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AHoTAaIiga

Baxuedxncuoeny O. O. Teopist myanbHOCTI IJI1 He YBIrHYTUX (YHKIIIT KOPUCHOCTI
3a YMOB HeBU3HaueHOCTi Mmofnei. — KBamidikamiiiHa HaykoBa mpalns Ha IIpaBax
pyKoOnIucy.

Huceprariist Ha 3M00YTTS HayKOBOTO CTyIleHsI MoKTopa ¢imocodii 3a crerrianb-
HicTIO “112 - cratuctuka ~ — KuiBchbknil HaioHanpHMI yHiBepcureT imeHi Tapaca
[ITesuenka MinicTepcTBa ocBiTH 1 Hayku Ykpainu, Kuis, 2023.

Y mopeni ¢piHaHCOBOro pMHKY ONTMMAaJIbHI iIHBeCTUIITHI CTpaTeTii 3a1eXaTh
Bifl ymomo6aHb iHBecTopa. OHAK I1i BIIOJOOAHHS MOXKYTh CUJIBHO BiIpi3HATUCS
3aJIe)KHO Bifl pi3HMX (PaKTOPIB, IK-OT: MOJIeSIb PUHKY, B TOMY UMCJIi JIOTO IOBHOTA Ta
IMPUMIYIIEeHHS 1010 MHOXXIHY IMOBIpHICHUX Mip Ha pUHKY, BIaCTMBOCTI QyHKIIII
KOPIMCHOCTI iHBeCTOpa, MOEII0BAHHS BUILIAT, O0I>KETHI 00MeKeHHS, TOILIO.

Y mucepranuiiiHiit poOOTi JOCHTIIKYIOThCS iICHYBaHHS ONITUMAIbHUX 1HBECTULII
y 3araJIbLHOMYy BUIIAJIKy B YMOBaX HEeBM3HAUEHOCTI MOJeJi Ta IXHs IOOYyHOBA.
3okpeMa, pO3MISHAIOTHCS K CTAHOAPTHI, TaK i CTiVIKi PyHKIliOHAMNM MaKCUMi3arlil
OUiKyBaHOI KOPUICHOCTI y BUITAAKY, KON (PYHKIIST KOPMCHOCTI He 000B I3KOBO
€ YBITHYTOI0. AHAJIi3 IIPOBOANUTHCA JIS 3aTraJIbHOI MHOKVMHY IMOBIPHICHUX Mip
K y IIOBHUX, TaK 1 B HEIIOBHUX MOMeNAX pUHKY. Po3ringmaerbca nBa BUIAOKU
MHOXV/HM TOIYCTUMUX KiHI[€BUX BUILIAT: 31 CTAHAAPTHUM OOMeXeHHSIM Ha Kaili-
TaJ Ta 3 JOOATKOBUM OOMe)KeHHs KiHI[eBOI BUILJIATY 3TOPY IIEBHOIO BUITAIKOBOIO
BEJIMTUNHOIO.

BaxxnuBuMuy 1HCTpyMeHTaMH, 110 BUKOPMICTOBYIOTHCS JI1 BCTAHOBJIEHHS pe-
3yJIbTATIB, € MIHIMAKCHI TOTOXXHOCTI, IKa MO3BOJISIOTh 3MIHIOBAaT! MOPAOOK Ma-
KCUMi3alil 3a cTpaTeriaMiy Ta MiHIMI3alil 3a MHOXIMHOIO Mip, B KOHTEKCT1 MOJeJl
IIOBHOTO PUHKY, Ta TeOpis AyaJbHOCTI JJIS MOMAENi HeIIOBHOTO pUHKY. B 06ox
BUITaJKaX BUKOPUCTOBYETHCI IIPUHLINI YBICHYTOCTI, SIKUI Ilepeadavae posrisg
yBIrHYTOI OOBiTHOI ITOUATKOBOI (PYHKIII KOPMCHOCTI.

Y nucepTauiiiHiit po6oTi JOCTiIKEeHO YOTUPU OCHOBHI BUIATKIL:

1. Mopdenb MOBHOTO PMHKY, CTAHOApTHA 3alaua MaKcumisarii pyHKuil kopu-

cHocTi (a TakoX I Mogudikallisa 3 00MeXKeHHSIM OIOJIKETY);

2. Mopesb IIOBHOT'O pUHKY, poOacTHa 3aadya Makcumisarii pyHKLUii KopucHOCTI

(ta 1i Mmogudikallis 3 0OMeXKeHHAM OIOIKETY);



3. Mofeslb HEITOBHOTO PMHKY, CTAHIApTHA 3ajaua Makcumisalii GyHKIii Kopu-
CHOCTI;

4. MoneNb HEIIOBHOT'O PUHKY, poOacTHa 3aavya MaKcuMisamii GyHKIli Kopu-
CHOCTI.

BuBueHHS HeyBIrHyTUX (QYHKILII KOPUCHOCTI € OJHMM i3 HAVBaKJIMBIIIINX
aCIIeKTiB AyicepTallii, OCKLIIbKM HafBHI eMIIIpMYHI JaHi CBIAYATh IIPO Te, L0 JIOAN
CXJUIbHI YHUKATV PU3VKIB, KOJIJ € FapaHTOBAHUII BUTpAlll, Ta PU3MKYyBaTH, 3a
BJICOKOI JIMOBIPHOCTI IIUIKOBMTOI'O IIPOTPAILly.

Xoua 6arato cTaTell CMpalThCa Ha MPVHINII YBIrHeHHS, IKIII ITependadae
3aMiHy HeYBIrHYTOI QyHKIII KOPUCHOCTI Ii yBIrHYTOX0 OOBIIHOIO, € i iHIII miagxou
1o pobotu 3 HeyBirHeHUMU QyHKUisMu. L[ quceprartis Takok IPOIOHYE MiAXiT
10 pO3B’sI3yBaHHA 3a/1au MaKCUMisallil 3 HeyBirHyTuMu QyHKLiIMI KOPUCHOCTI
yepes IXHe yBICHEHHS.

Hucepraris TOUMHAETHCI 3 BUBUEHHS BJIACTUBOCTEN YBIrHeHHS PYHKIII KO-
PUCHOCTI Ta JOCIiMKeHHT OKpPeMOr'0 BUIIAKY yYBIrHEHHS I PYHKIII KOPMCHOCTI,
IIOB’I3aHOI 3 PYHKIII€I0 BUILIAT AJIS KOJI-OIMIiOHY.

Y Mopesi TIOBHOTO pUHKY JOCIIIKEHO MiHIMAaKCHY PIBHICTb U1 HE YBIFHYTUX
byHKIiT KoprucHOCTI. [loBeqeHo, 1110 32 IeBHUX MPUPOTHNUX IPUIYIeHb CTaHaap-
THUM QyHKIIIOHAI MaKcuMisamii QyHKIiI KOPUCHOCTI I MOYaTKOBOI PyHKIIil
KOPVICHOCTI JOPiBHIOE BiOIIOBIiMHOMY (PYHKIIiOHAJy Biff YBIrHeHHS ITOYaTKOBOI
¢yHkuii KopucHocti. BukopucroByroun reopemu Koamorra npogeMoHCTpOBaHO
iCHyBaHHS «HAJTIpIIOI» Mipy y ABOX BUIIaAKax: iIHPIMyMy MaTeMaTUUYHOTO CIIO-
OiBaHHS Bil TOYATKOBOI (PYHKIIII KOpUCHOCTI Ta Bifg ii yBirHeHHs. MiHimMakcHi
piBHOCTI 151 He YBIrHyTUx (QyHKIiI KOPUCHOCTI OTPMMAHO SIK HACIiIOK piBHOCTEN
Ta HEPiBHOCTEIL, SIKi ITOB’I3yI0Th poOacTHi GyHKI[IOHATIN BiJl TOYATKOBOI QyHKITii
KOPMCHOCTI Ta 1I yBirHeHHs. KpiM TOro, y qucepTaril TaKoK pO3IJISHYTO BUIIAOKIA,
KOJIV BCi HEPiBHOCTI IIEPEeTBOPIOIOTHCS HA PiBHOCTI, 1110 3a0€3I1eUye CIIpaBeIINBICTh
MiHiMaKCHOI piBHOCTI [IJI1 IOYATKOBOI He YBIrHYTOi (PyHKIIiI KOPUCHOCTI.

OCHOBHOIO METOIO OVICepTallii € BCTAHOBJIEHHA ICHYBaHHS ONTMMAaJIbHOTO
PO3B’ 3Ky, 1110, IK JoOpe BiqoMo, piBHOCUJIIBHO BiICYTHOCTI apOiTpaXKy Ha pUHKY.
Ile mae anpTepHATUBHMII CIIOCi0 HOBeaeHHS QyHIaMeHTAIbHOI TeopeMu (PiHAHCOBOI
MaTeMaTuKY, i, BIIIIOBiIHO, Befle 0 3aaui BUOOPY eKBiBaJIEeHTHOI MapTUHTATbHOI

MIpIH.



Y 11bOMy HaIIpSIMKY {OBEIE€HO iCHyBaHHS Ta EAVHICTH ONITYIMAJIBHOTO PO3B I3KY
CTaHAapTHOI 3aiaui MakcuMisawii He yBirayToi ¢pyHk1ii kopucHocti. Kpim Toro,
1100y JOBaHO J10TO SBHUII BUIJIA 32 YMOBM CTAHIAPTHOTO OI0/I>KeTHOT'O 0OMesKeHHS.
Y po6orTi mokasaHo, 1110 Ieil pO3B’A30K TAKOX € EAVHIM PO3B I3KOM CTaHIAPTHOI
3aaui MakcuMisanii pyHKIioOHATy A1 YBIrHEHHS ITI0YaTKOBOI PYHKIIII KOPMCHOCTI.
Y BuUmagKy 3 MOJAaTKOBMM OOMEKEHHSIM 3ropy Ha KiHIIeBY BUILIATY, 33aHOTO
OVICKPETHOIO BUIIAAKOBOIO BEJIMYITHOI0, TOBEAEHO aHAJIOTIUHI TEOPEMII Ta HaBEJEHO
NPUKIAAN, 9Kl JEMOHCTPYIOTh, 110 OTPMIMAaHI pe3yJabTaTi MOXYTb He MaTV MiCLd,
KOJIVI PO3ITOIT BUMAAKOBOI BEIMUMHIY, KA 0OMeKy€e BUILIATY, € HeIIepePBHIIM.

Kpim cranmapTHOi 3agaui MakcuMisalis I He yBIrHyToi QyHKIIii KOPUCHOCTI,
B JUICepTaLil TaKOX PO3TJIIIAE€ThC pobacTHA 3a/iaua MaKcuMisallii He yBirHyToO1
¢dyHK1il KopucHOcTi. [loBejeHO iCHYBaHHS Ta €QUHICTh ONTMMAJIBHOTO PO3B 3Ky
ITi€l 3a/1a4i, a TAKOK 3aIIPOIIOHOBAHO MeTO[ IT00YZOBY ONITHMAIBHOTO PO3B A3KY.

AHaJOriuHi pe3yJIbTaTy OTPMMAaHO B MOJeJli HEIIOBHOTO PUHKY, BKJIIOYAI0UN
PIBHOCTI Ta HepiBHOCTI, IKi OB I3yI0Th pobacTHMIT GYHKIIIOHAT Bif IT0YATKOBOI
dyHKLUii KoprcHOCTI 3 pyHKIIiOHATOM Bif i yBirHeHHS, a TAKOXK HaBeIeHO JOCTaTHI
YMOBH, 32 IKIMX MIHIMaKCHa piBHICTb Ma€ MicCLie OJIg IIOYAaTKOBOI He YBITHYTOI
GyHKLIT KOPUCHOCTI.

Ilpyra dacTmHa Opyroro OCHOBHOI'O PO31lly INpUCBIYE€HA MOIEJ1 HEIIOBHOTO
PUHKY, BOHa BUKOPMCTOBY€E T€OpPio AyailbHOCTIL. ITo-niepiie, TyT nmpepcraBiaeHoO
ONITUMAJIbHY CTpATeTilo A CTaHJapTHOI 3aaui MakcuMmisanii pyHKiioHany ¢pyH-
KIIii KOPMCHOCTI Ta BUBEAEHO JEKIJIbKa BIACTMBOCTEN 1ii€l cTparerii. Ilo-gpyre,
OTPUMAaHO aHAJOTIUHI pe3yJIbTaTU IJIs1 poOacTHOI 3aaui MakcuMisaltii GpyHKIio-
Haly yBirHeHHs QyHKIII KopmcHocTi. [lokasaHo, 3a IIeBHUX yMOB, iCHyBaHHS
ONTUMAJILHOTO PO3B SI3KY MJI pobacTHOI 3aaui Makcumisail GyHKIIOHATY IS
He YBirHyToi pyHKIIii KOPUCHOCTI, a TAKOX IIOOYIOBAHO ONTUMAJIbHUIL PO3B’ I30K.

HoBusna po6oty mossirae HacamIepes y po3riisafi pyHKIliT KOPUCHOCTI, SKi He
000B’SI3KOBO € YBIrHyTUMIH, Ta TOOYOOBi ONTUMATbHUX iHBECTUIIITHIIX CTPATETIl
IUIS1 TAaKUX (PYHKILN 9K y TOBHUX, TaK I B HEIIOBHNUX PMHKOBUX MOMAENIX. [HIIIMM
BOKJIMBUM OPUTIHAJBHUM 300yTKOM € BCTAHOBJIEHHS MiHIMaKCHIX PiBHOCTEI
Ta IHIINUX pe3yJbTaTiB A1 pobacTHOro QyHKIIOHATY Bifl He yBIrHyTOI PyHKITii
KOPMICHOCTI, 30KpeMa y BUIIaJKy JOJATKOBOTO 0OMe)KeHHs 3ropy Ha BUILIATY.

HucepraniitHa po6oTa Ma€ SK TeOpeTHUHe, TaK i MpaKTUUHe 3HauUeHHS. Pe3yin-



TATU MOCIHiPKeHHS MOXKYTb OyTI BUKOPUCTaHI I TOBeIeHHS a00 CIIPOCTYBaHHSI
MiHIMaKCHIX piBHOCTeI IS He YBIrHYTUX (PYHKIIIVI KOpUCHOCTI. BoHU € Takox
BXJIMBYIMMU JJISI TOOYZOBY IBHOTO BUIVIAAY OITMMAJIBHUX CTPATETiil y HaIOUIbII
3arajJJbHIX MOJEJIIX, Je, IIOo-Iepllle, BITHOLIEHHI IHBeCTOpa OO0 PU3UKY MOXKe
3MIHIOBAaTUCA Bif HECXVMJIBHOCTI OO INPUMHATTS, IO-ApyTre, € 3HaUHA T'HYYKICTh
III0JI0 MOXKJIVIBOI MHOKIHM MIMOBIPHICHUX MIip. fIK onTuMaibHI IHBECTHIII, TakK
i MakcuMi3alisi MaTeMaTUYHOTO CIIOiBaHHS (QYHKIII KOPUCHOCTI € OMHUMMU 3
OCHOBHIX 3a71a4 (piHAHCOBOI MaTeMaTINKY, TOMYy OTPUMAaHi pe3yJIbTaTU MOXKYTh
OyTU BKJIIOUEHVMI y CITeIiaJli30BaHi KypCH.

YV uisiomy, qucepTarniitHa po60oTa mpe3eHTye BOKJIMBUI MAXiA 10 3amaui Ma-
KCcUMi3allii He yBIrHyTUX (yHKIiI KOPUCHOCTI, SIKi YaCTO 3aJIMIIAIOThCS I103a
yBaroxo B JiTepaTypi. BoHa mposnmBae HOBe CBITJIO Ha IIeHTpaJIbHi 3axaui dpiHaH-
COBOI MaTeMAaTMKMU 1 IPONOHYE MIAXOAM, K1 IPOJMBAIOTH CBITJIO HA ONITMMAJIbHI
iHBeCTULINIHI cTpaTerii B yMOBaX HeBU3HAUEHOCTI MOJIeJIi Ta BIIOg00aHb iHBECTOPA,
SIKI MOJIEJTIOIOTHCS He YBIrHYTOK (PYHKIIIEI0 KOPMCHOCTI.

Kniouosi cnosa: OnTManbHI IHBECTULIL, TeOopid QyaJIbHOCTI, MiHIMaKC PiBHICTb,
CTaHJapTHA 3alaua MaKcuMisauil GyHKIi1 KOpMCHOCTI, pobacTHA 3aaua MaKCH-
Mi3anii pyHKIii KOPUCHOCTI, HeyBirHyTa MaKcuMi3allis, OI0KeTHi 0OMe>KeHHH,

HEONyKJIa ONTMMI3allid, yBITHEHHS.
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In a financial market model, the optimal investment strategies depend on the
preferences of the investor. However, these preferences can vary greatly, dependi-
ng on various factors such as market completeness, assumptions on probability
measures, properties of the utility function, payoff modeling, and budget constraints,
among others.

This thesis addresses the existence and construction of optimal investment
strategies in a general setup under model uncertainty. Specifically, it considers
both the standard and robust utility maximization functionals, assuming that the
investor’s utility function is not necessarily concave. The analysis is conducted under
a general set of prior probability measures in both complete and incomplete market
models. Additionally, two cases of admissible final endowments are examined:
standard budget constraints and an additional upper bound represented by a random
variable.

The main tools employed to achieve the desired results are the minimax
identity, which allows for the interchangeability of maximization over strategies and
minimization over measures, in the context of the complete market model, and the
duality theory for the incomplete market model. In both cases, the concavification
principle is utilized, which involves considering the concave envelope of the initial
utility function.

The thesis investigates four main cases:

1. Complete market model, standard utility maximization (+ cases with budget

constraints);

2. Complete market model, robust utility maximizaion (+ cases with budget

constraints);

3. Incomplete market model, standard utility maximization;

4. Incomplete market model, robust utility maximizaion.



The study of non-concave utility functions is a crucial aspect of the thesis, as the
existing empirical evidence suggests that individuals tend to exhibit risk aversion in
choices involving sure gains and risk-seeking behavior in choices involving highly
probable losses.

While many articles rely on the concavification principle, which involves
replacing the non-concave utility function with its concave envelope, there are
other approaches to dealing with non-concave functions. This thesis also provides
approach for solving non-concave utility maximization problems using concavifi-
cation principle.

The thesis begins by studying the properties of concavified utility functions
and investigating a particular case of concavification for a utility related to the call
option payoff function.

In the complete market model, the minimax identity for non-concave utili-
ty functions is thoroughly investigated. It is proven that, under certain natural
assumptions, the standard utility functional of the initial utility function is equal to
that of its concavification. By employing a Kolmos-type argument, the existence
of a “worst-case scenario” measure is demonstrated in two cases: the infimum of
the expected value of the initial utility function and its concavification. The mini-
max identity for the initial non-concave utility function is established by deriving
equalities and inequalities that relate the robust utility functional of the initial
utility function to its concavification. The thesis also presents cases where all the
inequalities become equalities, thus ensuring the validity of the minimax identity
for the initial non-concave utility function.

The main objective of the thesis is to establish the existence of an optimal
solution, which is equivalent to the absence of arbitrage opportunities. This provides
an alternative way to prove the “fundamental theorem of asset pricing” and leads to
the selection of an equivalent martingale measure.

Regarding this issue, the existence and uniqueness of the optimal solution to
the standard non-concave utility maximization problem were proven. Moreover, its
explicit form was constructed under the assumption of standard budget constraints.
It was shown that this solution is also a unique optimal solution for the maximization
problem of the concavified utility function. Furthermore, in the case of an additional

upper bound represented by a discrete random variable, a similar theorem is proven,



and examples are provided to illustrate that the previous conclusions may not hold
for a continuous random variable representing the upper bound.

In addition to the standard non-concave utility maximization problem, the thesis
also addresses the robust non-concave utility maximization problem. The existence
and uniqueness of the optimal solution to this problem are established, and a method
for constructing the optimal solution is derived.

Similar results are obtained in the incomplete market model, including equalities
and inequalities that relate the robust utility functional of the initial utility function
to its concavification, as well as assumptions under which the minimax identity
holds for the initial utility function.

The second part of the second main chapter focuses on the incomplete market
model and utilizes the duality theory approach. Firstly, an optimal strategy for
the standard utility maximization problem is presented, and several properties
of this strategy are derived. Secondly, a similar theorem is proven for the robust
maximization functional of the concavified utility function. Subsequently, under
certain conditions, the existence of an optimal solution for the robust non-concave
utility maximization problem is demonstrated, and a method for constructing the
optimal solution is provided.

The novelty of this work lies primarily in the consideration of utility functions
that are not necessarily concave and the construction of optimal investment strategies
for such functions in both complete and incomplete market models. The study of
the minimax identity and the significant results obtained for non-concave robust
functionals, as well as the incorporation of budget constraints in these cases, also
contribute to the originality of the thesis.

The theoretical and practical significance of the thesis is substantial. The research
results can be used to validate or challenge the minimax identity for non-concave
utility functions, which can make a significant contribution to the construction of
explicit optimal solution strategies in general model and investor preference settings.
Moreover, optimal investments and the maximization of expected utility of terminal
wealth are fundamental problems in Mathematical Finance, making the progress
made in this area valuable for teaching specialized courses in the field.

Overall, the thesis presents a valuable approach to the utility maximization

problem within a non-concave framework, a topic that is often overlooked in the



current literature. It sheds new light on a central issue in Mathematical Finance
and provides insights that can enhance our understanding of optimal investment
strategies under model uncertainty and non-concave preferences.

Keywords: Optimal investments, duality theory, minimax identity, standard utility
functionals, robust utility functionals, non-concave utility, non-convex optimization,

constrained optimization, concave envelope.
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Notation

Utility functions

U— utility function;

U.— concave envelope of U, or the smallest concave function such that U, > U.

Sets of measures and related to them sets

P— the real world measure;

Q- set of measures that we consider and which satisfies certain assumptions;
Z— set of Radon-Nikodym derivatives ZT%’ for Q € Q;

Q.— set of measures in Q which are equivalent to the real world measure IP;
Ze— set of Radon-Nikodym derivatives 3%, for Q € Q;

M.— set of all equivalent local martingale measures;

M,— set of all absolutely continuous local martingale measures;

Q°— unique equivalent local martingale measure in a complete market.
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Introduction

Relevance of the topic. Utility maximization is a fundamental concept in
finance that seeks to identify the best investment strategies that would lead to the
highest possible return for a given level of risk or the lowest possible risk for a given
level of return. This concept is widely used in investment decision-making by both
individuals and institutional investors.

One of the most significant challenges of utility maximization is the completeness
of the market, which refers to the availability of all possible investment options. In
practice, it is rare for a market to be fully complete, meaning that not all investment
options are available to investors. Therefore, it is necessary to consider a general
setup that can account for an incomplete market.

Another critical aspect of utility maximization is the properties of the utility
function. The utility function describes the preferences of investors in terms of the
expected return and risk of different investment options. It is essential to consider
the properties of the utility function, such as its concavity, in order to make informed
investment decisions.

Evidently, underlying probability measures play a significant role in utility
maximization: one has to use accurate probability measures in order to make
informed investment decisions. Given that in most cases, the information about
underlying probabilities is limited, it is important to work a robust setting, which
includes a general set of probability measure.

The thesis is devoted to the study of the existence and construction of the optimal
investment strategies in the general model setup. We consider the standard and
robust utility maximization functionals under model uncertainty and assumption
that the investor’s utility function is not necessarily concave. Moreover, this problem
is considered under a general set of prior probability measures in the complete and

incomplete market models. Additionally, in the spirit of Follmer and Schied [16,

15
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Chapter 3], we look at the two cases of admissible final endowments: the standard
budget constraints and an additional upper bound given by some random variable.

In the second chapter we examined optimal investment strategies for standard
and robust non-concave utility maximization problems in complete market model.
We considered the very general model setup and implemented a modified constrained
counterpart of the optimization problem. To obtain an optimal investment we
relied on the minimax identity, concavification principle and relations between
the corresponding functionals of an initial non-concave utility function and its
concavifications. Throughout the chapter we studied the minimax identity for
non-concave utility functions and applied obtained relations of robust functionals
of initial and concavified utility functions.

The third chapter of thesis is devoted to the similar problems, however, in
incomplete market model, which makes the considered model setup more general.
The key tool, in obtaining the previous results in expanded model setup, is duality
theory. As before we studied the minimax identity for non-concave utility functions
and learned how to relate the corresponding functionals of an initial non-concave
utility function and its concavifications. Moreover, presented a way to derive
an optimal investment strategies for standard and robust non-concave utility
maximization problems (in some cases with implementing additional assumptions

in comparison with the second chapter).

Connection of work with scientific programs, plans, topics. The work
was carried out within the framework of state budgetary research scientific topics:
«Stochastic dynamical systems, inhomogeneous in time or random time: asymptotics
and statistical analysis» (state registration number 0122U001843) and Ne195$038-01
«Exact formulas, estimates, asymptotic properties, and statistical analysis of complex
evolutionary systems with many degrees of freedom» (state registration number
0119U100317) department of probability theory, statistics and actuarial mathematics,
faculty of Mechanics and Mathematics Taras Shevchenko National University of
Kyiv, included in the comprehensive thematic plan of research works «Modern

mathematical problems of natural science, economics and finance».

