+𝑖 ),𝑈 ′

𝑐 (𝑐−𝑖 )]}, 𝑦 < 𝑈 ′
𝑐 (0+);

0, 𝑦 ≥ 𝑈 ′
𝑐 (0+).

Assume that

ℎ(𝜆) = 𝐸𝑄𝑒
[
𝑖

(
𝜆 · 𝑑𝑄

𝑒

𝑑𝑄

)]
< ∞, for all 𝜆 > 0. (2.49)

Then the unique optimal solution to the problem (2.48) is given by 𝑔★ = 𝑖 (𝜆★ · 𝑑𝑄
𝑒

𝑑𝑄
),

where 𝜆★ > 0 and such that 𝐸𝑄𝑒 [𝑖 (𝜆★ · 𝑑𝑄
𝑒

𝑑𝑄
)] = 𝑥, for initial capital 𝑥 .

Remark. If 𝑎1 = 0, then we need to consider𝑈 ′
𝑐 (𝑎+1 ).

Proof. We note that the proof is similar to the proof of Theorem 2.39, but instead
of using ℙ, we consider the measure 𝑄 , which is equivalent to ℙ. Thus, the set
𝐿0
+(Ω, F ,ℙ) coincides with 𝐿0

+(Ω, F , 𝑄), and the unique equivalent local martingale
measure 𝑄𝑒 remains the same. □

Remark 2.45. The solution 𝑔★ is also a unique optimal solution for the problem of

maximizing the concavification of the utility function, i.e.,

sup
𝑔∈𝐶 (𝑥)

𝐸
𝑄
[𝑈𝑐 (𝑔)] = max

𝑔∈𝐶 (𝑥)
𝐸
𝑄
[𝑈𝑐 (𝑔)] = 𝐸𝑄 [𝑈𝑐 (𝑔

★)],

which follows from Remark 2.40 and the proof of the theorem above.

Theorem 2.46. Consider the model setting and utility function as in Section 2.3.2.

Then under the assumptions of Theorem 2.44, Theorem 2.13, and Lemma 2.21, the
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unique optimal solution 𝑔★ for the problem (2.48) is also an optimal solution for (2.47),
in the sense that

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑔)] = inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑔★)] .

Proof. It follows from Lemma 2.21 that there exists 𝑔 ∈ 𝐶 (𝑥) such that

𝑢𝑐 (𝑥) = inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)] . (2.50)

Using (2.46), we also have

𝑢𝑐 (𝑥) = 𝑢𝑐
𝑄
(𝑥) = 𝐸

𝑄
[𝑈𝑐 (𝑔★)] . (2.51)

Furthermore,

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)] ≤ 𝐸
𝑄
[𝑈𝑐 (𝑔)] ≤ 𝑢𝑐

𝑄
(𝑥).

Therefore, combining (2.50) and (2.51), we obtain

𝐸
𝑄
[𝑈𝑐 (𝑔)] = 𝐸𝑄 [𝑈𝑐 (𝑔

★)] .

By Remark 2.45, since 𝑔 is also an optimal solution of the problem (2.48), we have
𝑔 = 𝑔★ almost surely.

Using Remark 2.16 and (2.50), we get

𝑢𝑐 (𝑥) = inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)] = inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] = inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔★)] = inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔★)] .

(2.52)

From Theorem 2.23, we know that assumption (2.46) implies

𝑢𝑐 (𝑥) = 𝑢 (𝑥). (2.53)

Note that 𝑔★ never takes on the values where𝑈 < 𝑈𝑐 . Therefore,

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔★)] = inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔★)] . (2.54)

Combining (2.52), (2.53) and (2.54) we obtain

𝑢𝑐 (𝑥) = inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔★)] = inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔★)] Lemma 2.15
= inf

𝑄∈Q
𝐸𝑄 [𝑈 (𝑔★)] = 𝑢 (𝑥).

□
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Conclusions for Chapter 2

In this chapter, we explored the properties of concavified utility functions and
examined the special case of concavification. We established the minimax identity
for non-concave utility functions by deriving equalities and inequalities to relate
the robust utility functional of the initial utility function and its concavification.
We presented cases in which all the inequalities become equalities, and hence, the
minimax identity for the initial non-concave utility function holds.

We also demonstrated the existence of the "worst-case scenario" measure in two
cases of the infimum of the expected value of the initial utility function and its
concavification.

Furthermore, we derived the existence and uniqueness of the optimal solution to
the standard non-concave utility maximization problem and constructed its explicit
form under the assumption of standard budget constraints. We showed that this
solution is also a unique optimal solution for the maximization problem of the
concavified utility function. In the case of implementing an additional upper bound
given by some random variable, we proved a similar theorem if the given random
variable is discrete and presented examples that show the previous conclusions may
fail in the case of a continuous random variable that represents an upper bound.

Finally, we demonstrated the existence and uniqueness of the optimal solution
to the robust non-concave utility maximization problem and provided a way to
construct it.



Chapter 3

Optimal investments for the non-concave
utility maximization problems in
incomplete market

In this chapter we will deal with incomplete markets. The results we will show
are similar to those from Chapter 2. However, the main difference is that we no
longer assume that the equivalent local martingale measure is unique. We only
assume the no-arbitrage type condition that the set of all equivalent local martingale
measures M𝑒 is not empty. We keep the same notation as in Chapter 2 while
extending its framework.

The aim of this chapter is finding the optimal investment strategies for standard
as well as robust non-concave utility maximization problems.

For model details see Section 2.1.
We assume that for the set Q of all measures Assumption 2.2 holds.

3.1 The minimax identity for the non-concave
utility in incomplete market

As before, we consider a utility function𝑈 : (0,∞) → ℝ, which is non-constant,
non-decreasing, upper semi-continuous and satisfies the mild growth condition:

lim
𝑥→∞

𝑈 (𝑥)
𝑥

= 0,

and such that 𝑈 (∞) > 0. Set 𝑈 (𝑥) = −∞ for 𝑥 < 0, and denote 𝑈 (0) := lim
𝑥↓0

𝑈 (𝑥)
and𝑈 (∞) = lim

𝑥↑∞
𝑈 (𝑥).

90



91

It follows from the [2, Proposition 3.1] that 𝑈 (𝑥) has a non-decreasing and
continuous on (0, +∞) concave envelope, which is denoted by𝑈𝑐 (𝑥).

Recall that

𝑢 (𝑥) = sup
𝑋∈𝔛(𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑋𝑇 )] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑔)];

𝑢𝑄 (𝑥) = sup
𝑋∈𝔛(𝑥)

𝐸𝑄 [𝑈 (𝑋𝑇 )] = sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈 (𝑔)] .

To exclude the trivialities, we impose

Assumption 3.1.

For all 𝑥 > 0 exists some 𝑄 ∈ Q𝑒 such that 𝑢𝑄 (𝑥) < ∞.

Denote

𝑢𝑐 (𝑥) := sup
𝑋∈𝔛(𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑋𝑇 )] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)];

𝑢𝑐𝑄 (𝑥) := sup
𝑋∈𝔛(𝑥)

𝐸𝑄 [𝑈𝑐 (𝑋𝑇 )] = sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)] .

In this chapter we study the same minimax identity, but in a more general
framework.

Besides Assumption 2.2, assume the following.

Assumption 3.2.

𝑢𝑐𝑄0
(𝑥) < ∞ for some 𝑥 > 0 and some 𝑄0 ∈ Q𝑒 .

Lemma 3.3. Suppose that Assumption 2.2 and Assumption 3.2 hold. Then, one has

𝑢𝑐 (𝑥) = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)] = inf
𝑄∈Q

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)]

= sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] = inf
𝑄∈Q𝑒

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)] .

Proof. Noting that the function𝑈𝑐 (𝑥) is non-decreasing, continuous on (0, +∞) and
concave the proof is the same as proof of Lemma 2.14. □

Lemma 3.4. If Assumptions 2.2 and 3.1 hold, then for all 𝑔 ∈ 𝐶 (𝑥),

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑔)] = inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] .
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Proof. The proof is the same as proof of Lemma 2.15. □

Lemma 3.5. If Assumption 2.2 and Assumption 3.1 hold, then

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] .

Proof. The statement is clear from Lemma 3.4. □

The proof of forthcoming results will be based on the ideas of Christian Reichlin
[33]. First, let us introduce the notation and assumption used therein. Recall, that
𝑉 (𝑦) is the conjugate of𝑈 (and𝑈𝑐):

𝑉 (𝑦) = sup
𝑥>0

{𝑈 (𝑥) − 𝑥𝑦}, 𝑦 > 0,

the asymptotic elasticity of 𝑉 was defined by

𝐴𝐸0(𝑉 ) := lim sup
𝑦→0

sup
𝑞∈𝜕𝑉 (𝑦)

|𝑞 |𝑦
𝑉 (𝑦) ;

where 𝜕𝑉 denotes the subdifferential of 𝑉 ; more detailed in the [33, Chapter II].

Assumption 3.6. 𝐴𝐸0(𝑉 ) < ∞.

To define the utility price, that we will use in the following assumption, we first
need to consider a few notations:

𝑌 (𝑦) := {𝑌 ≥ 0|𝔼[𝑌𝑋 ] ≤ 𝑥𝑦 for all 𝑋 ∈ 𝔛(𝑥)};
𝐷 (𝑦) :=

{
ℎ ∈ 𝐿0

+(Ω, F ,ℙ) |0 ≤ ℎ ≤ 𝑌𝑇 , for some 𝑌 ∈ 𝑌 (𝑦)
}
.

Definition. For a distribution 𝐹 on ℝ+, the utility price is defined as

𝑈𝑃 (𝐹 ) := sup
ℎ∈𝐷 (1)

{ 1∫
0

𝑞𝐹 (𝑠)𝑞ℎ (1 − 𝑠)𝑑𝑠
}
.

The last assumption we need is

Assumption 3.7. For any 𝑄 ∈ Q𝑒 and any distribution 𝐹𝑄 on ℝ+ with𝑈𝑃 (𝐹𝑄) < ∞,
there exists 𝑓𝑄 ∈ 𝐶 (𝑈𝑃 (𝐹𝑄)) with 𝑓𝑄 ∼ 𝐹𝑄 . The index of distribution shows the

probability measure under which we consider it.
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For more information on the utility price𝑈𝑃 (𝐹 ), see [33, Chapter IV].

Remark 3.8. Reichlin considers the Assumption 3.7 only with respect to the objective

measure ℙ. However, since we are interested in the robust utility maximization problem,

we need his assumption to work for all 𝑄 ∈ Q𝑒 .

Theorem 3.9 (Theorem 4.6 by Reichlin in [33]). Suppose that Assumption 3.1 (for ℙ

and some 𝑥 > 0), Assumption 3.6 and Assumption 3.7 (for probability measure ℙ) are

satisfied. Then the non-concave problem 𝑢ℙ(𝑥) admits a maximizer and it holds that

𝑢ℙ(𝑥) = 𝑢𝑐ℙ(𝑥), for all 𝑥 > 0. (3.1)

Proof. See [33, Chapter IV]. □

Remark 3.10. At the end of [33, Section IV.5.1] Reichlin showed that Assumption 3.7

is not necessary for equation (3.1) to hold.

Now we can introduce our lemma.

Lemma 3.11. Suppose that Assumptions 3.1, 3.6 and 3.7 are satisfied. Then, for all

𝑥 > 0, it holds that

inf
𝑄∈Q𝑒

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈 (𝑔)] = inf
𝑄∈Q𝑒

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)] .

Proof. There is a sequence 𝑄𝑛 ∈ Q𝑒 such that

lim
𝑛→∞

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄𝑛 [𝑈 (𝑔)] = inf
𝑄∈Q𝑒

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈 (𝑔)] .

It follows from Assumption 3.1 that exists 𝑁 ∈ ℕ such that for all 𝑛 > 𝑁 , we
have sup

𝑔∈𝐶 (𝑥)
𝐸𝑄𝑛 [𝑈 (𝑔)] < ∞.

As in the proof of Lemma 2.18, we can apply Theorem 3.9 for any 𝑄𝑛 ∈ Q𝑒,
𝑛 > 𝑁 . All assumptions remains the same, and the set M𝑒 of all equivalent local
martingale measures does not change. Moreover, the set 𝐿0

+(Ω, F , 𝑄) is the same for
all 𝑄 ∈ Q𝑒 , which means that everything remains true if one uses arbitrary measure
𝑄𝑛 ∈ Q𝑒, 𝑛 > 𝑁 , in place of ℙ.

Hence, from the Theorem 3.9 follows that

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄𝑛 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

𝐸𝑄𝑛 [𝑈𝑐 (𝑔)], for all 𝑄𝑛 ∈ Q𝑒 with 𝑛 > 𝑁 .
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Consequently,

lim
𝑛→∞

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄𝑛 [𝑈 (𝑔)] = lim
𝑛→∞

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄𝑛 [𝑈𝑐 (𝑔)] .

Due to the choice of sequence 𝑄𝑛, we have

inf
𝑄∈Q𝑒

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈 (𝑔)] = lim
𝑛→∞

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄𝑛 [𝑈 (𝑔)]

= lim
𝑛→∞

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄𝑛 [𝑈𝑐 (𝑔)] ≥ inf
𝑄∈Q𝑒

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)] .

The proof then follows from the fact that𝑈 ≤ 𝑈𝑐 . □

Lemma 3.12. For all 𝑥 > 0, it holds that

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] ≤ sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] .

Proof. It is obvious from the definition of𝑈𝑐 . □

Theorem 3.13. Suppose that Assumptions 2.2, 3.1, 3.2, 3.6, 3.7 are satisfied. Then, the

following chain of equations and inequalities holds.

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)]
(1★)
= sup

𝑔∈𝐶 (𝑥)
inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)]
(2★)
= inf

𝑄∈Q
sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)]

≤ (4★) =(3★)
sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] inf
𝑄∈Q𝑒

sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈𝑐 (𝑔)]

=(6★) =(5★)

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑔)]
(7★)
≤ inf

𝑄∈Q
sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈 (𝑔)]
(8★)
≤ inf

𝑄∈Q𝑒
sup
𝑔∈𝐶 (𝑥)

𝐸𝑄 [𝑈 (𝑔)] .

Proof. • (1★)–(3★) follow from Lemma 3.3;
• (4★) follows from Lemma 3.12;
• (5★) follows from Lemma 3.11;
• For (6★), see Lemma 3.5;
• The inequality (7★) follows from the fact that for all 𝑄̂ ∈ Q and ℎ ∈ 𝐶 (𝑥), it
holds that

inf
𝑄∈Q

𝐸𝑄 [𝑈 (ℎ)] ≤ sup
𝑔∈𝐶 (𝑥)

𝐸𝑄̂ [𝑈 (𝑔)];

• Since Q𝑒 ⊆ Q, the inequality (8★) is clear. □
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From now on, assume that 𝑈 (0) is finite, i.e. 𝑈 : [0,∞) → ℝ. The next two
theorems present the conditions under which all inequalities in the Theorem 3.13
are equalities and, consequently, when the minimax identity holds for the general
framework of non-concave utility functions.

