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MATRIX REPRESENTATIONS OF ITERATED WREATH PRODUCTS
OF ONE-DIMENSIONAL LIE ALGEBRAS

The wreath product is a classical construction in group theory, known for its ability to generate complex groups from simpler
ones and its deep connections to permutation and automorphism groups. Its analogue in Lie algebra theory, however, remains
less developed, despite several notable contributions by A. Shmelkin, F. Sullivan, V. Sushchansky, N. Bondarenko, V. Petro-
gradsky, and others. In particular, the Lie algebras L, ,,, associated via the Lazard correspondence with Sylow p-subgroups of
symmetric groups Sym(p™), admit a decomposition as iterated wreath products of one-dimensional Lie algebras over the field
F,, along with a tableau-based representation of elements. In this paper, we consider the Lie algebras L,, := L, and their
inverse limit L, which is the infinitely iterated wreath product of one-dimensional Lie algebras over 2. We construct explicit
embeddings of L., into the Lie algebra UT,, (F2) of strictly upper triangular matrices of minimal possible order m = 2"~! 11, and
extend this to a recursive embedding of the Lie algebra L into the infinite-dimensional Lie algebra UT ., (F2). The construction
employs matrix schemes inspired by earlier representations of iterated wreath products of cyclic groups. These results provide
a concrete realization of L, and further deepen the connection between combinatorial Lie algebra structures and their matrix
representations.

Keywords: Lie algebra representation, wreath product, infinitely iterated wreath product, matrix scheme.
AMS 2020 classification: 17B10, 17B70, 17B40.

Introduction

The wreath product is a fundamental algebraic construction that combines two structures into a more complex one.
It is particularly important in group theory, where it provides a method to build intricate groups from simpler components,
preserving key structural features and playing a central role in the study of permutation groups, automorphism groups,
and the construction of examples and counterexamples. In the context of Lie algebras, the wreath product has been less
extensively explored, with notable contributions such as the verbal wreath product introduced in (Shmelkin, 1973), wreath
products with abelian Lie algebras studied in (Sullivan, 1985; Sushchansky, & Netrebad, 2005b; Bondarenkag, 2006b), a gen-
eral framework for wreath products of Lie algebras presented in (Petrogradsky, Razmyslov, & Shishkin, 2007)), and a matrix
wreath product of algebras introduced in (Alahmadi et all, 2017, 2019). This have further contributed to the development of
self-similarity ideas in the theory of Lie algebras, see (Bartholdi, 2015; Petrogradsky, 2016; Futorny, Kochloukova, & Sidki,
2019).

One of the earliest applications of the wreath product is the description of the Sylow p-subgroup S, of the symmetric
group Sym(p™) as the n-th iterated wreath product of the cyclic group C,, see (Kaloujnine, 1945). This approach allows
for representing group elements as special tableaux, which have been used to establish many properties of these groups.
In particular, the representation of the group S,,» by unitriangular matrices is constructed in (Leonov, Nekrashevych, &
Sushchansky, 2005) and extended to infinitely iterated wreath products of C,, in (Leonov, 2004, 2012).

An important connection between discrete groups and Lie algebras is provided by the construction of a graded Lie
algebra associated with the lower central series of a group. This construction is especially effective for nilpotent groups and
p-groups — a relation known as the Lazard correspondence. The group S, is a p-group, and we denote the associated
graded Lie algebra by L, ,,. It is shown in (Sushchansky, & Netrebad, 2005a, 2005b) that the algebra L, ,, decomposes as
the n-th iterated wreath product of one-dimensional Lie algebras over the field F,,. In particular, elements of L, ,, admit
a special tableau representation, analogous to that of the group S, ,,. This representation was used to describe charac-
teristic subalgebras, as well as the lower and upper central series of the Lie algebra L, ,,. Subsequently, iterated wreath
products of n-dimensional abelian Lie algebras over the field F, were studied using the same tableau-based approach
in (Bondarenkag, 2006b), and the Lie algebra associated with the group of finitary automorphisms of the p-adic tree was
described in (Bondarenko, Gupta, & Sushchansky, 2010). Recently, the algebra L, ,, has found applications in algebraic
combinatorics related to integer partitions with a special role of the algebra L. ,,, see (Aragona, Civino, & Gavioli, 20243,
2024b).