The purpose and objectives of the research. The aim of the dissertation is

in the study of standard and robust utility functionals for initial utility function and



17

its concavification and solving the following problems: establishing the existence of
the optimal investment strategies and construction of them under different model
setups, deriving how can be related the maximizing functionals of initial utility
function and its concavification and solving the described problems in general
framework: both complete and incomplete market models, not necessarily concave
utility function, standard budget constraint and implementation of additional upper
bound on final endowments.

The object of research are the standard and robust utility functionals.

The subject of research are the optimal solutions for the standard and robust utility
maximization problems for non-concave utility function and its concavification, as

well as minimax identities for the robust non-concave utility functionals.

Research methods. The work uses methods of probability theory, theory of
random processes, functional analysis, financial mathematics, non-convex optimiza-

tion.

Scientific novelty of the obtained results. All results obtained in the
dissertation work are new. The main results are as follows:

— the properties of concavified utility function are investigated,;

— minimax identity for non-concave utility functions is established;

— it is proved that under some natural assumptions, the standard utility functional
of the initial utility function is equal to that of its concavification;

— in a complete market model, the existence of the “worst-case scenario” measure
is shown in two cases: where one looks at expected value of the initial utility function
and that of its concavification;

— a chain of equations and inequalities that relate the robust utility functionals
of a non-convex utility function and its concavification is established, generalizing
the existing results, and several examples are given where all of the inequalities
become equations and hence the minimax identity for the initial non-concave utility
function holds;

— existence and uniqueness of the optimal solution to standard non-concave
utility maximization problem is proved, and it is shown that the solution is also a
unique optimal solution for the maximization problem of the concavified utility

function;
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— an explicit optimal solution is constructed under the assumption of standard
budget constraints in a complete market model;

— in a constrained case, where an upper bound on the final endowment is
imposed, similar results are established when the upper bound is a discrete random
variable, and it is shown that the conclusions may fail when the upper bound is a
continuous random variable;

- in complete market model the existence and uniqueness of the optimal solution
to the robust non-concave utility maximization problem is proved and an approach
1s given to construct it;

— in the incomplete market model, similar results are proved: equations and
inequalities that relate the robust utility functionals of a non-concave utility function
and its concavification are established, and the assumption under which minimax
identity holds is proposed;

— the duality theory approach in incomplete market model is used to obtain
optimal investment strategies for the standard utility maximization problem, the
properties of optimal strategy are derived; similar results are obtained for the
robust maximization functional of the concavified utility function, in particular, the
existence of an optimal solution for the robust non-concave utility maximization

problem is shown and its construction is proposed.

Practical significance of the obtained results. As investors seek to max-
imize their wealth, they face the challenge of terminal wealth maximization, a
problem that hinges on their individual preferences. This research explores various
scenarios related to investor preferences and future payoff modeling, encompassing
factors such as market completeness, properties of utility functions, and budget
constraints. We establish the existence of optimal investment strategies for both
standard and robust utility maximization problems, subject to certain assumptions
in some cases. Moreover, we present a methodology for explicitly constructing
optimal strategies in specific situations.

The research investigates the equations and inequalities that connect robust
utility functionals of an initial non-concave utility function and its concavification.
By doing so, we can verify or disprove the minimax identity for non-concave utility

functions. This contribution holds significant theoretical and practical implications
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as it greatly assists in formulating explicit optimal solution strategies for the general

case of model and investor preferences.

Personal contribution of the acquirer. All the results of thesis were obtained
by solely by its author. All four articles containing results were published. Two of
them, [8, 22], are published by the author solely. The two remaining articles [7] and
[6] is coauthored by the scientific supervisor, Doctor of Physical and Mathematical
Sciences, Professor Georgiy M. Shevchenko, whose contribution was in proposing

the research problem and in general advising.

Approbation of the results of the dissertation. The results of the dis-
sertation were reported and discussed at international scientific conferences and
meetings of scientific seminars of leading Ukrainian scientific institutions.
Conferences:
1. XX International Scientific — Practical Conference“Shevchenkivska Vesna -
20227, April 14, 2021, Kyiv, Ukraine.

2. International Conference “Modern Stochastics: Theory and Applications V7,
June 1-4, 2021, Kyiv, Ukraine.

3. Scientific conference “Actual Problems of Stochastic Analysis”, February 20-21,
2021, Tashkent, Uzbekistan.

4. XIX International Scientific — Practical Conference“Shevchenkivska Vesna —
20217, April 15-16, 2021, Kyiv, Ukraine.

5. 15éme Colloque Bachelier en Mathématiques Financiéres et Calcul Stochas-

tique, January 16-21, 2023 Metabief, France.

Scientific seminars:

1. Seminar held by the department of probability theory, statistics and actuarial

mathematics of faculty of Mechanics and Mathematics Taras Shevchenko

National University of Kyiv (Kyiv, 2020).

Publications. The results of the dissertation were published in:
1. Four articles in peer-reviewed journals [6-8, 22];
« two of them, [6, 7], are in the journals indexed in the Scopus and Web of
Science; in SJR: Scientific Journal Rankings databases their quartiles are

Q2 and Q3 correspondingly;
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« the articles [8, 22] are published in peer-review Ukrainian journal
(category “B”);
2. Four abstracts of reports at conferences [4, 5, 23, 24].

Structure and scope of the dissertation. The dissertation consists of an
abstract in Ukrainian and English, an introduction, four chapters divided into sections
and subsections, conclusions, list of references (41 items), and the appendices, first
one with supplementary proofs and script, second one contains a list of publications
of the acquirer on the topic of the dissertation and information about the approval

of the results. The full scope of the dissertation is 137 pages, the main text takes 97
pages.

The content of the work. The first chapter contains a brief historical
review of the literature on the subject of the dissertation and highlights the current
state of the study of problems similar to those considered in the dissertation work.

In the second chapter firstly, in Section 2.1, we introduced the model setup
with all of the necessary assumptions on the model, i.e. the modelling of the payoff,
assumptions on the set of probability measures and main notations that we have
used throughout the work. Throughout the dissertation we consider standard and
robust optimization problems with and without budget constraints in complete and
incomplete market models.

Consider investor’s utility function U : [0,00) — R. We assume that U is
non-constant, non-decreasing, upper semi-continuous and satisfies the mild growth

condition:

lim U) =

x—oo X

and that U (o) > 0. We set U(x) = —oo for x < 0.

0,

For the standard optimization problem we aim to identify

sup E[U(X)],
XeX(x)

and for the robust optimization problem we look at

sup inf Ep[U(X)].
XeX(x) 9€Q €

Two possibilities for the set X (x) of admissible final endowments are considered:
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« the standard budget constraint:
X(x) = {X € Ly(Q%)|Ege[X] < x},x > 0,
- an additional upper bound:
X(x) ={XeL'(Q° |0< X< W,Eq[X] <x},

with some random variable W : Q — [0, +00).

Afterwards we study an optimal investment strategies for both standard and
robust non-concave utility maximization problems in complete market model. We
considered the very general model setup and implemented a modified constrained
counterpart of the optimization problem. To obtain an optimal investment we
relied on the minimax identity, concavification principle and relations between
the corresponding functionals of an initial non-concave utility function and its
concavifications.

To ensure market completeness, the following assumption is imposed:

Assumption 2.1. There is a unique equivalent local martingale measure, denoted by
Qe
Moreover, we use next conditions:

Assumption 2.2. (i) Q is convex;
(ii) P[A] = 0 if and only if Q[A] = 0 for all Q € Q,;
(iii) The set Z = {dQ/dP | Q € Q} is closed in L°(IP).

The following notations is used for brevity:

Z.:={dQ/dP | Q € Q.}, where Q. denotes the set of measures in Q
that are equivalent to P;

C(x) ={g € LY(Q, 71, P)|0 < g < Xt for some X € ¥(x)}.
In particular,
g € C(x) & Epe(9) < x.

In Section 2.2, we consider a strictly increasing, strictly concave and twice

continuously differentiable function U : [0, c0) — R, which has vanishing derivative
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at infinity. First we consider a particular non-concave utility function U:R-> R

- U((x—K)"), x>0
ST LU(CEoNY
—00, otherwise.

The concavification for function U is constructed and its several useful properties
are established.

In Section 2.3, we show how to relate the robust functionals for the initial
non-concave utility function and its concavification in the general setup. For this

we used some assumptions.

Assumption 2.11.
For all x > 0 exists a measure Qg € Q, such that ug,(x) < .
Assumption 2.12.
uéo(x) < oo for some, and hence, for all x > 0 and some Qy € Q..

Theorem 2.13. Additionally to Assumptions 2.2, 2.1, 2.11 and 2.12, assume that the
probability space (Q, F,P) is atomless.
Then the following holds:

sup inf Eo[Uc(9)]'Z sup inf Eg[Us(g)]'®’ inf sup Eo[U.(g)]
geC(x) QeQ. geC(x) QeQ QeQ geC(x)
V|(4*) ||(3*)
sup inf Ep[U(g)] inf sup Ep[U.(9)]
gec(n 050 0e gec)
||(6*) ||(5*)

(7%) (8%)
sup inf Eg[U(g)] < inf sup Ep[U(g)] < inf sup Ep[U(g)].
geC(x) Q€@ QeQ geC(x) QeQ. geC(x)

The proof establishes first the minimax identity and corresponding relations
for the concavified objective function and then turns to the initial utility function.
The conclusion of the proof relies mainly on the Kolmos-type argument, lop-sided
minimax theorem and properties of the concavified utility function.

Further, we prove the existence of the saddle point for the robust maximization
functional of the concavified and initial utility functions as well as existence of

the maximizer in the concavified robust maximization problem. However, for
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this part (until considering the constrained case) we consider the utility function
U: (0,00) — R that is strictly increasing, continuously differentiable and satisfying

a mild growth condition.

Lemma 2.20. The function U,(-) is strictly increasing and continuously differentiable
on (0, ).

Lemma 2.21. Suppose Assumption 2.2 holds and that for allQ € Q, : ug (x) < oo for

somex > 0.

c

Additionally, assume that lim 1) _ 0 for each Q € Q.. Then, for any x > 0,

X—00 x

there exists some g € C(x) and Q € Q such that
u(x) = QirelgEQ[Uc@] = E5lUc(9)] = ug(x).

Conditions are given under which all of the inequalities in Theorem 2.13 become
equations and, thus, the minimax identity holds for the initial non-concave utility

function U.

Theorem 2.23. Suppose that all assumptions from Theorem 2.13 hold.

Then, the following two equations are equivalent:
(i) sup inf Eo[U(g)] = sup E5[U(9)], forQ € Q..

geC(x) Qe 9€C(x)
(ii) sup inf Eg[U(g)] = sup inf Ep[Uc(g)].
geC(x) Q€Qe geC(x) Q€Qe

Assumption 2.25. Assume that the set Q from Lemma 2.21 can be replaced by the set
Q., i.e. foranyx > 0, there exists some g € C(x) and Qo € Q, such that

w'(x) = inf Fo[Uu(@)] = Eg, [U()] = uf (»).
Further on, Qo € Q. denotes a measure such that
u(x) = uéo(x).

Theorem 2.26. Suppose that all assumptions from Lemma 2.21 and Theorem 2.13 are
fulfilled and that Assumption 2.25 holds. Additionally, assume that at least one of the
items below holds

(i) Exists such a measure Q € Q. that for all g € C(x) : chg EolUc(g9)] =
€6l
E5[U(9)];
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(ii) For any sequence g, € C(x) such that hm E [U (gn)] = sup inf Ep[U.(g9)]
geC(x) Q€Qe

it holds that hm E [U (gn)] = hm anf Eo[U:(gn)].

Then, we have

sup inf Eg[U(g)] = sup 1nf EQ[U (9)]-
geC(x) QE e gEC(X)

Hence, all inequalities in the Theorem 2.13 are equalities.

Theorem 2. 27 Suppose that all assumptions from Theorem 2.13 hold. Additionally,
assume that has a continuous distribution. Also suppose that for some non-negative
A the maxzmlzerfor u‘(x) satisfies g* € =V (A - W

Then g* is also a maximizer for u(x). Moreover, we have

sup inf Ep[U(g)] = sup inf Ep[U.(9)].
geC(x) QeQ. € geC(x) QeQ. ©

Hence, all inequalities in the Theorem 2.13 become equalities.

We consider two cases of admissible final endowments: the standard budget
constraint and additional upper bound (which has not been considered before in
such model setup).

From now on we return to the first assumption on the utility function, i.e. that
investor’s utility function U : [0,00) — R such that U(co) > 0, is non-constant,
non-decreasing, upper semi-continuous and satisfies the mild growth condition,
U(x) = —oo for x < 0.

We extend previous results by showing how to compare the robust utility maxi-
mization functionals of initial non-concave utility functions and its concavification.
Furthermore, we proceed in proving the minimax identity for the general case of
non-concave utility functions. The crucial step for obtaining the mentioned results
with implementing an additional upper bound is the use of the regular conditional
distribution which sheds new light on the possible approaches for solving the
optimization problem.

In the constrained case of the study the minimax identity for the robust non-
concave utility functional in a complete market model we additionally to the previous

part consider an upper bound for the set X(x) of admissible final endowments:

XW(x) = {X e L'(Q% |0 < X < W,Epe[X] < x},
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with some random variable W : Q — [0, +c0).

Assumption 2.29. 1. (Q,F) is a standard Borel space.

2. There exists a regular conditional distribution given W, which is atomless, i.e.,
there exists a function P: ¥ X (0,00) — [0, 00) such that for allv > 0, P(-,v)
is an atomless probability measure, and for all A € F, P(A, ) is a measurable
function satisfying P(A,W) = P(A | W) as.

Theorem 2.31. Under Assumptions 2.2, 2.11, 2.12, 2.29, we have the following:

sup inf Eo[UM“ ()] sup inf Eo[UY @ (X)12 inf sup Eo[U¥ @ (x)]
XexV Qe€Q. XexV QeQ QeQ XexV
\/|(4*) II(3*)
sup inf EQ[UW(”)(X)] inf sup EQ[UCW((”) (X)]
XexV QeQe QeQ. XexV
||(6*) ||(5*)
: W(o) (7%) . W(w) ¢y o) W(w)
sup inf Eo[U (X)] < inf sup Eg[U (X)] < inf sup Ep[U (X)].
Xex) QeQ Q<Q XexV Q€. Xex)

Lemma 2.33. Suppose that Assumption 2.2 and Assumption 2.12 hold.

Then, we have

ul (x) = sup inf Eo[UY“)(X)] = inf sup Eo[U)“(X)]

XexV QeQ Q€ yexw
= sup inf Eo[U'“)(X)] = inf sup Eo[U)“ (X)].
Xex¥V Qe QeQe Xex¥V

Lemma 2.34. If Assumption 2.2 and Assumption 2.11 hold, then for all X € XY

inf Eo[UY(X)] = inf Eo[UY(X)].
inf olU" (X)] Jnf olU" (X)]
Lemma 2.35. Let {P,,0 € (0,0)} be a family of atomless probability measures on a
standard Borel space (Q, F), such that for any A € ¥, P.(A) is measurable. Then, for

allQ € Q,, for all X € XY there exists X* € XV such that
Eo[U" (X")] = Eo[U;" (X*)] = E[U;" (X)] 2 Eo[U" (X)].
Lemma 2.36. If Assumption 2.29 holds, then for all Q € Q. it holds that

sup EQ[UW(“’)(X)] = sup EQ[UCW(C‘))(X)], forallx > 0.
XexWV XexV
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Lemma 2.37. Under the Assumption 2.29,

inf sup EQ[UW(“’)(X)] = inf sup EQ[UcM/(w)(X)].
QeQ. XexV Qe XexW

In Section 2.4 we construct an optimal investment strategy for non-concave
utility maximization problems. We started with the standard utility maximization

problem and in Section 2.4.1 constructed the optimal investment strategy:.
We defined the (one-sided) inverse of U/(-):

W) (y)

Ty € RA(Uien{[UL(59), Uz(a)] U [UZ(eD), UL}

+Na Ty € [U(a), Uz(ay)]}

W =456 Ty € [0, U2b))}

+ Y Iy € [UeH), U]}, y < UL(0");

0, y > U(0%).

Theorem 2.39. Assume that ‘fi% is continuous and that

dQ*¢
h(A) =Eqe |i|A-
o=t |- )
Then, for any initial capital x > 0, there exists a unique optimal solution to the problem
(2.28) given by X* = i(A* - %), where A* > 0 is such that Ege [i(A* - %)] =x.

< oo, forall A > 0. (1)

Remark 2.40. Solution X* is also a unique optimal solution for the maximization

problem of concavified utility function, i.e.

Xz;Fx)E[Uc(X)] = Xrggé)lE[Uc(X)] = E[U:.(X™)].

Section 2.5 is devoted to the study of optimization strategies in the constrained
setup, i.e. we assume that there is an upper bound on the endowment, given by a

random variable W : Q — [0, +c0). The set of admissible payoff is then given by
X ={Xel’(P)|0<X <WIP-as.).

Our goal is to maximize E[U(X)] for X € X where the budget set XV is defined
by

XV = {XelL(Q%]0<X<W,Eq[X] <x}.
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For each k > 0 denote
Uk(x) = U(x A k), x > 0. (2)

and let i*(y) be the inverse of (UF)".
The following result is a counterpart of Theorem 2.39 for the utility function
UY@) »eQ.

Theorem 2.42. Assume that the random variable % is continuous and that the
random variable W is discrete.
Consider the function i" (w,y) := i@ (y), forall w € Q.

Let also

hY () = Ege [iW<w> (/1 : %(w)) < oo, forall A > 0. (3)

Then for any initial capital x > 0, there exists a unique optimal solution to the
problem (2.40), which is given by X* = i (1* - %) for some A* > 0 such that
. dQ*¢
Ege [V (A* - %)) = x.

Furthermore, in Section 2.5.2 we presented examples which show that the
conclusion of Theorem 2.42 may fail in the case where W is a continuous random
variable.

To achieve this we considered the sample space Q = [3, 1] with the probability P
being the normalized Lebesgue measure, i.e. P([a,b]) =2(b —a) for 2 <a< b < 1.

We set W(w) = 20, for w € Q and considered the utility function

3va 1 1
R XE[O,E);
x+1
2
3

U(x) =19 2L X € [%, 1);

, x € [1, 00).

=

Section 2.6 deals with the optimal investment strategies for robust utility
functional.

The main assumption here is equality

sup inf Ep[U(g)] = sup E5[U(g)]. (4)
geC(x) Q€Qe geC(x)
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Theorem 2.44. Suppose that (2.46) holds and that Cz—% is continuous. Additionally let

i(a.de
dQ

be continuous, where i is the inverse to U,. Then there exists a unique optimal

h(A) = Ege < oo, forall A > 0, (5)

solution to the problem (2.48) given by g* = i(A* - %)’ where A* > 0 and such that
Ege[i(A* - %)] = x, for initial capital x.

Remark 2.45. Solution g* is also a unique optimal solution for the problem of
maximizing concavification of the utility function, i.e.
sup E5lUc(9)] = max E5[Uc(9)] = E5[U:(gM)].
Theorem 2.46. Consider the model setting and utility function as in Section 2.3.2.
Then under the assumptions of Theorem 2.44, Theorem 2.13, and Lemma 2.21, the
unique optimal solution g* for the problem (2.48) is also an optimal solution for (2.47),
in the sense that
g:g(};) 522 EolU(g)] = érelg Eo[U(g™)].

In the third chapter we study problems similar to those in the third, however,
now we work in incomplete market model, which makes the considered model setup
more general. The key technique to generalize the previous results to this extended
model setup is duality theory. As before, we investigate the minimax identity for non-
concave utility functions and learned how to relate the corresponding functionals of
an initial non-concave utility function and its concavifications. Moreover, we present
how to deriveoptimal investment strategies for standard and robust non-concave
utility maximization problems.

Section 3.1 is devoted to the minimax identity and relations between the robust

functionals of the initial and concavified utility functions.
Assumption 3.1.

For all x > 0 exists some Q € Q, such that ug(x) < oo.
Assumption 3.2.

up, (x) < co for some x > 0 and some Qo € Q..
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Assumption 3.6. AEy(V) < co.

Assumption 3.7. For any Q € Q. and any distribution Fo on R, with UP(Fg) < oo,
there exists fo € C(UP(Fp)) with fo ~ Fo. The index of distribution shows the

probability measure under which we consider it.

Theorem 3.13. Suppose that Assumptions 2.2, 3.1, 3.2, 3.6, 3.7 are satisfied.

: (1%) : (2%) .
sup inf Ep[U.(g)] =" sup inf Ep[U,(g)] =" inf sup Ep[U:(g9)]
geC(x) QeQ, ere geC(x) QeQ e QEQgEC(x) e

V|(4*) ||(3*)
sup inf Ep[U(g)] inf sup Ep[U.(9)]
geC(x) Q< y QQe gec(x) y

II(6*) II(5*)

(7%) (8%)

sup inf Ep[U(g)] < inf sup Ep[U(g)] < inf sup Ep[U(9)].
geC(x) Q€ QeQ geC(x) Q€Qe e (x)

After that, as in previous chapter, we presented the conditions under which all
of the inequalities in Theorem 3.13 become equalities and we obtain the minimax

identity for the non-concave utility function.

Theorem 3.14. Suppose that all assumptions from Theorem 3.13 holds.

Then, for all x > 0, the next two equalities are equivalent
(i) sup inf Eo[U(g)] = sup E5[U(g)], for Q € Qe;

geC(x) Q€Qe geC(x)
(ii)) sup inf Eg[U(g)] = sup inf Ep[U.(g)].
geC(x) QeQ. geC(x) QeQ.

Theorem 3.15. Suppose that all assumptions from Lemma 2.21 and Theorem 3.13
hold. Assume that at least one of the items below holds

(i) Exists such a measure Q € Q. that for all g € C(x) : chg EolUc(g9)] =
€6l

EQ[UC(Q)L

(ii) For any sequence g, € C(x) such that lim E5 [Uc.(gn)] = sup inf Eg[U.(9)]
n—oo QO geC(x) QEQe
it holds that nll_{lgo EQO[UC(gn)] = nh_)ngo ngcge Eo[Uc(gn)].
Then we have

sup inf Eog[U(g)] = sup inf Ep[U.(g9)].
geC(x) QeQ. € geC(x) QeQ. otre

Hence, all inequalities in the Theorem 3.13 turn to equalities.
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In the Section 3.2 we studied the optimal investment strategies for the maximiza-
tion problems for the concavified utility functions. The Section 3.2.1 dealt with the
standard utility maximization problem for the concavified utility function.

We introduced the convex conjugate function V of U,

V(y) =sup(U(x) —xy), y>0.

x>0

The dual value function vp for up is given by
= inf E[V(Y7)], > 0,
op(y) = in L V()] vy
where the space Y (y) is defined as
Y(y) ={Y > 0|Yy = y and XY is a P — supermartingale for all X € X(1)}.
As in [25, 26] consider the following sets:

C(x) = {g € L%(Q, 71,IP)|0 < g < X7 for some X € X(x)};
D(y) ={h € LY(Q, F7,P)|0 < h < Yy for some Y € Y (y)}.

Theorem 3.16. Assume vp(y) < oo, for all y > 0(we need it for the (iii) and (iv)),
(3.3) and (3.6) hold.

For any xo > 0, there exist some g € C(x,),y > 0 and h € D(y) such that
(i) ug(x0) = vp(y) + xo,
(i) up(x) = igg(vp(y) + X0Y),

(iii) op(§) = E[V (R)],
(iv) uj(x0) = E[U.(9)].
Moreover, vp(-) is convex.

Theorem 3.17. Assume vp(y) < oo, forally > 0, (3.3) and (3.6) hold.
Then, for any x > 0, there exists an optimal strategy X € X(x) such that

up(x) = E[U:(X7)].
There also exist some§ > 0 and Y € Y (7)) such that
op(y) = E[V(Y)] and uj(x) = vp(y) + 7.

Moreover, X\T € —8V(?T). Also, XY isa martingale.
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Subsection 3.2.2 deals with the robust utility maximization problem for the

concavified utility function.

Theorem 3.18. Fix arbitrary Q € Q.. Supposevp(y) < oo, for all y > 0(we need it for
the (iii) and (iv)), (3.13) and (3.6) hold.
For any xo > 0, there exist some g € C(x,),y > 0 and h € Do(y) such that
(i) S, (o) = 00 (§) + T,
(ii) ufg(xo) = ziJgg(vQ(y) + x0Y),
(iii) 09(y) = Eo[V ()],
(iv) S, (x0) = Eq[Uc(@)].
Moreover, vg(-) is convex.