Theorem 3.14. Suppose that all assumptions from Theorem 3.13 holds.

Then, for all 𝑥 > 0, the next two equalities are equivalent
(i) sup

𝑔∈𝐶 (𝑥)
inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

𝐸
𝑄
[𝑈 (𝑔)], for 𝑄 ∈ Q𝑒 ;

(ii) sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] .

Proof. Suppose (𝑖) holds. If sup
𝑔∈𝐶 (𝑥)

𝐸
𝑄
[𝑈 (𝑔)] = ∞, then, since𝑈 ≤ 𝑈𝑐, it follows that

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] = ∞.

However, this case is trivial. Hence, assume sup
𝑔∈𝐶 (𝑥)

𝐸
𝑄
[𝑈 (𝑔)] < ∞.

Therefore, from Theorem 3.9, due to the arguments of Lemma 3.11, it follows
that

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

𝐸
𝑄
[𝑈 (𝑔)] = sup

𝑔∈𝐶 (𝑥)
𝐸
𝑄
[𝑈𝑐 (𝑔)] ≥ sup

𝑔∈𝐶 (𝑥)
inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] .

Noting that for all 𝑥 ≥ 0 one has𝑈𝑐 (𝑥) ≥ 𝑈 (𝑥),

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] ≤ sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] .

Which gives us (𝑖𝑖).
The proof from (𝑖𝑖) to (𝑖) is the same as in Theorem 2.23. □

Recall Remark 2.22 and 𝑄0 from Assumption 2.25.

Theorem 3.15. Suppose that all assumptions from Lemma 2.21 and Theorem 3.13

hold. Assume that at least one of the items below holds

(i) Exists such a measure 𝑄 ∈ Q𝑒 that for all 𝑔 ∈ 𝐶 (𝑥) : inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] =

𝐸
𝑄
[𝑈𝑐 (𝑔)];

(ii) For any sequence 𝑔𝑛 ∈ 𝐶 (𝑥) such that lim
𝑛→∞

𝐸
𝑄0
[𝑈𝑐 (𝑔𝑛)] = sup

𝑔∈𝐶 (𝑥)
inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)]

it holds that lim
𝑛→∞

𝐸
𝑄0
[𝑈𝑐 (𝑔𝑛)] = lim

𝑛→∞
inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔𝑛)] .



96

Then, one has

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔)] .

Hence, all inequalities in the Theorem 3.13 turn to equalities.

Proof. The proof is the same as in Theorem 2.26, however, we can no longer use the
[34, Proposition 5.3]. Instead, we refer to the proofs of Theorem 4.6 and Proposition
4.7 [33].

From [33, Proposition 4.7] follows that for each 𝑔 ∈ 𝐶 (𝑥), there is a distribution
𝐹★, such that for each ℎ ∈ 𝐷 (1), there exists 𝑔★

ℎ
∈ 𝐿0

+(Ω, F ,ℙ) with 𝑔★
ℎ
∼ 𝐹★,

moreover, 𝔼[ℎ𝑔★
ℎ
] ≤ 𝔼[ℎ𝑔] and 𝔼[𝑈 (𝑔★

ℎ
)] = 𝔼[𝑈𝑐 (𝑔)] . Besides, it follows from the

first part of the proof of [33, Proposition 4.7] that ℙ
(
𝑔★
ℎ
∈ {𝑈 < 𝑈𝑐}

)
= 0. Next, it

follows from the proof of the [33, Theorem 4.6] that there exists 𝑔★ ∈ 𝐶 (𝑥) with
𝑔★ ∼ 𝐹★. By combining all of the results above, we obtain that for each 𝑔 ∈ 𝐶 (𝑥),
exists 𝑔★ ∈ 𝐶 (𝑥) such that ℙ(𝑔★ ∈ {𝑈 < 𝑈𝑐}) = 0 and

𝔼[𝑈𝑐 (𝑔)] = 𝔼[𝑈 (𝑔★)] = 𝔼[𝑈𝑐 (𝑔★)] . (3.2)

As before, due to all assumptions of the theorem, we can use 𝑄 ∼ ℙ in place of
ℙ. Hence, (3.2) holds for measures 𝑄 and 𝑄0. This is the result of [34, Proposition
5.3] used in the proof of Theorem 2.26. Also, instead of Lemma 2.14, as in the proof
of Theorem 2.26, is used Lemma 3.3. □

3.2 Optimal investments for the concavified
maximization problems in incomplete market

In this section, we focus on constructing the optimal investment strategies
for concavified utility functions within the context of incomplete markets. Our
objective is to maximize the utility function, specifically sup

𝑋∈𝔛(𝑥)
𝔼[𝑈𝑐 (𝑋𝑇 )] .

Consider a utility function 𝑈 : [0,∞) → ℝwhich is strictly increasing, at least
twice continuously differentiable and satisfying a mild growth condition:

lim
𝑥→∞

𝑈 (𝑥)
𝑥

= 0.
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As before by,𝑈𝑐 : [0,∞) → ℝ denote the concave envelope of𝑈 . The concave
envelope𝑈𝑐 is increasing, continuously differentiable on (0,∞), and it also satisfies
the mild growth condition, see Lemma 2.19 and Lemma 2.20.

3.2.1 Optimal investments for the standard problem of
maximization the concavified utility function in
incomplete market

This section focuses on presenting the optimal investment strategies for the
standard problem of maximizing the concavified utility function in an incomplete
market. Specifically, we aim to find sup

𝑋∈𝔛(𝑥)
𝔼[𝑈𝑐 (𝑋𝑇 )] .

Recall that

𝑢𝑐𝑃 (𝑥) = sup
𝑋∈𝔛(𝑥)

𝔼[𝑈𝑐 (𝑋𝑇 )] .

To exclude trivialities, we assume throughout this section that

𝑢𝑐𝑃 (𝑥) < ∞ for some 𝑥 > 0. (3.3)

From now on we use the duality theory. Let us first introduce some relevant
notation and results.

3.2.1.1 Duality theory

Define the convex conjugate function 𝑉 of𝑈 :

𝑉 (𝑦) = sup
𝑥>0

(𝑈 (𝑥) − 𝑥𝑦), 𝑦 > 0.

The utility function 𝑈 in our case is not concave and does not satisfy the Inada
condition in zero. Moreover, the concave envelope𝑈𝑐 is not strictly concave and the
Inada condition in zero does not hold as well. Hence, the convex conjugate 𝑉 is not
smooth and not strictly decreasing in general.

It follows from the [34, Lemma 2.9] that the function 𝑉 is convex, decreasing,
finite on (0,∞). The utility 𝑈 and its concave envelope 𝑈𝑐 have the same convex
conjugate. Moreover, it holds that

𝑈𝑐 (𝑥) − 𝑥𝑦 = 𝑉 (𝑦) ⇐⇒ 𝑥 ∈ −𝜕𝑉 (𝑦) ⇐⇒ 𝑦 ∈ 𝜕𝑈𝑐 (𝑥). (3.4)



98

The dual value function 𝑣𝑃 for 𝑢𝑃 is given by

𝑣𝑃 (𝑦) := inf
𝑌∈Y(𝑦)

𝔼[𝑉 (𝑌𝑇 )], 𝑦 > 0,

where the space Y(𝑦) is defined as

Y(𝑦) = {𝑌 ≥ 0|𝑌0 = 𝑦 and 𝑋𝑌 is a ℙ − supermartingale for all 𝑋 ∈ 𝔛(1)}.

As in [25, 26] consider sets:

𝐶 (𝑥) = {𝑔 ∈ 𝐿0
+(Ω, F𝑇 ,ℙ) |0 ≤ 𝑔 ≤ 𝑋𝑇 for some 𝑋 ∈ 𝔛(𝑥)};

𝐷 (𝑦) = {ℎ ∈ 𝐿0
+(Ω, F𝑇 ,ℙ) |0 ≤ ℎ ≤ 𝑌𝑇 for some 𝑌 ∈ Y(𝑦)}.

It is easy to see that

𝑢𝑃 (𝑥) = sup
𝑔∈𝐶 (𝑥)

𝔼[𝑈 (𝑔)];

𝑢𝑐𝑃 (𝑥) = sup
𝑔∈𝐶 (𝑥)

𝔼[𝑈𝑐 (𝑔)];

𝑣𝑃 (𝑦) = inf
ℎ∈𝐷 (𝑦)

𝔼[𝑉 (ℎ)] .

Moreover, if there is an optimal 𝑔 or ℎ, then they are clearly correspond to some
𝑋 ∈ 𝔛(𝑥) or 𝑌 ∈ Y(𝑦) respectively.

The subset 𝑆 of 𝐿0
+(Ω, F𝑇 ,ℙ) is called solid if from 0 ≤ 𝑓 ≤ 𝑔 and 𝑔 ∈ 𝑆 it follows

that 𝑓 ∈ 𝑆.
By virtue of [25, Proposition 3.1], we have the following:
(i) 𝐶 (𝑥) and 𝐷 (𝑦) are subsets of 𝐿0

+(Ω, F𝑇 ,ℙ) which are convex, solid and closed
in the topology of convergence in measure.

(ii)

𝑔 ∈ 𝐶 (𝑥) ⇐⇒ 𝑔 ≥ 0 and sup
ℎ∈𝐷 (𝑦)

𝔼[ℎ𝑔] ≤ 𝑥𝑦;

ℎ ∈ 𝐷 (𝑦) ⇐⇒ ℎ ≥ 0 and sup
𝑔∈𝐶 (𝑥)

𝔼[ℎ𝑔] ≤ 𝑥𝑦. (3.5)

(iii) 𝐶 (𝑥) is a bounded subset of 𝐿0
+(Ω, F𝑇 ,ℙ) and contains the constant function

𝑥 .
Assume that

𝑈𝑐 (0) ≥ 0. (3.6)
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In this case,

𝑉 (𝑦) = sup
𝑥>0

(𝑈𝑐 (𝑥) − 𝑥𝑦) ≥ 𝑈𝑐 (0) ≥ 0 for all 𝑦 > 0;

𝑉𝑛 (𝑦) = sup
0<𝑥≤𝑛

(𝑈𝑐 (𝑥) − 𝑥𝑦) ≥ 𝑈𝑐 (0) ≥ 0 for all 𝑦 > 0.

Since 𝑉𝑛 (𝑦) ≥ 0 for all 𝑦 > 0 and in view of the assumption (3.3), it follows from
the proof of the [25, Lemma 3.4] that

𝑣𝑃 (𝑦) = sup
𝑥>0

(𝑢𝑐𝑃 (𝑥) − 𝑥𝑦) for each 𝑦 > 0. (3.7)

Theorem 3.16. Let the assumptions (3.3) and (3.6) hold. Then, for any 𝑥0 > 0, there
exist some 𝑔 ∈ 𝐶 (𝑥0), 𝑦 > 0 and ℎ̂ ∈ 𝐷 (𝑦) such that

(i) 𝑢𝑐
𝑃
(𝑥0) = 𝑣𝑃 (𝑦) + 𝑥0𝑦,

(ii) 𝑢𝑐
𝑃
(𝑥0) = inf

𝑦>0
(𝑣𝑃 (𝑦) + 𝑥0𝑦).

If additionally 𝑣𝑃 (𝑦) < ∞ for all 𝑦 > 0, then
(iii) 𝑣𝑃 (𝑦) = 𝔼[𝑉 (ℎ̂)],
(iv) 𝑢𝑐

𝑃
(𝑥0) = 𝔼[𝑈𝑐 (𝑔)] .

Moreover, 𝑣𝑃 (·) is convex.

Proof. Fix 𝑥0 > 0. For all 𝑦 > 0, we have

𝑢𝑐𝑃 (𝑥0) ≤ sup
𝑥>0

[𝑢𝑐𝑃 (𝑥) − 𝑥𝑦] + 𝑥0𝑦. (3.8)

Let us prove that there exists 𝑦 > 0 such that for all 𝑥 > 0 the following holds:

𝑢𝑐𝑃 (𝑥0) ≥ 𝑢𝑐𝑃 (𝑥) − 𝑥𝑦 + 𝑥0𝑦. (3.9)

This is equivalent to

𝑢𝑐𝑃 (𝑥) − 𝑢𝑐𝑃 (𝑥0) ≤ 𝑦 (𝑥 − 𝑥0).

Since 𝑢𝑐
𝑃
is concave (see [37, Lemma 3.1 (b)]), Lemma A.7 yields the existence of

such 𝑦. Moreover, from 𝑢𝑐′𝑃 (𝑥+0 ) ≤ 𝑢𝑐
′
𝑃 (𝑥−0 ) it follows that 𝑦 ∈ [𝑢𝑐′𝑃 (𝑥+0 ), 𝑢𝑐

′
𝑃 (𝑥−0 )] .

Therefore, (3.9) gives

𝑢𝑐𝑃 (𝑥0) ≥ sup
𝑥>0

[𝑢𝑐𝑃 (𝑥) − 𝑥𝑦] + 𝑥0𝑦.
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Thus, in view of (3.8), we have

𝑢𝑐𝑃 (𝑥0) = sup
𝑥>0

[𝑢𝑐𝑃 (𝑥) − 𝑥𝑦] + 𝑥0𝑦.

From (3.7) we then derive (𝑖) .
To prove (𝑖𝑖), note that thanks to (3.7), it holds for all 𝑥0, 𝑦 > 0 that

𝑢𝑐𝑃 (𝑥0) ≤ 𝑣𝑃 (𝑦) + 𝑥𝑦.

Hence,

𝑢𝑐𝑃 (𝑥0) ≤ inf
𝑦>0

(𝑣𝑃 (𝑦) + 𝑥0𝑦).

From (𝑖) we have that

𝑢𝑐𝑃 (𝑥0) ≥ inf
𝑦>0

(𝑣𝑃 (𝑦) + 𝑥0𝑦).

This gives us (𝑖𝑖).
The definition of 𝑣𝑃 (𝑦) implies the existence of a sequence (ℎ𝑛) ∈ 𝐷 (𝑦) such

that

lim
𝑛→∞

𝔼[𝑉 (ℎ𝑛)] = inf
ℎ∈𝐷 (𝑦)

𝔼[𝑉 (ℎ)] .

By utilizing the Kolmos-type argument (see [13, Lemma A1.1]), we can find a
sequence (ℎ̂𝑛), 𝑛 ∈ ℕ that belongs to the convex hull of (ℎ𝑛, ℎ𝑛+1, . . . ) and converges
almost surely to some non-negative ℎ̂.

