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Ó ðîáîòi îäåðæàíî äîñòàòíi óìîâè ñòîõàñòè÷íî¨ ïåðìàíåíòíîñòi ðîçâ'ÿçêó ñòîõàñòè÷íî-

ãî íåàâòîíîìíîãî ëîãiñòè÷íîãî ðiâíÿííÿ, ÿêå ìiñòèòü ÷ëåíè ç öåíòðîâàíîþ i íåöåíòðîâàíîþ

ïóàññîíiâñüêèìè ìiðàìè. Êîåôiöi¹íòè ðiâíÿííÿ íå çàäîâîëüíÿþòü óìîâó ëiíiéíîãî îáìåæåííÿ.

Êëþ÷îâi ñëîâà: ñòîõàñòè÷íà ïåðìàíåíòíiñòü, íåàâòîíîìíå ëîãiñòè÷íå äèôåðåíöiàëüíå ðiâ-

íÿííÿ, ñòîõàñòè÷íå äèôåðåíöiàëüíå ðiâíÿííÿ, öåíòðîâàíà i íåöåíòðîâàíà ïóàññîíiâñüêi ìiðè.

It is investigated the non-autonomous logistic di�erential equation with disturbance of coe�cients

by white noise, centered and non-centered Poisson noises. The coe�cients of equation are locally Li-

pschitz continuous but do not satisfy the linear growth condition. This equation describes the dynamics

of population in the Verhulst model which takes into account the logistic e�ect: an increase of the

population size produces a fertility decrease and a mortality increase; since resources are limited, if the

population size exceeds some threshold level, the habitat cannot support the growth. The property of

stochastic permanence is desirable since it means the long time survival in a population dynamics. The

su�cient conditions for the stochastic permanence of population in the considered model is obtained.

Key Words: stochastic permanence, non-autonomous logistic di�erential equation, stochastic di-

�erential equation, centered and non-centered Poisson measures.

Ñòàòòþ ïðåäñòàâèâ ä.ô.-ì.í., ïðîô. Êîçà÷åíêî Þ.Â.

1 Âñòóï

Ïîáóäîâà ëîãiñòè÷íî¨ ìîäåëi òà ¨¨ âëàñòèâîñòi
ïðåäñòàâëåíi ó ðîáîòi [1]. Êëàñè÷íå íåàâòîíîì-
íå ëîãiñòè÷íå äèôåðåíöiàëüíå ðiâíÿííÿ ìà¹ âè-
ãëÿä dN(t) = N(t) (a(t)− b(t)N(t)) dt, N(0) =
N0 > 0 i ìîäåëþ¹ ðîçìið N ïîïóëÿöi¨, ÷ëå-
íè ÿêî¨ êîíêóðóþòü îäèí ç îäíèì çà îáìåæå-
íó êiëüêiñòü ¨æi òà îáìåæåíèé æèòò¹âèé ïðî-
ñòið. Òóò a(t) � öå iíòåíñèâíiñòü ðîñòó ïîïóëÿ-
öi¨ i a(t)/b(t) � öå ¹ìíiñòü ñåðåäîâèùà ó ìîìåíò
÷àñó t. Ó ðîáîòi [2] âèâ÷àëîñü, çîêðåìà, ñòîõà-
ñòè÷íå íåàâòîíîìíå ëîãiñòè÷íå äèôåðåíöiàëüíå
ðiâíÿííÿ âèãëÿäó

dN(t) = N(t) [(a(t)− b(t)N(t))dt+
+α(t)N(t)dw(t)] , N(0) = N0,

(1)

äå w(t) � öå ñòàíäàðòíèé îäíîâèìiðíèé Âiíåðiâ
ïðîöåñ. Îñêiëüêè ìîäåëü (1) îïèñó¹ äèíàìiêó
ïîïóëÿöi¨, òî âàæëèâèì ïèòàííÿì ¹ âèçíà÷åííÿ
óìîâ, ïðè ÿêèõ ïîïóëÿöiÿ âèìèðà¹, i óìîâ, ïðè
ÿêèõ âèæèâà¹. Â [2] îäåðæàíî ïîðiã âèæèâàííÿ,

âèìèðàííÿ ïîïóëÿöi¨ ó ìîäåëi (1). Ó ðîáîòi [3]
ðîçãëÿäàëîñü ñòîõàñòè÷íå íåàâòîíîìíå ëîãiñòè-
÷íå äèôåðåíöiàëüíå ðiâíÿííÿ âèãëÿäó

dN(t) =

= N(t)
[
(a(t)− b(t)N(t))dt+ α(t)dw(t)+

+

∫
R
γ1(t, z)ν̃1(dt, dz) +

∫
R
γ2(t, z)ν2(dt, dz)