Theorem 3.19. Suppose that all assumptions of Lemma 2.21, (3.6) and (3.14) hold.
For any xo > 0, there exist some 0 €Q., y > 0 and he DQ(Q) such that

(i) u®(x) = u%(xo),
(i) u(xo) = ;r;g(v(y) + x0Y),
(iii) u®(xo) = v(y) + xoy,
(iv) 0(§) = v5(3) = E5[V (h)].
Theorem 3.20. Suppose that all assumptions of Theorem 3.19 hold.
Then, for any x > 0, there exist some X € X(x) and Q € Q, such that

ut(x) = érelg Eo[Ue(Xr)] = E5lUc(Xr)] = u5(x). (6)
There also exist some§ > 0 and Y € y@@) such that

0(y) = EglV(¥r)] and u(x) = o(y) +x7. (7)
Moreover, XT € —8V(?T), and XY is a Q— martingale.
In Section 3.3 we extend these findings to the initial non-concave utility function.

Theorem 3.21. Suppose that Assumption 2.2 and Assumption 3.1 hold.
Additionally, assume that the optimal solution g* for concavified problem (either

standard: sup E[Uc(g)] or robust: sup inf Eg[U.(g)]) such that g* € -9V (AZ),
geC(x) g€C(x) Qe
where Z € Z has a continuous distribution.

Then, g* is also an optimal solution for the corresponding non-concave problem.
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Conclusions section summarizes the main results of this thesis.

In the Appendix A, we present auxiliary statements and supplementary proofs
to make reading of the main part easier for readers.
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Chapter 1

Review of literature on the topic of the

dissertation

The basic problem of mathematical finance is concerned with an economic
agent’s investment decisions in a financial market, where the agent seeks to maximize
the expected utility of their terminal wealth. This can be expressed mathematically

as the so-called standard utility maximization problem:
E[U(Xr)] — max, X € X(x),

where X represents the investor’s portfolio, X (x) is the set of all admissible portfolios
with initial wealth X, < x, U is the utility function that measures the investor’s
satisfaction, and T is the investment horizon.

In the past, many studies have considered this problem under the assumption
that there is a probability measure that accurately describes the future stock price
evolution. However, in reality, there is always some level of uncertainty and
investors may be averse to both risk and Knightian uncertainty, the latter refers to
the uncertainty associated with choosing an appropriate model, which is often not
reflected in the probabilities of known events.

Therefore, it is essential to consider both risk and Knightian uncertainty when
seeking to maximize the expected utility of terminal wealth. This can be achieved by
using appropriate techniques such as robust optimization, which seeks to identify
the optimal investment strategy that performs well under all possible scenarios, or
by incorporating multiple priors in the decision-making process, which was the idea
initially taken by Savage [35]. In the spirit of it, Yaari [41], Gilboa and Schmeidler
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[17] and Schmeidler [18] worked with the robust utility functional, i.e.

X — inf Eo[U(X)],
—>érela olU(X)]

where Q is a set of probability measures (priors).
Note that when the set of all considered probability measures Q is a singleton,
the robust utility maximization problem
sup inf Eo[U(X7)]
XeX(x) 2€Q
coincides with the standard utility maximization problem
sup E[U(X7)].
XeX(x)

The literature on utility maximization is rich and varied, with many papers
exploring different problems and model frameworks, but there is a lack of connection
between some of the contributions to field due to the diversity of problems and
model frameworks they consider. For example, some papers focus on concave
and non-concave utility functions, while others consider complete and incomplete
market models, and still others address standard and robust utility maximization
problems.

Some of these papers have made significant contributions to the field, such as the
work of Schied and Wu [37], who proved the existence of optimal investment strate-
gies for the problem of maximizing the robust utility function in a general incomplete
market model framework. They assumed a strictly concave, strictly increasing, and
continuously differentiable utility function that satisfies the Inada conditions. Using
the minimax identity for the concave functions, they showed the existence of optimal

probability measure é, in the sense that sup inf Eg[U(Xr)] = sup EQ[U(XT)],
XeX(x) 9€Q XeX(x)
which, together with the results of the Kramkov and Schachermayer [25, 26],

established the existence of optimal investment strategy.

While considering the complete market model denote the unique equivalent
local martingale measure by Q°¢. In the spirit of [34], consider a utility function U
on R, which is non-decreasing upper-semicontinuous and satisfying a mild growth
condition. In this thesis we also look into the standard utility maximization problem,
ie.

sup E[U(X)], (1.1)
XeX(x)
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while considering two possibilities for the set X(x) of admissible final endowments:

« the standard budget constraint:
X(x) = {X € Ly(Q%)|Ege[X] < x},x > 0,
« an additional upper bound:
X(x) ={X eL'(Q°) | 0<X < W,Eqp[X] < x}, (1.2)

with some random variable W : Q — [0, +00).

The aforementioned Kramkov and Schachermayer’s articles [25, 26] provided
important insights into the problem of maximizing a strictly concave utility functional
in the context of a general incomplete semimartingale model of financial markets.
Their work addressed several key questions:

1. Does the optimal solution/strategy exist?

2. How may we calculate the optimal solution, provided this solution exists?

3. Does the value function satisfy the usual properties of the utility function?

4. How may we calculate the value function as well as the dual value function?
Their approach represented a significant departure from previous research in this
area, which had typically focused on the assumption of a complete market and
known probability measures for stock price evolution.

The paper [25] made a significant contribution to the understanding of the
utility maximization problem by identifying a key market-independent assumption
for answering important questions about the existence and properties of optimal
solutions. Specifically, Kramkov and Schachermayer demonstrated that the answers
to questions 1 and 3 are positive if and only if the asymptotic elasticity of the utility
function is strictly less than one. This result provides a minimal assumption that
can be made solely on the utility function to address these key questions.

In their subsequent paper, [26], Kramkov and Schachermayer further advanced
the understanding of the utility maximization problem and thus clarified the
conditions under which optimal solutions can be found by identifying a necessary
and sufficient condition for on both the utility function and the model itself: the
finiteness of the value function of the dual problem.

Several other approaches were used for robust portfolio optimization such as

reducing the robust case to the standard one through proving the existence of
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the “worst-case scenario measure” or “the least favourable measure”, e.g. [32, 36],
a stochastic control approach, see [20], an approach using BSDEs, see [11] and
references therein.

Alexander Schied [36] introduced the notion of a least-favorable measure in a
set Q of probability measures absolutely continuous with respect to P*: Q, € Q is
least-favorable with respect to IP* if the density 7 = dIP*/dQ, (taken in the sense of

the Lebesgue decomposition) satisfies

Qolmr < t] = inf Q[n < t] forall t > 0.
QeQ

In a complete market model, he presented a solution to the problem of maximizing
the robust utility of the terminal wealth, under a condition that set Q of all measures
that we are considering admits a least-favorable measure. The main result was
that under condition above the robust problem is equivalent to the standard utility
maximization problem with respect to the least-favorable measure. Moreover, he
showed the existence of least-favorable measure in various situations.

Backhoff Veraguas and Fontbona [3] extended these results by implementing the
assumption on the densities of the uncertainty set instead of the usual compactness
assumption. Moreover, they have done this without relying on the existence of
the worst-case measure or on any assumption implying this. Neufeld and Siki¢
[29, 30] studied a robust stochastic optimization problem in the quasi-sure setting in
discrete-time. Their paper [29] deals with the study of the general case of concave
utility functions, showing the existence of the the maximizer in different market
models under the linearity-type condition, which is caused by the no-arbitrage
condition. In [30], they consider the non-concave utility maximization problem and
outline the conditions of maximizer’s existence.

For more results concerning the robust utility maximization problem we refer to
Bartl, Kupper and Neufeld [9] and references therein.

The majority of articles on utility maximization assume that the investor’s utility
function is strictly concave, strictly increasing, continuously differentiable, and
satisfies the Inada conditions. While the assumption of monotonicity is natural,
since an agent prefers more wealth to less, other assumptions can be omitted or
relaxed. Most notably, Tversky and Kahneman in their seminal paper [21] showed,

using empirical evidence, that people tend to contribute to risk aversion in choices
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involving sure gains and to risk seeking in choices involving sure losses. Therefore,
one has to consider utility functions which are not necessarily concave.

Jennifer Carpenter [12] and Christian Reichlin [33, 34] are two authors who have
contributed to the study of utility maximization with non-concave utility functions.
Carpenter’s work considered the manager who operates in a complete, arbitrage-free,
continuous-time financial market and who is risk-averse with utility function U
which is strictly increasing, strictly concave, at least twice continuously differentiable.
She studied the dynamic investment problem of choosing an admissible trading
strategy 7 which maximizes the expected utility of the payoff of a call option on the

assets plus a constant:
max E[U(a(Xt — Br)" +K)],
T

where Xt is the payoff of the assets at time T, K > 0 represents fixed compensation
and personal wealth, @ > 0 represent the percentage of positive profits, and Br
represent the option strike price. One of her main results was constructing the
unique optimal solution using the concavified utility function.

Reichlin’s doctoral thesis [33] provided a comprehensive analysis of the general
framework of non-concave utility functions in both complete and incomplete
market models. He investigated the properties of non-concave utility functions
and their concavifications, and showed several useful relations between the two.
One of the main results was equality between the maximization functionals for

non-concave utility function U and its concavification U,, i.e. sup E[U(X7)] =
XeX(x)
sup E[U.(Xr)]. He also presented several important findings about optimal
XeX(x)
solutions for the both problems.

While considering two cases of admissible final endowments: the standard
budget constraint and additional upper bound (which has not been considered before
in such model setup) we extend Reichlin’s results by proving new connections in
the form of equalities and inequalities of the robust utility maximization functionals
of initial non-concave utility functions and its concavification. Furthermore, we
proceed in proving the minimax identity for the general case of non-concave utility
functions. The crucial step for obtaining the mentioned results with implementing
an additional upper bound is the use of the regular conditional distribution which

sheds new light on the possible approaches for solving the optimization problem.
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Moreover, we construct the explicit form of the optimal solution in the standard
utility maximization problem including the case with implementation of the budget
constraints represented by a discrete random variable. And showed that theorem
may fail if budget constraints were represented by a continuous random variable.

The most of the literature on non-concave utility maximization, including this
thesis, rely on the concavification principle, i.e. replacing the non-concave utility
function by its concave envelope, there are also some articles which provide a
general framework for solving non-concave utility maximization problems without
concavification. For example, Dai et al [31] considered cases where the concavifica-
tion principle may not be applied and the utility functions can be discontinuous;

consult the references therein for further relevant research on the topic.



Chapter 2

Optimal investment strategies for the
non-concave utility maximization

problems in complete markets

In this chapter, we will delve into the minimax identity for non-concave utility
functions using the concavification method. We will first introduce the concept
of concavification and show how it relates to utility maximization problems. The
concavification method is particularly useful for non-concave utility functions
since it helps to establish conditions for the existence and uniqueness of optimal
investment strategies.

Next, we will present cases in which the minimax identity holds for non-concave
utility functions. The minimax identity provides a useful tool for characterizing
optimal investment strategies when dealing with robust utility maximization
problems. In such cases, the minimax identity helps to establish a relationship
between the minimization of worst-case scenarios and the maximization of expected
utility.

We will then present the optimal solution for the maximization of non-concave
utility functions. This involves finding investment strategies that maximize the ex-
pected value of the non-concave utility function subject to certain constraints.Finally,
we will present the optimal solution for the robust utility maximization problem

under the assumption that the minimax identity holds.
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2.1 Model setup

Throughout this chapter, we assume the uniqueness of equivalent local martin-

gale measure, and hence the market model completeness.

Assumption 2.1. There is a unique equivalent local martingale measure, which we

denote as Q°.

Throughout the dissertation we consider standard and robust optimization
problems with and without budget constraints in complete and incomplete market
models; let us describe here the general model setup.

By U(x) we denote the investor’s utility function; assumptions on U (x) will be
stated later.

For the standard optimization problem we aim to identify

sup E[U(X)], (2.1)
XeX(x)

and for the robust optimization problem we look at

sup inf Ep[U(X)].
XeX(x) 9€Q ©

Throughout this chapter we consider two possibilities for the set X(x) of admissible
final endowments:

« the standard budget constraint:
X(x) ={X € L}(Q°) | Ege[X] < x},x > 0,
« an additional upper bound:
X(x) ={XeL'(Q°) |0< X< W,Eq[X] <x}, (2.2)

with some random variable W : Q — [0, +c0).
As in [37], we impose the following assumptions on the set of probability measures
Q on (Q, F). (Note that Q is not the set of all measures on the measurable space

(Q, F), but just some subset satisfying the below assumptions.)

Assumption 2.2. (i) Q is convex;

(ii) P[A] = 0 if and only if Q[A] = 0 for all Q € Q;
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(iii) The set Z = {dQ/dP | Q € Q} is closed in L°(IP) (with respect to pointwise

convergence).

We also need the following notation Z, := {dQ/dP | Q € Q.}, where Q. denotes

the set of measures in Q that are equivalent to IP.

Proposition 2.3. It follows from the Assumption 2.2 (i) and (iii) that the set Q is

closed under countable convex combinations.
Proof. See Appendix A.1. O

Moreover, it follows from the Halmos-Savage theorem that given (i) and (iii),

assumption (ii) is equivalent to the following:
Q < PforallQ € Qand Q, # 0,

where Q, denotes the set of measures in Q that are equivalent to PP, for the proof
see Lemma A.1.

The main aim is to maximize the robust utility functional éng Eo[U(X)] among
€

all X € X(x).

Hence, we consider the next value function of the robust utility problem

u(x) == sup inf Eg[U(X)].
XeX(x) 9€Q

Denote

ug(x) == sup EplU(X)],
XeX(x)

the value function of the optimal investment problem.

To relate the static optimization problem (2.1) to a dynamic one, one can consider
the model setup as in [37] with the additional assumption that the discounted price
process is locally bounded, that is a discounted price process with d assets, which is
modelled by a stochastic process S = (S;)p<t<7. Assume that S is a d-dimensional
locally bounded semimartingale on (Q, 7, P) with respect to a filtration (%7)o<;<T-
A self-financing trading strategy is given by its initial wealth Xy, € R and a d-

dimensional predictable and S-integrable process & = (&)o<;<7. The corresponding
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value process X satisfies
t
Xt:XO+J§rdSra OStST
0

Let X (x) be the set of all such processes X with X; < x which are also admissible
in the sense that X; > 0, for0 < t < T. In this setting, the standard utility
maximization problem is to maximize the expected utility of the terminal wealth for
the initial capital x, i.e. to find supyc () E[U(X(T))]. Thanks to the completeness
assumption, we have that X(x) = {X(T) | X € X(x)}, so that dynamic utility

maximization problem is equivalent to (2.1).

Example 2.4 (Cox-Ross—Rubinstein-model, also known as binomial model). Con-
sider a financial model consisting of two assets, a bond with a fixed interest rater > —1
and a stock whose price at each time step depends on the state of the economy. The
economy can be in either a good or a bad state. We denote the maturity time by T.
The bank account, also known as the bond, evolves according to S? = (1 +r)" for
t=0,....,T andr > —1.

The sample space is given by

Q= (wy,...,0r) 0; €0,1, fori=1,...,T,

where w; represents the state of the economy at time i. We consider a strictly positive
probability measure P such that P(w) > 0 forall v € Q.
Let y4 be the growth rate during good times and y;, be the growth rate during bad

times, where y, > y, > —1. The stock price evolves according to
SHw) = Sy (14 y)P@) . (14 )P,

where Sy > 0 is the initial price of the stock, and D;(w) is the number of good states of
the economy until time t, that is, D;(w) = Y.\ _; ws.
This model is arbitrage-free if and only if y, > r > y, > —1, and in this case, the

model is also complete. The unique equivalent (local) martingale measure is given by

Dr(w) T-Dr(w)
F—=14Yp F—1uyp
Yg — Yp Yg — Yb
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Example 2.5 (Black-Scholes model). For a fixed time horizon, consider a continuous-
time market on the time interval [0, T]. Let (Q, F,IF = F = (%/)te[o,1], P) be a filtered
probability space. The market consists of a bond S° = (S%)t € [0, T] with a fixed interest
rater € R, defined by S? = e forallt € [0,T], and a stock St = (Stl)te[(),]“], whose
price dynamics is governed by the stochastic differential equationdS} = S} (u dt+o dB;)
fort € [0, T], where B; is a standard Brownian motion w.r.t. IF. In other words, the
stock price is follows a geometric Brownian motion with volatility o > 0 and drift
- 62/2:
Sl= Sk eBH=at/2t 4 ¢ [0, T,

where S} > 0 is the initial stock price.

The unique equivalent local martingale measure Q in this market has the Radon-
: ..o d - —1\ 2
Nikodym derivative ﬁ = exp (%BT - () I).

o 2
For brevity, we introduce the following sets, as in [25, 26]:
C(x) ={g € L%(Q, 71,P)|0 < g < X for some X € X(x)}.
It is easy to see that

u(x) = sup inf Eg[U(X)] = sup inf Eg[U(g)];

XeX(x) 9€Q geC(x) QeQ
ug(x) = sup Eg[U(X)] = sup Ep[U(g)].
XeX(x) g€C(x)

Remark 2.6. It is known from Delbaen and Schachermayer (see [13] for the case of a
locally bounded semimartingale S, [14] for the general case and [15] for a more specific
version) that for g > 0, it holds that

g € C(x) & sup Ep(g) < x & sup Ep(g) < x,
QeMe QEMa

where M, is the set of equivalent local martingale measures and M, is the set of

absolutely continuous local martingale measures.

In our model setup M, = {Q¢}, and hence

g € C(x) & Epe(9) < x.
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Consider investor’s utility function U : [0,00) — R. We assume that U is
non-constant, non-decreasing, upper semi-continuous and satisfies the mild growth

condition:

lim U) =

x—o0 X

0,

and that U (o0) > 0. We set U(x) = —oo for x < 0. It follows from [2, Proposition 3.1]
that U(x) has a non-decreasing and continuous on (0, o) concavification (concave
envelope) U.(x), or the smallest concave function such that U,(x) > U(x), for all
x € R. Concavification can be used to deal with non-concave utility function and it
is crucial for this thesis. In view of this, we consider a particular utility function in

the next section in order to provide more intuition about the concavification.

2.2 Special case of non-concave utility

Throughout the section we assume that utility function U is strictly increasing,
strictly concave, at least twice continuously differentiable, and is defined on a
domain containing [0, o).

Moreover, suppose that U (x) approaches zero as x approaches infinity.

Define U : R — R by

_ U((x—-K)"), x>0
Gy < | V(=10
—00, otherwise.

Throughout this section we will assume that investor’s utility function is U; we will
sometimes call it original utility function to differentiate it from its concavification.
Function ﬁ(x) is non-concave, hence we are going to consider its concavification,
which we denote by U(x).
The concavified objective function U is linear in the interval [0, X], where the
point ¥ > K is such that the the slope of a line through (0, U(0)) and (%, U(%)) is
U’(%). For x > X, the concavified objective function coincides with U. The existence

of such concavification U follows from Lemma 2.7 and Lemma 2.9 below.
Lemma 2.7. There exists a unique point x > K such that

U -UO _ U (). (2.3)
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Figure 2.1. Investor’s original and concavified functions. The solid line represents the

function ﬁ(x) = U((x — K)™); the dotted line represents the concavification of ﬁ(x), function U (x);
for simplicity, in this and the following picture U(0) = 0.

Remark. For all x € (0, K] the equality (2.3) is obvious.

Proof. Noting that (7(0) = U(0), consider the linear function y(x), such that

UK +1)-U(0)
K+1 '

y(x) = kx+U(0), where 0 < k <
It follows that
y(K+1) =k - (K+1)+U(0) < U(K +1). (2.4)

Since y(x) > ﬁ(x), for x € (0, K) it follows that exists such a point x; € (K, K + 1)
for which y(x) = ﬁ(xl). By the assumptions on the utility function U, we know
that U’ (co—) = U’(co—) = 0. It follows that

~ k
Ixg > x1 : Vx > xp O<U(x)<5.
Noting that y’(x) = k > 0, we obtain
3x > x1: y(x) > ﬁ(}).

Noting (2.4), it follows from the intermediate value theorem that there exists a
point x; > K + 1 > x3 such that y(x;) = ﬁ(xg). (See Figure 2.2.)
We have

U(x1) = y(x1) and U(xp) = y(x2).
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KX1 K+1 X2

Figure 2.2. Investor original function U(x) and linear function y(x). The solid line represents
the function U(x) = U((x — K)™); the dotted line represents the linear function y(x) = kx + U(0);
the points x1, x; are such that U(x;) = y(x;), for i € {1, 2}.

Since x; > K, U(+) is continuously differentiable around the point x;.
Moreover,
_ U(x)-U U(x) -
U'(x;) = lim () (1) = lim () ~y(x)
x—x7 X — X1 x—x7 X — X
> lim Y0 Y0

x—xf X — X1

(2.5)

Inequality in (2.5) follows from the fact that U(x) is a strictly concave function for

x > K. Similarly,

ﬁ’(xz) = lim U(xy) - Ulx) = lim y(xz) = U(x)
X=X, X9 — X X=X, Xy — X
. y(x2) —y(x) _

< lim
X—=x, Xy — X

k. (2.6)

Noting that

UGe) —U0) _y(e) —U0) _kx; _ @29
X1 B X1 B X1 N

and

U(x,) —U0) _y(xz) ~U(0) _kxy _ (9

X2 X2 X2

U(x)-U(0)

—— U’(x) is continuous and g(x1)-g(xz) <

we obtain that the function g(x) :=

0. By the intermediate value theorem function g(x) has a zero in the interval [xy, x,].
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Hence,

U(x) - U(0)

x> K : =U'(3).

The uniqueness of such point x follows from the fact that a tangent to strictly

concave function lies above that function. O

From Lemma 2.7 it follows that the concavification U : R — R is given by

U(x) for x > x,
U(x) = 5 U(o) + (7’(55) -x for0 < x<x, (2.7)
—00 for x < 0.

Lemma 2.8. The function f(x) := w has following properties:
(i) f(x) =0 forx € (0,K];
(ii) f is increasing for x € (K, X);
(iii) f'(x) = 0;

(iv) f(x) is decreasing for x € (X, o).
Proof. See Appendix A.2. O

Lemma 2.9. Function
U(x),
U(x) =U0)+U (®) -x, 0<

X;

=
A%

<X

X
—00, x < 0.

is strictly increasing, concave and continuously differentiable on the (0, 00).

Proof. The proof is straightforward. O

To summarize, we obtain the concavified objective function l7, which satisfies
U > U and denoted by

U(x),

o
Y

X;

Ux)=3U0)+T (%) -x, 0<x<x

—00, x <0.
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Moreover, the function U is concave, strictly increasing, continuously differentiable
on (0, +00), satisfies the Inada condition in the oo, however the Inada condition in 0
does not hold.

Example 2.10. Consider the function
U(x) = (x—K)j, forK >0, and0 < j < 1.
The concavification of this function is

| (B () (= ). e
(x - K),

|
\I..
“ .

S
v
I

Then, the point X, starting from which objective function U and it’s concavification U,

coincides, is equal to %

2.3 Minimax identity for non-concave utility

function in a complete market

This section is devoted to study of the minimax identity for the robust non-
concave utility functional in a complete market model, i.e.

u(x) := sup inf Eg[U(X)] = inf sup Ep[U(X)].
XeX(x) 9€Q Q€@ xex(x)

We keep all the assumptions from Section 2.1 on the set of all probability
measures Q and the utility function U intact.

We assume that the probability space (Q, ¥, P) is atomless and suppose that
Assumption 2.2 holds.

Recall that
u(x) = sup inf Eg[U(X)] = sup inf Eg[U(g)];
XeX(x) 0€Q geC(x) Q€
ug(x) = sup Eg[U(X)] = sup Eg[U(9g)].
XeX(x) geC(x)

Define

u(x) :== sup inf Eg[U.(X)] = sup inf Eg[Uc(g9)];
XeX(x) 9€Q geC(x) Q€Q
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ucQ(x) = sup Ep[U.(X)] = sup Ep[Uc(g9)].
XeX(x) 9€C(x)

Also, we need the value function of optimal investment problem to be finite,

which we can write as
Assumption 2.11.
For all x > 0 there exists a measure Qy € Q, such that ug,(x) < .
Assumption 2.12.
uéo(x) < oo for some, and hence for all x > 0 and some Qy € Q..
Note that the finiteness of ué (x) implies that of up(x), since up(x) < ué (x).

Theorem 2.13. Additionally to Assumptions 2.2, 2.1, 2.11 and 2.12 assume that the
probability space (Q, F,P) is atomless.
Then the following holds

: (1%) : (2%) .
sup inf Ep[Uc(g)] =" sup inf Eg[Uc(g)] =" inf sup Eg[Uc(g)]
gecin 05Q: © gecn 0@ 0= gec(x)
Vi(4x) I1(3%)
sup inf Ep[U(g)] inf sup Ep[U.(9)]
geC(x) QeQe. © QeQegeC(x) e
Il (6%) I (5%)

(7%) (8%)
sup inf Eg[U(g)] < inf sup Eg[U(g)] < inf sup Ep[U(g)].
geC(x) QeQ QeQ geC(x) QeQ, geC(x)

The proof of this theorem will be divided into several parts. In Section 2.3.1,

we prove equations (1x)—(3%) and in Section 2.3.2, the rest of inequalities and

equations are proven.

