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UNIFORM ATTRACTORS AND ASYMPTOTIC GAIN PROPERTY FOR THE PDE-ODE SYSTEM

The paper investigates the qualitative behavior of weak solutions to a dissipative infinite-dimensional non-autonomous per-
turbed system, which consists of a parabolic reaction-diffusion system and a nonlinear system of ordinary differential equations.
Perturbations are modeled by bounded functions included in the right-hand side of both systems. The considered system is
known to possess a global attractor in the absence of perturbations, which determines the long-term dynamics of all trajec-
tories. However, the robustness of such attractors under external disturbances remains a challenging issue, especially in the
context of nonlinear and infinite-dimensional systems.

In this study, we adopt an approach based on the theory of uniform attractors for non-autonomous dynamical systems (semi-
processes). A corresponding family of semi-processes associated with the perturbed PDE-ODE system is constructed. The
existence of a uniform attractor is proven, and its convergence to the global attractor of the unperturbed system is established
as the amplitude of disturbances tends to zero. This allows us to derive a nonlocal robust estimate of the asymptotic gain (AG)
type, which complements the local ISS-based robustness result and provides an upper bound on the deviation of perturbed
trajectories from the unperturbed attractor in terms of the perturbation magnitude. The results contribute to the theoretical
foundation for robustness analysis in dissipative infinite-dimensional systems with complex long-term dynamics.
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Introduction

It is known that the global asymptotically stable equilibrium position of a linear system is robust in the sense that for
any bounded perturbations, the solution eventually finds itself in an equilibrium position, and the size of this neighborhood
depends only on the norm of the perturbations. For nonlinear systems, this is generally not the case (Khalil, 1992). An
estimate of the trajectory divergences for such a system in the case of its perturbation can be obtained within the frame-
work of the Input to State Stability (ISS) theory (Sontad, 1998; Atamas, Dashkovskiy, & Slynko, 2023a; Zheng, Zhu, &
Dashkovskiy, 2022; Mironchenka, 2023h, 20234; Mironchenko, Prieur, & Wirth, 2021). The main tool in both the finite-
dimensional and infinite-dimensional cases is the ISS Lyapunov function, in terms of which the desired robust estimates
are obtained (Sontad, 1998; Dashkovskiy, & Mironchenkg, 2013; Kasyanov, & Zgurovsky,, 2018a; Atamas, Dashkovskiy, &
Slynko, 2023b; Mironchenka, 2023d). However, for many infinite-dimensional dissipative dynamical systems, a character-
istic property is the presence of a non-trivial attracting set in the phase space — a global attractor (Temam, 1998; Robinson,
2001; Kasyanov, Toscano, & Zadoianchuk, 2012; Kapustyan et al., 2014; Chueshov, & Rezounenkd, 2015; Chueshov, &
Ryzhkova, 2012). The transfer of the basic ISS constructions to parabolic and hyperbolic systems with a non-trivial attractor
was carried out in work (Kapustyan, & Dashkovskiy, 2022). At the same time, to prove the property of Asymptotic Gain
(AG), an approach related to the analysis of uniform attractors of non-autonomous dynamical systems (semi-processes)
and their dependence on perturbations turned out to be productive (Kapustyan et all, 2023; Kasyanov, & Zgurovsky, 20184,
2018b; Zgurovsky et al., 2017; Dashkovskiy, & Slynkd, 2022; Xu, Caraballo, & Valerg, 2022b, 20223).

In this work, this approach is applied to the PDE-ODE type system, the robustness of which in the sense of local
ISS was established in the article (Kapustyan, & Yusypiv, 2023). Here, a corresponding family of semi-processes will be
constructed, the existence of a uniform attractor will be proven, and (based on the fact of its convergence to the attractor
of the unperturbed system) a robust estimate will be established in the sense of AG.