Since 𝐷 (𝑦) is both convex and closed with respect to convergence in measure,
it follows that 𝐷 (𝑦) is closed under countable convex combinations. Therefore,
(ℎ̂𝑛) ∈ 𝐷 (𝑦). Furthermore, as 𝐷 (𝑦) is closed in the topology of convergence in
measure, we have ℎ̂ ∈ 𝐷 (𝑦).

For each 𝑛 ∈ ℕ, there exists a sequence 𝛼𝑛𝑖 ∈ ℝ+ such that
∑
𝑖∈ℕ

𝛼𝑛𝑖 = 1 and

ℎ̂𝑛 =
∑
𝑖∈ℕ

𝛼𝑛𝑖 ℎ𝑛+𝑖−1.
By noting that𝑉 is a convex function and continuous on (0,∞), and considering

the assumption of the theorem, we draw the following conclusion:

lim sup
𝑛→∞

𝔼[𝑉 (ℎ̂𝑛)] = lim sup
𝑛→∞

𝔼

[
𝑉

(∑︁
𝑖∈ℕ

𝛼𝑛𝑖 ℎ𝑛+𝑖−1

)]
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continuity of 𝑉
≤ lim sup

𝑛→∞

∑︁
𝑖∈ℕ

𝛼𝑛𝑖 · 𝔼 [𝑉 (ℎ𝑛+𝑖−1)] = inf
ℎ∈𝐷 (𝑦)

𝔼[𝑉 (ℎ)] .

The last equality here holds due to Proposition A.2.
Since lim inf

𝑛→∞
𝔼[𝑉 (ℎ̂𝑛)] ≤ lim sup

𝑛→∞
𝔼[𝑉 (ℎ̂𝑛)] and ℎ̂𝑛 ∈ 𝐷 (𝑦), we obtain

lim
𝑛→∞

𝔼[𝑉 (ℎ̂𝑛)] = inf
ℎ∈𝐷 (𝑦)

𝔼[𝑉 (ℎ)] .

Noting that 𝑉 (𝑦) ≥ 0, 𝑦 > 0, one has

𝔼[𝑉 (ℎ̂)] = 𝔼[lim inf
𝑛→∞

𝑉 (ℎ̂𝑛)] ≤ lim inf
𝑛→∞

𝔼[𝑉 (ℎ̂𝑛)] = inf
ℎ∈𝐷 (𝑦)

𝔼[𝑉 (ℎ)] .

This proves (𝑖𝑖𝑖).
Since 𝑣𝑃 (𝑦) < ∞ for 𝑦 > 0, it follows from (𝑖𝑖) that

lim
𝑥→∞

𝑢𝑐
𝑃
(𝑥)
𝑥

= 0.

Hence, (𝑖𝑣) follows from [26, Lemma 1].
It remains to show that 𝑣𝑃 (·) is convex. For 𝜆 ∈ (0, 1), observe that for ℎ̂1 ∈ 𝐷 (𝑦1)

and ℎ̂2 ∈ 𝐷 (𝑦2), we have (𝜆ℎ̂1 + (1 − 𝜆)ℎ̂2) ∈ 𝐷 (𝜆𝑦1 + (1 − 𝜆)𝑦2), and therefore,

𝜆𝑣𝑃 (𝑦1) + (1 − 𝜆)𝑣𝑃 (𝑦2) = 𝜆𝔼[𝑉 (ℎ̂1)] + (1 − 𝜆)𝔼[𝑉 (ℎ̂2)] ≥
𝔼[𝑉 (𝜆ℎ̂1 + (1 − 𝜆)ℎ̂2)] ≥ inf

ℎ∈𝐷 (𝜆𝑦1+(1−𝜆)𝑦2)
𝔼[𝑉 (ℎ)] = 𝑣𝑃 (𝜆𝑦1 + (1 − 𝜆)𝑦2) .

□

Theorem 3.17. Let 𝑣𝑃 (𝑦) < ∞ for all 𝑦 > 0, and the assumptions (3.3) and (3.6) hold.
Then, for any 𝑥 > 0, there exists an optimal strategy 𝑋 ∈ 𝔛(𝑥) such that

𝑢𝑐𝑃 (𝑥) = 𝔼[𝑈𝑐 (𝑋𝑇 )] .

There also exist some 𝑦 > 0 and 𝑌 ∈ Y(𝑦) such that

𝑣𝑃 (𝑦) = 𝔼[𝑉 (𝑌𝑇 )] and 𝑢𝑐𝑃 (𝑥) = 𝑣𝑃 (𝑦) + 𝑥𝑦.

Furthermore, 𝑋𝑇 ∈ −𝜕𝑉 (𝑌𝑇 ), and 𝑋𝑌 is a martingale.

Proof. It follows from Theorem 3.16 (𝑖𝑣) that for all 𝑥 > 0, there exists an optimal
strategy 𝑋 ∈ 𝔛(𝑥). Furthermore, from Theorem 3.16 (𝑖) and (𝑖𝑖𝑖), there exist 𝑦 > 0
and 𝑌 ∈ Y(𝑦) such that

𝑢𝑐𝑃 (𝑥) = 𝔼[𝑈𝑐 (𝑋𝑇 )];
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𝑣𝑃 (𝑦) = 𝔼[𝑉 (𝑌𝑇 )];
𝑢𝑐𝑃 (𝑥) = 𝑣𝑃 (𝑦) + 𝑥𝑦.

Since 𝑉 is a convex conjugate of𝑈𝑐 , we have that

𝑉 (ℎ̂) + 𝑔ℎ̂ −𝑈𝑐 (𝑔) ≥ 0,

where ℎ̂ = 𝑌𝑇 . Hence,

0 ≤ 𝔼[𝑉 (ℎ̂) + 𝑔ℎ̂ −𝑈𝑐 (𝑔)]

= 𝑣𝑃 (𝑦) + 𝔼[𝑔ℎ̂] − 𝑢𝑐𝑃 (𝑥)
(3.5)
≤ 𝑣𝑃 (𝑦) + 𝑥𝑦 − 𝑢𝑐𝑃 (𝑥) = 0. (3.10)

Consequently,

𝑉 (ℎ̂) + 𝑔ℎ̂ −𝑈𝑐 (𝑔) = 0.

From (3.4) we have that

𝑔 ∈ −𝜕𝑉 (ℎ̂) .

This is equivalent to

𝑋𝑇 ∈ −𝜕𝑉 (𝑌𝑇 ).

Note also that (3.10) implies the equality 𝔼[𝑋𝑇𝑌𝑇 ] = 𝔼[𝑔ℎ̂] = 𝑥𝑦.
Since 𝑋𝑌 is a ℙ−supermartingale for all 𝑋 ∈ X(𝑥), it holds for all 𝑠 ≤ 𝑇 that

𝔼[𝑋𝑇𝑌𝑇 |F𝑠] ≤ 𝑋𝑠𝑌𝑠 .

This leads to

𝔼[𝑋𝑇𝑌𝑇 ] ≤ 𝔼[𝑋𝑠𝑌𝑠] ≤ 𝑋0𝑌0 = 𝑥𝑦.

Hence, all the above inequalities are in fact equalities, and for all 0 ≤ 𝑠 ≤ 𝑇 ,

𝔼[𝑋𝑠𝑌𝑠] = 𝑋0𝑌0 = 𝑥𝑦. (3.11)

Assume that there exists 𝐴 ∈ F such that ℙ(𝐴) > 0 and 𝔼[𝑋𝑡𝑌𝑡 | F𝑠] < 𝑋𝑠𝑌𝑠

on 𝐴 for some 0 ≤ 𝑠 ≤ 𝑡 . Then, 𝔼[𝑋𝑡𝑌𝑡 ] < 𝔼[𝑋𝑠𝑌𝑠], contradicting (3.11). Hence,
𝔼[𝑋𝑡𝑌𝑡 |F𝑠] = 𝑋𝑠𝑌𝑠 ℙ−a.s. for all 0 ≤ 𝑠 ≤ 𝑡 . □
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3.2.2 Optimal investments for the problem of maximization
the robust concavified utility functional in incomplete
market

In this subsection we present the optimal investment strategies for the maximiza-
tion problem of the robust concavified utility function, i.e. sup

𝑋∈𝔛(𝑥)
inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑋𝑇 )] .

This problem was already solved by authors of [37] in general incomplete
market for a strictly increasing, strictly concave, continuously differentiable utility
functions defined on (0,∞) and satisfying the Inada conditions. The concavified
utility function 𝑈𝑐 does not satisfy all the assumptions above. Nevertheless, 𝑈𝑐 is
strictly increasing, concave, continuously differentiable on the (0,∞), and it satisfies
the Inada conditions at∞, see Lemma 2.19 and Lemma 2.20.

Moreover, we will assume that (3.6) holds, and hence, 𝑉 (𝑦) ≥ 0 and 𝑉𝑛 (𝑦) =
sup

0<𝑥≤𝑛
(𝑈𝑐 (𝑥) − 𝑥𝑦) ≥ 0 for all 𝑦 > 0.

In order to establish the results of this subsection, we will often refer to the
article [37], so let us we present its notation.

First, consider the sets

Y𝑄 (𝑦) = {𝑌 ≥ 0|𝑌0 = 𝑦 and 𝑋𝑌 is a 𝑄 − supermartingale for all 𝑋 ∈ 𝔛(1)};
𝐷𝑄 (𝑦) = {ℎ ∈ 𝐿0

+(Ω, F𝑇 ,ℙ) |0 ≤ ℎ ≤ 𝑌𝑇 for some 𝑌 ∈ Y𝑄 (𝑦)}.

Recall from Lemma 3.3 that

𝑢𝑐 (𝑥) = inf
𝑄∈Q𝑒

𝑢𝑐𝑄 (𝑥). (3.12)

Denote the dual value function 𝑣𝑄 by

𝑣𝑄 (𝑦) := inf
𝑌∈Y𝑄 (𝑦)

𝐸𝑄 [𝑉 (𝑌𝑇 )] .

It is easy to see that 𝑣𝑄 (𝑦) = inf
ℎ∈𝐷𝑄 (𝑦)

𝐸𝑄 [𝑉 (ℎ)] .

The dual value function of the robust problem is defined by

𝑣 (𝑦) := inf
𝑄∈Q𝑒

𝑣𝑄 (𝑦).

Assume that for all 𝑄 ∈ Q𝑒 ,

𝑢𝑐𝑄 (𝑥) < ∞ for some 𝑥 > 0. (3.13)
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Theorem 3.18. Fix arbitrary 𝑄 ∈ Q𝑒 . Suppose that the assumptions (3.13) and (3.6)
hold.

For any 𝑥0 > 0, there exist some 𝑔 ∈ 𝐶 (𝑥0), 𝑦 > 0 and ℎ̂ ∈ 𝐷𝑄 (𝑦) such that
(i) 𝑢𝑐

𝑄
(𝑥0) = 𝑣𝑄 (𝑦) + 𝑥0𝑦,

(ii) 𝑢𝑐
𝑄
(𝑥0) = inf

𝑦>0
(𝑣𝑄 (𝑦) + 𝑥0𝑦).

Inf additionally 𝑣𝑄 (𝑦) < ∞ for all 𝑦 > 0, then
(iii) 𝑣𝑄 (𝑦) = 𝐸𝑄 [𝑉 (ℎ̂)],
(iv) 𝑢𝑐

𝑄
(𝑥0) = 𝐸𝑄 [𝑈𝑐 (𝑔)] .

Moreover, 𝑣𝑄 (·) is convex.

Proof. The proof is the same as that of Theorem 3.16. □

We are now in the position to formulate a similar result for the robust problem.
We want the dual value function to be finite, so we introduce the following
assumption:

𝑣𝑄 (𝑦) < ∞ for all 𝑄 ∈ Q𝑒 and all 𝑦 > 0. (3.14)

Theorem 3.19. Suppose that all assumptions of Lemma 2.21 hold as well as (3.6) and
(3.14) .

For any 𝑥0 > 0, there exist some 𝑄 ∈ Q𝑒 , 𝑦 > 0 and ℎ̂ ∈ 𝐷
𝑄
(𝑦) such that

(i) 𝑢𝑐 (𝑥0) = 𝑢𝑐
𝑄
(𝑥0),

(ii) 𝑢𝑐 (𝑥0) = inf
𝑦>0

(𝑣 (𝑦) + 𝑥0𝑦),
(iii) 𝑢𝑐 (𝑥0) = 𝑣 (𝑦) + 𝑥0𝑦,

(iv) 𝑣 (𝑦) = 𝑣
𝑄
(𝑦) = 𝐸

𝑄
[𝑉 (ℎ̂)] .

Proof. The proof of (𝑖) follows from Lemma 2.21 due to Remark 2.22 and Lemma 2.21.
Note that 𝑍 is the Radon–Nikodym density of𝑄, so it is an almost sure limit of a

sequence 𝑍𝑛 ∈ Z𝑒 with 𝑢𝑐𝑄𝑛 (𝑥0) → 𝑢𝑐 (𝑥0), 𝑛 → ∞ (see proofs of Theorem 2.23 or
[37, Lemma 4.1 (a)]). Furthermore, it follows from the first part of the proof of [37,
Lemma 4.1 (a)] that

𝑢𝑐
′(𝑥+0 ) ≤ lim inf

𝑛→∞
𝑢𝑐

′
𝑄𝑛
(𝑥+0 ) ≤ lim sup

𝑛→∞
𝑢𝑐

′
𝑄𝑛
(𝑥−0 ) ≤ 𝑢𝑐

′(𝑥−0 ). (3.15)

From Theorem 3.18 (𝑖𝑖) it follows that for all 𝑄 ∈ 𝑄𝑒 and 𝑦 > 0,

𝑢𝑐𝑄 (𝑥0) ≤ 𝑣𝑄 (𝑦) + 𝑥0𝑦.
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Therefore,

inf
𝑄∈Q𝑒

𝑢𝑐𝑄 (𝑥0) ≤ inf
𝑄∈Q𝑒

(𝑣𝑄 (𝑦) + 𝑥0𝑦).

Consequently, it follows from the (3.12) and the definition of dual value function for
robust problem that

𝑢𝑐 (𝑥0) ≤ 𝑣 (𝑦) + 𝑥0𝑦.

Since 𝑦 > 0 is arbitrary, we have that

𝑢𝑐 (𝑥0) ≤ inf
𝑦>0

(𝑣 (𝑦) + 𝑥0𝑦). (3.16)

To prove the opposite inequality, consider the sequence 𝑄𝑛 such that

𝑢𝑐 (𝑥0) = lim
𝑛→∞

𝑢𝑐𝑄𝑛 (𝑥0).