In this paper, we consider matrix representations of the Lie algebras L,, := L2, and the infinite-dimensional Lie algebra
Lo, which is the inverse limit of L,,, the infinitely iterated wreath product of one-dimensional Lie algebras over the field F.
We construct an explicit embedding of L,, into the Lie algebra UT,, (F2) of strictly upper triangular matrices for the minimal
possible order m. As a consequence, we obtain an explicit embedding of the Lie algebra L. into the Lie algebra UTw (F2)
of infinite strictly upper triangular matrices. Further, we show that this embedding can be constructed recursively using
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matrix schemes, introduced in (Leonov, 2004). It is worth noting that an embedding of the Lie algebra UT,, (F,) into the Lie
algebra L, ,, was previously constructed in (Bondarenkd, 2006a).

1. The matrix representation of the n-th iterated wreath product of one-dimensional Lie algebras
Let L,, = ;A1 be the n-th iterated wreath product of the one-dimensional Lie algebras A; over the field F;. The
elements of L,, are tableaux of the form:

u = [ur,uz(x1), us(z1,22), . - -, un (@1, ..., Tn-1)],

where u; € T2 and w; (w1, ..., 2-1) € Fafw1,...,zi-1]/(xi,23,...,27_1). The elements of the quotient ring are uniquely
represented by polynomials, called reduced polynomials, in which each variable x; appears with exponent either zero or
one. The k-th coordinate of the tableau « is denoted as ux. The operations in L,, are defined as follows:

1) The sum of two elements « and v is given component-wise by (v 4+ v)r = ur + vk.
2) The multiplication of an element « by a scalar « € F, is defined as (au)r = aus.

3) The Lie bracket operation of two elements v and v is defined by the rule

o ou
(u, v)e = Z (32% tim BZEZ‘) '

i=1

An important concept in studying the properties of the Lie algebra L,, is the notion of height. The height of a reduced
monomial %22 2" "1k € {0,1}, is the number

LTp_1 >

h(l‘llgll‘gz.. JTZ 1 )—1+k‘1+l€2 2+l€34++k‘n,12n_2

Note that for every heighti € {1,2,...,2"7'} there exists a unique monomial of height i, which we denote by (). A few
first monomials:
t(l) =1, t(2) = z1, t(3) = z2, t(4) = 122,
t(5) = 3, t(ﬁ) = X173, t(?) T2I3, t(8) = T1X2T3.

The height of a reduced polynomial is defined as the largest height among the heights of its monomials. Every re-
duced polynomial u(z1,z2,...,2zn—1) can be uniquely represented as a sum of monomials ¢(i) for different values of
ic{1,2,...,2""}.

Let us construct the matrix representation of L,, within the Lie algebra UT,, of strictly upper triangular matrices over
the field Fo. The Lie algebra L., is nilpotent of class 2"~ !, while UT,, is nilpotent of class m — 1. Therefore, it is required
that m > 2"~* + 1, and we will demonstrate that this lower bound is achievable.

For a reduced polynomial g(x1, z2,...,2,—1) and a tableau v € L, define the polynomial

Z 8xk

It was shown in (Sushchansky, & Netrebd, 2005b) that h(¢g“) < h(g) — 1.
We define the mapping ¢ : L, — UT,n-1,, as follows. Given a tableau v € L,, consider the monomials ¢(j) for

je{L,2,...,2"" Ly 1}, apply u, and express the result as a linear combination of monomials:
n—1 j—1
, ot(4)
t(j)" = 5y = E aij - (1), a;; € Fa

The coefficients a;; form an upper triangular matrix A* = (a; ;) of order 2"~ 4 1. We define ¢(u) = A®.

Theorem 1. The mapping ¢ : Ly, — UTyn—1,, ¢(u) = A", is @ monomorphism.

Proof. The mapping ¢ is linear by construction. We need to verify that ¢ preserves the Lie bracket:
o((u,v)) = [p(u), p(v)] forall u,v € Ly,.