1. Problem statement and main result
Let Q ¢ R? be a bounded domain. Consider the PDE-ODE system

(1)

ur = AAu — f(u) + B(z)v(t) + di(¢, x),
ulon =0
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dv

i —F(v) + /G(:c)u(x,t)da: + da(t) (2)

where A is given N x N-matrix for which 3(A + A%) > I, u = u(z,t) = (u',...,u"),0 = v(t) = (v',..,0") are

unknown functions, B,G € L*(Q) are given matrices of corresponding dimensions, di € L*(0,+oo; (L*(Q)"Y), d2 €
L>(0, 4+00; RM) are incoming "disturbing” signals, and for all y, w € R, » € R the following conditions hold:

f e CYRY;RY), F e C'(RM;RM),
DIy v W -,
=1 1=1
N . _Pi N
DSIFWIPT <Dl + 1), (3)
=1 i=1
(Df (ww, w)gn = —es - ||wllzx,

Mo A
Z:F’(u)uZ > vs|lullam — ca,
=1

where vy, 2,3, ¢1, 2, c3, ca @re given constants, p; > 2,i =1, N.
Hereafter, we will use the notation:

pi
pi—1
LP(Q) = LP*(Q) x ... x LPN(Q),
LP(0,T; LP(Q)) = L' (0, T; LP () x ... x LPN (0, T; L (),
H= (L)Y, V= (Hy ()"
AC([0,T); RM) is the space of absolutely continuous functions from [0, 7] to R™.

p=(p1,-sPN),q = (q1,-,qN), @i =

)

Using Galerkin approximations (Robinson, 2001; Kapustyan et all, 2014), it is standardly established that under con-
ditions (), the problem (1),(2) for arbitrary perturbations d = {d1,d>} € L°°(0, +o0; (L*(2))™) x L*(0, 4-00; R*) and for
arbitrary initial data zo = {uo, vo} from the phase space X = (L*(Q2))™ x R™ has a unique weak solution

z = {u,v} € (L*(0,T; V)N LP(0,T; L*(Q))) x AC([0, T]; R™)
on (0,T) with z(0) = zo. Extending each such solution to [0, +c0), we define
Sa(t, z0) := {2(t), z(-) is a solution to (1),(2) with perturbation d, z(0) = zo}.

In the paper (Kapustyan, & Yusypiv, 2023), it was proven that in the absence of perturbations (i.e., d = 0), the semigroup
So has a global attractor © C X, meaning there exists a compact set © C X that is invariant:

So(t,©) =0Vt >0,

and uniformly attracting:
dist(So(t, B),0) — 0,t — oo for any bounded B C X,

where, here and hereafter,
dist(A, B) = inf sup|la — b||x.
a€A beB

In the presence of perturbations, S, is no longer a semigroup, and the question arises as to how the deviation of the
trajectories of the perturbed system S; from the set © depends on the magnitude

l[dl|ec := max{esssupezolldi(t)||m, esssupeol|da(t)|[pm }.
The deviation of a point z € X from the set © C X will be evaluated using the quantity:
lIzlle := inf ||z — 6] x.
0co

In the paper (Kapustyan, & YusypiV, 2023), by constructing an ISS-Lyapunov function in a neighborhood of the attractor,
the local stability of © with respect to perturbations d in the local ISS sense was established, that is,

dr>0,36 €KL, 3v € K such that
YV |lzolle <7V ||d]|oc <7,V E 20,

[15a(t, 20)lle < B(ll20lle,t) +~(lldlloo),
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where K is the class of continuous, strictly increasing functions + : [0, +o0) — [0, +00) with v(0) = 0, and KL is the class
of continuous functions 3 : [0, +00) % [0, +00) — [0, 4+00), such that Vs > 0 (-, s) € K,Vt > 0 B(t,s) — 0,5 = +oo.
In this paper, we will establish the nonlocal property of AG only under the conditions (B):

Iy e K,Vz € X,

o 4)
Jim |84 (t, 20)[le < (lld]o0)-

To prove (@), we use the semiprocess technique: we immerse problem (1),(2) into the family of semiprocesses { (1), }sex,
where (1);0; = (1), and X is a specially constructed parameter space that depends on the perturbation d. Next, we will
prove that the family of semiprocesses {(1), }-ex has a uniform attractor ©x and

dist(©s,0) = 0, ||d||lse — 0.

The last convergence just allows us to prove estimate (§).

2. Semiprocesses and their attractors
Let ¥ be a translation-invariant set of functional parameters, i.e.

Vh >0, Vo(-) €X, o(-+ h) € X.