From the Theorem 3.18 (𝑖) follows that for each 𝑄𝑛 exists 𝑦𝑛 ∈ [𝑢𝑐′𝑄𝑛 (𝑥
+
0 ), 𝑢𝑐

′
𝑄𝑛
(𝑥−0 )]

such that

𝑢𝑐𝑄𝑛 (𝑥0) = 𝑣𝑄𝑛 (𝑦𝑛) + 𝑥0𝑦𝑛 .

Taking a subsequence if necessary, we can assume that sequence (𝑦𝑛) converges to
some 𝑦 ∈ [𝑢𝑐′(𝑥+0 ), 𝑢𝑐

′(𝑥−0 )], due to (3.15). Since 𝑢𝑐 is strictly increasing, we have
𝑦 > 0. Therefore, we have that

𝑢𝑐 (𝑥0) = lim
𝑛→∞

𝑢𝑐𝑄𝑛 (𝑥0) = lim
𝑛→∞

(
𝑣𝑄𝑛 (𝑦𝑛) + 𝑥0𝑦𝑛

)
≥ lim sup

𝑛→∞
(𝑣 (𝑦𝑛) + 𝑥0𝑦𝑛) ≥ inf

𝑦>0
(𝑣 (𝑦) + 𝑥0𝑦). (3.17)

The proof of (𝑖𝑖) is concluded by noting (3.16).
To prove (𝑖𝑖𝑖), we use the results of the [37]. Thanks to (3.6), it holds that

𝑉 (𝑦) ≥ 0 as well as𝑉𝑛 (𝑦) ≥ 0. From the assumption (3.14) we obtain that 𝑣 (𝑦) < ∞.
Hence, it follows from the [37, Lemma 3.7] that 𝑣 is convex, thus it is continuous on
(0,∞). Since 𝑦𝑛 converges almost surely to 𝑦 > 0, it follows from (3.17) that

𝑢𝑐 (𝑥0) = lim
𝑛→∞

(𝑣 (𝑦𝑛) + 𝑥0𝑦𝑛) = 𝑣 (𝑦) + 𝑥0𝑦. (3.18)

Thus, it remains to show (𝑖𝑣). It follows from (3.17) and (3.18) that

lim
𝑛→∞

𝑣𝑄𝑛 (𝑦𝑛) = 𝑣 (𝑦) .
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Theorem 3.18 (𝑖𝑖𝑖) implies the existence of ℎ′𝑛 ∈ 𝐷𝑄𝑛 (𝑦𝑛), such that

𝑣𝑄𝑛 (𝑦𝑛) = 𝐸𝑄𝑛 [𝑉 (ℎ′𝑛)],

for all 𝑛 ∈ ℕ. This is equivalent to the existence of ℎ𝑛 ∈ 𝐷 (𝑦𝑛) such that

𝑣𝑄𝑛 (𝑦𝑛) = 𝔼

[
𝑍𝑛𝑉

(
ℎ𝑛

𝑍𝑛

)]
,

where 𝑍𝑛 ∈ Z𝑒 are the densities corresponding to the measures 𝑄𝑛 .
The Kolmos–type argument (see [13, Lemma A1.1]) yields a sequence (ℎ̃𝑛)𝑛∈ℕ ∈

𝑐𝑜𝑛𝑣 (ℎ𝑛, ℎ𝑛+1, . . . ) such that ℎ̃𝑛 converges ℙ−a.s. to some ℎ̃.
Now we show that ℎ̃ ∈ 𝐷 (𝑦). For each 𝑛 ∈ ℕ, there is a sequence of 𝛼𝑛𝑖 ∈ [0, 1]

such that
∑
𝑖

𝛼𝑛𝑖 = 1 and ℎ̃𝑛 =
∑
𝑖

𝛼𝑛𝑖 ℎ𝑛+𝑖−1. It follows from (3.5) that

ℎ𝑛 ≥ 0 and sup
𝑔∈𝐶 (𝑥)

𝔼[ℎ𝑛𝑔] ≤ 𝑥𝑦𝑛 . (3.19)

Consider the expectation 𝔼[ℎ̃𝑔]. For all 𝑔 ∈ 𝐶 (𝑥), we have that

𝔼[ℎ̃𝑔] = 𝔼[ lim
𝑛→∞

∑︁
𝑖

𝛼𝑛𝑖 ℎ𝑛+𝑖−1𝑔]
Fatou’s lemma

≤ lim inf
𝑛→∞

∑︁
𝑖

𝛼𝑛𝑖 𝔼[ℎ𝑛+𝑖−1𝑔]

(3.19)
≤ lim inf

𝑛→∞

∑︁
𝑖

𝛼𝑛𝑖 𝑥𝑦𝑛+𝑖−1 = 𝑥 lim inf
𝑛→∞

∑︁
𝑖

𝛼𝑛𝑖 𝑦𝑛+𝑖−1
𝑃𝑟𝑜𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝐴.2

= 𝑥 lim
𝑛→∞

𝑦𝑛 = 𝑥𝑦.

Thus, noting that ℎ̃ ≥ 0, we derive from (3.5) that ℎ̃ ∈ 𝐷 (𝑦). Hence, the proof of [37,
Lemma 3.7] yields that

𝑣 (𝑦) = 𝔼

[
𝑍𝑉

(
ℎ̃

𝑍

)]
.

Equivalently,

𝑣 (𝑦) = 𝔼[𝑍𝑉 (ℎ̂)] = 𝐸
𝑄
[𝑉 (ℎ̂)] (3.20)

for ℎ̂ ∈ 𝐷
𝑄
(𝑦).

Using the definitions, we obtain that

𝑣 (𝑦) ≤ 𝑣
𝑄
(𝑦) ≤ 𝐸

𝑄
[𝑉 (ℎ̂)],

for 𝑄 ∈ Q𝑒, 𝑦 > 0 and ℎ̂ ∈ 𝐷
𝑄
(𝑦). Thus, in view of (3.20), we arrive at (𝑖𝑣). □
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Theorem 3.20. Suppose that all the assumptions of Theorem 3.19 hold.

Then, for any 𝑥 > 0, there exist some 𝑋 ∈ 𝔛(𝑥) and 𝑄 ∈ Q𝑒 such that

𝑢𝑐 (𝑥) = inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑋𝑇 )] = 𝐸𝑄 [𝑈𝑐 (𝑋𝑇 )] = 𝑢
𝑐

𝑄
(𝑥). (3.21)

There also exist some 𝑦 > 0 and 𝑌 ∈ Y
𝑄
(𝑦) such that

𝑣 (𝑦) = 𝐸
𝑄
[𝑉 (𝑌𝑇 )] and 𝑢𝑐 (𝑥) = 𝑣 (𝑦) + 𝑥𝑦. (3.22)

Moreover, 𝑋𝑇 ∈ −𝜕𝑉 (𝑌𝑇 ). Also, 𝑋𝑌 is a 𝑄−martingale.

Proof. The equalities (3.21) follow from Remark 2.22 and Lemma 2.21 for 𝑋𝑇 = 𝑔. In
turn, (3.22) follows from Theorem 3.19 with 𝑥0 = 𝑥 and 𝑌𝑇 = ℎ̂.

To prove the remaining statement, consider, as in [37, proof of Theorem 2.6],
𝑉 (ℎ̂) + 𝑔ℎ̂ −𝑈𝑐 (𝑔). It follows from the definition of 𝑉 that

𝑉 (ℎ̂) + 𝑔ℎ̂ −𝑈𝑐 (𝑔) ≥ 0. (3.23)

Since ℎ̂ ∈ 𝐷
𝑄
(𝑦), we obtain for ℎ̃ = ℎ̂𝑍 ∈ 𝐷 (𝑦) that

𝐸
𝑄
[𝑔ℎ̂] = 𝔼

[
𝑔ℎ̃𝕀{𝑍>0}

]
.

Hence,

𝐸
𝑄
[𝑉 (ℎ̂) + 𝑔ℎ̂ −𝑈𝑐 (𝑔)] = 𝑣 (𝑦) + 𝔼

[
𝑔ℎ̃𝕀{𝑍>0}

]
− 𝑢𝑐 (𝑥)

(3.5)
≤ 𝑣 (𝑦) + 𝑥𝑦 − 𝑢𝑐 (𝑥) = 0. (3.24)

Thus, noting (3.23) obtain 𝑉 (ℎ̂) + 𝑔ℎ̂ −𝑈𝑐 (𝑔) = 0. Using (3.4), we get that

𝑔 ∈ −𝜕𝑉 (ℎ̂),

equivalently,

𝑋𝑇 ∈ −𝜕𝑉 (𝑌𝑇 ).

Thanks to (3.24), we have that 𝐸
𝑄
[𝑋𝑇𝑌𝑇 ] = 𝐸

𝑄
[𝑔ℎ̂] = 𝑥𝑦. As a result, the 𝑄-

martingale property of 𝑋𝑌 is proved as in Theorem 3.17. □
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3.3 Optimal investments for the problem of
maximization the robust non-concave utility
functional in incomplete market

In this section, we present the conditions under which the optimal strategy for
maximizing the concavified utility function is also the solution for maximizing the
non-concave utility function. To derive them, we use Reichlin’s result [34, Lemma
5.7].

The following theorem applies to both the standard utility maximization problem
and the robust utility maximization problem.

Theorem 3.21. Suppose that Assumption 2.2 and Assumption 3.1 hold.

Additionally, assume that the optimal solution𝑔★ for the concavified problem (either

the standard problem: sup
𝑔∈𝐶 (𝑥)

𝔼[𝑈𝑐 (𝑔)], or the robust problem: sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)])

satisfies 𝑔★ ∈ −𝜕𝑉 (𝜆𝑍 ), where 𝑍 ∈ Z has a continuous distribution.

Then, 𝑔★ is also an optimal solution for the corresponding non-concave problem.

Proof. For the standard utility maximization problem, the proof is the same as for
the [34, Lemma 5.7].

To prove the statement for the robust utility maximization problem, start by
observing that under the assumptions of theorem, [34, Lemma 5.7] yields that
ℙ[𝑔★ ∈ {𝑈 < 𝑈𝑐}] = 0. Consequently,

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔★)] = inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔★)] . (3.25)

Since 𝑔★ is an optimal solution for the concavified problem, we get

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)] = inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔★)] .

Noting that Q𝑒 ⊆ Q, we have that

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)] = inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔★)] ≤ inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈𝑐 (𝑔★)]

(3.25)
= inf

𝑄∈Q𝑒
𝐸𝑄 [𝑈 (𝑔★)] ≤ sup

𝑔∈𝐶 (𝑥)
inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] . (3.26)
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Lemma 3.5 together with inequality𝑈 ≤ 𝑈𝑐 imply that

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈𝑐 (𝑔)] ≥ sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑔)] = sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] .

Therefore, all inequalities in (3.26) are equalities. Hence, Lemma 3.4 leads to

sup
𝑔∈𝐶 (𝑥)

inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑔)] = inf
𝑄∈Q

𝐸𝑄 [𝑈 (𝑔★)],

concluding the proof. □

Conclusions to Chapter 3

In this chapter, we have obtained results similar to those of Chapter 2, but with
a different approach due to the consideration of an incomplete market model.

We have presented a set of equalities and inequalities that establish the rela-
tionship between the robust utility functional of the initial utility function and its
concavification. We have also derived the assumption under which the minimax
identity holds for the initial utility function.

Using the duality theory approach, we have obtained optimal investment
strategies. Specifically, we have presented an optimal strategy for the standard
utility maximization problem and derived some of its properties. Additionally,
we have proven a similar theorem for the robust maximization functional of the
concavified utility function. Under certain conditions, we have demonstrated the
existence of an optimal solution for the robust non-concave utility maximization
problem and constructed it.



Conclusions

The dissertation work has yielded the following results.
In general:
• Studied the properties of concavified utility functions and investigated a
particular case of concavification for a utility related to a call option.

• Investigated theminimax identity for non-concave utility functions and proved
that, under certain natural assumptions, the standard utility functional of the
initial utility function is equal to that of its concavification.

For the complete market model:

• Extended existing results to obtain theminimax identity for non-concave utility
functions. Derived equalities and inequalities that establish the relationship
between the robust utility functional of the initial utility function and its
concavification. Presented cases where all the inequalities become equalities,
leading to the minimax identity for the initial non-concave utility function.

• Demonstrated the existence of the “worst-case scenario” measure in two cases
both for expected value of the initial utility function and its concavification.

• Proved the existence and uniqueness of the optimal solution for the standard
non-concave utility maximization problem. Constructed the explicit form
of the optimal solution under standard budget constraints. Showed that
this solution is also a unique optimal solution for the maximization problem
of the concavified utility function. Examined the case of implementing an
additional upper bound given by a random variable, considering both discrete
and continuous cases.

• Established the existence and uniqueness of the optimal solution for the
robust non-concave utility maximization problem and presented a method for
constructing the optimal solution.

For the incomplete market model:
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• Obtained similar results to the complete market case, including equalities and
inequalities relating the robust utility functional of the initial utility function
and its concavification. Derived assumptions under which the minimax
identity holds for the initial utility function.

• Employed the duality theory approach to obtain optimal investment strategies.
Presented an optimal strategy for the standard utility maximization problem
and derived its properties. Established a similar theorem for the robust
maximization functional of the concavified utility function. Showed the exis-
tence of an optimal solution for the robust non-concave utility maximization
problem and provided a construction method.
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Appendix A

Supplementary proofs and script

A.1 Proofs concerning the Model Setup

Proof of Proposition 2.3. Consider sequence {𝑐𝑛}𝑛∈ℕ ≥ 0, such that
∑
𝑛∈ℕ

𝑐𝑛 = 1 and
{𝑄𝑛}𝑛∈ℕ ∈ Q .

We need to show that

𝑄 :=
∑︁
𝑛∈ℕ

𝑐𝑛𝑄𝑛 ∈ Q . (A.1)

Consider 𝑍 =
𝑑𝑄

𝑑𝑃
and 𝑍𝑛 = 𝑑𝑄𝑛

𝑑𝑃
∈ Z. For all 𝐴 ∈ F , we have∫

𝐴

𝑍𝑑𝑃 =

∫
𝐴

𝑑𝑄

𝑑𝑃
𝑑𝑃 =

∫
𝐴

𝑑 ( ∑
𝑛∈ℕ

𝑐𝑛𝑄𝑛)

𝑑𝑃
𝑑𝑃 =

∑︁
𝑛∈ℕ

𝑐𝑛𝑄𝑛 (𝐴).