It is sufficient to verify the equality on the basis elements of L,,, which are tableaux where all coordinates are zero except
for one, which contains the monomial corresponding to all possible heights at the respective coordinate.
Consider the element
u=1[0,...,0,¢(1),0,...,0] € Ly,
where the monomial ¢(1) of the variables z1, 2, . .., z,_1 is located at position p, here I < 2P~*. Let us describe the matrix
A = ¢(u). We compute:

t(j)" = aatT(Z,)t(l) =t(i), wherei=nh (%(i)t(l)) < J.
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It follows that every row and every column of A contains at most one non-zero coefficient. The ij-coefficient of A is non-zero
if and only if the variable x,, appears in the monomial ¢(;), and the monomials ¢(j) and ¢(!) do not have common variables.
Let I,,; be the set of heights of the monomials ¢(j) satisfying these conditions. Then

Ay =1ifandonlyif i=j+1—2"""'—1 foreveryjcI,,.
Consider another elementv = [0, ...,0,t(m),0,...,0] € L,, where the monomial t(m) of the variables z1, z2, ..., zq-1
is located at position ¢. Let B = ¢(v) and consider (u,v) and [4, B] = AB — BA.

1. If p = ¢, then (u,v) = 0. Consider the matrix AB. The ij-coordinate of AB is non-zero if and only if the following
monomials are non-zero: ]
_ 0t()

)" = Got0) = H(s) and 1(s)"

_ous)
T Oy

Note, however, that the first equality implies that ¢(s) does not contain x,, and therefore the second equation is always
equal to zero. It follows that AB = 0. Similarly, BA =0and [A, B] = 0.

2. Letp < q. The tableau (u, v) has the following coordinates:

t(m) = t(3).

_ Ovg _ 0t(m)
N 8xpuP T Oxp t).

(u,v)r =0 fork # q and (u,v),

Then the ij-coefficient of the matrix C = ¢(w) for w = (u, v) is non-zero if and only if the following equality holds:

) =1()" = Y Gy = G0y, = QUL Oy
k=1 q q P

Let us compare this with the matrix [A, B] = AB— BA. The ij-coordinate of AB is non-zero if and only if the following
equalities hold:

)" = G20 = o),
1) = t(s)" = aatii)t(m) - ai;éi)p (1) - t(m) + aat;i) . %tii) t(m).

Since p < ¢, the monomial ¢() does not contain the variable z,; therefore, the last term in the above sum is equal to
zero. Similarly, for the ij-coordinate of BA, we get:

)" = G2 tm) = 165,
1) = t(s)" = a{;;i)t(z) - i};é?q CH(m) - (1) + agg) . a;(;:) (1),

Since we are working over the field F2, the ij-coordinate of [4, B] = AB — BA is non-zero (equal to one) if and only
if we have
ot(j) Ot(m)
t(z) = . -t(l
)= Ger e, 1D

which coincides with the condition for C. Therefore, C' = [A, B].

It remains to prove that ¢ is injective. Let us take a nonzero element u € L,,, and let k£ be the smallest position such that
ux # 0. For the monomial t(2"~* 4-1) = x;, we have (27! 4+1)* = u;. Hence, for every monomial ¢(i) appearing in uy, the
(i,2%~ +1)-coefficient of ¢(u) is equal to one. This implies that the kernel of ¢ is trivial, and thus ¢ is a monomorphism. [

2. The matrix representation of the infinitely iterated wreath product of one-dimensional Lie algebras
The sequence of Lie algebras L,, naturally forms an inverse system,

...—>L3—>L2—>L1,

where the transition map =, : L, — L,—1 is defined by restricting tableaux with n components to their first n—1 components.
The inverse limit of this system is called the infinitely iterated wreath product L., = I(Ln L, = j~1 A, of the one-dimensional
Lie algebras A; over the field F2. The elements of L, are infinite tableaux of the form:

u = [u1,u2(x1), us(z1,22), ., Un(T1, .oy Tne1),. -],

where u, € Fy and u;(z1,...,zi—1) € Fa[z1,. .., m,l]/@s%, z2,. .. ,m?,ﬂ, 7> 2.