2.3.1 Minimax identity for the concavified objective function
Ue(x)

In this subsection we show that the minimax identity holds for U.(x). The
minimax identity for robust utility functionals has been extensively studied in the
literature, with the most general case being considered in [37]. However, in that
work, the authors assume that the utility function is strictly increasing, strictly

concave, and satisfies the Inada conditions at both 0 and co.
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In our case, the function U,(-) is not strictly concave and does not satisfy the
Inada conditions at 0, so we cannot simply apply the previous results without
modifications.

To address this issue, we need the following lemma. While its proof is similar to

that of [37, Lemma 3.4], we give it for completeness.

Lemma 2.14. Under Assumptions 2.2 and 2.12, we have

u“(x) = sup inf Eg[Uc(g)] = inf sup Ep[U:(g)]

geC(x) 9€Q Q€Q geC(x)
= sup inf Ep[U.(g)] = inf sup Ep[U.(g)].
geC(x) Q€Qe o Q€Qe geC(x) o

Remark. The lemma above also holds for a utility function defined on the domain
(0, 00).

Proof. Take arbitrary ¢ > 0. It follows from the definition of C(x) that g+¢ € C(x+¢)
whenever g € C(x). Therefore, using the properties of conditional expectations, we

get
u“(x+¢e) > sup inf Eg[U.(e+g)]

geC(x) 9€
| dp dQ”
= sup inf |Eo|— | Ep|U.(e+¢qg) - —
geC(Iic) Qe © (dQ) i [ (e+9) dP

= sup inf E[ZU.(¢+g)].
geC(x) 2€< c

Next, we show that Z — E[ZU.(¢ + g)] is, for each g € C(x), a weakly lower
semi-continuous affine functional defined on the weakly compact convex set Z.
d
Consider the sequence Z, — Z. We need to show that

liminf E[Z,U.(¢e + g)] > E[Z Uc(¢ + g)]. (2.8)

n—oo

By the Skorokhod representation theorem, there exist a sequence Y,, n > 1, and
a random variable Y such that Y;, — Y, n — o0, a.s., Y has the same distribution as

Z, and for each n > 1, Y, has the same distribution as Z,.
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Since U, (& + g) is bounded from below, there is a ¢ > 0 such that U.(e+¢) +c¢ > 0.
Moreover, Y, - (U.(¢ + g) + ¢) is nonnegative and converges to Y - (U.(e + g) + ¢) a.s..

From Fatou’s lemma and definition of Y,, we obtain

liminf E[Z, - (U.(¢ + g) + ¢)] = liminf E[Y, - (U.(e +g) + ¢)]

>E[Y - (Use+g)+c)] =E[Z- (U.(e+¢g)+c¢)].

Noting that E[Z,, - (U.(e +¢g) +¢)] = E[Z,U.(¢ + g)] + ¢, we derive equation (2.8).

From [37, Lemma 3.2] it follows that Z is a weakly compact convex set. Also
for any g1,¢9, € C(x) and 0 < A < 1,

E[ZUc(e + Ag1 + (1 - 1)g2)] = E[ZUc(A(e + g1) + (1 - D) (e + g2))]
> E[Z(AU(e + g1) + (1 = D)Uc(e + g2))]
=AE[ZU.(e +g1)] + (1 = AV)E[ZU.(¢ + g2)].

Hence, for each Z € Z,g — E[ZU, (¢ + g)] is a concave functional defined on

the convex set C(x), see [25, Proposition 3.1]. Since almost sure convergence implies

weak convergence, the conditions of the lop sided minimax theorem [1, Chapter 6,

p. 295] are satisfied, and thus

sup min E[ZU.(¢ +¢g)] = min sup E[ZU.(¢+ g)].
geC(x) €< 262 geC(x)

Therefore, we obtain

u(x+¢) >min sup Eg[Uc(e+g)] > inf sup Eg[U.(9)]

Q€Q gec(x) Q€Q gec(x)
> sup inf Eg[U.(g)] = u(x).
geC(x) Q€4

The last inequality follows from the fact that for all Q € Q and g € C(x)
sup Eg[Uc(9)] = inf Eo[Uc(g)].
geC(x) QeQ
Sending ¢ | 0 and using the continuity of u¢, we obtain the first part of lemma.
Now Assumption 2.12 combined with [37, Lemma 3.3] imply that u(x) =

3 Cc
ngcge ug (x). Thus,

u(x) = inf u5(x) = inf sup Ep|U,
()= dnf o) = inf sup Eo[Ui(o)

> sup inf Eg[Uc(g)] > sup inf Eg[U.(9)] = u°(x),
geC(x) Qe geC(x) Q¢

as required. O
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2.3.2 Minimax identity for the objective function U(x)
In this section, we prove lemmas that complete the proof of Theorem 2.13.

Lemma 2.15. If Assumption 2.2 and Assumption 2.11 hold, then for all g € C(x)

5“2 Eo[U(g)] = me EolU(g9)]. (2.9)

Remark 2.16. The statement holds for U, verbatim.

Proof. Fix g € C(x). Note that Assumption 4.9 implies the existence of a measure
Qo € Q. such that Eg,[U(g)] < oo.

Take Q; € Q and define 0 < t < 1 the measure Q; = tQ; + (1 — t)Qq. Evidently,
O: € Q..

Let (Qg")) € Q be such that EQYO [U(g)] — gelg Eo[U(g)] < oo.

Thanks to continuity of function f(t) = Eo,[U(g)] = tEg,[U(g)] + (1 -
t)Eg,[U(g)] on [0,1], one has

éng EolU(9)] = hm EQ(n) [U(g)] = hm hmEQ(n) [U(g)], (2.10)

where Qf = tQ(") +(1=1)Q.
Since Qt € Q, for n > 1, there exists a subsequence (Q™))en € Q, such that

n—ooo t—1

lim lim E i [U(g)] = hm n Egono [U(9)] 2 me Eo[U(9)]. (2.11)

From (2.10) and (2.11) we obtain

éngEQ[U(g)] 2 anf EolU(9)] = mf £ EolU(9)],

yielding the proof. O

To prove equality (5%), we refer to the paper by Christian Reichlin [34].
He considered a non-constant, increasing and upper semi-continuous function
U : (0,00) — R with U(co) > 0 and that satisfies a mild growth condition:

lim Ulx)

xX—oo X

=0.
Reichlin studied

u(x,U) = sup{E[U(f)] |f € LYAQ, F,P) with Eo(f) < x},
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for a (pricing) measure Q ~ P.

For convenience, we introduce one more notation.
C'(x) = {f € LY(Q, F,P) with Eo(f) < x}. (2.12)

Note that u(x,U) = sup E[U(f)].
fecC’(x)
One of the main results of the Reichlin’s paper was the [34, Theorem 5.1] which

is
Theorem 2.17 ([34, Theorem 5.1]). Let (Q, 7, P) be atomless. Then it holds that
u(x,U) =u(x,U,) forallx > 0.

The non-concave problem u(x,U) admits a maximizer if and only if the concavified
problem u(x, U;) admits a maximizer. Every maximizer for the non-concave problem

u(x,U) also maximizes the concavified problem u(x, U,).

In view of Remark 2.6, we can use the Q¢ as a pricing measure in [34] to derive
felC(x) = fel(x).
Then it follows from the Theorem 2.17 that

sup E[U(g)] = sup E[U:(g)], for all x > 0.
geC(x) geC(x)
Lemma 2.18. Suppose Assumption 2.1 holds and assume that (Q, ¥, P) is atomless.
Then it holds that

inf sup Eg[U(g)] = inf sup Ep[U.(g9)].

Q€Qe geC(x) Q€Qe geC(x)
Proof. First, note that in Theorem 2.17 only the probability space (Q, ¥, P) and the
pricing measure Q ~ P were used. Moreover, the condition Egs»(f) < x does not
depend on P. If (Q, F,P) is atomless, then (Q, ¥, Q) is atomless for all Q ~ P.
Moreover, the set LY (Q, F, Q) is the same for all Q ~ IP. Hence, everything remains
true if we substitute IP with another measure Q ~ IP. Furthermore, equivalent local
martingale measure Q° remains the same and unique. Thus, we use Q° as a pricing

measure in Reichlin’s paper.
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Hence,

sup Eo[U(g)] = sup Ep[U:(g)], forall Q € Q.. (2.13)
geC(x) geC(x)

Consequently,

inf sup Ep[U(g)] = inf sup Ep[U.(9)].
QEQ@geC(x) © QeQegEC(x) eie

Proof of the Theorem 2.13.

(1%) - (3%) follows from the Lemma 2.14;
(4%) follows from the fact that U. > U;
(5%) follows from the Lemma 2.18;

To obtain (6%) we need to take the sup of the both sides in the equality (2.9);
geC(x)

The inequality (7x) follows from the fact that for all OeQandallh e C(x)
holds

inf Eo[U(h)] < sup E5[U(9)];
QeQ © geC(x) <

Since Q. C Q, the inequality (8%) is clear.

2.3.3 A deeper dive into the minimax identity

In this subsection, we consider a utility function U: (0, 0) — R, which is strictly

increasing, continuously differentiable and satisfies the mild growth condition:

lim U) =

X—>00 X

0.

As was stated in the Section 2.1, U(x) has a non-decreasing and continuous on

(0, +00) concave envelope U,(+).



35

Under assumptions from Section 2.1 the concavified objective function has useful
properties, as demonstrated in the following lemma from [34, Lemma 2.8]:
Lemma 2.19. The concave envelope U, of U is finite, continuous on (0, c0), and
satisfies a mild growth condition. The set {U < U,} := {x e Ry | U(x) < U.(x)} is

open, and U is affine on each of the open intervals contained in it.
Proof. See [34, Lemma 2.8]. O

By applying Lemma 2.19, we can express the set where U(x) is strictly
less than its concavification U;(x) as the union of bounded (open) intervals:
x€R+|U(x) < Ux) = U(ai,bi), where 0 < a; < by < ooand0 < qg; < b; < ©
for i > 1. Additionally, v&;e will assume that U is strictly concave on {x > 0 |
U(x) = U.(x)}. Let us denote the intervals where U(x) is strictly less than its
concavification by (a;, b;),i > 1. Hence, {x € Ry : U(x) < Uc(x)} = U(as, by),
where foralli > 1,0 < a; < b; < 0. l

Moreover, under our assumptions on utility function U(x), it’s concave envelope

has the following properties.

Lemma 2.20. The function U,(-) is strictly increasing and continuously differentiable
on (0, 00).

Proof. See Appendix A.7. O

Lemma 2.21. Suppose Assumption 2.2 holds and that for all Q € Q, : ug (x) < oo for

somex > 0.

c

Additionally, assume that lim uQ;x) = 0, for each Q € Q.. Then, for any x > 0,

X—>00

there exist some § € C(x) and Q € Q such that
(x) = inf Eg[U.@)] = EglU@] = u(x)

Remark 2.22. Since the authors of [37] consider the general framework of the
incomplete market, this lemma holds for the framework that we consider in Chapter 3

without any changes in proof.
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Proof. The proof follows from the first part of the proof of [37, Theorem 2.6 and
Lemma 4.1 (a)]. Note that we have U : [0,00) — R. Hence, we do not have to
consider U(g + ¢) which simplifies the proof of [37, Lemma 4.1 (a)] in our case.
The full proof of the part u(x) = u%(x) can be done similarly to the proof of
Theorem 2.23 part (ii) = (i), noting that minimax identity for concavified objective

function U, holds. ad

The main argument in the proof of minimax identity for the robust utility
maximization problem is the lop sided minimax theorem by Aubin and Ekeland,
see [1, Chapter 6, p. 295], which holds if the functional g — [E[ZU(g)] is concave.
Since we consider the non-concave utility function U, we can not prove the minimax
identity in this case similarly. A more general case of the minimax identity was
proved by Maurice Sion, see [40]. However, to use Sion’s minimax theorem, we
still need functional g — E[ZU(g)] to be quasi-concave, which is not true in the
general case, even in the simplest case of an indicator functions multiplied by the
constants.

While we do not prove the minimax identity for a general non-concave functions,

we show that it holds under quite mild assumptions.

Theorem 2.23. Suppose that all assumptions from Theorem 2.13 hold.

Then, the next two equalities are equivalent
(i) sup inf Eo[U(g)] = sup E5[U(g)], for Q € Qe;

geC(x) QeQe 9€C(x)
(ii) sup inf Ep[U(g)] = sup inf Ep[U.(9)].
geC(x) Q€Qe ¢ geC(x) Q€Qe o

Proof. Suppose (i) holds, then from (2.13) it follows that

sup inf Eg[U(g)] = sup E5[U(g)] = sup E5[Uc(g)] = sup inf Eg[Uc(g)].
geC(x) Q€Qe geC(x) geC(x) geC(x) Q€Qe

Noting that for all x > 0 : U.(x) > U(x), we have

sup inf Ep[U(g)] < sup inf Ep[U.(9)].
geC(x) Q€Qe ¢ geC(x) Q€Qe o
Which gives us (ii).
Assume (ii) holds, then from the Theorem 2.13 we obtain that

sup inf Ep[U(g)] = inf sup Ep[U(g)] = inf sup E[ZU(g)].
gectn) 0@ 0. gec(x) Z€Ze geC(x)
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Take a sequence (Z,),en € Ze such that

lim sup E[Z,U(g)] = inf sup E[ZU(g)].
" geC(x) Z€Ze geC(x)

Using the Kolmos-type argument [13, Lemma A1.1] there exists a sequence (Zn)ne]N €
conv(Z,, Zy41, . . . ) such that Zn converges a.s. to some Z.

Moreover, (Zl)ne]N C Ze, because (Z,)nen € Ze € Z. Proposition 2.3 implies
that (Z,)ne]N C Z and also for all n € N, Zn ~ P. It follows from Assumption 2.2
(iv) that Z € Z,.

For each n € N, there exists a non-negative sequence (a');en such that }; af' =1
ieN
and Z, = 2, a]Zpyi-1.
ieN
Hence,

sup ]E[ZnU(g)] = sup E
geC(x) 9eC(x)

< Z af sup E[Z,i—1U(g9)].
ieN  9€C(x)

U(9) Y o} Znsi-s

ieN

As a result,

limsup sup E[Z,U(g)] < lim supZaTl sup E [Z,4i-1U(9)]

1

n—oo gEC(x) n—oo ieN geC(x)
= inf sup E[ZU(9g)],
Z€Ze geC(x)

where the last equality holds due to the Proposition A.2, for h, = sup E[Z,U(g)]

geC(x)
and Assumption 2.11.
Noting that

liminf sup ]E[ZnU(g)] > inf sup E[ZU(g)],

n—0e0 geC(x) ZEZEgEC(x)
we have

inf sup E[ZU(g)] = lim sup ]E[Z,U(g)]. (2.14)

Z€Ze geC(x) "% geC(x)

Since U(g) is bounded from below, it follows that exists ¢ > 0 such that U(g) +¢ > 0.

Fatou’s lemma yields that

E liminffn-(U(g)+c)] sliminf]E[Zn-(U(g)+c) .
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Moreover,

E liminffn . c] =c,

n—0oo

liminf E [Zl . c] =c.

n—oo

Hence, for all g € C(x) one has
E [lim iannU(g)] < liminf E [ZHU(g)] .
This immediately implies

sup E [hmlan U(g)] < sup liminf E [Z U(g)] (2.15)
geClx) = "7 geCx) "7

Noting that for all Z, € Z, and all g € C(x) holds E [ZnU(g)] < sup E [ZnU(g)] ,
9eC(x)
we have

hmlnf]E [Z U(g)] < hmlnf sup E [ZnU(g)] .

 geC(x)
Since g is arbitrary, it follows that
sup liminf E [Z,IU(g)] < liminf sup E [ZIU(g)] : (2.16)
geC(x) "7 T geC(x)

Combining (2.14), (2.15) and (2.16), we arrive at

~ ~ (2.15) ~
sup E[ZU(g)] = sup E [limiannU(g)] < sup liminf]E[ZnU(g)]
geC(x) g€C(x) nme geC(x) "7

(2.16)
< liminf sup ]E[Z U(g)] 29 inf sup E[ZU(g)].
=0 geC(x) ZeZe geC(x)

The proof is concluded by observing that

inf sup E[ZU(g)] < sup ]E[ZU(g)] = sup EQ[U(g)].
Z€Ze geC(x) geC(x) geC(x)

Lemma 2.24. Suppose that Assumptions 2.2, 2.11 and 2.12 hold.
Then, for all g € C(x),
(i) inf Eg[U(g)] = E5lU(g)], where Q € Q.
QeQ.
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(ii) inf Eg[Uc(g9)] = EQ[UC(g)], whereé € Q..
QeQ.
Proof. See Appendix A.4. O

Lemma 2.24 shows that for all g € C(x) infimum attained in some measure
Qy € Q.. However, this measure Q, depends on the choice of the random variable
g € C(x).

The next theorem shows that if Q; was the same for all g € C(x), then the

minimax identity was true. Moreover, it shows that this assumption can be simplified.

Assumption 2.25. Assume that the set Q in Lemma 2.21 can be replaced by Q., i.e.
for any x > 0, there exists some § € C(x) and Qy € Q. such that

c s T _..c
w'(x) = Inf Eo[Ua@)] = Eg, [U:(@)] = uf; ().
Further on, éo € Q. denotes a measure such that

u(x) = ugjo (x).

Theorem 2.26. Suppose that all assumptions from Lemma 2.21 and Theorem 2.13 are
fulfilled and that Assumption 2.25 holds. Additionally, let at least one of the conditions
below hold:

(i) There exists a measure Q € Q. such that for all g € C(x) : Q1£1£ EolU.(9)] =

EQ[UC(Q)];
(ii) For any sequence g, € C(x) such that lim E [U (gn)] = sup 1n£ Eo[Uc(9)],
geC(x) Qe
it holds that hm E [U (gn)] = hm 1nf EQ[U (gn)]-

0 QeQ
Then, we have

sup inf Ep[U(g)] = sup inf Ep[U.(g)],
gEC(x) QE e geC(x) QEQe

and all inequalities in the Theorem 2.13 are equalities.

Proof. Let us prove the first part, i.e:

(i) = sup inf Eg[U(g)] = sup inf Eg[U.(g9)].
geC(x) Q€Qe geC(x) Q€Qe



60

The proof of Lemma 2.18 together with [34, Proposition 5.3] imply that for all
g € C(x) there exists g* € C(x) such that {g* € {U < U.}} = 0 and

E5lUc(9)] = E5lUc(9™)] = E5lU(g")].
Since {g* € {U < U.}} = 0, we have
inf Eo[U.(g*)] = inf Eo[U(g")].
Jnf 0lUe(g97)] Jnf olU(g™)]
As a result, (i) yields

. o @ .
Jnf EolUc(9)] = E5lUc(9)] = E5lUc(g™)] = inf EolUc(g )]

= inf Ep[U(g*)] £ sup inf Ep[U(g)].
nf olU(g™)] gecg)geae olU(g

Since g € C(x) was arbitrary, one has

sup inf Eg[U.(g)] < sup inf Ep[U(g)].
geC(x) QeQ. € geC(x) QeQ. €

Noting that U, > U, this implies

sup inf Ep[U.(g)] = sup inf Ep[U(g)].
geC(x) Q€Qe o geC(x) Q€Qe ¢

Now, we prove second part, i.e.

(ii) = sup inf Ep[U(g)] = sup inf Ep[U:(g9)].
geC(x) QeQ. © geC(x) QeQ. otre

From the definition of QO, see Assumption 2.25, it follows that

u’(x) = sup inf Eg[Uc(g)] = sup Ej [Uc(9)] = u5 (x). (2.17)
geC(x) Q€Q geC(x) Qo

Owing to Lemma 2.14, it holds that

sup inf Ep[U:(g)] = sup inf Ep[U.(g)].
geC(x) Q€4 o geC(x) Q€Qe o

Now take a sequence g, € C(x) such that

lim inf Eg[U.(gn)] = inf Eg[U.(g)]. 2.18
dim inf EolUc(gn)] Sup A, 0[Uc(9)] (2.18)
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Noting that anf Eo[Uc(gn)] < E [U (gn)] < sup E [U (9)], we have
9eC(x)

lim inf Eq[Uc(gn)] < lim Eg [Uc(gn)] < sup Eg [Uc(g)].
n—)oerQ gEC(X)

From (2.17) and (2.18) we obtain

lim inf Eg[U:(gn)] = hm E [U (gn)] = sup inf Ep[U.(g9)]. (2.19)
n—o0 QeQ, geC(x) QeQ.

As in the first part of the proof, for all g, € C(x) exists g € C(x) satisfying
{97 €e{U < U.}} =0and

Eg,[Ue(gn)] = Eg,[Uc(gn)] = Eg, [U(gp)]. (2.20)

By taking lim to the first equality of (2.20) from (ii) and definition of the sequence

n—oo

g, one has

sup inf Eg[Uc(9)] = hm 1nf EQ[U (g)] = lim 1nf EQ[U(g’,:)]

geC(x) QeQ. © QeQ n—0o0 Qeq
< sup inf Eg[U(g)].
geC(x) QQe
The proof is concluded, since U, > U. O

Consider the conjugate of U:

V(y) == sup{U(x) — xy}.

x>0

In what follows aV denotes the subdifferential of V.

Theorem 2. 27 Suppose that all assumptions from Theorem 2.13 hold. Additionally,
assume that has a contmuous dzstrzbutzon and that for some A(> 0) the maximizer
for u®(x) satzsfesg € —dV(A- W

Then g* is also a maximizer for u(x). Moreover, we have

sup inf Eg[U(g)] = sup 1nf EQ[U (9)]-
gEC(x) Qe e gGC(X)

Hence, all inequalities in the Theorem 2.13 are equalities.

Remark. This theorem also holds verbatim for a utility function defined on (0, c0).
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Proof. Since g* is a maximizer for u°(x), we have

sup inf Eg[U.(g)] = 1nf EQ[U (g9)].
geC(x) QeQ. QeQ

If follows from the proof of [34, Lemma 5.7] that P(¢* € {U < U,}) = 0. Hence,
f Eo|U. = inf Eg[U(g™)].
QmQ olUc(g")] nf olU(g7)]
Thus, we obtain

sup inf Eg[U.(g)] = mf EQ[U (9] = mf EQ[U(g )] < sup 1nf EQ[U(g)]
geC(x) Q€Qe 0eQ oeQ 9€C(x)

Since U, > U, we have

sup inf Ep[U.(g)] = 1nf EQ[U ()] = mf EQ[U(g*)] = sup inf Eg[U(g)].
geC(x) Qe o< 0<Q geC(x) Q<Qe

Now, from Lemma 2.15 it follows that g* is a maximizer for u(x). O

Example 2.28. Consider a two-period binomial model, see Example 2.4. Each
probability measure is defined by Q({w}) = (@) - (1 - q)>™2(@)_ for some q € (0,1),
where D,(w) the number of good periods.

We wish to consider a subset Q of all measures, so we fix0 < g < ¢ < 1 and
consider the set which determined by q such that ¢ < q < q. Note that Q coincides
with the set Q. of all equivalent measures in the set Q.

The set Q is not convex, but it is closed with respect to the almost sure convergence.

Denote w; = (0,0), wy = (1,0), w3 = (0,1), ws = (1,1), where 0 corresponds to a
bad state of economy and 1 to a good one.

Thus, we have

Xi(@1) = (x0 = x) (1 +7) + (1 + yp)xg,
Xi(w2) = (x0 = xg) (1 +7) + (1 + yg)xp,
X1 (w3) = (x0 — x0) (1 +7) + (1 +yp)x,
Xi(w4) = (x0 = x) (1 +7) + (1 + yy)x,,

where Xy = xq is the initial capital, x] is the capital invested in stock at time t = 0, X;

is the payoff we obtain at time t = 1.
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At maturity T = 2, one has

Xp(w1) = [(x0 = x0) (1 +7) + (1 +yp)xg — x] 1 (1 +7) + (1 +yp)x),

Xp(wz) = [(x0 = x0) (1 +7) + (1 +y5)x) — x]

Xp(ws) = [(x0 = x0) (1 +7) + (1+yp)xg — 7] (1 +7) + (1 + yg)xy,
[ (1 +7) + (1 +y,)xl,

(1+71) + (1+yp)xy,

Xp(wq) = [(x0 - xo)(l +r)+(1+ yg)xo

where x? and x| denote respectively the capital invested in stock at time t = 1, if at
timet = 1 economy was in a bad, respectively good, state; X, is the payoff that obtain
at maturity.

We are interested in verifying the equality below:

sup inf EQ[U(XZ)] = inf sup Ep[U(X2)], (2.21)

0 10eQ €EQ 0.0 1
Xo> xl X1 XoX15Xq

for all admissible X, i.e. X; > 0, forallt € {0,1,2}. A python script were written to
this end (see Appendix A.6), and we have considered a number of different non-concave
utility functions, most being of the form U|[(x — K),|, where function U is concave,
e.g. (x— K)i, —exp[—(x — K)4],log[(x — K)]. The absolute value of the difference
between the right-hand and left-hand sides of (2.21) was between 107 and 10711,
which illustrates the fact that the minimax identity holds for non-concave utility

functions.