Moreover, ∫
𝐴

∑︁
𝑛∈ℕ

𝑐𝑛𝑍𝑛𝑑𝑃 =

∫
𝐴

∑︁
𝑛∈ℕ

𝑐𝑛
𝑑𝑄𝑛

𝑑𝑃
𝑑𝑃

monotone convergence theorem
=

∑︁
𝑛∈ℕ

𝑐𝑛

∫
𝐴

𝑑𝑄𝑛

𝑑𝑃
𝑑𝑃 =

∑︁
𝑛∈ℕ

𝑐𝑛𝑄𝑛 (𝐴).

Hence, for all 𝐴 ∈ F ∫
𝐴

𝑍𝑑𝑃 =

∫
𝐴

∑︁
𝑛∈ℕ

𝑐𝑛𝑍𝑛𝑑𝑃 .

Thus, it follows that 𝑍 =
∑
𝑛∈ℕ

𝑐𝑛𝑍𝑛 almost surely. Hence, (A.1) is equivalent to

𝑍 =
∑︁
𝑛∈ℕ

𝑐𝑛𝑍𝑛 ∈ Z.
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To prove it consider another sequence 𝑍𝑛 :=
∑
𝑖≤𝑛
𝑐𝑛𝑖 𝑍𝑖 such that 𝑐𝑛𝑖 = 𝑐𝑖 for all

𝑖 < 𝑛 and 𝑐𝑛𝑛 = 1 − ∑
𝑖<𝑛

𝑐𝑛𝑖 .

Since Q is convex, it follows thatZ is convex. Hence, 𝑍𝑛 ∈ Z as a finite convex
combination and lim

𝑛→∞
𝑍𝑛 = 𝑍 .

From Assumption 2.2 (iii) follows the proof.
□

Lemma A.1. Under Assumption 2.2 (𝑖) and (𝑖𝑖𝑖), condition (𝑖𝑖) is equivalent to the
assumption:

𝑄 ≪ ℙ for all 𝑄 ∈ Q and Q𝑒 ≠ ∅. (A.2)

Proof. Assume (A.2) holds. The first part of the (A.2) is the only if part of (𝑖𝑖), i.e.

ℙ(𝐴) = 0 =⇒ 𝑄 (𝐴) = 0 for all 𝑄 ∈ Q .

If 𝑄 (𝐴) = 0 for all 𝑄 ∈ Q, then for 𝑄 ∈ Q𝑒 holds 𝑄 (𝐴) = 0. Hence, ℙ(𝐴) = 0.
Assume Assumption 2.2 (𝑖𝑖) holds. Note that (𝑖) and (𝑖𝑖𝑖) implies by Proposi-

tion 2.3 that the set Q is closed under countable convex combinations.
It follows from [19, Lemma 7] that Q has an equivalent countable subset, we

denote it by Q0, i.e.

𝑄0(𝐴) = 0 for all 𝑄0 ∈ Q0 ⇐⇒ 𝑄 (𝐴) = 0 for all 𝑄 ∈ Q .

Since set Q0 is countable, it means that Q0 = {𝑄𝑖}𝑖∈ℕ let us consider measure

𝑄𝑐 :=
∑︁
𝑖∈ℕ

𝑐𝑖 ·𝑄𝑖, where 𝑐𝑖 ≥ 0 and
∑︁
𝑖∈ℕ

𝑐𝑖 = 1.

For all 𝐴 ∈ F holds

𝑄𝑐 (𝐴) = 0 ⇐⇒ 𝑄𝑖 (𝐴) = 0, for all 𝑖 ∈ ℕ ⇐⇒

𝑄 (𝐴) = 0 for all 𝑄 ∈ Q
(𝑖𝑖)
⇐⇒ ℙ(𝐴) = 0.

Noting that 𝑄𝑐 ∈ Q, we have that Q𝑒 ≠ ∅. □
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A.2 Concavification for utility function𝑈 of the
call option

Proof of Lemma 2.8. The (𝑖) follows from the definition of𝑈 .
Noting that for 𝑥 > 𝐾 function 𝑈 (𝑥) is continuously differentiable, consider the

derivative of 𝑓 (𝑥):

𝑓 ′(𝑥) = 𝑈
′(𝑥) · 𝑥 −𝑈 (𝑥) +𝑈 (0)

𝑥2 , 𝑥 > 𝐾.

Due to Lemma 2.7 𝑓 ′(𝑥) = 0.
To prove (𝑖𝑖) we need to show that 𝑓 ′(𝑥) ≥ 0, for 𝑥 ∈ (𝐾, 𝑥), which is equivalent

to

𝑈 ′(𝑥) · 𝑥 −𝑈 (𝑥) +𝑈 (0) ≥ 0, for 𝑥 ∈ (𝐾, 𝑥). (A.3)

Let us fix 𝑥0 ∈ (𝐾, 𝑥) and consider a linear function 𝑦 (𝑥), such that 𝑦 (0) = 𝑈 (0)
and 𝑦 (𝑥0) = 𝑈 (𝑥0).

Hence,

𝑦 (𝑥) = 𝑈 (𝑥0) −𝑈 (0)
𝑥0

· 𝑥 +𝑈 (0).

Due to the same argument as in Lemma 2.7 there exists 𝑥1 > 𝑥 such that 𝑦 (𝑥1) =
𝑈 (𝑥1). Hence, 𝑈 (𝑥) > 𝑦 (𝑥), 𝑥0 < 𝑥 < 𝑥1, because of the strict concavity of the
function𝑈 (𝑥), for 𝑥 > 𝐾.

Therefore,

𝑈 ′(𝑥0) = lim
𝑥→𝑥+0

𝑈 (𝑥) −𝑈 (𝑥0)
𝑥 − 𝑥0

= lim
𝑥→𝑥+0

𝑈 (𝑥) − 𝑦 (𝑥0)
𝑥 − 𝑥0

≥ lim
𝑥→𝑥+0

𝑦 (𝑥) − 𝑦 (𝑥0)
𝑥 − 𝑥0

= 𝑦′(𝑥) = 𝑈 (𝑥0) −𝑈 (0)
𝑥0

.

Thus, for all 𝑥0 ∈ (𝐾, 𝑥) the inequality (A.3) holds. Which gives us (𝑖𝑖).
The (𝑖𝑣) proves similarly. □

A.3 Useful statements

Proposition A.2. Consider a sequence (ℎ𝑛)𝑛∈ℕ ∈ ℝ such that exists finite lim
𝑛→∞

ℎ𝑛.

Then, for a sequence (ℎ̂𝑛)𝑛∈ℕ ∈ 𝑐𝑜𝑛𝑣 (ℎ𝑛, ℎ𝑛+1, . . . ) holds that lim
𝑛→∞

ℎ̂𝑛 = lim
𝑛→∞

ℎ𝑛 .
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Proof. For each 𝑛 ∈ ℕ exist such a sequence 𝛼𝑛𝑖 ∈ ℝ+ :
∑
𝑖∈ℕ

𝛼𝑛𝑖 = 1 and ℎ̂𝑛 =∑
𝑖∈ℕ

𝛼𝑛𝑖 ℎ𝑛+𝑖−1.

It holds that ∑︁
𝑖∈ℕ

𝛼𝑛𝑖 ℎ𝑛+𝑖−1 ≥ inf
𝑖∈ℕ

ℎ𝑛+𝑖−1. (A.4)

For all 𝜖 > 0 exists such a number 𝑁0 ∈ ℕ that for all 𝑛 ≥ 𝑁0, one has

ℎ𝑛 ≥ lim
𝑛→∞

ℎ𝑛 − 𝜖.

Hence, for all 𝑛 ≥ 𝑁0 it holds that

inf
𝑖∈ℕ

ℎ𝑛+𝑖−1 ≥ lim
𝑛→∞

ℎ𝑛 − 𝜖.

Since 𝜖 > 0 is arbitrary, we obtain

lim inf
𝑛→∞

inf
𝑖∈ℕ

ℎ𝑛+𝑖−1 ≥ lim
𝑛→∞

ℎ𝑛 .

Thus, noting (A.4)

lim inf
𝑛→∞

ℎ̂𝑛 ≥ lim
𝑛→∞

ℎ𝑛 . (A.5)

Now, we are going to use similar arguments for the lim sup . It holds that∑︁
𝑖∈ℕ

𝛼𝑛𝑖 ℎ𝑛+𝑖−1 ≤ sup
𝑖∈ℕ

ℎ𝑛+𝑖−1. (A.6)

For all 𝜖 > 0 exists such a number 𝑁 ∈ ℕ that for all 𝑛 ≥ 𝑁

ℎ𝑛 ≤ lim
𝑛→∞

ℎ𝑛 + 𝜖.

Hence, for all 𝑛 ≥ 𝑁

sup
𝑖∈ℕ

ℎ𝑛+𝑖−1 ≤ lim
𝑛→∞

ℎ𝑛 + 𝜖.

Since 𝜖 > 0 is arbitrary, one has

lim sup
𝑛→∞

sup
𝑖∈ℕ

ℎ𝑛+𝑖−1 ≤ lim
𝑛→∞

ℎ𝑛 .

Thus, due to (A.6)

lim sup
𝑛→∞

ℎ̂𝑛 ≤ lim
𝑛→∞

ℎ𝑛 . (A.7)

From (A.5) and (A.7) follows the proof. □
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A.4 Properties for robust utility functionals

Proof of Lemma 2.24. Let us prove (𝑖). The proof for (𝑖𝑖) is the same.
First, note that for all 𝑔 ∈ 𝐶 (𝑥)

inf
𝑄∈Q𝑒

𝐸𝑄 [𝑈 (𝑔)] = inf
𝑍∈Z𝑒

𝔼[𝑍𝑈 (𝑔)] .

From the definition of infimum follows that exists such a sequence (𝑍𝑛)𝑛∈ℕ ∈ Z𝑒

that

lim
𝑛→∞

𝔼[𝑍𝑛𝑈 (𝑔)] = inf
𝑍∈Z𝑒

𝔼[𝑍𝑈 (𝑔)] .

Using the Kolmos-type argument [13, LemmaA1.1] there exists a sequence (𝑍𝑛)𝑛∈ℕ ∈
𝑐𝑜𝑛𝑣 (𝑍𝑛, 𝑍𝑛+1, . . . ) such that 𝑍𝑛 converges a.s to some 𝑍 .

Moreover, (𝑍𝑛)𝑛∈ℕ ⊂ Z𝑒 , because (𝑍𝑛)𝑛∈ℕ ⊂ Z𝑒 ⊂ Z. Proposition 2.3 implies
that (𝑍𝑛)𝑛∈ℕ ⊂ Z and also for all integer 𝑛 : 𝑍𝑛 ≈ ℙ.

From Assumption 2.2 (iv) follows that 𝑍 ∈ Z𝑒 .

For each 𝑛 ∈ ℕ exist such a sequence 𝛼𝑛𝑖 ∈ ℝ+ that
∑
𝑖∈ℕ

𝛼𝑛𝑖 = 1 and 𝑍𝑛 =∑
𝑖∈ℕ

𝛼𝑛𝑖 𝑍𝑛+𝑖−1.

Thus,

lim sup
𝑛→∞

𝔼[𝑍𝑛𝑈 (𝑔)] = lim sup
𝑛→∞

∑︁
𝑖∈ℕ

𝛼𝑛𝑖 𝔼 [𝑍𝑛+𝑖−1𝑈 (𝑔)] = inf
𝑍∈Z𝑒

𝔼[𝑍𝑈 (𝑔)] .

Where the last equality holds due to the Proposition A.2. Note, that from Assump-
tion 2.11 follows that for all 𝑔 ∈ 𝐶 (𝑥) holds inf

𝑍∈Z𝑒

𝔼[𝑍𝑈 (𝑔)] < ∞.
Moreover,

lim inf
𝑛→∞

𝔼[𝑍𝑛𝑈 (𝑔)] ≥ inf
𝑍∈Z𝑒

𝔼[𝑍𝑈 (𝑔)] .

Thus,

inf
𝑍∈Z𝑒

𝔼 [𝑍𝑈 (𝑔)] = lim
𝑛→∞

𝔼[𝑍𝑛𝑈 (𝑔)] . (A.8)

As before,𝑈 (𝑔) is bounded from below, hence, it follows that exists 𝑐 > 0 such
that𝑈 (𝑔) + 𝑐 > 0. From Fatou’s lemma follows that

lim
𝑛→∞

𝔼[𝑍𝑛 (𝑈 (𝑔) + 𝑐)] ≥ 𝔼

[
lim inf
𝑛→∞

𝑍𝑛 (𝑈 (𝑔) + 𝑐)
]
.
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Furthermore,

lim inf
𝑛→∞

𝔼

[
𝑍𝑛 · 𝑐

]
= 𝑐,

𝔼

[
lim inf
𝑛→∞

𝑍𝑛 · 𝑐
]
= 𝑐.

Hence, one has

inf
𝑍∈Z𝑒

𝔼 [𝑍𝑈 (𝑔)] (A.8)
= lim

𝑛→∞
𝔼[𝑍𝑛𝑈 (𝑔)] ≥ 𝔼

[
lim inf
𝑛→∞

𝑍𝑛𝑈 (𝑔)
]
= 𝔼[𝑍𝑈 (𝑔)] .

Also, holds

inf
𝑍∈Z𝑒

𝔼 [𝑍𝑈 (𝑔)] ≤ 𝔼[𝑍𝑈 (𝑔)] = 𝐸
𝑄
[𝑈 (𝑔)] .

Which concludes the proof. □

A.5 Auxiliary statements for the constrained case
of Section 2.3

In what follows 𝑈 : ℝ+ → ℝ+ is a non-decreasing upper-semicontinuous
function satisfying a mild growth condition, 𝑈 𝑣 (𝑦) = 𝑈 (𝑦 ∧ 𝑣), 𝑣 > 0, and𝑈 𝑣

𝑐 is the
concavification of𝑈 𝑣 . For 𝑣 > 𝑦 > 0, let

𝑎(𝑣,𝑦) =


inf{𝑧 ≤ 𝑦 : 𝑈 𝑣
𝑐 (𝑥) > 𝑈 𝑣 (𝑥) on [𝑧,𝑦]}, 𝑈 𝑣 (𝑦) < 𝑈 𝑣

𝑐 (𝑦),

𝑦, 𝑈 𝑣 (𝑦) = 𝑈 𝑣
𝑐 (𝑦)

and

𝑏 (𝑣,𝑦) =


sup{𝑧 ≤ 𝑦 : 𝑈 𝑣
𝑐 (𝑥) > 𝑈 𝑣 (𝑥) on [𝑦, 𝑧]}, 𝑈 𝑣 (𝑦) < 𝑈 𝑣

𝑐 (𝑦),

𝑦, 𝑈 𝑣 (𝑦) = 𝑈 𝑣
𝑐 (𝑦)

be the left and right endpoints of the interval around 𝑦, in which where 𝑈 𝑣 < 𝑈 𝑣
𝑐

(or just 𝑦 in the case where𝑈 𝑣 (𝑦) = 𝑈 𝑣
𝑐 (𝑦)). Observe that𝑈 𝑣 (𝑎(𝑣,𝑦)) = 𝑈 𝑣

𝑐 (𝑎(𝑣,𝑦))
and 𝑈 𝑣 (𝑏 (𝑣,𝑦)) = 𝑈 𝑣

𝑐 (𝑏 (𝑣,𝑦)): in the case of inequality we would have it in some
open interval, contradicting the definition of infimum or supremum.