Let a given family S, (t,7,z), wherec € Xt > 7 > 0,z € X.
Definition 1. A family {S,}-ex is called a family of semiprocesses if for all o € ¥,z € X the following conditions are
satisfied:
So(1,7y2) = x,V7 > 0,
So(t,8,Ss(s,7,x)) = Se(t,7,2),VE 2 s>7 >0,

So—(t-'rhﬂ'-f'h,l'):‘sg( +h)( )7Vt T O,Vh

Remark 1. When ¢ = 0 (undisturbed case) we have
So(tl + 12,0, :C) = So(tl, 0, So(tz, 0, CL‘))

In other words, Sy satisfies the semigroup property.

Let us put
Sx(t,0,z) = LGJESU(t,O,x).

Definition 2. A compact set ©s C X is called a uniform attractor of the family {S, }, <=, if for an arbitrary bounded B C X
diSt(Sz(t7 0, B), @2) — 0, t — oo,

and Oy is the minimal closed set satisfying this property.

Lemma 1. (Kapustyan et al., 2014) Let > be a compact set, and the following properties hold:
1) exists bounded B, C Xsuch thatV bounded B C X

3T = T(B),Vt > T, Sx(t,0, B) C Bo;
2)V{on} C X, bounded {z,} C X, {t, ~ oo}
the sequence {S.,, (t,0,x,)} is precompact in X.

Then {S,}scx has a uniform attractor ©s C By.

If an additional condition is met:

3) vVt > 0 mapping (z, o) — S (t,0,z) is continuous,
then ©s; is invariant in the following sense:

Os C Sx(t,0,0x),Vt > 0.

Remark 2. For ¥ = {0} conditions 1)-3) guarantee the existence of a global attractor © for the semigroup So.

Lemma 2. (Kapustyan, & Dashkovskiy, 2022) Let ¥ = ¥(d), ||d||«~ < R satisfies the conditions of the Lemma 1 with the
same set By, ¥(0) = {0}, d € 3(d) and the following conditions are fulfilled:
1) V||dnllooc = 0,¥{xn} C Bo,Vtn / 00,Von, C X(dn)

sequence {S;,, (tn,0,z,)} is precompactin X;
2) YVt > 0,V||dn||oc = 0,VY0, € B(dy),Va, — = up to a subsequence

So, (t,0,2) = So(t,0,x).
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Then 3y € K, Vo € X,V||d]|oo < R
t@o dist(Ssa)(t,0,),0) < v([|d][oo)- (5)
Remark 3. Since d € %(d), then (B) implies

Tim [Sa(t,0,2) e < ¥([ldl)-
3. Uniform attractors of the semiprocesses generated by (1),(2)
Letd € L= (Ry; X) with ||d||c < Ro. We consider the set

¥(d) = Clez(;g](RJr?X){d(. +7)|T >0},

where ¢l means the closure, and L>* (R ; X) is the space of locally integrable X-valued functions supplied with the local

loc

weak convergence topology. It is known that 3(d) is translation-invariant and compact in L>* (R, ; X). Moreover,

loc
t+1
Yo € (@) Il i=sup [ lo(s)kds < . ©)

As in the case of bounded perturbations, using Galerkin approximations (Robinson, 2001|; Kapustyan et al., 2014), it is
standardly established that under conditions (B), the problem (1),(2) for arbitrary perturbations of the form o = {o1, 02} €
L%,.(0,+00; X) and for arbitrary 7 > 0 and z- € X has a unique weak solution on [r, +00), satisfying the condition z(7) = 2.
Moreover, the family of mappings

So(t, 7, 27) := {z(¢), z(-) is solution to (1),(2) on (7, +o00) with perturbation o € ¥(d), z(7) = 2, }
satisfies the conditions of Definition 1, thus forming a family of semi-processes.

Theorem 1. For every perturbation d, ||d||cc < Ro, the family of mappings {Ss},cx(a)y POSSesses the uniform attractor
@E(d); and
@E(d) C Sg(d) (t,0, @E(d)) vVt > 0.