]
,

N(0) = N0,
(2)

äå w(t) � öå ñòàíäàðòíèé îäíîâèìiðíèé Âiíå-
ðiâ ïðîöåñ, ν̃1(t, A) = ν1(t, A) − tΠ1(A), ν1(t, A)
i ν2(t, A) � íåçàëåæíi ìiðè Ïóàññîíà, ÿêi ¹ íå-
çàëåæíèìè âiä w(t) i N0 > 0, E[νi(t, A)] =
tΠi(A), i = 1, 2, Πi(A), i = 1, 2 � öå ñêií÷åí-
íi ìiðè íà Áîðåëåâèõ ìíîæèíàõ A ó R. Â [3]
îäåðæàíî ÿâíèé âèãëÿä ãëîáàëüíîãî ðîçâ'ÿçêó
ðiâíÿííÿ (2) i äîñòàòíi óìîâè éîãî ñòîõàñòè÷íî¨
ïåðìàíåíòíîñòi. Ó ðîáîòi [4] äëÿ ðiâíÿííÿ (2)
îäåðæàíî äîñòàòíi óìîâè âèìèðàííÿ ïîïóëÿöi¨
ìàéæå íàïåâíî, íåâèæèâàííÿ ïîïóëÿöi¨ ó ñåðå-
äíüîìó ìàéæå íàïåâíî, ñëàáêîãî òà ñèëüíîãî
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âèæèâàííÿ ïîïóëÿöi¨ ó ñåðåäíüîìó ìàéæå íà-
ïåâíî.

Ìè áóäåìî âèâ÷àòè âëàñòèâiñòü ñòîõàñòè-
÷íî¨ ïåðìàíåíòíîñòi ðîçâ'ÿçêó ñòîõàñòè÷íîãî
äèôåðåíöiàëüíîãî ðiâíÿííÿ âèãëÿäó

dN(t) = N(t)[(a(t)− b(t)N(t))dt+

+α(t)N(t)dw(t) +
∫
R
γ1(t, z)N(t)ν̃1(dt, dz)+

+
∫
R
γ2(t, z)N(t)ν2(dt, dz)], N(0) = N0,

(3)
äå N0 > 0 ¹ íåâèïàäêîâèì ïî÷àòêîâèì çíà÷åí-
íÿì.

Îçíà÷åííÿ 1.1. Ðîçâ'ÿçîê N(t) ðiâíÿííÿ (3) ¹
ñòîõàñòè÷íî ïåðìàíåíòíèì, ÿêùî äëÿ ∀ε > 0
iñíóþòü äîäàòíi êîíñòàíòè H = H(ε), h = h(ε)
òàêi, ùî lim inft→+∞P{N(t) 6 H} > 1 − ε,
lim inft→+∞P{N(t) > h} > 1− ε.

Âëàñòèâiñòü ïåðìàíåíòíîñòi ¹ âàæëèâîþ, áî
îçíà÷à¹ äîâãîòåðìiíîâå âèæèâàííÿ ó ïîïóëÿ-
öiéíié äèíàìiöi. ßê âiäîìî àâòîðàì, ïèòàííÿ
ñòîõàñòè÷íî¨ ïåðìàíåíòíîñòi ó ìîäåëi ïîïóëÿ-
öiéíî¨ äèíàìiêè, ÿêà îïèñó¹òüñÿ ñòîõàñòè÷íèì
äèôåðåíöiàëüíèì ðiâíÿííÿì âèãëÿäó (3), ùå íå
äîñëiäæóâàëèñü. Òîìó òàêå äîñëiäæåííÿ ¹ àêòó-
àëüíèì.

Áóäåìî âèêîðèñòîâóâàòè òàêi ïîçíà÷åííÿ
f∗ = lim inft→∞ f(t), f∗ = lim supt→∞ f(t).
Äëÿ íåïåðåðâíî¨ îáìåæåíî¨ ôóíêöi¨ f(t), t ∈
[0,+∞) ïîçíà÷èìî fsup = supt∈[0,+∞) f(t), finf =
inft∈[0,+∞) f(t).

Ó öié ñòàòòi ìè âèêîðèñòàëè iäå¨ ðîáîòè [2].