Lemma A.3. The functions 𝑎 and 𝑏 defined above are measurable.
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Proof. We will show only measurability of 𝑎, that of 𝑏 can be shown similarly.
Note that 𝑎 is obviosly non-decreasing in 𝑦. It is also right-continuous in

𝑦. Indeed, let 𝑦𝑛 ≥ 𝑦0, 𝑦𝑛 → 𝑦0, 𝑛 → ∞. If 𝑈 𝑣 (𝑦0) < 𝑈 𝑣
𝑐 (𝑦0), then, thanks to

continuity of𝑈 𝑣
𝑐 and upper-semicontinuity of𝑈 𝑣 , this inequality holds in an open

interval around 𝑦0, which means that 𝑎(𝑣,𝑦𝑛) = 𝑎(𝑣,𝑦0) for all 𝑛 large enough.
Otherwise, if 𝑈 𝑣 (𝑦0) = 𝑈 𝑣

𝑐 (𝑦0), then 𝑎(𝑣,𝑦𝑛) ∈ (𝑦0, 𝑦𝑛] for all 𝑛 ≥ 1, whence
𝑎(𝑣,𝑦𝑛) → 𝑦0 = 𝑎(𝑣,𝑦0), 𝑛 → ∞.

Further, since for 𝑣1 < 𝑣2,𝑈 𝑣2
𝑐 dominates𝑈 𝑣1 on [0, 𝑣1], we have that𝑈 𝑣2

𝑐 ≥ 𝑈 𝑣1
𝑐 .

Consequently, 𝑎 is non-increasing in 𝑣 . Now the proof follows from the following
lemma.

Lemma A.4. Let a function 𝑓 : (0,∞)2 → ℝ be such that for each 𝑥 > 0, 𝑓 (𝑥, ·) is
non-decreasing and right-continuous, and for each 𝑦 > 0, 𝑓 (·, 𝑦) is non-decreasing.
Then, 𝑓 is measurable.

Proof. For arbitrary 𝑡 ∈ ℝ consider the set 𝐴𝑡 = 𝑓 −1((−∞, 𝑡)). Thanks to mono-
tonicity, (𝑥,𝑦) ∈ 𝐴𝑡 ⇒ (𝑥′, 𝑦′) ∈ 𝐴𝑡 for all 𝑥′ ≤ 𝑥,𝑦′ ≤ 𝑦. Moreover, thanks to
right-continuity in 𝑦, the 𝑥-sections 𝐴𝑡,𝑥 = {𝑦 > 0 : (𝑥,𝑦) ∈ 𝐴𝑡 } are open intervals.

Define 𝐴𝑡,𝑥+ =
⋃
𝑧>𝑥 𝐴𝑡,𝑧 . We claim that the set 𝐴𝑜𝑡 := {(𝑥,𝑦) ∈ (0,∞)2 : 𝑦 ∈

𝐴𝑡,𝑥+} is open (it is actually the interior of 𝐴𝑡 ). Indeed, if (𝑥,𝑦) ∈ 𝐴𝑡0, then 𝑦 ∈ 𝐴𝑡,𝑧
for some 𝑧 > 𝑥 . Since 𝐴𝑡,𝑧 is open, for some 𝜀 > 0, (𝑦 − 𝜀,𝑦 + 𝜀) ⊂ 𝐴𝑡,𝑧 . Then, thanks
to monotonicity, (0, 𝑧) × (𝑦 − 𝜀,𝑦 + 𝜀) ⊂ 𝐴0

𝑡 .
By the definition of 𝐴𝑜𝑡 ,

𝐴𝑡 \𝐴𝑜𝑡 =
⋃
𝑥>0

{𝑥} × (𝐴𝑡,𝑥 \𝐴𝑡,𝑥+).

For any 𝑥 > 0, 𝐴𝑡,𝑥 \ 𝐴𝑡,𝑥+ is a difference of two open intervals, so it’s either a
half-open interval or empty. Since the half-open intervals for different 𝑥 are disjoint,
there are at most countable number of then. Therefore,𝐴𝑡 \𝐴𝑜𝑡 is Borel as a countable
union of Borel sets, which finishes the proof. □

Lemma A.5. Let {𝑃𝑣, 𝑣 ∈ (0,∞)} be a family of atomless probability measures on

a standard Borel space (Ω, F ), such that for any 𝐴 ∈ F , 𝑃·(𝐴) is a measurable,

and 𝜉 : (0,∞) × Ω → ℝ be measurable. Then, there exist measurable functions
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𝜁 : (0,∞) × Ω → ℝ and 𝑞 : (0,∞) × ℝ → ℝ such that for all 𝑣 ∈ (0,∞), 𝜁 (𝑣, ·)
has a uniform distribution on (0, 1) with respect to 𝑃𝑣 , 𝑞(𝑣, ·) is non-decreasing, and
𝑞(𝑣, 𝜁 (𝑣, 𝜔)) = 𝜉 (𝑣, 𝜔) 𝑃𝑣-a.s.

Proof. Since (Ω, F ) carries an atomless measure, it is uncountable. Then it is well
known that it is isomorphic to (ℝ,B(ℝ)), i.e. there exists a measurable bijection
𝜏 : Ω → ℝ such that 𝜏−1 is measurable as well. Therefore we can assume without
loss of generality that (Ω, F ) =

(
(0, 1),B((0, 1))

)
.

Assume first that the distribution of 𝜉 (𝑣, 𝜔) is continuous for all 𝑣 ∈ (0,∞). The
cumulative distribution function 𝐹𝜉 (𝑣, 𝑥) = 𝑃𝑣 ({𝜉 (𝑣, 𝜔) ≤ 𝑥}) is jointly measurable
(see e.g. [39, Lemma 4.1]), so the quantile function 𝑞𝜉 (𝑣, 𝑟 ) = inf{𝑥 ∈ ℝ : 𝐹𝜉 (𝑣, 𝑥) ≥
𝑟 } is jointly measurable as well. So in this case we can set 𝜁 (𝑣, 𝜔) = 𝐹𝜉 (𝑣, 𝜉 (𝑣, 𝜔)) and
𝑞(𝑣, 𝑟 ) = 𝑞𝜉 (𝑣, 𝑟 ); by the quantile transformation theorem, 𝜁 and 𝑞 are as required.

For general 𝜉 , define

𝜅 (𝑣, 𝑥) = 𝑃𝑣 ({𝜔 : 𝜉 (𝑣, 𝜔) < 𝑥}) + 𝑃𝑣 ({𝜔 ≤ 𝑥 : 𝜉 (𝑣, 𝜔) = 𝜉 (𝑣, 𝑥)}), 𝑥 ∈ (0, 1),

which is jointly measurable thanks to [39, Lemma 4.1]. It is easy to see that for any
𝑣 ∈ (0,∞), 𝜅 has continuous distribution under 𝑃𝑣 , and

𝑞𝜉 (𝑣, 𝜅 (𝑣, 𝜔)) = 𝜉 (𝑣, 𝜔),

where, as above, 𝑞𝜉 is the quantile function of 𝜉 . Then we can set 𝜁 (𝑣, 𝜔) =

𝐹𝜅 (𝑣, 𝜅 (𝑣, 𝜔)) and 𝑞(𝑣, 𝑟 ) = 𝑞𝜉 (𝑣, 𝑞𝜅 (𝑣, 𝑟 )), arriving at the desired statement. □

Lemma A.6. Let {𝑃𝑣, 𝑣 ∈ (0,∞)} be a family of atomless probability measures on a

standard Borel space (Ω, F ), such that for any 𝐴 ∈ F , 𝑃·(𝐴) is measurable. Also let

𝑌, 𝜙 : (0,∞) × Ω → [0,∞) be jointly measurable functions such that 𝑌 (𝑣, 𝜔) ≤ 𝑣 for
all 𝑣 > 0, 𝜔 ∈ Ω.Then, there exists a jointly measurable function 𝑌★(𝑣, 𝜔) such that

for all 𝑣 > 0, 𝐸𝑃𝑣 [𝑌★(𝑣, 𝜔)𝜙 (𝑣, 𝜔)] ≤ 𝐸𝑃𝑣 [𝑌 (𝑣, 𝜔)𝜙 (𝑣, 𝜔)] and

𝐸𝑃𝑣 [𝑈 𝑣
(
𝑌★(𝑣, 𝜔)

)
] = 𝐸𝑃𝑣 [𝑈 𝑣

𝑐

(
𝑌★(𝑣, 𝜔)

)
] = 𝐸𝑃𝑣 [𝑈 𝑣

𝑐

(
𝑌 (𝑣, 𝜔)

)
] .

Proof. We will adapt the construction used in the proof of [34, Proposition 5.3] so
that it has the desired measurability property.

Define

𝑆 = {(𝑣, 𝜔) ∈ (0,∞) × Ω : 𝑈 𝑣 (𝑌 (𝑣, 𝜔)) < 𝑈 𝑣
𝑐 (𝑌 (𝑣, 𝜔))}
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and for (𝑣, 𝜔) ∈ 𝑆 , let

𝛼 (𝑣, 𝜔) := inf{𝑧 : 𝑈 𝑣 (𝑥) < 𝑈 𝑣
𝑐 (𝑥) on (𝑧, 𝑋 (𝜔)]},

𝛽 (𝑣, 𝜔) := sup{𝑧 : 𝑈 𝑣 (𝑥) < 𝑈 𝑣
𝑐 (𝑥) on [𝑋 (𝜔), 𝑧)}.

be the left and the right ends of the interval where 𝑈 𝑣 < 𝑈 𝑣
𝑐 . These functions are

measurable thanks to Lemma A.3.
For (𝑣, 𝜔) ∈ 𝑆 , define

𝜆(𝑣, 𝜔) = 𝛽 (𝑣, 𝜔) − 𝑋 (𝜔)
𝛽 (𝑣, 𝜔) − 𝛼 (𝑣, 𝜔)

so that 𝑋 (𝑣, 𝜔) = 𝜆(𝑣, 𝜔)𝛼 (𝑣, 𝜔) + (1 − 𝜆(𝑣, 𝜔))𝛽 (𝑣, 𝜔). Due to Lemma A.5, there
exist measurable functions 𝜁 , 𝑞 : (0,∞) × Ω → ℝ such that for all 𝑣 > 0, 𝜙 (𝑣, 𝜔) =
𝑞(𝑣, 𝜁 (𝑣, 𝜔)) 𝑃𝑣-a.s. and 𝜁 (𝑣, 𝜔) is uniformly distributed on (0, 1) under 𝑃𝑣 . For
𝑠 ∈ [0, 1], 𝑣 > 0 and 𝜔,𝜔′ ∈ Ω, define

ℎ(𝑠, 𝑣, 𝜔, 𝜔′) = 𝕀(𝑣,𝑋 (𝜔))∈𝑆,(𝑣,𝑋 (𝜔 ′))∈𝑆,𝑎(𝑣,𝑋 (𝜔))=𝑎(𝑣,𝑋 (𝜔 ′))
(
𝕀𝜁 (𝑣,𝜔 ′)<𝑠 − 𝜆(𝑣, 𝜔′)

)
and

𝑓 (𝑠, 𝑣, 𝜔) =
∫
Ω

ℎ(𝑣, 𝜔,𝜔′, 𝑠)𝑃𝑣 (𝑑𝜔′) .

Since 𝜆(𝑣, 𝜔) ∈ (0, 1) and 𝜁 has continuous distribution under 𝑃𝑣 , we have that
for all (𝑣, 𝜔) ∈ 𝑆 , 𝑓 is continuous in 𝑠 and 𝑓 (0, 𝑣, 𝜔) < 0 < 𝑓 (1, 𝑣, 𝜔). Denoting
𝜎 (𝑣, 𝜔) = inf{𝑠 ∈ (0, 1) : 𝑓 (𝑠, 𝑣, 𝜔) ≥ 0}, we have 𝑓 (𝜎 (𝑣, 𝜔), 𝑣, 𝜔) = 0. Also for any
𝑠 ∈ (0, 1), {(𝑣, 𝜔) : 𝜎 (𝑣, 𝜔) ≤ 𝑠} = {(𝑣, 𝜔) : 𝑓 (𝑠, 𝑣, 𝜔) ≥ 0}, so 𝜎 (𝑣, 𝜔) is measurable.

Now set

𝑌★(𝑣, 𝜔) =


𝑌 (𝑣, 𝜔), (𝑣, 𝜔) ∉ 𝑆 ;

𝛼 (𝑣, 𝜔), (𝑣, 𝜔) ∈ 𝑆 ∩ {𝜁 (𝑣, 𝜔) < 𝜎 (𝑣, 𝜔)};

𝛽 (𝑣, 𝜔), (𝑣, 𝜔) ∈ 𝑆 ∩ {𝜁 (𝑣, 𝜔) ≥ 𝜎 (𝑣, 𝜔)}.