Proof. Let us verify the fulfillment of the conditions of Lemma 1. To this end, we establish some a priori estimates for
2(t) = {u(t),v(t)} = So(t,0, 20), where ¢ = {01,002} € %(d) satisfies (). Since for v € L?(0,T;V) N L?(0,T; L?(Q)),
v € C([0, T); RM), by virtue of (@),

AAu— f(u)+B-v+D-de L*(0,T;V*) + LU0, T; L(Q)) + L>=(0,T; L*(Q)) € L*(0,T;V*) + L9(0, T; L*(2)),

then, according to (Robinson, 2001), z : [0,7] — X is an absolutely continuous function, and after multiplying (1) by
scalarly in H, and (2) by v scalarly in R™, we obtain: for almost all (a.e.) ¢ > 0

1d

§§HU(UH?{ +ullu@)V + vellu®)lfe < 1l + 1Bl - lo@llzar + low@)llallu@)] (7)
1d 2 2
3 g P @liza +vsllv@®)llza < es + Gz - [u®) |z + o2 lpar o)l (8)

From (@), (B), Young’s inequality, and the Poincaré inequality, we deduce that there exist v > 0, ¢ > 0, depending only on
the constants of the problem, such that fora.a. t > 0

%(Hu(t)l\iz + o) llzar) + v (a7 + lu®1Z, + lu@)llF + lo@)llzar) <

< e(L+ lor @)l + llo2(t) Izar)-

Next, using the inequality
t+1

t
/Hh(S)IIQe*““*S)dS <(1—e ") "sup / 1h(s)l*ds,
0

zZ

and due to the continuity of z. = {u(-),v(:)} : [0, 400) — X, we deduce:
Ve > 0 [0l < llzollce™ + 7 + el (9
From (B), we obtain condition 1) of Lemma 1 with the set
Bo={z € X ||z]% <1+ - +cRf}.
Let us verify condition 2): the precompactness of the sequence {{, = S5, (tn,0,20)}, where {0} C X(d), tn — 400,
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and {z¢ } is bounded in X.
Since, by the properties of the semiprocesses and condition 1), for sufficiently large n > 1, we have

fn - So'n, (tn -1 + 17tn - 17 San (tn - 1,0,23)) = Scn('+tn71)(170750n(tn - 1707 ZSL)) S 52(170730)7

it is sufficient to show the precompactness of the {S,,, (1,0, 28")}, where {0} C £(d), ||2§||x < 7.
Let 2, (t) = {un(t),vn(t)} = Ss, (t,0,28), |20 ]| x < 7.
The boundedness, and hence the precompactness, of the {v,, (1)} in R* follows from (g).
Let us prove that
[un(Dlv < K(r) (10)

for some constant K(r) independent of n. Then, by the compactness of the embedding V' C H , we obtain the precom-
pactness of the {u, (1)} in H.

Let us derive (f{0) following the arguments from (Teman, 1998), which are justified by passing to Galerkin approxima-
tions of problem (1),(2). We multiply equation (1) by Au,, in H. Taking into account conditions (8) and the smoothness of
f, we obtain the inequality:

1d n
5 g lun 1Y+l Aun @1 < eallun (@Y + 1B 2 llon ®)llear | Aun (®) 11 + lloT ]| A (0|1 (11)
Since, by (8)
SUp [on (t)llgar < /2 +  + cR3,
t>0 v

we deduce from (f1)):
d n
%Hun(t)H\Z/ + Mun (O3 < e(r)(lun @ + 1+ o7 ())17) (12)

for some positive constants A i ¢(r).
Multiplying (f2) by te*t yields:

d n
5 tunOIFe™) < @) ([un @)1} + 1+ o7 @)lIF)te™ + [lun (@)™

Integrating the last inequality over [0, 1], we obtain:

lun (DI < (e(r) + 1)/0 l[un (8)]I3dt + c(r) RE. (13)

From estimates (f7) and (8) we have:

! 1
n [ lun(®lfde < 557+ cal] + (1Bl + By 2 + € + B3 (14)
0

Combining ([3) and (f[4)), we derive estimate (fi0).
Thus, the family of semiprocesses {5, },cx(a) POSSesses the uniform attractor Oy (q).
The theorem is proved. O

4. Robust stability of the global attractor of the system (1),(2)
Now we turn to the formulation of the main result regarding the robust stability of the global attractor.