2 Îñíîâíèé ðåçóëüòàò

Íåõàé (Ω,F ,P) � öå éìîâiðíiñíèé ïðîñòið i
w(t), t > 0 � ñòàíäàðòíèé îäíîâèìiðíèé âiíåðiâ
ïðîöåñ íà (Ω,F ,P), N0 > 0 � íåâèïàäêîâà ïî-
÷àòêîâà óìîâà, ν1(t, A) i ν2(t, A) � íåçàëåæíi ìi-
ðè Ïóàññîíà, âèçíà÷åíi íà (Ω,F ,P), ÿêi íå çà-
ëåæàòü âiä w(t), ν̃1(t, A) = ν1(t, A) − tΠ1(A),
E[νi(t, A)] = tΠi(A), i = 1, 2, Πi(A), i = 1, 2− öå
ñêií÷åííi ìiðè íà áîðåëåâèõ ìíîæèíàõ A â R.
Íà éìîâiðíiñíîìó ïðîñòîði (Ω,F ,P) çàäàíî ïî-
òiê σ-àëãåáð {Ft}t>0, ÿêèé çàäîâîëüíÿ¹ çâè÷íi
óìîâè, äå Ft = σ{w(s), νi(s,A), i = 1, 2, s 6 t}.

Êîåôiöi¹íòè ðiâíÿííÿ (3) íå çàäîâîëüíÿþòü
óìîâi ëiíiéíî¨ îáìåæåíîñòi, àëå çàäîâîëüíÿþòü
ëîêàëüíó óìîâó Ëiïøèöÿ, òîìó (äèâ. [5], Òåîðå-
ìà 6, ñò.246) iñíó¹ ëîêàëüíèé ðîçâ'ÿçîê ðiâíÿí-
íÿ (3). Ó ðîáîòi [6] äîâåäåíî íàñòóïíó òåîðåìó.

Òåîðåìà 2.1. Íåõàé binf > 0, a(t), b(t), α(t)
� öå îáìåæåíi, íåïåðåðâíi ôóíêöi¨, âèçíà-

÷åíi íà [0,+∞). Áóäåìî ïðèïóñêàòè, ùî

Πi(R) < ∞, i = 1, 2, γi(t, z), i = 1, 2 � öå îáìå-

æåíi, íåïåðåðâíi ïî t ôóíêöi¨, i inf γ1(t, z) > 0,
γ2(t, z) > 0. Òîäi äëÿ äîâiëüíîãî íåâèïàäêîâî-

ãî ïî÷àòêîâîãî çíà÷åííÿ N(0) = N0 > 0 iñíó¹

¹äèíèé ðîçâ'ÿçîê N(t) ðiâíÿííÿ (3), ÿêèé ¹ ãëî-

áàëüíèì i P{N(t) > 0} = 1.

Îñíîâíèì ðåçóëüòàòîì äàíî¨ ðîáîòè ¹

Òåîðåìà 2.2. Íåõàé âèêîíóþòüñÿ óìîâè Òåî-

ðåìè 2.1 i a∗ > 0, òîäi ðîçâ'ÿçîê N(t) ðiâíÿííÿ
( 3) ¹ ñòîõàñòè÷íî ïåðìàíåíòíèì.

Äîâåäåííÿ. Ïîêàæåìî ñïî÷àòêó, ùî äëÿ ∀ε > 0
iñíó¹ êîíñòàíòà H = H(ε) > 0 òàêà, ùî
lim inft→+∞P{N(t) 6 H} > 1− ε. Âèáåðåìî äî-
ñòàòíüî âåëèêå n0 > 0 òàê, ùîá N0 ∈ [1/n0, n0].
Äëÿ ∀n > n0 âèçíà÷èìî ìîìåíò çóïèíêè τn =
inf{t > 0 : N(t) /∈ (1/n0, n0)}. Çðîçóìiëî, ùî
limn→+∞ τn = +∞ ìàéæå íàïåâíî (ì.í.). Çàñòî-
ñó¹ìî ôîðìóëó Iòî äî ïðîöåñó etN q(t), 0 < q < 1

et∧τnN q(t ∧ τn) =

= N q
0 +

t∧τn∫
0

qesN q(s)

{
1/q + a(s)− b(s)N(s) −

− (1−q)
2 α2(s)N2(s) + 1

q

∫
R
[(1 + γ1(s, z)N(s))q−

−1− γ1(s, z)N(s)] Π1(dz)+

+1
q

∫
R
[(1 + γ2(s, z)N(s))q − 1]Π2(dz)