2.3.4 Constrained case

This section examines the minimax identity for a robust non-concave utility

functional in a complete market model. The utility function is defined as follows:

u(x) :== sup inf Eg[U(X)] = inf sup Ep[U(X)].
XeX(x) Q€Q QeQ xex(x)

Here, X (x) is the set of admissible final endowments, and we consider an additional

upper bound for this set, given by:
XV (x) = {X eL'(Q%]0<X < W,Eq[X] <x}, (2.22)

where W : Q — [0, +00) is a random variable. Throughout this section, we will use

the Borel sense to understand the measurability of real-valued functions.
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As noted in [16, Chapter 3], this formulation has various applications. For
example, we can consider an agent who aims to reach a certain random final wealth
W, which may represent the future price of a particular asset or the claim the agent
has to pay. In this scenario, any utility for an amount above W is zero, while the
agent still applies their utility function for endowments below W. Because we
assume completeness, we can safely replace endowments X that exceed W with
positive probability with X A W.

We maintain all the assumptions from Section 2.3 on the set of all probability
measures Q and the utility function U. For technical reasons, we also assume that
(Q, F) is a standard Borel space, implying the existence of a regular conditional
distribution given W. We require that this conditional distribution is atomless,
which means that the constraint W leaves enough randomness.

Formally, we make the following assumptions:

Assumption 2.29. 1. (Q, F) is a standard Borel space.

2. There exists a regular conditional distribution given W, which is atomless. That
is, there exists a function P : F X (0, 00) — [0, 00) such that for allv > 0, P(+,0)
is an atomless probability measure, and for all A € ¥, P(A, ) is a measurable
function satisfying P(A,W) = P(A | W) almost surely.

Remark 2.30. A simple sufficient condition for (Q, F) to be a standard Borel space is
that F is generated by a countable collection of real-valued random variables, which is
satisfied in the majority of applications. Since we assume market completeness, this
assumption is automatically fulfilled unless one considers completion of F .

The second assumption is also relatively mild. For example, it is satisfied if there
exists a random variable on (Q, F,P) that is independent of W and has a continuous
distribution. We also emphasize that this assumption does not contradict market

completeness. A simple example is a market with two independent continuously
distributed assets S* and S*, where W = f(S').

As in [7] for each k > 0 denote
Uf(x) = U(x A k), x > 0. (2.23)

Note that the function U* and its concavification UF satisfy all of the assumptions
on the utility function U and its concavification U,. Moreover, U¥(x) = U*(x), for
all x > k.
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Our goal is to prove some equalities and inequalities, related to the minimax

identity for the robust non-concave utility functionals:

sup inf Eo[U" @) (X)] = inf sup Eo[U"“(X)],
XexVW Q<Q QeQ XexV

where the budget set X}V is defined by
XV = {X el (Q%]0<X<W,Ep[X] <x},

where x > 0 is the initial wealth and Q¢ is the unique equivalent local martingale
measure.

Introduce the following notation:

ul (x) := sup inf Eo[U“) (X)];

XexW ¥€
ug(x) = sup EQ[UW(“’)(X)];
Xex¥W
W(w
ugp(x) = sup Eg[U;" (X)),
XexV

Remark. Since U*(x) < U(x),x > 0 Assumption 2.11 and 2.12 provide the finiteness

of the value function above.

It is natural to consider only the case where
Eoe[W] > x, (2.24)

as otherwise, thanks to the monotonicity of U, the optimization problem has a trivial
solution X* = W.

The formulation of the next theorems and lemmas are the same as in Section 2.3.
However, because of the boundness assumption on the endowments the proof of

the corresponding statements will be different.

Theorem 2.31. Under Assumptions 2.2, 2.11, 2.12, 2.29, we have the following:
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sup inf Eo[UM“ (01 sup inf Eo[U @ ()12 inf sup Eo[U¥ @ ()]

XexV Qe XexV QeQ QeQ XexV

VI(4*) |I(3*)
sup inf Eo[UY®@(X)] inf sup Eo[U"“) (X)]
XexWV QeQ. QeQ. XexW

II(6*) II(S*)

(7%) (8%)
sup inf Eg[UY @ (X)] < inf sup Eo[UW @ (X)] <" inf sup Eo[U"(@(X)].
XexV QeQ Q<@ XexV Q€Q. XexV

We divide the proof into several parts: in Section 2.3.5, we prove equations

(1%)—(3%); the rest is shown in Section 2.3.6.

2.3.5 Minimax identity for the concavified objective function
U (x)

We will now demonstrate that the minimax identity holds for UCW (@) (x). First,

we will prove some useful properties.

Lemma 2.32.  a) The set XV is convex.
b) It holds that u)’ (x) = sup inf EQ[UCW(w) (X)] is concave.
XexW ¥€

Proof.  a) Let Xj € 36,2{ and X, € %};‘2/ for some x1,x, > 0 and a € (0,1). Since
0 < aX;+(1-a)X, < W, wehave Ege[aX; + (1 - a)X2] < axy + (1 — a)x,.
Hence, aX; + (1 — a)X, € XV

axi+(1—-a)xy’
b) Let X; € %};‘f and X, € %}C"Zf for some x;,x; > 0 and a € (0,1). Noting that
{0(X1+(1-0[)X2 |X1 G%K,Xg 6%32/} wa we have:

ax1+(1—-a)xy’

which shows that XV is convex.

ul’v(axl +(1—a)xy) = sup inf EQ[UCW(‘") (X)]
XexW Q<Q

ax1+(1-a)xy

> sup inf Eo[U“) (aX) + (1 - 2)Xy)]
X+ (1-0) X X, X XX Q€4

> sup inf Eo[aU) " (X;) + (1 - )U“ (X,)]
X+ (1-a) XX, X X, XY Q€9

> sup [a inf Eo[U“(X1)] + (1 - ) inf Eo[UY“ (X)]]
X +(1-a) X X, XY Xpexl Q€ QeQ

=a sup inf Eo[UY“ (X)) +(1—a) sup inf Eo[U"") (Xp)]

€ €
XleXX‘l/ Xzex}g

= aul’v(xl) +(1- a)ufv(xz).lzl
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Lemma 2.33. Suppose that Assumption 2.2 and Assumption 2.12 hold.

Then, we have

ul (x) = sup inf Eo[UY“)(X)] = inf sup Eo[U)“(X)]

xexlV Q€ Q<@ XexV
= sup inf Eo[U'“)(X)] = inf sup Eo[U)“ (X)].
Xex¥V Qe Qe Xex¥V

Proof. Take £ > 0. Consider Y = (X +¢) AW, where X € X¥. ThenY € X!/,
0<Y <WandEgpe[Y] =Ege[(X+&) ANW] < Ege[X +e] <x+e.

Define V", = {Y € L'(Q°) | Y = (X +¢) AW,X € X]}. Then Y}, c X}\..
Thus, it holds that

since

u?(x+¢e) = sup inf EQ[UCVV(w)(X)]

Xex),
. W(w) ~ . W(w) dQ
> sup inf Eg[U, " (Y)] = sup inf E (U, " (Y) - —=
YEY;?,/SQG YGY)?’/E € dP
= sup inf IE[ZUCW(Q’)(Y)].
Yeyy “€

The proof of [22, Lemma 1] shows that for each X € X(x), the map Z —
IE[ZUCW (w)(Y)] is a weakly lower semicontinuous affine functional defined on
the weakly compact convex set Z. Moreover, it shows that for each Z € Z,
X - E[Z UCW (@) (X + ¢)] is a concave functional. Therefore, X — E[Z Ucw(w)(Y)] is
a concave functional defined on the convex set XV, for each Z € Z.

Noting that almost sure convergence implies weak convergence, the conditions

of the lop-sided minimax theorem [1, Chapter 6, p. 295] are satisfied, so

sup min]E[ZUCW(m(Y)] = min sup ]E[ZUCW(Q))(Y)].

w ZeZ ZeZ 7%
YGYX,E YGYX,E

Hence, we arrive at

uV(x+e) > sup inf E[ZU"“(Y)] = min sup E[ZUY“ ()]
yeyW Z2€< Z€Z yeyw
X,e X,e

> inf sup Eo[U) ) (Y)]
Qe yeyw

Y>X
> inf sup EQ[UCW(Q))(X)] > sup inf EQ[UCW(CO)(X)] :”(,W(x)-
0eQ yeyl Xexy ©€
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The last inequality follows from the fact that for all Q € Q and X € X%

sup Eo[U“ (x)] = inf Eo[U, UM (x)).
XexVW QeQ

By sending ¢ | 0 and using the continuity of the concave function u}”

on the set
(0, +00), we obtain the first part of the lemma.
From Assumption 2.12 and [37, Lemma 3.3], we have u)' (x) = inéf)~ ucvg (x); the
Q€. ~

proof is similar to that of [22, Lemma 2].

Hence,
w W(w)
u, (x) = 1nf u (x) inf sup Eo[U, " (X)]
Qeq €Qe XexyV
> sup inf Ep[U, W(w)(X)] > sup inf Eg[U, W(w)(X)] =ul (x).
XexV Qe xex) Q€
This concludes the proof. O

2.3.6 Minimax identity for the objective function U(x)

In this section, we present auxiliary results that will aid us in proving Theo-

rem 2.31. We begin with the following lemma.

Lemma 2.34. Under the assumptions of Assumption 2.2 and Assumption 2.11, for all

X € %};V we have

érelg Eo[UY(X)] = me Eo[UY(X)]. (2.25)

Proof. The proof of Theorem 2.34 follows the same approach as in the unconstrained

case. For details, see [22, Lemma 2]. O

Lemma 2.35. Let {P,,v € (0,00)} be a family of atomless probability measures on a
standard Borel space (Q, F), such that for any A € ¥, P.(A) is measurable. Then, for
allQ € Q,, for all X € XV there exists X* € X such that

Eo[UY(X™)] = Eo[UY (X*)] = Eo[UY (X)] = Eo[UY (X)]. (2.26)

Proof. The main idea of the proof is to utilize the ideas of [34, Proposition 5.3] in

our conditional setting,.
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For a fixed Q € Q,, define the Radon—-Nikodym derivatives of Q¢ with respect
to P and Q as ¢ = dQ¢/dP, ¢ = dQ°/dQ. Since ¢ is positive, we have that
M(v) = IQ ¥, P(dw, v) is also positive. Thus, the measure

IA ¥ P(dw, v)
M(v)

PQ(A,Z)) = JAETF,

is a probability measure. It is easy to see that it is measurable in v and Pp(A, W) =
Q(A | W) Q-a.s. We can check that Pg is measurable in v and that Po(A, W) = Q(A |
W) Q-almost surely, in other words, that Py is a regular conditional probability
P(- | W).

Next, we apply Lemma A.6 to the functions Y (x, w) = X(w), ¢ (v, w) = ¢(w) and
P,(A) = Po(A,v). This yields a jointly measurable function Y* (v, w) such that, for
allo > 0,

Epy(.0)[Y* (0, 0)@(@)] < Epy(.0)[X(w)p(w)], and
Epy(.0)[U°(Y*(v, 0))] = Epy(.0) [UZ (Y* (0, 0))] = Epy(.0) [UF (X ()]

Set X*(w) = Y*(W(w), w). Then, we have
Ege [X*| = Eg [Y*(W(w), 0)¢| = Eg [Eg [Y*(W(w),0)p | W]

= Eg [Epy(.0)[Y* (0, 0)@(0)]|,_yy] < Eg [Epp(o) [X(@)@()]],_yy ]
= Eg [Eg [X(w)¢ | W]| = Eg [X(w)¢] = Ege[X] < x,

so X* € XV, Further,
Eo [UY (x*)] = Eg [UCW(“’)(W(W(Q)), a)))]
= Eg | Bo [U (y*(W(0), 0)) | W||

= Eg [Ery(.0) [US (Y*(0,0))1|,_yy ] = Eg [Erg(.0) [U (X (0))]],_yy ]
= Eg [Eg [U!(X()) | W]| = Eg [U} (X ()] -

The equality Eq[UY (X*)] = Eo[U} (X™*)] is proved similarly. Finally, the inequality
Eo[UY(X)] = Eo[UY(X)] is obvious, since U > U". O

Lemma 2.36. If Assumption 2.29 holds, then for all Q € Q. it holds that

sup EQ[UW(“’)(X)] = sup EQ[UCW(C‘))(X)], forallx > 0.
XexWV XexV
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Proof. Apply sup to both sides of (2.26). This yields
Xex¥V

sup Eo[U" (@ (X*)] = sup Eo[U“ (x™)]

XexVW Xexy
W(w 1)
= sup Ep[U, ( )(X)] > sup EQ[UW( )(X)]. (2.27)
XexW Xexy

Since Q € Q,, X € XV are arbitrary and X* € XY, the inequality in (2.27) is an

equality, as claimed. O
Lemma 2.37. Under the Assumption 2.29,

inf sup Eo[U"(“(X)] = inf sup Eo[Uy" ) (X)].

Qe Xex¥ QeQ. Xex¥
Proof. Follows immediately from Lemma 2.36. O
Proof of Theorem 2.31.

(1%) - (3%) follows from Lemma 2.33;
(4%) follows from the fact that UCW (@) > uW(),
(5%) follows from Lemma 2.37;

To obtain (6x) we need to apply sup to both sides of the equality (2.25);
Xex¥V

The inequality (7x) follows from the fact that for all O € Q and all X € X%

X

we have

inf Eo[U"“(X)] < sup Es[U"“ (X)];
QeQ Xex¥W

« Since Q. C Q, the inequality (8%) is clear.

2.4 Optimal investments for non-concave utility

maximization problems in complete market

The aim of this section is to develop optimal investment strategies for a general

framework of non-concave utility functions, by considering two cases of budget
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constraints. We assume that the market model is arbitrage-free and complete, which
implies the existence of a unique equivalent local martingale measure denoted as Q°.

For any initial capital x > 0, let X(x) be the set of all possible random endowments
corresponding to x, i.e., all non-negative random variables X such that Ege[X] < x.
We are interested in two optimization problems: the standard maximization problem

of the utility functional for initial capital x > 0,

sup E[U(X)], (2.28)
XeX(x)

and the maximization of the robust utility functional,

sup inf Eg[U(X7)]. (2.29)
XeX(x) Q€€

Merton [27] and [28] proved that the optimal solution to the standard optimiza-
tion problem can be written using the inverse to the derivative of the utility function
and the “state price density”. However, in our case, the utility function and its
concavified version will not be strictly concave, and it is not clear how the solution
will look like in this case.

In this section, we slightly change the assumptions on the utility function U (x),
namely we consider the utility function U: (0, 0) — R, while keeping all other
assumptions and the model setup as in Chapter 2. Hence, we consider a utility
function U which is non-decreasing, upper-semicontinuous, defined on a domain
(0, 00) and satisfying the mild growth condition:

lim U(x) =

X—>00 X

0.

By U,(x) we denote the concave envelope of utility function U (x).

Additionally, we will assume that U is strictly concaveon {x > 0 | U(x) = U.(x)}.
Recall from Section 2.3.2 that {x € R, : U(x) < Uy(x)} = U(a,-, b;), where for all
i>1,0<a; <b; <oo. l

We will need the following well-known result.

Lemma 2.38. The concavified objective function U, has both one-sided derivatives
at any point x > 0, and the right derivative is less or equal than the left derivative.
The derivatives coincide (and hence U, is differentiable) everywhere except at most

countable set.
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Moreover, for all x,y € R, we have:

Ue(x) = Ue(y) < U (y") (x — y), (2.30)
Ue(x) = Ue(y) < Uy ™) (x —y). (231)
Based on the assumptions regarding the utility function U, we can conclude that

the derivative U/ of the concavified objective function U, is decreasing, and since U,

satisfies a mild growth condition, it follows that lim U/(x) = 0. However, U/ is not

X—>00

strictly decreasing on the intervals (a;, b;), as it is constant on each of them.

2.4.1 Optimal investments for the standard utility

maximization problem in complete market

The purpose of this section is to develop optimal investment strategies within
the framework of non-concave utility functions in a complete market. We consider
the standard maximization problem of the utility functional E[U (X)].

Recall from Section 2.3.2 that the set x € R+ : U(x) < U,(x) can be expressed as a

countable union of finite, disjoint open intervals, specifically x € R+ : U(x) < U.(x) =
U (ab bl)

Let ¢;, i > 1 denote the set of all non-differentiability points of the concavified
objective function U,, excluding the points a; and b;. We use B to represent the set
of all points a;, b;, ¢;, where i > 1.

From the Lemma 2.38 it follows

U.(b]) < U(by) =Ul(a}) < U(a;), (2.32)
U(c) < Ul(cr)- (2.33)
Define the (one-sided) inverse of U, (-):
W)™ (w)
Ty € R\{Uien{[U/(57), Us(a;)] U [U(c)), Ui (e;) ]}
+2 ai- Ky € [U(a)), Ul(a;)]}
+2.bi - Iy € [U/(b]), UL(b7)) }
+2.ci - Ly € [Uc]), Ul(e)]} y < UH(0%);

0, y > U/(0%).

i(y) =
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For clarity, we present below a sketch of plots for U/ and i(y) in Figure 2.3 and
Figure 2.4 respectively.

U:(y)

U (0%)

U.(a1)

U.(az)

Ul (an) —
0 a b, a by, --- a, b, y

Figure 2.3. The derivative U/ of a continuously differentiable concavified objective
function U..

Theorem 2.39. Assume that 0;% is continuous and

h(2) = Ege [i (/1- ‘fg) < oo, forall A > 0. (2.34)

Then, for any initial capital x > 0, the unique optimal solution to the problem (2.28) is
given by X* = i(A* - %}, where A* > 0 is such that Ege [i(A* - %)] = X.

Proof. The function i is inverse to U/ in the sense y € [U/(i(y)™), U/(i(y)")], which,
thanks to (2.30) and (2.31) amounts to

Vz >0 Uc(z) - Uc(i(y) < y(z - i(y)). (2.35)

Denote I = 'yl{{Ué(a{)} ULU: (@)} ULU: (5D} ULU: ()} UUL (D)} U{UL (04) ).

Note that if y € R*\ 7, then U, is differentiable in y and the inequality in (2.35) is

strict:

Vz>0z#i(y) Ud2) - Uni(y)) < y(z - i(y)). (2.36)



74

i(y)

an;-:l \
az
b, \

Uian) -+ Ulaz) Ul(a1) Uz (0+) y

Figure 2.4. The inverse function i(y) for the derivative of the concavified objective
function.

The statement above is obvious for

y € iyl(Ué(a?),Uc’(a{)) U (UZ(67), UZ(b;)) U(UL (), Ul(c; ). For other y €
R*\7, the statement follows from assumption that U, and hence U, is strictly
concaveon {x > 0 | U(x) = U.(x)}.

Since % > 0 a.s., the function

=t i1 2)| <542 o142

is well-defined for all A > 0. Since the function i is decreasing, the function A is
decreasing as well. Let us show its continuity. The set A of discontinuity points of the

function i is at most countable. Let A, be a decreasing sequence such that lim A, = A.

n—0oo

If o € Q is such that nh_)ngo i ()tn . %(w)) # i (/1 . %(w)) , then A - %(w) € A. But

P(A- % € A) =0, since Cfﬂpe has continuous distribution. Therefore,

o im {1092 1192 -

Since i is non-increasing and right-continuous, it follows from the monotone




convergence theorem and (2.34) that
: . dQ\| _ [, dO°
tn e 1 1o )| 5 |- 55

Note in passing that

as required.

lim R(A) = 0, lim h(}) = co.
A—o0 A—0

Hence, there exists A* > 0 such that h(4*) = Ege[i(1* - %)] = X.
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Denote X* = i(A* - %). It remains to show that X* is optimal. Take another
feasible random variable X € X(x), i.e. such that Ege[X] = x and X > 0, which is

not almost surely equal to X*. Note that i(-) and hence X* never takes on the values

(2.37)

where U # U,. Moreover, thanks to the continuity of distribution % one has
P[A*-%GIR’“\I] =1
Therefore,
]P[UC(X) — U, (X™) (225) AF Z?Pe (X - X*)] =1,
]P[UC(X) _uxty B ‘ig (X - X*)] > 0.
Consequently,

E[U(X) -U(X™)] = E[U(X) - Us(X")] < E[U(X) — Ue(XM)]

(2.37) [ T dQ¢ dQ¢

E |1+ % X -
< P ap "

<0.

(X—X*)]:A*-]E

Hence, for all X € X(x) which do not coincide X* we have
E[UX)] < E[UX™)].
As a result,

sup E[U(X)] < E[U(X™)].
XeX(x)

Noting that X* > 0 and Ege(X*) = x, we obtain

xZ;Fx)E[U(X)] =Xrgg(>§c)]E[U(X)] =E[U(X™)].

(2.38)
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Remark 2.40. Solution X* is also a unique optimal solution to the maximization

problem for concavified utility function, i.e.

lexll(gx) E[U.(X)] = Xréla?éic) E[U.(X)] = E[Uc(X™)],

which follows from the inequality (2.38) using the same arguments as for U.
Example 2.41. Consider the function
U(x) = (x—K)i, forK >0, and0 < j < 1.
Its concavification is
() os(5 ) o) e
U(x) = | \T7 J\155 1- /> 1-j°
(x - K)/, x> X

We have thata; = 0,b; = %, a; = oo. The derivative of U.(x) is

~
—_—
[
|
[
7'
=
A
I

~
~
=
|
S
p——
~
=
V
Il

The function i is given by
i) = U) () Hy € (LU} y < U(0");
I 0, y > U(0%).

This can be simplified as

i(y) = j-1
0, y=j (1_J —K)
Hence, we obtain that
y 7 K J-1
(5)7+K w<i(E-k)
i(y) = i
0, y > j (ffj —K)

Consider the standard Black—Scholes model. Then,

cfi?; =exp{r;yBT— (r—'u)zz}.
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According to Theorem 2.39, we need to find A* such that

dQe. N dQe B
]E[dTPl (/1 dTP)] = X.

Equivalently,

Denote by Xt := exp (%BT — (ﬂ)z %) , thus X7 ~ LN (- (%)2 %, (%)2 T). Thus,

o
J‘XT .
Q

X\ 7
+K|-1I
We can write the last expression as a sum of two integrals:

1
X\ 7T
JXT-( T) +K|-1
Q

J
J
PN
=K | Xr-1I i-1 dP + | — X -1 i-1 dIP.
J T {A*XT<j(1%.—K)j 1} (J) J T {A*XT<]'(1%—K)] 1}
Q Q

j—1}d]P = X.

(X< j(%—K)

j-1.dP
}

(M Xy < j(%—K)

‘ j-1
Denote c(A*) = AJ—* (% — K) . Hence, we need to find A* such that

A* ]il .]
KJ XT . ]I{XT<C()L*)}d]P + (—) J XY{_ | Jj j dP = x.
j-1 1
J T >e(%) 7T}

J

Noting that X.™" has a lognormal distribution, each of these integrals can be calculated
using the Black—Scholes formula, allowing to compute A* numerically.

The unique optimal solution to the problem (2.28) is then given by X* = i(A* - %).

2.5 Constrained optimization

This section is similar in nature to Section 2.4, as we are concerned with finding

the optimal solution to the standard utility maximization problem. Specifically, we
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aim to identify

sup E[U(X)], (2.39)
XeX(x)

which is the unconstrained optimization problem. However, we follow the approach
of [16, Chapter 3] and consider a modified version of the optimization problem
(2.28), subject to a budget constraint. Specifically, we assume that there is an upper
bound on the endowment, given by a random variable W : Q — [0, +c0), and define

the set of admissible payoffs as
X ={XeLl’P)|0< X <WP-as.).
Our goal is to maximize E[U(X)] for X € XY, where the budget set X! is defined
by
XY ={Xel'(Q°]0<X<W,Eq[X] <x},
with x > 0 being the initial wealth and Q° being the unique equivalent local

martingale measure. Hence, we aim to find the optimal solution to the following

constrained optimization problem:

sup E[U(X)] subjectto0 < X < W and Eg¢(X) < x. (2.40)
XeLl(Q°)

We keep all of the assumptions from Section 2.4 on the utility function U and its

concave envelope U,. As before, we consider only the case where
EQe [W] > X,

as otherwise the set of admissible endowments has at most one element, making

the optimization problem meaningless.

2.5.1 Optimal investments for the constrained utility

maximization problem in complete market

The goal of this section is to identify the optimal investment strategies for the
standard constrained utility maximization problem (2.40).

Recall notation and basic properties of
Uk(x) = U(x A k), x > 0,

for each k > 0, see (2.23):
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. the function U* and its concavification U* satisfy all of the assumptions on
the utility function U and its concavification U,.
.« UF(x) = UX(x), for all x > k.
Similarly to the Section 2.4 define the set {a;t, bik}ien such that {x € Ry :
U (x) < UF(x)} = U(aig, bik).