Theorem 2. The attractor © of the unperturbed system (1),(2) (when d = 0) is stable in the sense of AG, i.e., 3y € K such
thatV zo € X V ||d||oo < Ro o
Jim [1Sa(t, 20)lle < ~(lldfl),

where we denote Sq(t, z0) = Sa(t,0, 20).
Proof. Suppose that the limit equality holds
dist(©x(a),©) = 0,]|d||cc — 0. (15)

Let us prove that ({8 implies (). Indeed, by construction (0) = {0} and d € %(d). Therefore, for zo € X, z € Oxya), t > 0,
z(t) € Sa(t, zo) we have the following implications

12() = Ollx < [l2(8) = zllx + ]z = blx =

= J0f [12(t) — Ollx < [|2(6) = 2llx + Jnf |2 — 6x =

= inf ||z2(t) = 0|x < inf ||z2(¢t) —z + su inf ||z —0||x =
3 (0) =Ollx < _jnf () —zllx + sup jnf == Ollx
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= |lz()lle < dist(z(t),Ox)) + dist(Os), ©) =

= HSd(t, Zo)“@ < diSt(Sg(d) (t, Zo)7 62@) =+ diSt(@E(d>, @)
Since Ox(q) is the uniform attractor, then from Definition 2 for each d we have:
dist(SE(d) (¢, 20), 62@) — 0,t — 400.

Let us put v(s) := sup dist(Ox(q),©) + s. Then s — ~(s) is increasing and vy(s) — 0 as s — 0+. Therefore (Clarke,

lld]l oo <s

Ledyaev, & Stern, 1998), Lemma 5 implies the existence of y1 € K such that dist(©x4), 0) < 71(]|d||), Which means
that (H) is satisfied.

So, according to the previous arguments, we need to verify assumptions 1), 2) of Lemma 2.

Since V||dn || — 0, Vo, € X(dy) satisfies ||on||+ < ||dn|| < Ro, condition 1) follows from the arguments of Theorem 1
and the estimate (f(0).

Now consider z1 — 22, where z1 = {u1,v1},22 = {uz2,v2} are solutions to (1),(2) with perturbation d = {di,d-},
|ld]l«« — 0, and without perturbations, respectively. Using the estimate for each solution

(&
sup |2(8)[% < [I2(0) 1% + — + ¢Rg,
t=0 v

>

we derive fora.a. t > 0:

s (6) = us(6) B+ valua(0) — w20} < callia () — ua () i+
B 2 o (8) = oo ()lhear s () = wat) s + e (0) e an (8) = wa(®)
I ® — wa@Ear < sup D@ Jor(5) = va(t) o+

vl ar <70

Gl L2 llua(t) — w2 @)l allor () — v2(B)l[rar + [|d2(8)[|rar [|or () = v2(E)[[gar,

where ro = \/max{\|21(0)l\§<, [22(0)[I% } + ¢ + cR3.
Thus, with some constant ¢(ro) > 0, we obtain

Ve 2 0 ||z (t) — z2(0)[% < €T ([[21(0) — 22(0) X + [1d%)-

From the last inequality, the desired property 2) of Lemma 2 follows.
The theorem is proved. O

Discussions and conclusions

This study provides important insights into the behavior of complex, infinite-dimensional PDE-ODE systems under
external disturbances. We constructed a family of semiprocesses for the perturbed system and proved the existence of
a uniform attractor, showing that it approaches the global attractor of the unperturbed system as the disturbance size
decreases. This establishes a nonlocal asymptotic gain property, which measures how far perturbed trajectories deviate
from the unperturbed attractor. Building on earlier local stability results, our findings use mathematical techniques like
Galerkin approximations to confirm the system’s robustness, enhancing our understanding of its long-term dynamics under
perturbations.