The representations ¢,, : L, — UT,»-1,, constructed in the previous section are compatible with the inverse system
of L,, in the following sense. The Lie algebras UT;,, form an inverse system, where the transition map 7.,, : UTy, = UT—1
is given by restricting a matrix to its (m — 1) x (m — 1) submatrix. The inverse limit is the Lie algebra UT of infinite strictly
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upper triangular matrices over the field F5. The definition of ¢,, implies that the following diagram is commutative:

5 T4 3 2

— Ly — L3 — Lo — L1
{ ¢a 1 @3 1 @2 Lo
A U LTS 5 ) S Urs = Un

Passing to the limit, we get a monomorphism ¢ : L. — UT~. Explicitly, given a tableau v € L., and a columnindex j > 1,
compute ¢(j)* and express it as a linear combination of monomials:

nu = OL(j)
t(5) —; o~

-1
U = Zaij . t(’i), a;5 € Fs.
i=1

Then, we have
¢(u) = A, where A = (ai,j)i,j>1 cUTw.

We will show that the representation ¢ could be described recursively (or self-similarly) using the notion of matrix
schemes introduced in (Leonov, 2004; Leonov, Nekrashevych, & Sushchansky, 2005). Let M., be the set of infinite matrices
over the field Fo. For a matrix A = (ai;)i,j>1 € Mo, we define four submatrices A11, A2, A21, A2z as follows:

Aigjo = (bij), where bij = ai,i2(i-1),jo+2(—1)» 0, Jo € {1,2},

Qig,jo Qig,jo+2 Qig,jo+4
A Qig+2,j0  Aig+2,jo+2  Qig+2,50+4
0jo = | Qig+4,50  Fiot+4,go+2  Qig+4,jo+4

Definition 1. The (parity) scheme of a matrix A € M is the 2 x 2 matrix, whose coefficients are matrices:

All A12
h(A) = .
sh(4) ( An As )
Example. Let us construct the scheme of the matrix A = ¢(u) for the table v = [1,0,0,...] € L. The ij-coefficient of A
is determined by the equation:
v _ o 0t) ot(5)
t = = =t
)" =3 Gy 1= iy, =10

We have a;; = 1 if and only if ¢(j) contains the variable z, which occurs when j is even. In this case, i = j — 1 and
aj—1,; = 1. Consequently, we get the matrix and its scheme:

0 1.0 0 0 0 O
0 00 0 0 0 O
0O 0 o1 0 0 O 0 E
A=10 00 0 0 0 0 and sh(A)=<00>-
0O 0000 1 O
Definition 2. For a tableau u = [u1, uz2(x1), us(z1, z2),...] € Lo, define two tableaux u|o and u/|; as follows:
U‘C = [ui,ué(xﬂ,ué(ml,mz),...] € LO<>7 c=0,1,
where u},(z1,...,x,_1) is obtained from ug41(z1,. .., zx) by applying the substitution:
T1+>C, Ta > T1, T3> T2, ..., Tk +> Th—1. (1)

Theorem 2. The mapping ¢ : L. — UT satisfies the recursion:

_ (ulo) u ks
sh(¢(u)) = ( o(ulo) + P(ul1)  @(ulo)

Proof. Let A = ¢(u) = (as,5)i,5>1 and B = ¢(ulo) = (bi,5)i,;>1- We need to show that Ay, = B, which is equivalent to the
condition a142i,14+2; = bi4s,14+; forall 4,5 > 0. The coefficients of A and B comes from the equations:

),uELoo.

oo . 27
- (1 +2 .
2y = 3 P = 3 i 1),
k=1 =1
N o114 i j _
1y =3 D ) = 3 by 160
k=1 i=1
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Note that a monomial has odd height if and only if it does not contain the variable z;. Consequently, monomials of
even height appearing in u; do not contribute to the coefficients a; 142, for odd i. The key observation we need is that,
the construction of (uo)x from ux 1 via the substitution (fll) implies a bijective correspondence between the monomials
t(1 + 2) appearing in u,+1 and the monomials ¢(1 + [) appearing in (u|o)x. The monomial ¢(1 + 21) of w1 contributes to
the coefficient a112:,1425, where

at(1 + 27)

1+2i=h
( O 41

t(1+2l)) =142j4+20-2" = i=j+1-2""1
The monomial ¢(1 + 1) of (u|o)x contributes to the coefficient b1;,14;, where

1+i:h(mt(1+1)> =14j4+1-2""
a.’Ek

This produces the same value of i as above, implying a142i,1+2; = bi44,1+;, and hence A1; = B. The proof that A2» = B
follows in a similar manner.