Since for any fixed 𝑣 > 0, the construction coincides with that given in [34,
Proposition 5.3], the rest of the proof follows. □

A.6 Python script for the Example 2.28
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impor t numpy as np
from s c i p y impor t op t im i z e as opt
Q_0 = 0 . 1 # lower bound
Q_1 = 0 . 9 # h i ghe r bound
op t i on s = { ’ max i te r ’ : 1 0 0 0 , ’ d i sp ’ : True }

# de t e rmine the u t i l i t y f u n c t i o n
de f u t i l i t y ( x ) :
r e t u r n −np . exp (max ( x − 0 . 6 , 0 ) )

#minus e x p e c t a t i o n o f the u t i l i t y f u n c t i o n
de f e x p e c t a t i o n ( x , params ) :
q , x_0 , y_b , y_g , func , r = params

#q− p r o b a b i l i t y o f good s t a t e o f economics
# x_0 − i n i t i a l c a p i t a l ,
# y_b −growth r a t e a t a bad s t a t e o f economy ,
#y_g −growth r a t e a t a good s t a t e o f economy ,
# func − u t i l i t y f unc t i on ,
# r − f i x e d i n t e r e s t r a t e .

x1 , x20 , x21 = x

# x_1 − c a p i t a l t h a t we put in the s t o ck a t the t ime t =0 ,
# x20 − c a p i t a l t h a t we put in the s t o c k a t the t ime t =1 ,
# i f a t t ime t =1 economy was in bad s t a t e ,
# x21 − c a p i t a l t h a t we put in the s t o c k a t the t ime t =1 ,
# i f a t t ime t =1 economy was in a good s t a t e .

s = \
func ( ( ( x_0 −x1 ) ∗ ( 1 + r ) + ( 1+ y_b ) ∗ x1−x20 ) ∗ ( 1 + r ) + ( 1+ y_b ) ∗ x20 )
∗ ( ( 1 − q ) ∗ ∗ 2 ) + \
func ( ( ( x_0 −x1 ) ∗ ( 1 + r ) + ( 1+ y_g ) ∗ x1−x21 ) ∗ ( 1 + r ) + ( 1+ y_b ) ∗ x21 )
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∗ q ∗ ( 1 − q ) + \
func ( ( ( x_0 −x1 ) ∗ ( 1 + r ) + ( 1+ y_b ) ∗ x1−x20 ) ∗ ( 1 + r ) + ( 1+ y_g ) ∗ x20 )
∗ q ∗ ( 1 − q ) + \
func ( ( ( x_0 −x1 ) ∗ ( 1 + r ) + ( 1+ y_g ) ∗ x1−x21 ) ∗ ( 1 + r ) + ( 1+ y_g ) ∗ x21 )
∗ ( q ∗ ∗ 2 )
r e t u r n −s # minus e x p e c t a t i o n o f the u t i l i t y f u n c t i o n

# sup o f e x p e c t a t i o n
de f sup1 ( q , params ) :
paramss = [ q ] + params
c o n s t r a i n t s = [ { ’ type ’ : ’ ineq ’ , ’ fun ’ : cons t_1 ,
’ a rgs ’ : paramss } ,
{ ’ type ’ : ’ ineq ’ , ’ fun ’ : cons t_2 , ’ a rgs ’ : paramss } ,
{ ’ type ’ : ’ ineq ’ , ’ fun ’ : cons t_3 , ’ a rgs ’ : paramss } ,
{ ’ type ’ : ’ ineq ’ , ’ fun ’ : cons t_4 , ’ a rgs ’ : paramss } ,
{ ’ type ’ : ’ ineq ’ , ’ fun ’ : cons t_5 , ’ a rgs ’ : paramss } ,
{ ’ type ’ : ’ ineq ’ , ’ fun ’ : cons t_6 , ’ a rgs ’ : paramss }
]
r e s = opt . minimize ( e xp e c t a t i on , [ 0 , 0 , 0 ] , a r g s =paramss ,
method = ’COBYLA ’ , c o n s t r a i n t s = c o n s t r a i n t s , o p t i o n s = op t i o n s )
ut_q = − r e s . fun
r e t u r n ut_q

de f cons t _1 ( x , q , x_0 , y_b , y_g , func , r ) : # c o n s t r a i n t s
x1 , x20 , x21 = x
s = ( x_0 − x1 ) ∗ ( 1 + r ) + ( 1 + y_b ) ∗ x1
r e t u r n s

de f cons t _2 ( x , q , x_0 , y_b , y_g , func , r ) : # c o n s t r a i n t s
x1 , x20 , x21 = x
s = ( x_0 − x1 ) ∗ ( 1 + r ) + ( 1 + y_g ) ∗ x1
r e t u r n s
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de f cons t _3 ( x , q , x_0 , y_b , y_g , func , r ) : # c o n s t r a i n t s
x1 , x20 , x21 = x
s = ( ( x_0 − x1 ) ∗ ( 1 + r ) + ( 1+ y_b ) ∗ x1 − x20 ) ∗ ( 1 + r )
+(1+ y_b ) ∗ x20
r e t u r n s

de f cons t _4 ( x , q , x_0 , y_b , y_g , func , r ) : # c o n s t r a i n t s
x1 , x20 , x21 = x
s = ( ( x_0 −x1 ) ∗ ( 1 + r ) + ( 1+ y_g ) ∗ x1 − x21 ) ∗ ( 1 + r )
+(1+ y_b ) ∗ x21
r e t u r n s

de f cons t _5 ( x , q , x_0 , y_b , y_g , func , r ) : # c o n s t r a i n t s
x1 , x20 , x21 = x
s = ( ( x_0 −x1 ) ∗ ( 1 + r ) + ( 1+ y_b ) ∗ x1 − x20 ) ∗ ( 1 + r )
+(1+ y_g ) ∗ x20
r e t u r n s

de f cons t _6 ( x , q , x_0 , y_b , y_g , func , r ) : # c o n s t r a i n t s
x1 , x20 , x21 = x
s = ( ( x_0 −x1 ) ∗ ( 1 + r ) + ( 1+ y_g ) ∗ x1−x21 ) ∗ ( 1 + r )
+(1+ y_g ) ∗ x21
r e t u r n s

params = [ 0 . 9 , 1 , − 0 . 5 , 0 . 2 , u t i l i t y , 0 ]
params2 = [ 1 , −0 . 5 , 0 . 2 , u t i l i t y , 0 ]

c o n s t r a i n t s = [ { ’ type ’ : ’ ineq ’ , ’ fun ’ : cons t_1 , ’ a rgs ’ : params } ,
{ ’ type ’ : ’ ineq ’ , ’ fun ’ : cons t_2 , ’ a rgs ’ : params } ,
{ ’ type ’ : ’ ineq ’ , ’ fun ’ : cons t_3 , ’ a rgs ’ : params } ,
{ ’ type ’ : ’ ineq ’ , ’ fun ’ : cons t_4 , ’ a rgs ’ : params } ,
{ ’ type ’ : ’ ineq ’ , ’ fun ’ : cons t_5 , ’ a rgs ’ : params } ,
{ ’ type ’ : ’ ineq ’ , ’ fun ’ : cons t_6 , ’ a rgs ’ : params }
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]
c o n s t r a i n t s 2 = [ { ’ type ’ : ’ ineq ’ , ’ fun ’ : lambda x : ( x−Q_0 ) } ,
{ ’ type ’ : ’ ineq ’ , ’ fun ’ : lambda x : ( Q_1−x ) }
]

# i n f s u p o f e x p e c t a t i o n
r e s 1 = opt . minimize ( sup1 , 0 . 5 , a r g s =params2 , method = ’COBYLA ’ ,
c o n s t r a i n t s = c o n s t r a i n t s 2 , o p t i o n s = op t i on s )

# s i m i l a r l y to the p r e v i ou s e x p e c t a t i o n
de f e x p e c t a t i o n 2 ( q , params ) :
x , x_0 , y_b , y_g , func , r = params
x1 , x20 , x21 = x
s = \
func ( ( ( x_0 −x1 ) ∗ ( 1 + r ) + ( 1+ y_b ) ∗ x1−x20 ) ∗ ( 1 + r ) + ( 1+ y_b ) ∗ x20 )
∗ ( ( 1 − q ) ∗ ∗ 2 ) + \
func ( ( ( x_0 −x1 ) ∗ ( 1 + r ) + ( 1+ y_g ) ∗ x1−x21 ) ∗ ( 1 + r ) + ( 1+ y_b ) ∗ x21 )
∗ q ∗ ( 1 − q ) + \
func ( ( ( x_0 −x1 ) ∗ ( 1 + r ) + ( 1+ y_b ) ∗ x1−x20 ) ∗ ( 1 + r ) + ( 1+ y_g ) ∗ x20 )
∗ q ∗ ( 1 − q ) + \
func ( ( ( x_0 −x1 ) ∗ ( 1 + r ) + ( 1+ y_g ) ∗ x1−x21 ) ∗ ( 1 + r ) + ( 1+ y_g ) ∗ x21 )
∗ ( q ∗ ∗ 2 )
r e t u r n s

# minus infimum of e x p e c t a t i o n
de f i n f 1 ( x , params ) :
paramss = [ x ] + params
c o n s t r a i n t s 2 = [ { ’ type ’ : ’ ineq ’ , ’ fun ’ : lambda x : ( x−Q_0 ) } ,
{ ’ type ’ : ’ ineq ’ , ’ fun ’ : lambda x : ( Q_1−x ) }
]
r e s = opt . minimize ( e xp e c t a t i on 2 , 0 . 5 , a r g s =paramss ,
method = ’COBYLA ’ ,
c o n s t r a i n t s = c o n s t r a i n t s 2 , o p t i o n s = op t i on s )



129

r e t u r n − r e s . fun

params3 = [ 1 , −0 . 5 , 0 . 2 , u t i l i t y , 0 ]

# − s up i n f o f e x p e c t a t i o n
r e s 2 = opt . minimize ( i n f 1 , [ 0 , 0 , 0 ] , a r g s =params3 ,
method = ’COBYLA ’ ,
c o n s t r a i n t s = c o n s t r a i n t s , o p t i o n s = op t i on s )

# d i f f e r e n c e between RHS and LHS o f ( 4 . 1 8 )
r e s 1 . fun+ r e s 2 . fun

A.7 Properties of concavification𝑈𝑐 in the setup of
Section 2.4

The next lemma is certainly well-known, but for the convenience, we present it
here.

Lemma A.7. For the concave function 𝑈𝑐, such that it is differentiable in 𝑦 ∈ ℝ and

for all 𝑥 ∈ ℝ holds

𝑈𝑐 (𝑥) −𝑈𝑐 (𝑦) ≤ 𝑈 ′
𝑐 (𝑦) (𝑥 − 𝑦). (A.9)

Proof. Consider three cases:
• If 𝑥 = 𝑦, then it is obvious.
• If 𝑥 > 𝑦, then (A.9) is equivalent to

𝑈𝑐 (𝑥) −𝑈𝑐 (𝑦)
𝑥 − 𝑦 ≤ 𝑈 ′

𝑐 (𝑦) = lim
𝑧↓𝑦

𝑈𝑐 (𝑧) −𝑈𝑐 (𝑦)
𝑧 − 𝑦 .

To prove this we will show that function 𝑈𝑐 (𝑧)−𝑈𝑐 (𝑦)
𝑧−𝑦 is decreasing with respect

to 𝑧, for 𝑧 > 𝑦. Hence, we need to show that for all 𝑦 < 𝑧1 ≤ 𝑧2 the following
holds

𝑈𝑐 (𝑧1) −𝑈𝑐 (𝑦)
𝑧1 − 𝑦

≥ 𝑈𝑐 (𝑧2) −𝑈𝑐 (𝑦)
𝑧2 − 𝑦

.
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This is equivalent to

𝑧2𝑈𝑐 (𝑧1) − 𝑦𝑈𝑐 (𝑧1) − 𝑧2𝑈𝑐 (𝑦) + 𝑦𝑈𝑐 (𝑦)
≥ 𝑧1𝑈𝑐 (𝑧2) − 𝑦𝑈𝑐 (𝑧2) − 𝑧1𝑈𝑐 (𝑦) + 𝑦𝑈𝑐 (𝑦).

Hence, we need to prove

(𝑧2 − 𝑦)𝑈𝑐 (𝑧1) ≥ (𝑧1 − 𝑦)𝑈𝑐 (𝑧2) + (𝑧2 − 𝑧1)𝑈𝑐 (𝑦). (A.10)

Since 𝑦 < 𝑧1 ≤ 𝑧2, there exist such 0 ≤ 𝜆 := 𝑧2−𝑧1
𝑧2−𝑦 < 1 that 𝑧1 = 𝜆𝑦 + (1 − 𝜆)𝑧2.

Then

𝑧2 − 𝑧1
𝑧2 − 𝑦

= 𝜆; 𝑧1 − 𝑦
𝑧2 − 𝑦

= 1 − 𝜆.

Thus, (A.10) is equivalent to

𝑈𝑐 (𝜆𝑦 + (1 − 𝜆)𝑧2) ≥ (1 − 𝜆)𝑈𝑐 (𝑧2) + 𝜆𝑈𝑐 (𝑦), (A.11)

which is true due to the concavity of𝑈𝑐 .
• If 𝑥 < 𝑦, then (A.9) is equivalent to

𝑈𝑐 (𝑥) −𝑈𝑐 (𝑦)
𝑥 − 𝑦 ≥ 𝑈 ′

𝑐 (𝑦) = lim
𝑧↑𝑦

𝑈𝑐 (𝑧) −𝑈𝑐 (𝑦)
𝑧 − 𝑦 .

To prove this we will show that function 𝑈𝑐 (𝑧)−𝑈𝑐 (𝑦)
𝑧−𝑦 is decreasing with respect

to 𝑧, for 𝑧 < 𝑦. Hence, we need to show that for all 𝑧2 ≤ 𝑧1 < 𝑦 the following
holds

𝑈𝑐 (𝑧1) −𝑈𝑐 (𝑦)
𝑧1 − 𝑦

≤ 𝑈𝑐 (𝑧2) −𝑈𝑐 (𝑦)
𝑧2 − 𝑦

.

This is equivalent to

𝑧2𝑈𝑐 (𝑧1) − 𝑦𝑈𝑐 (𝑧1) − 𝑧2𝑈𝑐 (𝑦) + 𝑦𝑈𝑐 (𝑦)
≤ 𝑧1𝑈𝑐 (𝑧2) − 𝑦𝑈𝑐 (𝑧2) − 𝑧1𝑈𝑐 (𝑦) + 𝑦𝑈𝑐 (𝑦).

Hence, we need to prove

(𝑧2 − 𝑦)𝑈𝑐 (𝑧1) ≤ (𝑧1 − 𝑦)𝑈𝑐 (𝑧2) + (𝑧2 − 𝑧1)𝑈𝑐 (𝑦). (A.12)
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Since 𝑧2 ≤ 𝑧1 < 𝑦, there exist such 0 ≤ 𝜆 := 𝑧1−𝑧2
𝑦−𝑧2

< 1 that 𝑧1 = 𝜆𝑦 + (1 − 𝜆)𝑧2.

Therefore,
𝑧2 − 𝑧1
𝑧2 − 𝑦

= 𝜆; 𝑧1 − 𝑦
𝑧2 − 𝑦

= 1 − 𝜆.

Thus, (A.12) is equivalent to

𝑈𝑐 (𝜆𝑦 + (1 − 𝜆)𝑧2) ≥ (1 − 𝜆)𝑈𝑐 (𝑧2) + 𝜆𝑈𝑐 (𝑦), (A.13)

which is true due to the concavity of𝑈𝑐 .
□

Lemma A.8. Consider the concave function𝑈𝑐, such that it is differentiable in 𝑦 ∈ ℝ

and strictly concave for some open interval containing y, then for all 𝑥 ∈ ℝ such that

𝑥 ≠ 𝑦 holds

𝑈𝑐 (𝑥) −𝑈𝑐 (𝑦) < 𝑈 ′
𝑐 (𝑦) (𝑥 − 𝑦). (A.14)

Proof. Consider two cases:
• If 𝑥 > 𝑦, then (A.14) is equivalent to

𝑈𝑐 (𝑥) −𝑈𝑐 (𝑦)
𝑥 − 𝑦 < 𝑈 ′

𝑐 (𝑦) = lim
𝑧↓𝑦

𝑈𝑐 (𝑧) −𝑈𝑐 (𝑦)
𝑧 − 𝑦 .