1
Define the set {c;t}ien as set of all points where Uf is non-differentiable, with

the exception of the points a;x and b; . Consider the set Bk = {a;xUb;rUc;ix Uk}
ieN
On the set {x € (0,k) : U*(x) = UX(x)}, U* is strictly concave, therefore, with

the exception of set 8%, the derivative of U* is strictly decreasing.
Define the inverse of the (U¥)":

k, y=0;

((UH) )

Ty € R*\{i%{[(Uck(bZk))’, (UE(a; )TV LUE ()Y (UE (e ) 13
Fy) = I+ D Ly € [UF(af)), (K@)

+ ; bik - y € [(UL(bF)), (US (b))}

+§ci,k Iy € [(UF(e])), (UE(e; )T 0 <y < (UF(0M))'s

0 y > (UK(0M)).

Let us now establish an analogue of Theorem 2.39 for the utility function UW(®),

w € Q.

Theorem 2.42. Assume that the random variable % is continuous and that the
random variable W is discrete.
Consider the function i (w,y) := i@ (y), forall w € Q.

Let also

hW (1) = Ege [iW<w> (/1 : %(a))) < oo, forall A > 0. (2.41)

Then for any initial capital x > 0, the unique optimal solution to the problem (2.40)
is given by X* = iW(/l* . %) for some A* > 0 such that Ege [V (A* - %)] = x.

Remark 2.43. Thanks to W being discrete, the function i"(®) (1 - %(w)) is clearly
measurable. The measurability actually holds for any random variable W thanks to

monotonicity of i'(-) in both arguments.
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Proof. From the definition of i"(©) it follows that for any z > 0
U (2) = U MO ) < y(z =M (). (2.42)

The proof of (2.42) is similar to the corresponding part of proof of Theorem 2.39,
with the exception of the case y = 0, which we will address immediately. For y = 0,

inequality (2.42) is equivalent to the requirement that for any z > 0
U (2) - U (W) <0,

which does hold true since U"(@) is decreasing.

Letusset 7@ = |J {{(U""” (a;,)) YU {(U ) (at,)) (UM (5},)) U
ieN ’ ’ ’

(U (e )Y U@ (e ) u (U (04))'} U {0}. Similarly to the cor-

responding part of proof of Theorem 2.39, for all y € R*\ 7"(®) and for any

z>0,z# iW(‘”)(y), we have

U (z) = U O () < y(z - i@ (y)). (2.43)

Since % > 0 a.s., the function

: dQ* dQ® . dQ*
hW = E e w A ¢ — = ]E . w =
oo [ - -2 | [
is well defined for all A > 0. Since % > 0 a.s., h"(]) is continuous and decreasing
due to the continuity of i (-) and the fact that i is decreasing (see Theorem 2.39).

Additionally, we have that
Alim (1) =0, B (0) = Ege [W].

Since Ege [W] > x, there exists a positive A* such that h(1*) = Ege [i" (1*- % ] =x.
Let X* = i"(A* - %). It is evident that X* € XV. The proof of the optimality of
X™* is similar to the corresponding part of the proof of Theorem 2.39. Essentially, it
follows from the fact that

P [/1* : ‘;% e R™\ IW] =1,

which implies

]P[UCW x) - ¥ () ) ax ‘fg (X - X*)] -1, (2.44)
]P[UCW o) - o) Y ig (X - x*)] > 0. (2.45)

The proof concludes as in Theorem 2.39. O
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2.5.2 Examples

In this section, we provide examples that demonstrate that the conclusion of
Theorem 2.42 may not hold when W is a continuous random variable.

We begin by presenting the general setup for the examples. The sample space
is Q = [%, 1] and the probability measure P is the normalized Lebesgue measure.
Specifically, for % <a<b<1,wehaveP([a,b]) =2(b-a).

Let W(w) = 2w for w € Q, and consider the utility function

NMxr xe o)

Ux)={=l  xel[l);

FNTRE )

X1, x € [1,00).

Observe that the function U (x) is increasing, continuous on (0, +00) and satisfies

the mild growth condition.

U(x)
—
x+1
2
3
3
1,,
3
4
0 1
0 1 1 X
2

Figure 2.5. The utility function U.

As before, for each w € [%, 1] denote

W) _ U(x), x € [0,W(w)];
UW(w)), xe€ (W(w),+0).

To construct the concavification, one needs to build the straight line passing

through the points (% %) and (2w, (Za))%). Therefore, the concavification UCW @) of



82

Uk (x)
73%5.)(%
....... x+1
2
(§)%W ,,,,,,,,,,,,,, eyl
2 3
SO
14 P 2
3
4
0 . .
0 1 1 3 X
2 2

Figure 2.6. The utility function Uk, for k = %

U%(@) is given by:

%ﬁ-x%, x € [0, %);
UW(w) — 4(2&))%—3 4(20))%—3 3 1
c (x) - 2(dw—1) 'x_m‘f'z, X € [5,20)),
(2@)%, x € [2w, ).

Note that the concavification UCW (@) s still increasing and continuous on (0, +c0),

as it preserves the original properties of U"(©).

U (x)
— B
....... 3 3
a(z) x+b(z)
3 3
ot 3
3
4
0
0 1 3 X
2 2

Figure 2.7. The concavified utility function U, for k = %
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The tangent line to the function xi,x > 1at the point (2, 4) touches the function
x4,x > 1 approximately at (2.12,1.76). Since x € [5, 2w) and 2w < 2, it follows that
UCW (@) 5 W), Hence, UCW (©) is indeed the concav1ﬁcation for UV (@),

For convenience let us abbreviate a(w) := 42((2:))4 = and b(w) = % + =2
Observing that

@rey(L) -2 dor

Z > 2(T—_1)3 = (U(}/V(w))’(;r), for w > %
we conclude that UCW (@) is also concave and is the smallest concave function which
is not less than the utility function U"(©). Note also that U"(®) is strictly concave
on the set where UCW(“))(x) = UV (x), x < W(w).

The derivative of UCW (w)(x) is

;/_ X7 x € (0,3);
w ’ 3
(U, (w)(X)) =X 2((20)41), x € [3,20);
0, x € [2w, );

and the inverse function i"(“) (y) is

(Us(x))

[S;1[S\V N[V

1 3
2 2

Figure 2.8. The derivative of concavified utility function (Uck)’ ,fork =2
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20, y € [0,c(w));
MO y) =14, y € [e(),]);
322 i y—z’ y € [%, 00),
4(20)1-3
Where c(a)) = m
i*(y) :
3
....... 1
3 2
2 2y
S
2
0 1 —
0 33 y
5 4

Figure 2.9. The inverse function i* of (UX)’, for k = 2,

2.5.2.1 The function 2" (1) may be discontinuous

In this example, the function A" (1) is not continuous and misses some values of
admissible initial capitals.

Consider %(a)) = %*c(a)), for some A*. In this case we have

J C;%e (w)P(dw) = 1.
Q

Thus,

J /%*c(w)]P(dco) S e—

Q
1 3
Ji 4(2w)7 -3
¥ 24w — 1)

1
2

P(dw) =1
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1

4(20)1 - 3
W) —
— | —— - 2dw =1.
A ) 2(4w - 1)
p
Let us compute the integral
1 3
4(2w)s -3
2(40 — 1)
2
3
4 421
=3 + 3 2i . arctan(2711) +2i . arctan(V?2)
31n(3
+2i - arctanh(Z%l) —2i. arctanh(V2) — 4( ) ~ 0.59.

Hence, A* ~ 0.59.

Let us choose an initial capital x € (% %) and let us prove that Ege(W) > x :

1

420)1 -3 1
Zw] = J _ 20 dw

Eg-(W) = 204w —1) A*

1
2
_ 1 ( 167 N 38 - 21 B arctan(Zle) N arctan(V2)
A* 84 21 2% 2%
+arctanh(231) _ arctanh(V2) _ 3ln(3))
21 21

~ 1.51.

Now we show that function A" (1) := Eoe [V (A% ] is not continuous at A*.
Take an increasing sequence A, T A*. Then

Y (A%) = Eg [ W (1> Qe)] = Eqe [iW(c(a)))] = Eqr B] - %

Since A, T A%, it follows that 1,%%- 5 -1 A*dQ Moreover, A, CZ?P < A5 dQ =: c(w).
Thus

0] el
4(20))4 -3 1
2(40) -1) A+

hW(An) = EQe [iW(An

- 2w2dw ~ 1.51.

Since h" (1) is decreasing, it does not attain the values between L and 2.
g 2 2
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2.5.2.2 The inequality (2.45) may fail

In this example we consider x = % as initial capital. As mentioned in the previous
example, we know that there exists a value of A* ~ 0.59 such that K" (1*) = %
Denoting v(x) = (UY)’(x), consider the probability

(A* d?Pe # R\ W) (’1* d]%e €l W)

£dQ° B 1+ "
—]P(/l P { (5 )V(E ),v((Zw) ),V(0+),O})
()L*dQe {— c(@), v(04), 0}) (/1* do” _ c(a))) _

dp dP

Hence, ]P()L* Q e R\J W)

2.6 Optimal investments for the robust utility
functional maximization problem in complete

market

This section presents optimal investment strategies for the problem of maximizing

the robust utility function sup inf Eg[U(Xr)] under certain assumptions. We
XeX(x) 9€Q
will use the results from Section 2.4.1. Hence, we assume that the equality

sup inf Ep[U(g)] = sup E5[U(g)], (2.46)
geC(x) Q€Qe 9eC(x)

holds for some O € Q..

Under the assumptions of Theorem 2.13, the assumption above is equivalent
to the minimax identity, as shown in Theorem 2.23. Using Remark 2.6, we can
reformulate our problem as follows:

Find the optimal solution for ~ sup  inf Eg[U(g)] subject to Ege(g) < x,

geL2(Q.FP) Q€
(2.47)
where x is the initial capital.

Assuming that (2.46) holds, we consider the problem:

Find the optimal solution for  sup
geLd(Q,F,P)

EQ[U(g)] subject to Ege(g) < x, (2.48)
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where x is the initial capital.

Theorem 2.44. Suppose that (2.46) holds. Additionally, assume that % is continuous.

Denote

(U)(y)

T{y € R\ {Uien{ [U2(69), U(a)] U [U2(eH), U2(e ]}
+Nar Iy € [U(a), Ula)])

W= 5b 1y € U0, U07))

+ X ¢ -Hy e [UX(e)), U (e} y < U (07);

0, y > U’(0%).

dQ

Then the unique optimal solution to the problem (2.48) is given by g* = i(A* - %),

Assume that

h(}) = Ege < oo, forall X > 0. (2.49)

where A* > 0 and such that Ege[i(A* - C;—(g)] = x, for initial capital x.
Remark. If a; = 0, then we need to consider U}(a7).

Proof. We note that the proof is similar to the proof of Theorem 2.39, but instead
of using PP, we consider the measure Q which is equivalent to IP. Thus, the set
LE(Q, ¥, P) coincides with L?L(Q, ¥, Q), and the unique equivalent local martingale

measure Q° remains the same. O

Remark 2.45. The solution g* is also a unique optimal solution for the problem of

maximizing the concavification of the utility function, i.e.,

gigg) EQ[Uc(g)] = gIenCEgc() EQ[Uc(g)] = EQ[Uc(g*)],

which follows from Remark 2.40 and the proof of the theorem above.

Theorem 2.46. Consider the model setting and utility function as in Section 2.3.2.
Then under the assumptions of Theorem 2.44, Theorem 2.13, and Lemma 2.21, the
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unique optimal solution g* for the problem (2.48) is also an optimal solution for (2.47),

in the sense that

sup inf Ep[U(q)] = inf Ep[U(g™)].
gecg)QEQ olU(9)] Snf olU(gM)]

Proof. Tt follows from Lemma 2.21 that there exists g € C(x) such that

' (x) = inf EolU.(@)] (2.50)
Using (2.46), we also have
u'(x) = u5(x) = EglUe(g™)]- (2.51)

Furthermore,

inf Eo[U.(9)] < EglU.(@)] < u5(x).

Therefore, combining (2.50) and (2.51), we obtain

E5[U:(9)] = EglUe(g)].

By Remark 2.45, since g is also an optimal solution of the problem (2.48), we have

g = g* almost surely.
Using Remark 2.16 and (2.50), we get

w'(x) = inf Eg[U.(§)] = inf Eo[U.(@)] = inf Eo[U(g")] = inf Eo[Uc(g")].

(2.52)
From Theorem 2.23, we know that assumption (2.46) implies
u(x) = u(x). (2.53)
Note that g* never takes on the values where U < U,. Therefore,
inf Eo[U(g*)] = inf Ep[U.(g")]. 2.54
nf olU(gM)] Jnf 0lUc(97)] (2.54)
Combining (2.52), (2.53) and (2.54) we obtain
¢(x) = inf Ep[U,(¢*)] = inf Eo[U(g*)] "™ %" inf Eo[U(g™)] = u(x).
u(x) Inf olUc(97)] Jnf olU(g7)] dnf olU(gM)] = u(x)
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Conclusions for Chapter 2

In this chapter, we explored the properties of concavified utility functions and
examined the special case of concavification. We established the minimax identity
for non-concave utility functions by deriving equalities and inequalities to relate
the robust utility functional of the initial utility function and its concavification.
We presented cases in which all the inequalities become equalities, and hence, the
minimax identity for the initial non-concave utility function holds.

We also demonstrated the existence of the "worst-case scenario” measure in two
cases of the infimum of the expected value of the initial utility function and its
concavification.

Furthermore, we derived the existence and uniqueness of the optimal solution to
the standard non-concave utility maximization problem and constructed its explicit
form under the assumption of standard budget constraints. We showed that this
solution is also a unique optimal solution for the maximization problem of the
concavified utility function. In the case of implementing an additional upper bound
given by some random variable, we proved a similar theorem if the given random
variable is discrete and presented examples that show the previous conclusions may
fail in the case of a continuous random variable that represents an upper bound.

Finally, we demonstrated the existence and uniqueness of the optimal solution
to the robust non-concave utility maximization problem and provided a way to

construct it.



Chapter 3

Optimal investments for the non-concave
utility maximization problems in

incomplete market

In this chapter we will deal with incomplete markets. The results we will show
are similar to those from Chapter 2. However, the main difference is that we no
longer assume that the equivalent local martingale measure is unique. We only
assume the no-arbitrage type condition that the set of all equivalent local martingale
measures M, is not empty. We keep the same notation as in Chapter 2 while
extending its framework.

The aim of this chapter is finding the optimal investment strategies for standard
as well as robust non-concave utility maximization problems.

For model details see Section 2.1.

We assume that for the set Q of all measures Assumption 2.2 holds.

3.1 The minimax identity for the non-concave

utility in incomplete market

As before, we consider a utility function U : (0, c0) — R, which is non-constant,

non-decreasing, upper semi-continuous and satisfies the mild growth condition:

lim U) =

X—00 X

and such that U(o0) > 0. Set U(x) = —oo for x < 0, and denote U(0) := lifn U(x)
x10
and U(c0) = liTm U(x).

0,

90
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It follows from the [2, Proposition 3.1] that U(x) has a non-decreasing and
continuous on (0, +00) concave envelope, which is denoted by U, (x).
Recall that

u(x) = sup inf Eg[U(Xr)] = sup inf Eg[U(g)];

XeX(x) Q<Q geC(x) 9€Q
ug(x) = sup Eo[U(X7)] = sup Eg[U(g)].
XeX(x) geC(x)

To exclude the trivialities, we impose
Assumption 3.1.
For all x > 0 exists some Q € Q, such that ug(x) < co.
Denote

u(x) == sup inf Eg[Uc(Xr)] = sup inf Eg[Uc(g)];

XeX(x) QQ geC(x) Q€@
ug(x) == sup Eg[Uc(Xr)] = sup Eg[Uc(g)]-
XeX(x) geC(x)

In this chapter we study the same minimax identity, but in a more general
framework.

Besides Assumption 2.2, assume the following.
Assumption 3.2.
up, (x) < oo for some x > 0 and some Qo € Q..

Lemma 3.3. Suppose that Assumption 2.2 and Assumption 3.2 hold. Then, one has

u(x) = sup inf Eg[Uc(g)] = inf sup Eq[Us(9)]

geC(x) 9€Q Q€Q geC(x)
= sup inf Ep[U.(g)] = inf sup Ep[U.(g)].
geC(x) Q€Qe o Q€Qe geC(x) o

Proof. Noting that the function U,(x) is non-decreasing, continuous on (0, +c0) and

concave the proof is the same as proof of Lemma 2.14. O
Lemma 3.4. If Assumptions 2.2 and 3.1 hold, then for all g € C(x),

inf EglU(g)] = inf EolU(9)]
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Proof. The proof is the same as proof of Lemma 2.15. O
Lemma 3.5. If Assumption 2.2 and Assumption 3.1 hold, then

sup inf Ep[U(g)] = sup inf Ep[U(g)].
geC(x) Q€4 ¢ geC(x) Q€Qe ¢

Proof. The statement is clear from Lemma 3.4. O

The proof of forthcoming results will be based on the ideas of Christian Reichlin
[33]. First, let us introduce the notation and assumption used therein. Recall, that

V(y) is the conjugate of U (and U,):

V(y) =sup{U(x) —xy}, y>0,

x>0

the asymptotic elasticity of V was defined by

AEy(V) :=limsup sup ldly

y—0 geaV(y) V(y) ,

where 9V denotes the subdifferential of V; more detailed in the [33, Chapter II].
Assumption 3.6. AEy(V) < oo.

To define the utility price, that we will use in the following assumption, we first

need to consider a few notations:

Y(y) ={Y > 0|E[YX] < xyforall X € X(x)};
D(y) = {h e L3(Q,F,P)|0 < h < Y, forsome Y € Y(y)}.

Definition. For a distribution F on R, the utility price is defined as

1

UP(F) := sup { qp(s)qh(l—s)ds}.
heD(1)

The last assumption we need is

Assumption 3.7. For any Q € Q. and any distribution Fy on R, with UP(Fp) < oo,
there exists fo € C(UP(Fp)) with fo ~ Fo. The index of distribution shows the

probability measure under which we consider it.
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For more information on the utility price UP(F), see [33, Chapter IV].

Remark 3.8. Reichlin considers the Assumption 3.7 only with respect to the objective
measure IP. However, since we are interested in the robust utility maximization problem,

we need his assumption to work for all Q € Q..

Theorem 3.9 (Theorem 4.6 by Reichlin in [33]). Suppose that Assumption 3.1 (for P
and some x > 0), Assumption 3.6 and Assumption 3.7 (for probability measure P) are

satisfied. Then the non-concave problem up(x) admits a maximizer and it holds that
up(x) = up(x), forallx > 0. (3.1)
Proof. See [33, Chapter IV]. O

Remark 3.10. At the end of [33, Section IV.5.1] Reichlin showed that Assumption 3.7

is not necessary for equation (3.1) to hold.
Now we can introduce our lemma.

Lemma 3.11. Suppose that Assumptions 3.1, 3.6 and 3.7 are satisfied. Then, for all
x > 0, it holds that

inf sup Ep[U(g)] = inf sup Ep[U.(g)].
QEQegeC(x) € QeQegeC(x) ot

Proof. There is a sequence Q, € Q. such that

lim sup Eg,[U(g)] = inf sup Eo[U(g)].
= geC(x) QeQ. geC(x)

It follows from Assumption 3.1 that exists N € N such that for all n > N, we

have sup Eg,[U(g)] < oo.
geC(x)
As in the proof of Lemma 2.18, we can apply Theorem 3.9 for any Q, € Q.,

n > N. All assumptions remains the same, and the set M, of all equivalent local
martingale measures does not change. Moreover, the set L (Q, F, Q) is the same for
all Q € Q., which means that everything remains true if one uses arbitrary measure
QOn € Q, n > N, in place of P.

Hence, from the Theorem 3.9 follows that

sup Ep,[U(g)] = sup Eg,[U.(g)], forall O, € Q, withn > N.
geC(x) 9€C(x)
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Consequently,

lim sup Eg,[U(g)] = lim sup Eg,[Uc(g)].

% geC(x) n—% seC(x)

Due to the choice of sequence Q,, we have

inf sup Eg[U(g)] = lim sup Eq,[U(g)]
Q€Qe gec(x) % geC(x)

~ lim sup Eq,[Us(g)] > inf sup Eq[Us(g)].
= geC(x) QeQ, geC(x)

The proof then follows from the fact that U < U.. O

Lemma 3.12. For all x > 0, it holds that

sup inf Ep[U(g)] < sup inf Ep[U.(9)].
geC(x) QeQ. € geC(x) QeQ. otre

Proof. 1t is obvious from the definition of U.. O

Theorem 3.13. Suppose that Assumptions 2.2, 3.1, 3.2, 3.6, 3.7 are satisfied. Then, the

following chain of equations and inequalities holds.

. (1%) . (2%) .
sup inf Eo[Uu(9)]2 sup inf Eq[Un(@)]'Z’ inf sup Eo[U.(9)]
geC(x) Q€Qe geC(x) Q€d Q€ gec(x)
VI(4*) ||(3*)
sup inf Ep[U(g)] inf sup Ep[U.(9)]
geC(x) QeQ, © QEQEgEC(x) oL
II(6*) II(5*)

(7%) (8%)
sup inf Ep[U(g)] < inf sup Ep[U(g)] < inf sup Ep[U(9)].
geC(x) QeQ QeQ geC(x) QeQ, geC(x)

Proof. o (1x)—(3%) follow from Lemma 3.3;
« (4%) follows from Lemma 3.12;

(5%) follows from Lemma 3.11;

For (6%), see Lemma 3.5;

The inequality (7%) follows from the fact that for all O € Q and h € C(x), it
holds that

inf Eo[U(h)] < sup E5[U(9)];
QeQ © geC(x) <

Since Q, C Q, the inequality (8x) is clear. O
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From now on, assume that U(0) is finite, i.e. U : [0,00) — R. The next two
theorems present the conditions under which all inequalities in the Theorem 3.13
are equalities and, consequently, when the minimax identity holds for the general

framework of non-concave utility functions.

Theorem 3.14. Suppose that all assumptions from Theorem 3.13 holds.

Then, for all x > 0, the next two equalities are equivalent
() sup inf Eo[U(g)] = sup EglU(g)]. forQ € Qu:

geC(x) Q€Qe geC(x)
(ii)) sup inf Eg[U(g)] = sup inf Ep[U.(g)].
geC(x) Q<Qe geC(x) Q<

Proof. Suppose (i) holds. If sup E; [U(g)] = oo, then, since U < U,, it follows that
geC(x)

sup inf Eg[U(g)] = sup 1nf EQ[U (9)] =
geC(x) Q€Qe geC(x)

However, this case is trivial. Hence, assume sup E; [U(g)]
geC(x)
Therefore, from Theorem 3.9, due to the arguments of Lemma 3.11, it follows

that

sup inf Eo[U(g)] = sup E5[U(g)] = sup E5[Uc(9)] = sup inf Eo[Uc(g)].
geC(x) Q€& geC(x) geC(x) geC(x) K¥&He

Noting that for all x > 0 one has U.(x) > U(x),

sup inf Eg[U(g)] < sup 1nf EQ[U (9)].
geC(x) Q€Qe geC(x)

Which gives us (ii).
The proof from (ii) to (i) is the same as in Theorem 2.23. O

Recall Remark 2.22 and @0 from Assumption 2.25.

Theorem 3.15. Suppose that all assumptions from Lemma 2.21 and Theorem 3.13
hold. Assume that at least one of the items below holds
(i) Exists such a measure Q € Q. that for all g € C(x) : ang EolUc(g9)] =
€Qe

E5[Uc(9)];

(ii) For any sequence g, € C(x) such that 11m E [U (gn)] = sg(p) Q1£1£ Eo[Uc(g)]
geC(x e
it holds that hm E [U (gn)] = hm anf Eo[Uc(gn)].
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Then, one has

sup inf Ep[U(g)] = sup inf Ep[U.(9)].
geC(x) Q€& © geC(x) Q€Qe ©

Hence, all inequalities in the Theorem 3.13 turn to equalities.

Proof. The proof is the same as in Theorem 2.26, however, we can no longer use the
[34, Proposition 5.3]. Instead, we refer to the proofs of Theorem 4.6 and Proposition
4.7 [33].

From [33, Proposition 4.7] follows that for each g € C(x), there is a distribution
F*, such that for each h € D(1), there exists gZ e LY9(Q,F,P) with g’}: ~ F*,
moreover, E[hgy] < E[hg] and E[U(g})] = E[Uc(g)]. Besides, it follows from the
first part of the proof of [33, Proposition 4.7] that IP (gz e {U < UC}) = 0. Next, it
follows from the proof of the [33, Theorem 4.6] that there exists g* € C(x) with
g* ~ F*. By combining all of the results above, we obtain that for each g € C(x),
exists g* € C(x) such that P(g* € {U < U.}) = 0 and

E[U:(9)] = E[U(g")] = E[U:(g")]. (3.2)

As before, due to all assumptions of the theorem, we can use Q ~ P in place of
IP. Hence, (3.2) holds for measures Q and Qo. This is the result of [34, Proposition
5.3] used in the proof of Theorem 2.26. Also, instead of Lemma 2.14, as in the proof
of Theorem 2.26, is used Lemma 3.3. O

3.2 Optimal investments for the concavified

maximization problems in incomplete market

In this section, we focus on constructing the optimal investment strategies
for concavified utility functions within the context of incomplete markets. Our

objective is to maximize the utility function, specifically sup E[U.(X7)].
XeX(x)
Consider a utility function U : [0, 0) — R which is strictly increasing, at least

twice continuously differentiable and satisfying a mild growth condition:

lim Ulx) =

x—o00 X

0.
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As before by, U, : [0,0) — R denote the concave envelope of U. The concave
envelope U, is increasing, continuously differentiable on (0, 00), and it also satisfies

the mild growth condition, see Lemma 2.19 and Lemma 2.20.