Let us prove that A, = u; E. For an even j, the monomial ¢(;) contains the variable z;. It follows that every monomial
appearing in the last sum of the equation

w02+ 27) ot(2 + 25) o Ot(2 + 2j)
H2+25)" = = 3
(2+25) Pt Ox Uk o1 b +k>1 Oz b

has even height and does not contribute to A;2. Consequently, if u; =0, A12 =0, and if u; = 1, then A2 = E.
LetC = (ﬁ(uh) = (Ci,j)i,jgl- We are left to show that A2, = B+ C, i.e.,

a242i,1425 = bi44,145 + C144,14; foralli,j > 0.

Only monomials of even heights in u; contribute to the coefficient a; 142; for an even i. The k-th component of u|,
is constructed from w1 via the substitution (fl). By construction, every monomial (2 + 21) appearing in ux1 produces
the monomial ¢(1 + ) in (u|1), but also every monomial ¢(1 + 2I) in ux41 produces the monomial t(1 + 1) in (u|1)x. The
monomial ¢(2 + 21) of ux+1 contributes to the coefficient az12;,1+2;, where

Ot(1 + 27)

24+2i=h
’ ( 5$k+1

t(2+21)> =1+42j+1+20-2F = i=j4+1-2""
The monomial ¢(1 4 1) of (u]1)x contributes to the coefficient ¢14,,1+;, where

1+i:h<7at(1+”t(l+l)> —14j+1—2F 0
amk

Note that this produces the same value of 7 as above.

A possible monomial ¢(1 + 1) in (u|1)» coming from ¢(1 + 2I) in w1 also contributes to the coefficient ¢4 145, while
t(1 4 21) does not contribute to az42i,1+2;. Note that ¢(1 + 21) in uk41 produces t(1 + 1) in (u]o)r. Therefore, this possible
additional term in (2 + 2;)*!* has a corresponding term coming from t(1 + [) appearing in (u|o)) that contributes to the
coefficient b14:,1+;. Consequently, az12i,14+25 = bi+44,14; + Ci+i,1+5, and hence A1 = B+ C. O

Example. Consider the tableau v = [1,1,1,...] € Lo. Then
ulo=ul1 =[1,1,1,...] = u.

Therefore, we obtain the following scheme recursion for A = ¢(u):

aw=( s £)=

By expanding this recursion, we obtain the matrix:

SR

S
~—

01 101000
000 10100
000 1 00T10
000 0O0UO0OTO 0 1

A=l 0 0 0 0 0 1 1 0
000 O0O0UO0OTO 0 1
0000 O0UO0TO 0O
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Example. Consider the tableau u = [1, 21,2, ...] € L. We compute:
vi=ulo = [0, 21, x2, 23, .. .], uli = [1, 21, T2, x3,...] = u,
vlo = [0, 21, 22,23, ...] = v, vl = [1, 71,32, 23,...] = u.

Therefore, we obtain the following scheme recursion for A = ¢(u) and B = ¢(v):

Sh(A):(AfB g) Sh(B):(AfB g)

We can simplify the recursion using:

B+B E 0 E
Sh(A+B):Sh(A)+Sh(B):(A+B+A+B B+B):<0 0>'

By expanding this recursion, we obtain the matrices:

0 1 00 0 0 0O 0 00OO O 0O
0 01 00 0 0O 0 01 00 0 0O
0 0 01 1 0 0 O 0 0 0 0 1 0o 0 O
0 001 01 0O 0 001 01 0O
A=10 0 0 0 0 1 0 0 » B=10 000 00 0 0
0O 0 0o 0 0 o 1 0 0O 0 0 0 0 o 1 o0
0 0000 0O 01 0 00OO 0O 0O
Example. Consider the tableau u = [1, 21, z122, 12223, . ..] € L. We compute:
’u|0 = [0,0,0, .. .}, u|1 = [1,131,1211)2,1‘1:E2£3, .. } = U.
Therefore, we obtain the following scheme recursion for A = ¢(u):
01 0 0 O
0 0 1 0 O
0 E 000 1 0
sh(A) = , A=
) (A 0) 000 0 1