From assumptions of the lemma follows that there is such an 𝜀 > 0 that
𝑥 > 𝑦 + 𝜀 > 𝑦 and function𝑈𝑐 is strictly concave on the interval (𝑦,𝑦 + 𝜀).

From the proof of Lemma A.7 follows that

𝑈𝑐 (𝑥) −𝑈𝑐 (𝑦)
𝑥 − 𝑦 ≤ 𝑈𝑐 (𝑦 + 𝜀) −𝑈𝑐 (𝑦)

𝜀
.

Now, it is enough to prove that

𝑈𝑐 (𝑦 + 𝜀) −𝑈𝑐 (𝑦)
𝜀

< 𝑈 ′
𝑐 (𝑦) = lim

𝑧↓𝑦

𝑈𝑐 (𝑧) −𝑈𝑐 (𝑦)
𝑧 − 𝑦 .

This is true because for all 𝑦 < 𝑧1 < 𝑧2 ≤ 𝑦 + 𝜀 we have

𝑈𝑐 (𝑧1) −𝑈𝑐 (𝑦)
𝑧1 − 𝑦

>
𝑈𝑐 (𝑧2) −𝑈𝑐 (𝑦)

𝑧2 − 𝑦
,

since 𝑈𝑐 is strictly concave in the interval (𝑦,𝑦 + 𝜀) and using the same
arguments as in Lemma A.7.
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• If 𝑥 < 𝑦, then the proof is similar to the previous case with interval (𝑦 − 𝜀,𝑦).
□

Proof of Lemma 2.20. Since𝑈 is strictly increasing, it follows that𝑈𝑐 is also strictly
increasing. Since 𝑈𝑐 is locally affine on the set {𝑈 < 𝑈𝑐} it is continuously
differentiable there. It is also continuously differentiable in the interior of the set
{𝑈 = 𝑈𝑐}, since𝑈 is. So we have to show that𝑈𝑐 (·) is continuously differentiable at
the points 𝑎𝑖 and 𝑏𝑖 (excluding 𝑎1 if it equals 0). Fix 𝑖 . First, we show that derivative
exists in the point 𝑎𝑖 . The left derivative of the𝑈𝑐 in the point 𝑎𝑖 coincides with the
left derivative of the𝑈 in the point 𝑎𝑖 . Thus,𝑈 ′

𝑐 (𝑎−𝑖 ) = 𝑈 ′(𝑎𝑖).
On the other hand, we know that the function𝑈𝑐 is linear from 𝑎𝑖 to 𝑏𝑖 .
Hence,

𝑈𝑐 (𝑥) =
𝑈 (𝑏𝑖) −𝑈 (𝑎𝑖)

𝑏𝑖 − 𝑎𝑖
(𝑥 − 𝑎𝑖) +𝑈 (𝑎𝑖), for 𝑥 ∈ [𝑎𝑖, 𝑏𝑖] .

So, we need to show that

𝑈 ′
𝑐 (𝑎+𝑖 ) =

𝑈 (𝑏𝑖) −𝑈 (𝑎𝑖)
𝑏𝑖 − 𝑎𝑖

= 𝑈 ′(𝑎𝑖).

It means that the linear function 𝑦 (𝑥) := 𝑈 (𝑏𝑖 )−𝑈 (𝑎𝑖 )
𝑏𝑖−𝑎𝑖 (𝑥 − 𝑎𝑖) +𝑈 (𝑎𝑖) is tangent to the

𝑈 in the point 𝑎𝑖 . Lets prove that 𝑦 (𝑥) ≥ 𝑈 (𝑥), 𝑥 ∈ (𝑏𝑖−1, 𝑏𝑖].

Remark. By 𝑏0 we denote point 0.

It is known that 𝑦 (𝑥) = 𝑈𝑐 (𝑥) ≥ 𝑈 (𝑥), 𝑥 ∈ [𝑎𝑖, 𝑏𝑖]. Assume that exists such a
point 𝑥𝑖 ∈ (𝑏𝑖−1, 𝑎𝑖), that

𝑦 (𝑥𝑖) =
𝑈 (𝑏𝑖) −𝑈 (𝑎𝑖)

𝑏𝑖 − 𝑎𝑖
(𝑥𝑖 − 𝑎𝑖) +𝑈 (𝑎𝑖) < 𝑈 (𝑥𝑖). (A.15)

Consider, 0 < 𝜆 =
𝑎𝑖−𝑥𝑖
𝑏𝑖−𝑥𝑖 < 1.

Then,

𝑈𝑐 (𝑎𝑖) = 𝑈𝑐 (𝜆𝑏𝑖 + (1 − 𝜆)𝑥𝑖) ≥ 𝜆𝑈𝑐 (𝑏𝑖) + (1 − 𝜆)𝑈𝑐 (𝑥𝑖)

≥ 𝜆𝑈 (𝑏𝑖) + (1 − 𝜆)𝑈 (𝑥𝑖)
(A.15)
> 𝜆𝑈 (𝑏𝑖) + (1 − 𝜆) ·

(
𝑈 (𝑏𝑖) −𝑈 (𝑎𝑖)

𝑏𝑖 − 𝑎𝑖
(𝑥𝑖 − 𝑎𝑖) +𝑈 (𝑎𝑖)

)
.

Noting that𝑈𝑐 (𝑎𝑖) = 𝑈 (𝑎𝑖) and plugging in the 𝜆 =
𝑎𝑖−𝑥𝑖
𝑏𝑖−𝑥𝑖 , one has

𝑈 (𝑎𝑖) >
𝑎𝑖 − 𝑥𝑖
𝑏𝑖 − 𝑥𝑖

·𝑈 (𝑏𝑖) +
𝑏𝑖 − 𝑎𝑖
𝑏𝑖 − 𝑥𝑖

·
(
𝑈 (𝑏𝑖) −𝑈 (𝑎𝑖)

𝑏𝑖 − 𝑎𝑖
(𝑥𝑖 − 𝑎𝑖) +𝑈 (𝑎𝑖)

)
.
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Which is equivalent to

𝑈 (𝑎𝑖) >
𝑎𝑖 − 𝑥𝑖
𝑏𝑖 − 𝑥𝑖

·𝑈 (𝑎𝑖) +
𝑏𝑖 − 𝑎𝑖
𝑏𝑖 − 𝑥𝑖

·𝑈 (𝑎𝑖) = 𝑈 (𝑎𝑖).

Contradiction. Hence, 𝑦 (𝑥) ≥ 𝑈 (𝑥), 𝑥 ∈ (𝑏𝑖−1, 𝑏𝑖] .
Thus,

𝑈 ′(𝑎+𝑖 ) = lim
𝑎↓𝑎𝑖

𝑈 (𝑎) −𝑈 (𝑎𝑖)
𝑎 − 𝑎𝑖

≤ lim
𝑎↓𝑎𝑖

𝑦 (𝑎) −𝑈 (𝑎𝑖)
𝑎 − 𝑎𝑖

= lim
𝑎↓𝑎𝑖

𝑦 (𝑎) − 𝑦 (𝑎𝑖)
𝑎 − 𝑎𝑖

= 𝑦′(𝑎𝑖) =
𝑈 (𝑏𝑖) −𝑈 (𝑎𝑖)

𝑏𝑖 − 𝑎𝑖
;

𝑈 ′(𝑎−𝑖 ) = lim
𝑎↑𝑎𝑖

𝑈 (𝑎𝑖) −𝑈 (𝑎)
𝑎𝑖 − 𝑎

≥ lim
𝑎↑𝑎𝑖

𝑈 (𝑎𝑖) − 𝑦 (𝑎)
𝑎𝑖 − 𝑎

= lim
𝑎↑𝑎𝑖

𝑦 (𝑎𝑖) − 𝑦 (𝑎)
𝑎𝑖 − 𝑎

= 𝑦′(𝑎𝑖) =
𝑈 (𝑏𝑖) −𝑈 (𝑎𝑖)

𝑏𝑖 − 𝑎𝑖
.

Which gives us

𝑈 ′
𝑐 (𝑎𝑖) =

𝑈 (𝑏𝑖) −𝑈 (𝑎𝑖)
𝑏𝑖 − 𝑎𝑖

= 𝑈 ′(𝑎𝑖).

The proof for point 𝑏𝑖 is similar.
The right derivative of the𝑈𝑐 in the point 𝑏𝑖 coincides with the right derivative

of the𝑈 in the point 𝑏𝑖 . Thus,𝑈 ′
𝑐 (𝑏+𝑖 ) = 𝑈 ′(𝑏𝑖).

On the other hand, we know that the function𝑈𝑐 is linear from 𝑎𝑖 to 𝑏𝑖 .
Hence,

𝑈𝑐 (𝑥) =
𝑈 (𝑏𝑖) −𝑈 (𝑎𝑖)

𝑏𝑖 − 𝑎𝑖
(𝑥 − 𝑏𝑖) +𝑈 (𝑏𝑖), for 𝑥 ∈ [𝑎𝑖, 𝑏𝑖] .

So, we need to show that

𝑈 ′
𝑐 (𝑏−𝑖 ) =

𝑈 (𝑏𝑖) −𝑈 (𝑎𝑖)
𝑏𝑖 − 𝑎𝑖

= 𝑈 ′(𝑏𝑖).

It means that the linear function 𝑦 (𝑥) := 𝑈 (𝑏𝑖 )−𝑈 (𝑎𝑖 )
𝑏𝑖−𝑎𝑖 (𝑥 − 𝑏𝑖) +𝑈 (𝑏𝑖) is tangent to the

𝑈 in the point 𝑏𝑖 . Lets prove that 𝑦 (𝑥) ≥ 𝑈 (𝑥), 𝑥 ∈ [𝑎𝑖, 𝑎𝑖+1). We already know that
𝑦 (𝑥) = 𝑈𝑐 (𝑥) ≥ 𝑈 (𝑥), 𝑥 ∈ [𝑎𝑖, 𝑏𝑖]. Assume that exists such a point 𝑥𝑖 ∈ (𝑏𝑖, 𝑎𝑖+1),
that

𝑦 (𝑥𝑖) =
𝑈 (𝑏𝑖) −𝑈 (𝑎𝑖)

𝑏𝑖 − 𝑎𝑖
(𝑥𝑖 − 𝑏𝑖) +𝑈 (𝑏𝑖) < 𝑈 (𝑥𝑖). (A.16)
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Consider, 0 < 𝜆 =
𝑥𝑖−𝑏𝑖
𝑥𝑖−𝑎𝑖 < 1.

Then,

𝑈𝑐 (𝑏𝑖) = 𝑈𝑐 (𝜆𝑎𝑖 + (1 − 𝜆)𝑥𝑖) ≥ 𝜆𝑈𝑐 (𝑎𝑖) + (1 − 𝜆)𝑈𝑐 (𝑥𝑖)

≥ 𝜆𝑈 (𝑎𝑖) + (1 − 𝜆)𝑈 (𝑥𝑖)
(A.16)
> 𝜆𝑈 (𝑎𝑖) + (1 − 𝜆) ·

(
𝑈 (𝑏𝑖) −𝑈 (𝑎𝑖)

𝑏𝑖 − 𝑎𝑖
(𝑥𝑖 − 𝑏𝑖) +𝑈 (𝑏𝑖)

)
Noting that𝑈𝑐 (𝑏𝑖) = 𝑈 (𝑏𝑖) and plugging in the 𝜆 =

𝑥𝑖−𝑏𝑖
𝑥𝑖−𝑎𝑖 , we obtain

𝑈 (𝑏𝑖) >
𝑥𝑖 − 𝑏𝑖
𝑥𝑖 − 𝑎𝑖

·𝑈 (𝑎𝑖) +
𝑏𝑖 − 𝑎𝑖
𝑥𝑖 − 𝑎𝑖

·
(
𝑈 (𝑏𝑖) −𝑈 (𝑎𝑖)

𝑏𝑖 − 𝑎𝑖
(𝑥𝑖 − 𝑏𝑖) +𝑈 (𝑏𝑖)

)
.

Which is equivalent to

𝑈 (𝑏𝑖) >
𝑥𝑖 − 𝑏𝑖
𝑥𝑖 − 𝑎𝑖

·𝑈 (𝑏𝑖) +
𝑏𝑖 − 𝑎𝑖
𝑥𝑖 − 𝑎𝑖

·𝑈 (𝑏𝑖) = 𝑈 (𝑏𝑖).

Contradiction. Hence, 𝑦 (𝑥) ≥ 𝑈 (𝑥), 𝑥 ∈ [𝑎𝑖, 𝑎𝑖+1).
Thus,

𝑈 ′(𝑏+𝑖 ) = lim
𝑏↓𝑏𝑖

𝑈 (𝑏) −𝑈 (𝑏𝑖)
𝑏 − 𝑏𝑖

≤ lim
𝑏↓𝑏𝑖

𝑦 (𝑏) −𝑈 (𝑏𝑖)
𝑏 − 𝑏𝑖

= lim
𝑏↓𝑏𝑖

𝑦 (𝑏) − 𝑦 (𝑏𝑖)
𝑏 − 𝑏𝑖

= 𝑦′(𝑏𝑖) =
𝑈 (𝑏𝑖) −𝑈 (𝑎𝑖)

𝑏𝑖 − 𝑎𝑖
;

𝑈 ′(𝑏−𝑖 ) = lim
𝑏↑𝑏𝑖

𝑈 (𝑏𝑖) −𝑈 (𝑏)
𝑏𝑖 − 𝑏

≥ lim
𝑏↑𝑏𝑖

𝑈 (𝑏𝑖) − 𝑦 (𝑏)
𝑏𝑖 − 𝑏

= lim
𝑏↑𝑏𝑖

𝑦 (𝑏𝑖) − 𝑦 (𝑏)
𝑏𝑖 − 𝑏

= 𝑦′(𝑏𝑖) =
𝑈 (𝑏𝑖) −𝑈 (𝑎𝑖)

𝑏𝑖 − 𝑎𝑖
.

Which gives us

𝑈 ′
𝑐 (𝑏𝑖) =

𝑈 (𝑏𝑖) −𝑈 (𝑎𝑖)
𝑏𝑖 − 𝑎𝑖

= 𝑈 ′(𝑏𝑖).

□
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