3.2.1 Optimal investments for the standard problem of
maximization the concavified utility function in

incomplete market

This section focuses on presenting the optimal investment strategies for the
standard problem of maximizing the concavified utility function in an incomplete

market. Specifically, we aim to find sup E[U.(X7)].
XeX(x)
Recall that

up(x) = sup E[Uc(X7)].
XeX(x)

To exclude trivialities, we assume throughout this section that
up(x) < oo for some x > 0. (3.3)

From now on we use the duality theory. Let us first introduce some relevant

notation and results.

3.2.1.1 Duality theory

Define the convex conjugate function V of U:

V(y) =sup(U(x) —xy), y>0.

x>0

The utility function U in our case is not concave and does not satisfy the Inada
condition in zero. Moreover, the concave envelope U, is not strictly concave and the
Inada condition in zero does not hold as well. Hence, the convex conjugate V' is not
smooth and not strictly decreasing in general.

It follows from the [34, Lemma 2.9] that the function V is convex, decreasing,
finite on (0, 00). The utility U and its concave envelope U, have the same convex

conjugate. Moreover, it holds that

Ucx) —xy=V(y) &= x € =9V (y) & y € U, (x). (3.4)
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The dual value function vp for up is given by
= inf E[V(Yp)], > 0,
vp(y) youf [V(Yr)], y
where the space YV (y) is defined as
Y(y) ={Y = 0|Yy = y and XY is a P — supermartingale for all X € X(1)}.
As in [25, 26] consider sets:

C(x) ={g € LY(Q, 71, P)|0 < g < Xt for some X € ¥(x)};
D(y) ={h € LY(Q, F7,P)|0 < h < Yy for some Y € Y (y)}.

It is easy to see that

up(x) = sup E[U(g)];
geC(x)

up(x) = sup E[Uc(9)];
geC(x)

op(y) =, inf BV ()]

Moreover, if there is an optimal g or h, then they are clearly correspond to some
X € X(x) or Y € Y (y) respectively.
The subset S of LY (Q, 7, P) is called solid if from 0 < f < gand g € S it follows
that f € S.
By virtue of [25, Proposition 3.1], we have the following:
(i) C(x) and D(y) are subsets of L (Q, #r,P) which are convex, solid and closed
in the topology of convergence in measure.
(if)
geC(x) & g=>0and sup E[hg] < xy;
heD(y)
he D(y) = h>0and sup E[hg] < xy. (3.5)
geC(x)
(iii) C(x) is a bounded subset of L (Q, #7, P) and contains the constant function
X.

Assume that

U:(0) > 0. (3.6)
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In this case,

V(y) = sup(Us(x) — xy) > U.(0) > 0 for all y > 0;

x>0

Va(y) = sup (U.(x) —xy) > U.(0) > 0 for all y > 0.

0<x<n

Since V,,(y) > 0 for all y > 0 and in view of the assumption (3.3), it follows from
the proof of the [25, Lemma 3.4] that

op(y) = sup(up(x) — xy) for each y > 0. (3.7)

x>0

Theorem 3.16. Let the assumptions (3.3) and (3.6) hold. Then, for any x, > 0, there
exist some g € C(xy), y > 0 and he D(y) such that
(i) uf(x0) = vp(Y) + x0Y,

(1) u§(x0) = inf (0r(y) + xuy).
If additionally vp(y) < oo for ally > 0, then

(iii) vp(9) = B[V (h)],

(iv) u5(x0) = E[U(9)].
Moreover, vp(-) is convex.

Proof. Fix xo > 0. For all y > 0, we have

up(x9) < suplup(x) — xy] + xoy. (3.8)

x>0
Let us prove that there exists 7 > 0 such that for all x > 0 the following holds:
up(x0) > up(x) — xy + xoy. (3.9)
This is equivalent to
up(x) — up(x) < yl(x —x).

Since uj, is concave (see [37, Lemma 3.1 (b)]), Lemma A.7 yields the existence of
such y. Moreover, from u®,(x]) < up(xy) it follows that y € [u,(x]), up(xy)].
Therefore, (3.9) gives

up(x9) > suplup(x) — xy] + xoy.
x>0
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Thus, in view of (3.8), we have

uf:(xo) = sup[uf)(x) — xy] + x0y.
x>0

From (3.7) we then derive (i).
To prove (ii), note that thanks to (3.7), it holds for all xj, y > 0 that

up(x9) < op(y) +xy.

Hence,
up(x9) < inf(vp(y) + x0y).
y>0
From (i) we have that
up(x9) > inf (vp(y) + x0y).
y>0

This gives us (ii).
The definition of vp(y) implies the existence of a sequence (h,) € D(y) such
that

lim E[V(h,)] = inf E[V(h)].
n—oo heD(7)

By utilizing the Kolmos-type argument (see [13, Lemma A1.1]), we can find a
sequence (En), n € N that belongs to the convex hull of (hy, h,41, ... ) and converges
almost surely to some non-negative h.

Since D(y) is both convex and closed with respect to convergence in measure,
it follows that D(y) is closed under countable convex combinations. Therefore,
(En) € D(y). Furthermore, as D(y) is closed in the topology of convergence in
measure, we have he D(y).

For each n € N, there exists a sequence a! € R" such that } o = 1 and
ieN
hn= X a?hnﬂ—l-
ieN
By noting that V is a convex function and continuous on (0, o), and considering

the assumption of the theorem, we draw the following conclusion:

2, ah)]

ieN

lim sup ]E[V(En)] = limsup E

n—0oo n—0oo

V
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continuity of V
< lim supZai" "E[V (hpsi-1)] = inf E[V(h)].
n—oo heD(7)

The last equality here holds due to Proposition A.2.
Since lim infE[V(ﬁn)] < lim sup E[V(ﬁn)] and En € D(y), we obtain

n—0oo

lim E[V (h,)] = Jnf E[V(h)].

Noting that V(y) > 0, y > 0, one has

E[V(h)] = E[liminf V(h,)] < iminf E[V(h,)] = inf E[V(h)].
n—oo n—o0 hGD(@

This proves (iii).

Since vp(y) < oo for y > 0, it follows from (ii) that

u}';(x) o

lim
X—00 X

Hence, (iv) follows from [26, Lemma 1].
It remains to show that vp(+) is convex. For A € (0, 1), observe that for El € D(yy)
and EZ € D(y), we have (Aﬁl +(1- )L)ﬁz) € D(Ay; + (1 — A)yz), and therefore,
Jop(yr) + (1= Dop(y2) = AE[V ()] + (1 = DE[V (hy)] >

E[V(Ah + (1 = Dhy)] > inf E[V(h)] = op() 1= o).
VO +(0-Dh)] 2, inf  EIVR] = op(g+ (1= Do)

O

Theorem 3.17. Let vp(y) < oo for ally > 0, and the assumptions (3.3) and (3.6) hold.
Then, for any x > 0, there exists an optimal stmtegyi € X(x) such that

up(x) = E[Ua(X7)].
There also exist some§ > 0 and Y € Y (§) such that
op(y) = E[V(Y)] and uj(x) = vp(y) + 7.

Furthermore, XT € —aV(?T), and XY is a martingale.

Proof. 1t follows from Theorem 3.16 (iv) that for all x > 0, there exists an optimal
strategy X e X (x). Furthermore, from Theorem 3.16 (i) and (iii), there exist y > 0
and Y € Y () such that

ub(x) = E[U.(X7)];
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op(y) = E[V(¥7)];
up(x) = op(y) + xv.
Since V is a convex conjugate of U,, we have that
V(h) +gh - U.(3) = 0,
where h = ?T. Hence,
0 < E[V(h) +3h - V()]
— 0p(§) + B[Gh] — uS(x) 2 0p(§) + x5 — uS(x) = 0. (3.10)
Consequently,
V(h) +gh - U.(3) = 0.
From (3.4) we have that
ge—av(h).
This is equivalent to
Xr € —aV(Yr).

Note also that (3.10) implies the equality E[X:Yr] = ]E[giz\] = x1.
Since XY is a P—supermartingale for all X € X (x), it holds for all s < T that

E[X:Yr|%] < X, Y,.
This leads to
E[XrYr] < E[X,Y;] < XoY, = x7.
Hence, all the above inequalities are in fact equalities, and forall 0 < s < T,

(3.11)

Assume that there exists A € ¥ such that P(A) > 0 and ]E[it?t | F] < )/(\s?s
on A for some 0 < s < t. Then, ]E[)’(\tﬁ] < ]E[fs?s] contradicting (3.11). Hence,
E[j(\t?tlfs] = fs?s P-a.s. forall0 <s <t. O
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3.2.2 Optimal investments for the problem of maximization
the robust concavified utility functional in incomplete

market

In this subsection we present the optimal investment strategies for the maximiza-

tion problem of the robust concavified utility function, i.e. sup inf Eg[U.(X7)].
XeX(x) Q€Q
This problem was already solved by authors of [37] in general incomplete

market for a strictly increasing, strictly concave, continuously differentiable utility
functions defined on (0, o) and satisfying the Inada conditions. The concavified
utility function U, does not satisfy all the assumptions above. Nevertheless, U, is
strictly increasing, concave, continuously differentiable on the (0, 00), and it satisfies
the Inada conditions at oo, see Lemma 2.19 and Lemma 2.20.

Moreover, we will assume that (3.6) holds, and hence, V(y) > 0 and V,(y) =

sup (Ug(x) —xy) > 0 forall y > 0.

0<x<n

In order to establish the results of this subsection, we will often refer to the
article [37], so let us we present its notation.

First, consider the sets

Yo(y) ={Y > 0]Yy = y and XY is a Q — supermartingale for all X € X(1)};
Do(y) ={h e LS(Q, Fr,P)|0 < h < Yr for some Y € Yy (y)}.

Recall from Lemma 3.3 that
u’(x) = inf us(x). 3.12
() = inf w5y (3.12)
Denote the dual value function vg by

= inf E Yr)l.
vo(y) YelynQ(y) olV(Yr)]

It is easy to see that vo(y) = . 1an( )EQ[V(h)].
€Do(y
The dual value function of the robust problem is defined by

= 'llf .
o(y) QleQe UQ(y)
Assume that for all Q € Q,,

ué(x) < oo for some x > 0. (3.13)
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Theorem 3.18. Fix arbitrary Q € Q.. Suppose that the assumptions (3.13) and (3.6)
hold.
For any xo > 0, there exist some g € C(x0),y > 0 and h € Do(y) such that
(i) S, (x0) = 00 (§) + T,
(ii) ufg(xo) = ;EE(UQ(y) + Xoy)-
Inf additionally v (y) < oo forally > 0, then
(iii) vo(y) = Eg[V ()],
(iv) uS,(x0) = Eg[Ue(J)].
Moreover, vg(-) is convex.

Proof. The proof is the same as that of Theorem 3.16. O

We are now in the position to formulate a similar result for the robust problem.
We want the dual value function to be finite, so we introduce the following

assumption:

vo(y) < oo forall Q € Q. and ally > 0. (3.14)

Theorem 3.19. Suppose that all assumptions of Lemma 2.21 hold as well as (3.6) and
(3.14) .
For any xy > 0, there exist some Q € Q.,y > 0 and he D@(@’[) such that
() u(x0) = u (o),
(i) u(xo) = iyr;g(v(y) + x0Y),
(iii) u®(x0) = v(y) + xoy,
(iv) 0(H) = 05() = E5[V(R)].

Proof. The proof of (i) follows from Lemma 2.21 due to Remark 2.22 and Lemma 2.21.

Note that Z is the Radon-Nikodym density of O, so it is an almost sure limit of a
sequence Z, € Z, with uch (x0) = u®(xp), n — oo (see proofs of Theorem 2.23 or
[37, Lemma 4.1 (a)]). Furthermore, it follows from the first part of the proof of [37,
Lemma 4.1 (a)] that

u”(xg) < li,I;Il,iol;lf up, (x5) < limsupuy (x5) < u”(xp). (3.15)
n—oo

From Theorem 3.18 (ii) it follows that for all Q € Q. and y > 0,

ufg(xo) < vo(y) + xoy.
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Therefore,

inf u, < inf + .
ngQeuQ(x()) ngge(vg(y) XoY)

Consequently, it follows from the (3.12) and the definition of dual value function for

robust problem that

u(x) < o(y) +xoy.

Since y > 0 is arbitrary, we have that
u(xo) < iyr;g(v(y) + X0Y)- (3.16)
To prove the opposite inequality, consider the sequence Q, such that
u(xo) = ,}1_{20 Uch (x0)-

From the Theorem 3.18 (i) follows that for each Q, exists y, € [uc'Qn (x7), ucbn (x;)]
such that

uS) (%) = 00, (§n) + XoGn-

Taking a subsequence if necessary, we can assume that sequence (7,) converges to
some y € [u”(x]),u”(x;)], due to (3.15). Since u is strictly increasing, we have

y > 0. Therefore, we have that

u(xo) = lim ugy (x0) = lim (v, (§n) + xoYn)

> lim sup (0(yn) + xoUn) = ing(v(y) + X0Y). (3.17)
y>

n—oo

The proof of (ii) is concluded by noting (3.16).

To prove (iii), we use the results of the [37]. Thanks to (3.6), it holds that
V(y) > 0as well as V,,(y) > 0. From the assumption (3.14) we obtain that v(y) < co.
Hence, it follows from the [37, Lemma 3.7] that v is convex, thus it is continuous on

(0, 00). Since y, converges almost surely to y > 0, it follows from (3.17) that

u(xo) = nh_)f{)lo (0(Yn) + x0yn) = 0(Y) + x0y- (3.18)

Thus, it remains to show (iv). It follows from (3.17) and (3.18) that

lim vg, (§) = 0(7).
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Theorem 3.18 (iii) implies the existence of h}, € Do, (y,), such that

00, (Un) = Eg, [V (h,)],

for all n € IN. This is equivalent to the existence of h, € D(¥y,) such that

- h,
00,(yn) = E lZnV (Z_)] ,

n

where Z,, € Z, are the densities corresponding to the measures Q.
The Kolmos-type argument (see [13, Lemma A1.1]) yields a sequence (En)neN €
conv(hy, hyy1, ... ) such that En converges P—a.s. to some h.
Now we show that h € D(y). For each n € NN, there is a sequence of a € [0, 1]
such that Z al =1 and En = Z o hyyioq. It follows from (3.5) that
i i

h, > 0and sup E[h,g] < xy,. (3.19)
geC(x)

Consider the expectation E[Eg]. For all g € C(x), we have that

~ . n Fatou’s lemma = "
E[hg] = ELlim ) o7hnsi-19] < liminf » a/E[hnsi-1g]

n—oo n—oo n—0oo

1
(3.19) . - Proposition A.2 —~ —~
< lim mfz ] XYnti—1 = x lim 1an & Yni-1 = x lim y, = xy.
i i

Thus, noting that h> 0, we derive from (3.5) that he D(y). Hence, the proof of [37,
Lemma 3.7] yields that

—_~

zZvI[=1].

o(y) =E

Equivalently,
o(9) = E[ZV (h)] = E5[V ()] (3.20)

for h € D@(fj).

Using the definitions, we obtain that

o(®) < 05(y) < EglV (W],

for Q € Q,,y > 0 and he DQ(@. Thus, in view of (3.20), we arrive at (iv). O
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Theorem 3.20. Suppose that all the assumptions of Theorem 3.19 hold.
Then, for any x > 0, there exist some X € ¥(x) and Q € Q. such that

u'(x) = inf Eo[Ue(Xn)] = EglU(X1)] = uf(x). (3.21)

There also exist somey > 0 and Y € Mé(g’f) such that

o(y) = E5 [V(Yr)] and u(x) = v(§) + x7. (3.22)
Moreover, XT € —8V(?T). Also, XY isa Q— martingale.
Proof. The equalities (3.21) follow from Remark 2.22 and Lemma 2.21 for Xr = g.In
turn, (3.22) follows from Theorem 3.19 with xy, = x and Yr = h.

To prove the remaining statement, consider, as in [37, proof of Theorem 2.6],
V(i;) + ﬂz\ — U.(9). It follows from the definition of V that

V(h) +gh - U > 0. (3.23)

Since h € D@(fj), we obtain for h = hZ € D(y) that

—

E5lghl = E |ghl

ol {Z>0}]

Hence,

EgLV(R) +Gh - U@] = 0(§) + E |3l 7, | - u°()
(3.5)
< o(y) +xy—u(x) =0. (3.24)
Thus, noting (3.23) obtain V(i{) + ﬁ— U.(g) = 0. Using (3.4), we get that
ge-av(h),
equivalently,
Xr € —aV (Yy).

Thanks to (3.24), we have that EQ[XT?T] = Eé[ﬁ] = xy. As a result, the Q—

martingale property of XY is proved as in Theorem 3.17. O
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3.3 Optimal investments for the problem of
maximization the robust non-concave utility

functional in incomplete market

In this section, we present the conditions under which the optimal strategy for
maximizing the concavified utility function is also the solution for maximizing the
non-concave utility function. To derive them, we use Reichlin’s result [34, Lemma
5.7].

The following theorem applies to both the standard utility maximization problem

and the robust utility maximization problem.

Theorem 3.21. Suppose that Assumption 2.2 and Assumption 3.1 hold.
Additionally, assume that the optimal solution g* for the concavified problem (either

the standard problem: sup E[U.(g)], or the robust problem: sup inf Eg[U.(g9)])
geC(x) geC(x) Q€
satisfies g* € —dV(AZ), where Z € Z has a continuous distribution.

Then, g* is also an optimal solution for the corresponding non-concave problem.

Proof. For the standard utility maximization problem, the proof is the same as for
the [34, Lemma 5.7].

To prove the statement for the robust utility maximization problem, start by
observing that under the assumptions of theorem, [34, Lemma 5.7] yields that
P[g* € {U < U.}] = 0. Consequently,

inf EolU(g")] = inf EolU(g")] (3.25)

Since g* is an optimal solution for the concavified problem, we get

sup inf Ep[U, = inf Ep[U.(g")].
gecgc)QEQ olU:(9)] Inf olUc(g™)]

Noting that Q. C Q, we have that

sup inf Ep[U, = inf Ep[U.(g*)] < inf Eo[U.(g*
gecg)QEQ olUc(9)] inf olUc(97)] Jnf olUc(g™)]

C2) inf Eo[U(¢*)] < sup inf Eo[U(g)]. (3.26)
Q€Q. geC(x) Q€Qe



109

Lemma 3.5 together with inequality U < U, imply that

sup inf Eg[U:(g)] = sup inf Ep[U(g)] = sup inf Ep[U(g)].
geC(x) Q€& © geC(x) Q€Q © geC(x) Q€Qe ©

Therefore, all inequalities in (3.26) are equalities. Hence, Lemma 3.4 leads to

sup inf Ep|U = inf Eo[U(g")],
sup inf EolU(9)) = i EolU(g")]

concluding the proof. O

Conclusions to Chapter 3

In this chapter, we have obtained results similar to those of Chapter 2, but with
a different approach due to the consideration of an incomplete market model.

We have presented a set of equalities and inequalities that establish the rela-
tionship between the robust utility functional of the initial utility function and its
concavification. We have also derived the assumption under which the minimax
identity holds for the initial utility function.

Using the duality theory approach, we have obtained optimal investment
strategies. Specifically, we have presented an optimal strategy for the standard
utility maximization problem and derived some of its properties. Additionally,
we have proven a similar theorem for the robust maximization functional of the
concavified utility function. Under certain conditions, we have demonstrated the
existence of an optimal solution for the robust non-concave utility maximization

problem and constructed it.



Conclusions

The dissertation work has yielded the following results.

In general:

o Studied the properties of concavified utility functions and investigated a
particular case of concavification for a utility related to a call option.

« Investigated the minimax identity for non-concave utility functions and proved
that, under certain natural assumptions, the standard utility functional of the
initial utility function is equal to that of its concavification.

For the complete market model:

- Extended existing results to obtain the minimax identity for non-concave utility
functions. Derived equalities and inequalities that establish the relationship
between the robust utility functional of the initial utility function and its
concavification. Presented cases where all the inequalities become equalities,
leading to the minimax identity for the initial non-concave utility function.

« Demonstrated the existence of the “worst-case scenario” measure in two cases
both for expected value of the initial utility function and its concavification.

« Proved the existence and uniqueness of the optimal solution for the standard
non-concave utility maximization problem. Constructed the explicit form
of the optimal solution under standard budget constraints. Showed that
this solution is also a unique optimal solution for the maximization problem
of the concavified utility function. Examined the case of implementing an
additional upper bound given by a random variable, considering both discrete
and continuous cases.

- Established the existence and uniqueness of the optimal solution for the
robust non-concave utility maximization problem and presented a method for

constructing the optimal solution.

For the incomplete market model:
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« Obtained similar results to the complete market case, including equalities and
inequalities relating the robust utility functional of the initial utility function
and its concavification. Derived assumptions under which the minimax
identity holds for the initial utility function.

« Employed the duality theory approach to obtain optimal investment strategies.
Presented an optimal strategy for the standard utility maximization problem
and derived its properties. Established a similar theorem for the robust
maximization functional of the concavified utility function. Showed the exis-
tence of an optimal solution for the robust non-concave utility maximization

problem and provided a construction method.
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Appendix A

Supplementary proofs and script

A.1 Proofs concerning the Model Setup

Proof of Proposition 2.3. Consider sequence {c,}nen > 0, such that }, ¢, = 1 and

neN
{Qn}nelN € Q
We need to show that
Q=) ciOneQ (A1)
nelN
Consider Z = % and Z, = dQ” € Z.Forall A € ¥, we have
— d d( X cnQn)
JZdP = J deP J —=5—dP = Z cnQn(A).
A A A nelN
Moreover,
d n g
JZC”Z dP = Jch Q
A nelN
monotone conver ence eorem d n
t g th Z c, J Q CnQn (A)

nelN nelN

Hence, for all A € F

JZdP f D" enZndP.

A nelN

Thus, it follows that Z = Y, ¢,Z, almost surely. Hence, (A.1) is equivalent to
nelN

Z:chZnez.

nelN
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To prove it consider another sequence Z, := }, c!'Z; such that ¢ = ¢; for all
i<n
; n _ n
i<nandc,=1- 2 c.
1<n _

Since Q is convex, it follows that Z is convex. Hence, Z,, € Z as a finite convex

combination and lim Z, = Z.
n—0oo

From Assumption 2.2 (iii) follows the proof.

O

Lemma A.1. Under Assumption 2.2 (i) and (iii), condition (ii) is equivalent to the

assumption:
Q< PforallQeQand Q. # 0. (A.2)
Proof. Assume (A.2) holds. The first part of the (A.2) is the only if part of (ii), i.e.
P(A) =0= Q(A) =0forall Q € Q.

If Q(A) = 0 for all Q € Q, then for Q € Q, holds Q(A) = 0. Hence, P(A) = 0.
Assume Assumption 2.2 (ii) holds. Note that (i) and (iii) implies by Proposi-
tion 2.3 that the set Q is closed under countable convex combinations.
It follows from [19, Lemma 7] that Q has an equivalent countable subset, we

denote it by Q,, i.e.
Qo(A) =0forall Oy € Qy < Q(A) =0forall 0 € Q.

Since set Q is countable, it means that Qg = {Q;}ien let us consider measure

Q. = Zci - Q;, where ¢; > 0 and Zci = 1.

ieN ieN

For all A € ¥ holds

Q(A) =0 Qi(A) =0, forallie N

O(A) = 0 forall 0 € Q <= P(A) = 0.

Noting that Q. € Q, we have that Q, # 0. O
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A.2 Concavification for utility function U of the

call option

Proof of Lemma 2.8. The (i) follows from the definition of U.
Noting that for x > K function ﬁ(x) is continuously differentiable, consider the
derivative of f(x):

, U'(x) - x - U(x) + U(0)
0 = 2 ,
X
Due to Lemma 2.7 f’(x) = 0.
To prove (ii) we need to show that f’(x) > 0, for x € (K, X), which is equivalent

to
U'(x) - x — U(x) +U(0) > 0, for x € (K, %). (A.3)

Let us fix xy € (K, x) and consider a linear function y(x), such that y(0) = U(0)
and y(x) = ﬁ(xo).