These results are valuable for applications like reaction-diffusion processes, where such systems are common. The
AG property offers a way to predict and control system behavior despite external influences, aiding in the design of effective
control strategies. Future work could explore systems with time-varying or random disturbances and test these findings in
practical settings. The methods used here, combining semiprocesses and stability analysis, can also be applied to other
complex systems, opening new avenues for research into their robustness and stability.
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TKuiBcbKuil HaLioHanbHUM yHiBepcuTeT imeHi Tapaca LLleByeHka, KuiB, YkpaiHa
2Llem'pan|=Hoy|<pa'|'|-|ct.|(|/||7| AepXxaBHWUW yHiBepcuTeT imeHi BonognmMupa BuHHuyeHka, KponuBHULIbKWI, YKpaiHa

PIBHOMIPHI ATPAKTOPU TA BITACTUBICTb ACMMNTOTUYHOIO NIACUNEHHA ONA CUCTEMU TUMY PDE-ODE

Y cmammi docnidxeHo sikicHy noeediHKy crabkux po3e’si3Kkie HeCKiHYeHHO8UMIPHOT ducunamueHoi HeagmMoHOMHOI cuCmMeMU i3 308HIWHIMU
36ypeHHsIMU, W0 cKnadaembcs 3 napaboniyHoi cucmemu muny peakuii-Ougy3ii ma HeniHiliHoi cucmemu 38uyaiiHux dugpepeHyianbHUX PiBHSIHb.
36ypeHHs1 MOOe 1o MbCs1 06MexeHUMU hYHKYisMU, wjo 8xo0simb y npaei 4YacmuHu o6ox nidcucmemM. Biodomo, ujo 8 He36ypeHomy aunadky maka
cucmema mae 2nobanbHUli ampakmop, sikuli eu3Ha4yae doe2ompusasy OuHaMiky ecix mpaekmopili. BodHoyac numaHHs pobacmHocmi makux
ampakmopie 3a HasieHOCMi 308HiWHIX 36ypeHb 3anuwaemscsi cknadHuM, ocobnueo y eunadky HesiHilIHUX ma HecKiH4eHHO8UMIPHUX cucmem.

Y nponoHoeaHomy docnidxeHHi 3acmocoeaHo nidxid, ujo 6a3yemsbcsi Ha meopii pieHOMiIpHUX ampaKkmopie 0711 Hea@MOHOMHUX OUHaMIiYHUX
cucmem (meopis Hanienpouyecis). [To6ydoeaHo 8idnoeidHy cim’to Hanienpoyecie, wjo sionoesidae 36ypeHili cucmemi muny PDE-ODE. [JoeedeHo
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~112 ~ B 1 CH MUK Kuiecbkoro HauioHanbHoro yHisepcurety imeHi Tapaca LleBueHka

icHyeaHHs1 pieHOMipHO20 ampakmopa, a maKo eCmaHoeJ1eHo (1020 36ixHicme 0o 2/106a51bH020 ampakmopa He36ypeHoi cucmemu 3a HabIUXeHHs1
amnnimyou 36ypeHb Ao Hynsi. Lle Oae 3Mo2y eusecmu HesokanbHy pobacmHy oyiHKy muny acumMnmomu4Ho2o niocusneHHs (AG), wo dornoeHoe
pobacmHy oyiHKy 8 CeHci I0KanibHOT ISS i 3abe3neyye 8epxHIoO MeXy 8ioxuneHHs1 36ypeHux mpaekmopiti 8id He36ypeHO20 ampakmopa 8 mepMiHax
Hopmu 36ypeHb. OmpuMaHi pe3yssmamu crnpusiloms Po38UMKy meopemuYyHux 3acad aHasnizy po6acmuyocmi ducunamueHux HeCKiH4eHHOBUMIPHUX
cucmem 3i cknadHoro dos2ompuearsioro noeediHKor.

Knw4yoBi cnoBa: acumnmomuyHe nidcuneHHs:, pigHOMipHuli ampakmop, HecKiH4eHHo8uMipHa cucmema, cucmema muny PDE-ODE.

ABTOpYM 3asBMAIOTL NPO BiACYTHICTb KOHMMIKTY iHTepeciB. CnoHcopu He Bpanu yyacTi B po3pobneHHi gocnigxeHHs (y 36opi, aHanisi
4n iHTepnpeTaLii AaHuX, SKLWO Le Marno Micue), y HanncaHHi pykonucy Ta B pilleHHi Npo nybnikavito pesynbraris.
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