3. Discussion and conclusions

We have constructed explicit matrix representations of the Lie algebras L,,, defined as the n-th iterated wreath products
of one-dimensional Lie algebras over the field 2, as embeddings into the Lie algebra UT,, (F2) of strictly upper triangular
matrices with minimal possible order m = 2"~! + 1. Furthermore, we have extended this construction to a recursive
embedding of their inverse limit L., the infinitely iterated wreath product, into the infinite-dimensional Lie algebra UT (F2),
using matrix schemes inspired by similar constructions for iterated wreath products of groups. The recursive nature of
the embeddings may provide insights into automorphism groups, growth functions, and homological invariants of these
algebras, while also suggesting potential applications in representation theory, combinatorics, and the theory of self-similar
Lie algebras. In future work, it would be natural to explore the representations of iterated wreath products of higher-
dimensional abelian Lie algebras over F,,, their cohomological dimensions, and potential applications to p-adic and profinite
Lie theory.
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MATPUYHI 30BPAXEHHA ITEPOBAHUX BIHLEBUX OOBYTKIB OOHOBUMIPHUX AJIFCEBP 11

BiHyeesuli 006ymok € Knacu4yHor KOHCMpYKUieto 8 meopii 2pyn, eidoMoro ceoero 30amHicmio ymeoproeamu ckiadHi 2pynu 3 npocmiwux,
a makox 2nu6oKuMu 38’s13kaMu 3 2pynamu nidcmaHoeok ma aemomopepismie. Mozo aHanoz y meopii anze6p Jli, 00HaK, 3anuwacmoscs MeHW
docnidxeHUM, He38a)Kalo4U Ha HU3KY 8a20MUX éHeckKie, 3pobnieHux A. LLimenskiHum, ®. CannieaHom, B. CywaHcbkum, H. BoHOapeHko, B. [Tempo-
2padcbKkum ma iH. 3okpema, anzebpu Jli L, ,,, Wo noe’s3aHi i3 cunoscsKkumu p-nidepynamu cumempuyHux epyn Sym(p™) yepe3 eidnoesidHicme
Jlazapa, donyckaromb OekoMmo3uyito sik imeposani eiHuyeei do6ymku odHosuMipHux anze6p Jli Had nonem F,, a makox matome mabnu4He 306pa-
JKeHHs1 enleMeHmis. Y yili po6omi mu po3ansidaemo aneebpu Jli L,, := Lo ,, ma iXHI0 360pOMHY 2paHuyto L .., WO € HECKIHYeHHO imeposaHuM
8iHyeaum do6ymkom oOHoeuUMipHuUX anze6p JliHad nonem F5. Mu 6ydyemMo sieHi 3aHypeHHs1 anzebpu L,, e anze6bpy Jli cmpoz2o eepxHbLOMPUKYMHUX
mampuyb UT,, (F2) MiHiManbHo MOxnueo20 nopsidky m = 27~ ' +1 ma nowuproemo ue Ha peKypcusHe 3aHypeHHs anzebpu Jli L .., 8 HeCKiH4eHHO-
sumipHy anzebpy Jli UT (F2). KoHcmpykuyisi eukopucmosye mampuyHi wabnoHu, nobydoeaHi Ha oCHO8i nonepedHix 306paxKeHb imeposaHux
eiHyesux dobymkie yukniyHux 2pyn. Ui pesynsmamu 3a6e3neyyromb KOHKpemHy peanizayito L., i uje 6inbwe no2nubnrooms 36’s30K MiX
KoMb6iHamopHoto cmpykmyporo anzebp Jli ma ix MampuyHUMU 306paKeHHsIMU.

Knw4yoBi cnoBa: 306paxeHHs anzebpu Jli, eiHyeeuli J06ymok, HeckiH4eHHO imepoeaHuli eiHyeeuli 306ymok, wabsoH Mampuui.

ABTOpYM 3asBNSAOTb NPO BIACYTHICTb KOHMMIKTY iHTepeciB. CnoHcopy He Gpanu yyacTi B po3pobneHHi fgocnigxeHHs (y 36opi, aHanisi
4n iHTepnpeTaLii 4aHux, SKWO Le Mano Micue), y HanncaHHi pykonucy Ta B pilleHHi Npo nybnikawito pesynbrartis.
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