Hence,

X0
Due to the same argument as in Lemma 2.7 there exists x; > X such that y(x;) =
ﬁ(xl). Hence, ﬁ(x) > y(x), xo < x < x1, because of the strict concavity of the
function ﬁ(x), for x > K.
Therefore,
0/ (x0) = Tim U =060 _ o UG) —y(x)
x—-xt X — X x—-xt X =X
y(x) — y(xo) _ U(x0) ~U(0)

> lim =1'(x) =
x—)xér X — Xo X0

Thus, for all xy € (K, X) the inequality (A.3) holds. Which gives us (ii).
The (iv) proves similarly. O

A.3 Useful statements

Proposition A.2. Consider a sequence (h,),en € R such that exists finite lim h,,.

n—oo

Then, for a sequence (En)neN € conv(hy, hpy, . ..) holds that lim i;n = lim h,.

n—oo n—oo



Proof. For each n € N exist such a sequence o € R" : } af =1

ielN
Z a?hn+i—1-
ieN
It holds that

n .
E o hpyioy > inf hyyyog.
N ielN
1

For all € > 0 exists such a number N, € N that for all n > N, one has
h, > lim h, — €.
n—ooo

Hence, for all n > N, it holds that

inf h,y; 1 > lim h, — €.

ieN n—oo
Since € > 0 is arbitrary, we obtain

liminfinf h,,;_; > lim h,.
n—oo jelN n—o0

Thus, noting (A.4)

liminf A, > lim h,.
n—o0o n—0oo

Now, we are going to use similar arguments for the lim sup . It holds that

Za hntic1 < sup hpgiog.
ieN ieN

For all € > 0 exists such a number N € N that foralln > N

h, < lim h, + €.

n—oo

Hence, foralln > N

sup hpyim1 < l1m h, + €.
ieN

Since € > 0 is arbitrary, one has

lim sup sup hp4i—1 < hm h,.
n—oo jelN

Thus, due to (A.6)

—

limsup h, < lim h,.

n—o0 n—0oo

From (A.5) and (A.7) follows the proof.
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—_

and h, =

(A.4)

(A.5)

(A.6)

(A7)
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A.4 Properties for robust utility functionals

Proof of Lemma 2.24. Let us prove (i). The proof for (ii) is the same.
First, note that for all g € C(x)

ng EolU(9)] = lnf JE[ZU(g)]

From the definition of infimum follows that exists such a sequence (Z,),en € Ze
that

lim E[Z,U(g)] = Zlng E[ZU(g)].

Using the Kolmos-type argument [13, Lemma A1.1] there exists a sequence (Zn)ne]N €
conv(Zy,, Zyy1, . .. ) such that Zl converges a.s to some Z.

Moreover, (Zl)ne]N C Ze, because (Z,)nen C Ze € Z. Proposition 2.3 implies
that (Zn)neN C Z and also for all integer n : Zn ~ P.

From Assumption 2.2 (iv) follows that ZeZ..

For each n € N exist such a sequence o' € R" that }, a’ = 1 and Z, =
ieN
Z a?Znﬂ'—l-
ieN
Thus,

hmsup]E[Z U(g)] —hmsupZa”]E nt+i—1U(g)] —me E[ZU(9)].

n—oo n—oo
ieN

Where the last equality holds due to the Proposition A.2. Note, that from Assump-
tion 2.11 follows that for all g € C(x) holds Zmé E[ZU(g)] < oo.
€Z

Moreover,

hmmf]E[Z U(g)] = Zlnf E[ZU(g)].

n—oo

Thus,

Zlnf E[ZU(g9)] = hm ]E[Z U(g)]. (A.8)

e

As before, U(g) is bounded from below, hence, it follows that exists ¢ > 0 such

that U(g) + ¢ > 0. From Fatou’s lemma follows that

lim E[Z,(U(g) +¢)] > E |liminf Z,(U(g) +¢)| .
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Furthermore,

liminf E [Zn . c] =c,

n—0oo

E [lim iann . c] =c.

n—0oo

Hence, one has

inf E[zU()] 2 lim EIZU(9)] = E |liminf Z,U(9) | = EIZU(9)].

e

Also, holds
inf E[ZU(g)] < E[ZU(9)] = E5[U(9)].
ZeZ.
Which concludes the proof. O

A.5 Auxiliary statements for the constrained case
of Section 2.3
In what follows U: Ry — R, is a non-decreasing upper-semicontinuous
function satisfying a mild growth condition, U°(y) = U(y A v),0 > 0, and U! is the
concavification of U°. Forov > y > 0, let
inf{z <y:U(x) > U’(x) on [z,y]}, U°(y) < U/(y),
Y, U*(y) = U7 (y)

a(v,y) =

and

sup{z < y : Ucv(x) > Uv(x) on [y’ Z] }’ Uv(y) < Ué)(y)’
Y, U*(y) = U/ (y)

b(v,y) =

be the left and right endpoints of the interval around y, in which where U° < U/
(or just y in the case where U’(y) = U?(y)). Observe that U°(a(v,y)) = U?(a(v,y))
and U°(b(v,y)) = UZ(b(v,y)): in the case of inequality we would have it in some

open interval, contradicting the definition of infimum or supremum.

Lemma A.3. The functions a and b defined above are measurable.
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Proof. We will show only measurability of a, that of b can be shown similarly.

Note that a is obviosly non-decreasing in y. It is also right-continuous in
y. Indeed, let y, > yo, y» — yo, n — oo. If U’(yy) < U?(yo), then, thanks to
continuity of U? and upper-semicontinuity of U?, this inequality holds in an open
interval around yy, which means that a(v,y,) = a(v,y,) for all n large enough.
Otherwise, if U%(yy) = Ul(yo), then a(v,y,) € (yo,yn] for all n > 1, whence
a(v,Yn) — yo = a(v,yo),n — o0.

Further, since for v; < vy, U,? dominates U%! on [0, v;], we have that U;? > U,".
Consequently, a is non-increasing in v. Now the proof follows from the following

lemma.

Lemma A.4. Let a function f: (0,00)*> — R be such that for each x > 0, f(x,-) is
non-decreasing and right-continuous, and for eachy > 0, f(-,y) is non-decreasing.

Then, f is measurable.

Proof. For arbitrary t € R consider the set A; = f~!((—o0,t)). Thanks to mono-
tonicity, (x,y) € Ay = (x',y’) € A; for all ¥’ < x,y’ < y. Moreover, thanks to
right-continuity in y, the x-sections A;x = {y > 0 : (x,y) € A;} are open intervals.

Define A;xs+ = U,y Arz. We claim that the set A2 := {(x,y) € (0,00)% : y €
A;x+} is open (it is actually the interior of A;). Indeed, if (x,y) € A}, theny € A;,
for some z > x. Since Ay is open, for some ¢ > 0, (y — &,y +¢) C A;,. Then, thanks
to monotonicity, (0,z) X (y — &,y +¢) C AY.

By the definition of A7,

ANAL = [} X (A \ Aves).

x>0

For any x > 0, A;x \ Arx+ is a difference of two open intervals, so it’s either a
half-open interval or empty. Since the half-open intervals for different x are disjoint,
there are at most countable number of then. Therefore, A; \ A? is Borel as a countable

union of Borel sets, which finishes the proof. O

Lemma A.5. Let {P,,0 € (0,00)} be a family of atomless probability measures on
a standard Borel space (Q, F), such that for any A € ¥, P.(A) is a measurable,

and &: (0,00) X Q — R be measurable. Then, there exist measurable functions
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{:(0,00) X Q — R and g: (0,00) X R — R such that for all v € (0,0), {(v,-)
has a uniform distribution on (0, 1) with respect to P,, q(v, -) is non-decreasing, and

4(0,{(0,0)) = E(v,0) Pr-as.

Proof. Since (Q, ) carries an atomless measure, it is uncountable. Then it is well
known that it is isomorphic to (R, B(R)), i.e. there exists a measurable bijection
7: Q — R such that 77! is measurable as well. Therefore we can assume without
loss of generality that (Q, ) = ((0, 1), B((0,1))).

Assume first that the distribution of £(v, w) is continuous for all v € (0, ). The
cumulative distribution function F¢(v, x) = P,({£(v, @) < x}) is jointly measurable
(see e.g. [39, Lemma 4.1]), so the quantile function g¢(v, r) = inf{x € R : Fz(0,x) >
r} is jointly measurable as well. So in this case we can set { (v, ) = F¢(v, (v, w)) and
q(v,r) = q¢(v,r); by the quantile transformation theorem, { and q are as required.

For general ¢, define

K(v,x) = P,({o: £(v,0) <x}) +P,({o < x: §(v,0) = £(v,x)}),x € (0, 1),

which is jointly measurable thanks to [39, Lemma 4.1]. It is easy to see that for any

v € (0,00), k has continuous distribution under P,, and

q¢(v, k(0, ) = &(0, W),

where, as above, gy is the quantile function of £. Then we can set {(v,w) =

Fi(v,k(v, )) and q(v, ) = q¢(v, g (v, 7)), arriving at the desired statement. O

Lemma A.6. Let {P,,v € (0,00)} be a family of atomless probability measures on a
standard Borel space (Q, F), such that for any A € ¥, P.(A) is measurable. Also let
Y,¢ :(0,00) X Q — [0, 00) be jointly measurable functions such that Y (v, w) < v for
allv > 0, w € Q.Then, there exists a jointly measurable function Y* (v, w) such that
forallv > 0, Ep,[Y* (v, 0)¢p (v, w)] < Ep,[Y(v,w)P(v, w)] and

Ep, [U°(Y*(0, )] = Ep, [U2 (Y*(0,0))] = Ep, [U2 (Y (0, ))].

Proof. We will adapt the construction used in the proof of [34, Proposition 5.3] so
that it has the desired measurability property.
Define

S={(v,w) € (0,00) X Q: U (Y(v,0)) < U/ (Y(v,0))}
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and for (v, w) € S, let

a(v, w) :=inf{z : U’(x) < U] (x) on (2, X(w)]},
P (v, 0) :=sup{z: U’(x) < UJ(x) on [X(w),2)}.

be the left and the right ends of the interval where U° < U{. These functions are
measurable thanks to Lemma A.3.

For (v, w) € S, define

B(v, 0) — X(w)

B(v, 0) — a(v, w)

so that X (v, w) = A(v, w)a(v, w) + (1 — A(v, ))B(v, w). Due to Lemma A.5, there
exist measurable functions ¢, g: (0,0) X Q — R such that for all v > 0, ¢(v,w) =

Ao, w) =

q(v, {(v,w)) Py,-a.s. and { (v, w) is uniformly distributed on (0, 1) under P,. For

s€[0,1],0 > 0 and w, 0’ € Q, define

h(s, 0,0, 0") = Ly x(0)es,(0.X(0))eSa(0X (@) =awx () Lz (o) <s — A0, "))

and

f(s,0,0) = J h(v, 0, W', s)Py(dw’).

Q
Since A(v, w) € (0,1) and ¢ has continuous distribution under P,, we have that
for all (v,w) € S, f is continuous in s and (0,0, w) < 0 < f(1,0,w). Denoting
o(v,w) =inf{s € (0,1) : f(s,0,w) > 0}, we have f(c(v,®),v,w) = 0. Also for any
s€(0,1),{(v,w) : 0(v,w) < s} ={(v,0) : f(s,0,0) > 0}, so 0(v, w) is measurable.
Now set

Y(v,0), (v,0) ¢S;

Y*(v,0) = a(v,0), (v,0) €SN{{(v,0) < o(v,w)};

f(v, w), (v,0)eSN{{(v,w) > 0c(v,w)}.

Since for any fixed v > 0, the construction coincides with that given in [34,

Proposition 5.3], the rest of the proof follows. O

A.6 Python script for the Example 2.28



125

import numpy as np

from scipy import optimize as opt

Q0 = 0.1 #lower bound
Q1 =0.9 #higher bound
options = {’maxiter :1000, ’disp ':True}

#determine the utility function
def utility (x):

return -np.exp(max(x-0.6,0))

#minus expectation of the wutility function
def expectation(x, params):

q, x 0, y_b, y_g, func, r = params

#q-probability of good state of economics
#x_0 - initial capital,

#y_b -growth rate at a bad state of economy,
#y_g —-growth rate at a good state of economy,
# func - utility function,

#r - fixed interest rate.

x1, x20, x21 = x

#x_1 - capital that we put in the stock at the time t=0,
#x20 - capital that we put in the stock at the time t=1,
#if at time t=1 economy was in bad state,

#x21 - capital that we put in the stock at the time t=1,

# if at time t=1 economy was in a good state.

s=\

func (((x_0-x1)*(1+r)+(1+y_b)*x1-x20)«(1+1r)+(1+y_b)«x20)
((1-q)==2)+\

func (((x_0-x1)*(1+r)+(1+y_g)*x1-x21)+(1+1)+(1+y_b)+x21)
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*qx(1-q)+\

func (((x_0-x1)*(1+r)+(1+y_b)*x1-x20)+(1+1r)+(1+y_g)+x20)
*qx(1-q)+\

func (((x_0-x1)+«(1+r)+(1+y_g)*»x1-x21)«(1+1r)+(1+y_g)»x21)
<(qee2)

return -s # minus expectation of the utility function

#sup of expectation

def supl(q, params):

paramss = [q] + params

constraints = [{ type’: ineq’, ’'fun ’:const_1,

’args ' :paramss},

{’type ’: "ineq’, ’fun ’:const_2, ’args ’:paramss},

{’type ’: "ineq’, ’fun ’:const_3, ’args ’:paramss},
{’type ’: “ineq’, ’'fun’:const_4, ’‘args ’:paramss},
{’type ': “ineq’, ’fun’:const_5, ’‘args :paramss},
{’type ’: "ineq’, ’fun’:const_6, ’args ’:paramss}

]

res = opt.minimize (expectation, [0,0,0], args=paramss,
method="COBYLA’, constraints=constraints , options=options)
ut_q = -res.fun

return ut_q

def const_1(x, q, x_0, y_b, y_g, func, r): #constraints

x1, x20, x21 = x
s = (x 0 - x1) » (1 +r) + (1 + y_b) » x1

return s

#constraints

-
N—"

def const_2(x, q, x_0, y_b, y_g, func
x1l, x20, x21 = x
s = (x_0 - x1) = (1 + r) + (1 + y_g) + x1

return s
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def const_3(x, q, x_ 0, y_b, y_g, func, r): #constraints
x1, x20, x21 = X

s = ((x_0 - x1)*(1 + r)+(1+y_b)+x1 - x20)+(1 + 1)
+(1+y_b)*x20

return s

def const_4(x, q, x_ 0, y_b, y_g, func, r): #constraints
x1, x20, x21 = x

s = ((x_0-x1)*(1 + r)+(1+y_g)+x1 — x21)+(1 + 1)

+(1+y_b)xx21

return s

def const_5(x, q, x_ 0, y_b, y_g, func, r): #constraints
x1, x20, x21 = x

s = ((x_0-x1)*(1 + r)+(1+y_b)+x1 - x20)+(1 + r)

+(1+y_g)x x20

return s

def const_6(x, q, x_ 0, y_b, y_g, func, r): #constraints
x1, x20, x21 = x

s = ((x_0-x1)%(1 + r)+(1+y_g)+x1-x21)+(1 + r)

+(1+y_g)+x21

return s

Il
—
[e)
\O
—

-0.5, 0.2, utility , 0]
params2 = [1, -0.5, 0.2, utility , 0]

params

constraints = [{ type ’:’ineq’, ’fun’:const_1, ’args ’:params},
{’type ’: "ineq’, ’fun ’:const_2, ’args ’:params},
{’type ': “ineq’, ’fun’:const_3, ’‘args ’:params},
{’type ': “ineq’, ’fun’:const_4, ’‘args ’:params},
{’type ’: ineq’, ’fun ’:const_5, ’args ’:params},

{’type ’: "ineq’, ’fun’:const_6, ’args ’:params}
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]

constraints2 = [{ type ’:’ineq’, ’fun ’:lambda x:(x-Q_0)},
{’type ’: “ineq’, ’fun’:lambda x:(Q_1-x)}

]

#infsup of expectation
resl = opt.minimize(supl, 0.5, args=params2, method="COBYLA’,

constraints=constraints2 , options=options)

#similarly to the previous expectation

def expectation2(q, params):

x, x_ 0, y_b, y_g, func, r = params
x1, x20, x21 = x
s=\

func (((x_0-x1)*(1+r)+(1+y_b)*x1-x20)«(1+r)+(1+y_b)+x20)
#((1-q)*x2)+\

func (((x_0-x1)+«(1+r)+(1+y_g)*»x1-x21)«(1+1)+(1+y_b)»x21)
#qe(1-q)+\

func (((x_0-x1)+(1+r)+(1+y_b)*x1-x20)*(1+1r)+(1+y_g)=x20)
sq*(1-q)+\

func (((x_0-x1)+«(1+r)+(1+y_g)*»x1-x21)«(1+1)+(1+y_g)»x21)
<(qee2)

return s

# minus infimum of expectation

def inf1l(x, params):

paramss = [x] + params

constraints2 = [{ type ’:’ineq’, ’fun ’:lambda x:(x-Q_0)},
{’type ’: ’ineq’, ’fun’:lambda x:(Q_1-x)}

]

res = opt.minimize(expectation2, 0.5, args=paramss,

method="COBYLA’ ,

constraints=constraints2, options=options)
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return -res.fun
params3 = [1, -0.5, 0.2, utility , 0]

# —-supinf of expectation
res2 = opt.minimize(infl, [0,0,0], args=params3,
method="COBYLA’ ,

constraints=constraints , options=options)

#difference between RHS and LHS of (4.18)

resl .fun+res2.fun

A.7 Properties of concavification U, in the setup of

Section 2.4

The next lemma is certainly well-known, but for the convenience, we present it

here.

Lemma A.7. For the concave function U,, such that it is differentiable iny € R and
for all x € R holds

Ue(x) = Uc(y) < U(y)(x — y). (A.9)

Proof. Consider three cases:
o If x = y, then it is obvious.

 If x > y, then (A.9) is equivalent to

Uc(x) - Uc(y) < U’( ) = lim Uc(z) - Uc(y)
xX—vy = Yely zly z—y '

(2)-Uc(y)
-y

To prove this we will show that function e - is decreasing with respect

to z, for z > y. Hence, we need to show that for all y < z; < z, the following
holds

Ue(z1) — Uc(y) S Ue(z2) — Uc(y)
zZ1—y - Z3— Y '
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This is equivalent to

z2Uc(z1) — yUc(z1) — 22U (y) + yUc(y)
> z1Ue(z2) — yUc(z2) — 21U (y) + yUc(y).

Hence, we need to prove

(22 =) Uc(z1) 2 (21 = Y)Ue(22) + (22 — 21) U (). (A.10)

Since y < z; < zo, there exist such 0 < A = 2222;_2; < 1thatz; = Ay + (1 — A)z,.
Then

Z2 — 21

=A; =1-A.
Z2 — y 29 — y
Thus, (A.10) is equivalent to
U(Ady+ (1 - 2A)zz) = (1 - )Uc(2z2) + AU(y), (A.11)

which is true due to the concavity of U,.

If x < y, then (A.9) is equivalent to

Ue(x) — Ue(y) Ue(2) — Ue(y)

> Ul(y) = lim

xX—-y 2Ty z—Y
To prove this we will show that function %fj”(y) is decreasing with respect

to z, for z < y. Hence, we need to show that for all z; < z; < y the following
holds

Ue(z1) — Uc(y) < Ue(z2) — Uc(y)
zZ1—y - Z3— Y '

This is equivalent to

z2Uc(z1) — yUc(z1) — 22U (y) + yUc(y)
< z1Ue(22) — yUc(22) — 21U (y) + yUc(y).

Hence, we need to prove

(22 = yY)Uc(21) < (21 = yY)Uc(z2) + (22 — z1) Uc(y). (A.12)
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Since z; < z; < y, there exist such 0 < A = Zyl_;zzzz < 1thatz; = Ay + (1 — A)z,.

Therefore,
272 a9 10
Z9 — y 29 — y
Thus, (A.12) is equivalent to
Uc(Ay + (1 = Vzz) > (1 = HUc(z2) + AU(y), (A.13)

which is true due to the concavity of U..

O

Lemma A.8. Consider the concave function U, such that it is differentiable iny € R
and strictly concave for some open interval containing y, then for all x € R such that

x # y holds
Ue(x) = Ue(y) < U (y)(x — y). (A.14)

Proof. Consider two cases:

 If x > y, then (A.14) is equivalent to

Uc(x) - Uc(y) < U/( ) — lim Uc(z) - Uc(y)
x—y c\Y zly z—y ‘

From assumptions of the lemma follows that there is such an ¢ > 0 that
x >y + ¢ > y and function U, is strictly concave on the interval (y, y + ¢).
From the proof of Lemma A.7 follows that

Ue(x) ~Ue(y) _ Ue(y +¢) — Ue(y)
X—y B € ‘

Now, it is enough to prove that

Ue(y +¢) = Ue(y)
€

U, - U,
U = i ) ZUe®)
zly zZ—

This is true because for all y < z; < z; < y + ¢ we have

Ue(z1) — Uc(y) S Uc(z2) — Uc(y)
zZ1— Y Zo— 1 ’

since U, is strictly concave in the interval (y,y + ¢) and using the same

arguments as in Lemma A.7.
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« If x < y, then the proof is similar to the previous case with interval (y — ¢, y).

O

Proof of Lemma 2.20. Since U is strictly increasing, it follows that Uy is also strictly
increasing. Since U, is locally affine on the set {U < U,} it is continuously
differentiable there. It is also continuously differentiable in the interior of the set
{U =U.,}, since U is. So we have to show that U,(+) is continuously differentiable at
the points a; and b; (excluding a; if it equals 0). Fix i. First, we show that derivative
exists in the point a;. The left derivative of the U, in the point a; coincides with the
left derivative of the U in the point a;. Thus, U/(a;) = U'(a;).

On the other hand, we know that the function U, is linear from a; to b;.

Hence,
U(b) —U(a)

b; — a;

Us(x) = (x —a;) +U(a;), for x € [a;, b;].

So, we need to show that

U(b;) - U(a)
bi — da;j

Utk Utan)

Ul(a)) = =U'(a).

It means that the linear function y(x) := a;) + U(a;) is tangent to the
U in the point a;. Lets prove that y(x) > U(x), x € (bi_1, b;].

Remark. By by, we denote point 0.

It is known that y(x) = U.(x) > U(x), x € [a;, b;]. Assume that exists such a
point x; € (b;_1, a;), that

U(b;) - U(a)
bl‘ — a4

y(x;) = (xi —a;)) +U(a;) < U(xy). (A.15)

Consider, 0 < A = % < 1.
Then,

Uc(a;) = U (Ab; + (1 = A)x;) = AUL(b;) + (1 = D)Uc(x;)

> AU(b;) + (1= DU (x;) A9 AU + (1= 1) - (U(b;? - Z(“i) (x; — a;) + U(ai)) .
Noting that U,(a;) = U(a;) and plugging in the A = , one has
U(a) > 5= vt + 2 (BT 0+ Ua).
P — X b - X b; — a;
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Which is equivalent to

U(a)> -Ula ,)+ U(a)—U(a)
b, X; b; —
Contradiction. Hence, y(x) > U(x), x € (b;_1, b;].
Thus,
U'(a)) = lim Ula) - Ula) < lim y(a) — Ula)
ala; a— a; ala; a—da;
_woy@-yla) o, o Ub) —Ua)
=1im LY (g = ,
ala; A —4a; bi — a;
i) — Ula;) -
0 = i U@ U@ | U(@) (@
ala; a,—a ala; a—a
_ Y@ -y@ o U) —Ua)
—lim P g =
ale; a;j—a b, — a;
Which gives us
Ui(a) = ZOI U@ g,
i — 4

The proof for point b; is similar.
The right derivative of the U, in the point b; coincides with the right derivative
of the U in the point b;. Thus, U/(b]") = U’(b;).
On the other hand, we know that the function U, is linear from a; to b;.
Hence,
U(bi) - U(a:)
b; — a;

Us(x) = (x = b;) +U(by), for x € [a;, b;].

So, we need to show that

U(b;) —Ul(a;)

ZU’ bi.
b a (bi)

U (b7) =

It means that the linear function y(x) := U(b ) U(a )( — b;) + U(b;) is tangent to the
U in the point b;. Lets prove that y(x) > U(x), x € |aj, ai+1). We already know that
y(x) = U(x) > U(x), x € [a;, b;]. Assume that exists such a point x; € (b;, aj4+1),
that

_ U(bi) —Ul(a;)

y(xi) b; — a;

(x,- — b,) + U(bl) < U(.X'i). (A16)
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Consider, 0 < A = ?%Zl <1.
Then,

Uc(bi) = Uc(Aa; + (1 = A)x;) = AUc(a;) + (1 = AU (x;)

> UG+ (1= UG 57 0@+ (=) - (FE= - ) U )

Noting that U, (b;) = U(b;) and plugging in the A = j:%zz we obtain

Uy > 570 y(ay + 224 (U(”i) U@ pys U(b») .
Xi — a; Xi — a; bi—d,’

Which is equivalent to

Xl'—bl' bi—a,-

U(bl) >

U(bi) + —

i i Xi — a;

~U(bi) =U(by).

Contradiction. Hence, y(x) > U(x), x € [a;, @i+1)-

Thus,
U'(b?) = %)lfz? U(b; : Z(bi) < %,lfg? y(bz—_(b]i(bi)
00~ S =
- %iﬁiw = /(b)) = U(”Z - an(a,)
Which gives us
Ui (bi) = U(b;? - g(“") = U'(by).
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