}
ds+

+
t∧τn∫
0

qesN q+1(s)α(s)dw(s) + (4)

t∧τn∫
0

∫
R
esN q(s)[(1 + γ1(s, z)N(s))q− 1]ν̃1(ds, dz)+

t∧τn∫
0

∫
R
esN q(s) [(1 + γ2(s, z)N(s))q− 1] ν̃2(ds, dz),

äå ν̃i(ds, dz) = νi(ds, dz)−Πi(dz)ds, i = 1, 2.
Îñêiëüêè (1 + x)q 6 1 + x, x > 0 ïðè

0 < q < 1 i N(s) > 0 ì.í., òîìó ìà¹ìî

qN q(s)

{
1/q + a(s)− b(s)N(s) −

− (1−q)
2 α2(s)N2(s) + 1

q

∫
R
[(1 + γ1(s, z)N(s))q−

−1− γ1(s, z)N(s)] Π1(dz)+

+ 1
q

∫
R
[(1 + γ2(s, z)N(s))q − 1]Π2(dz)

}
6

6 N q(s)
(
1 + q

(
asup − binfN(s)−

−1−q
2 α2(s)N2(s)

)
+

+Π2(R)[(1 +N(s) sups,z γ2(s, z))
q − 1]

)
6 K
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äëÿ äåÿêî¨ êîíñòàíòè K > 0. Òîìó iç (4) îäåð-
æèìî

et∧τnN q(t ∧ τn) 6 N q
0 +K(et − 1)+

+
t∧τn∫
0

qesN q+1(s)α(s)dw(s)+

t∧τn∫
0

∫
R
esN q(s)[(1 + γ1(s, z)N(s))q− 1]ν̃1(ds, dz)+

t∧τn∫
0

∫
R
esN q(s) [(1 + γ2(s, z)N(s))q− 1] ν̃2(ds, dz).

Âçÿâøè ìàòåìàòè÷íå ñïîäiâàííÿ i âèêîðèñòàâ-
øè âëàñòèâîñòi ñòîõàñòè÷íèõ iíòåãàëiâ, îäåðæè-
ìî E

[
et∧τnN q(t ∧ τn)

]
6 N q

0 + K
(
et − 1

)
, i ïðè

n → ∞ ìà¹ìî

E[N q(t)] 6 e−tN q
0 +K, (5)

à òîìó lim supt→∞ E[N q(t)] 6 K. Äëÿ
äîâiëüíîãî ε > 0 ïîêëàäåìî H =
(K/ε)1/q i çà íåðiâíiñòþ ×åáèøåâà ìà¹-
ìî P{N(t) > H} = P{N q(t) > Hq} 6
E[N q(t)]/Hq, à çíà÷èòü lim supt→∞P{N(t) >
H} 6 ε

K lim supt→∞ E[N q(t)] 6 ε. Òîìó
lim inft→∞P{N(t) 6 H} > 1− ε.

Òåïåð äîâåäåìî, ùî äëÿ ∀ε > 0 iñíó¹ h =
h(ε) > 0 òàêå, ùî lim inft→∞P{N(t) > h} >
1 − ε. Ïîçíà÷èìî V1(x) = x−2, x > 0 i V2(x) =
(1 + V1(x))

θ, θ ∈ (1/4, 1/2). Çà ôîðìóëîþ Iòî
ìà¹ìî

V2(N(t)) 6 V2(N(t0))+
∫ t
t0
θ(1 + V1(N(s)))θ−2×

×
{
− 2a(s)V 2

1 (N(s)) + 2V 1.5
1 (N(s))

(
b(s)+

+
∫
R
γ1(s, z)Π1(dz)

)
+ V1(N(s))[(2θ + 1)α2(s)−

−2a(s)]+2V 0.5
1 (N(s))

(
b(s)+

∫
R
γ1(s, z)Π1(dz)

)
+

+3α2(s)

}
ds−2

t∫
t0

θ(1+V1(N(s)))θ−1α(s)
N(s)dw(s)+

+
∑2

i=1

t∫
t0

∫
R

[(
1 + V1(N(s))

(1+N(s)γi(s,z))2

)θ
−

−(1 + V1(N(s)))θ
]
ν̃i(ds, dz). (6)

Iç îçíà÷åííÿ a∗ âèïëèâà¹, ùî äëÿ ∀ε > 0 iñíó¹
òàêå t0 > 0, ùî ∀t > t0 ìà¹ìî infs>t a(s) > a∗−ε.
Âèáåðåìî ∀ε > 0 òàê, ùîá a∗ − ε > 0. Òîäi iç (6)
îäåðæèìî äëÿ ∀t > t0:

V2(N(t)) 6V2(N(t0))+
t∫

t0

θ(1 + V1(N(s)))θ−2×

×
{
−2(a∗ − ε)V 2

1 (N(s)) + 2csupV
1.5
1 (N(s))+

+[(2θ + 1)(α2)sup − 2(a∗ − ε)]V1(N(s))+

+2csupV
0.5
1 (N(s)) + 3(α2)sup

}
ds − (7)

−2
t∫

t0

θ(1 + V1(N(s)))θ−1α(s)N−1(s)dw(s)+

+
2∑

i=1

t∫
t0

∫
R

[(
1 + V1(N(s))

(1+N(s)γi(s,z))2

)θ
−

− (1 + V1(N(s)))θ
]
ν̃i(ds, dz),

äå csup = supt
(
b(t) +

∫
R γ1(t, z)Π1(dz)

)
. Âèáåðå-

ìî η > 0 òàê, ùîá 0 < η/θ < 2(a∗ − ε). Íå-
õàé V3(x) = eηtV2(x). Òîäi çà ôîðìóëîþ Iòî
dV3(N(t)) = ηeηtV2(N(t))dt+ eηtdV2(N(t)) i, âè-
êîðèñòàâøè (7), îäåðæèìî

V3(N(t))6V3(N(t0))+
t∫

t0

θeηs(1+V1(N(s))θ−2×

×{−2(a∗−ε− 0.5η
θ )V 2

1 (N(s))+2csupV
1.5
1 (N(s))+

+[(2θ + 1)(α2)sup − 2(a∗ − ε− η
θ )]V1(N(s))+

+2csupV
0.5
1 (N(s)) + 3(α2)sup + η/θ}ds−

−2
t∫

t0

eηsθ(1 + V1(N(s)))θ−1α(s)/N(s)dw(s)+

+
2∑

i=1

t∫
t0

∫
R
eηs

[(
1 + V1(N(s))

(1+N(s)γi(s,z))2

)θ
−

− (1 + V1(N(s)))θ
]
ν̃i(ds, dz) =

= V3(N(t0)) +
∫ t
t0
eηsF (N(s))ds+

∑3
i=1 J

i
st,

äå F (x), x > 0 � ôóíêöiÿ îáìåæåíà çâåðõó äå-
ÿêîþ êîíñòàíòîþ K > 0, à J i

st, i = 1, 3 � âiäïî-
âiäíi ñòîõàñòè÷íi iíòåãðàëè ó ïîïåðåäíié ôîð-
ìóëi. Òàêèì ÷èíîì

V3(N(t))6V3(N(t0))+
K

η
(eηt−eηt0)+

3∑
i=1

J i
st. (8)

Ïîêàæåìî, ùî E[J i
st] = 0, i = 1, 3. Ìà¹ìî

E

[
t∫

t0

e2ηs(1+V1(N(s)))2(θ−1) α2(s)
N2(s)

ds

]
=

= E

[
t∫

t0

e2ηs(N2(s)+1)2(θ−1) α2(s)
N4θ−2 (s)ds

]
6

6 (α2)sup
t∫

t0

e2ηsE[N2−4θ(s)]ds < ∞.

(9)

Òóò ìè âèêîðèñòàëè óìîâó 0 < θ < 1 i îöií-
êó (5). Äàëi, îñêiëüêè ôóíêöiÿ f(x) = (1 + x)θ,
x > 0, 0 < θ < 1 îïóêëà âãîðó i äèôåðåíöiéîâ-
íà, òî ìà¹ ìiñöå îöiíêà f(x+ z)− f(x) 6 f ′(x)z.
Âèêîðèñòàâøè öþ îöiíêó, óìîâó 1/4 < θ < 1/2
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i (5), îäåðæèìî äëÿ i = 1, 2

E

[
t∫

t0

∫
R
e2ηs

[(
1 + V1(N(s))

(1+N(s)γi(s,z))2

)θ
−

− (1 + V1(N(s)))θ
]2

Πi(dz)ds

]
6

6E

[
t∫

t0

∫
R
e2ηs

θ2V 2
1 (N(s))

(1+V1(N(s)))2(1−θ) ×

× ((1+N(s)γi(s, z))
2−1)2

(1 +N(s)γi(s, z))4
Πi(dz)ds

]
6

6 K1

t∫
t0

e2ηsE[N2−4θ(s)]ds < ∞,

(10)

äå K1 = 4θ2(sups,z γi(s, z))
2Πi(R). Iç (9),(10)

i âëàñòèâîñòåé ñòîõàñòè÷íèõ iíòåãðàëiâ ìà¹-
ìî E[J i

st] = 0, i = 1, 3. Âiçüìåìî ìàòåìàòè-
÷íå ñïîäiâàííÿ âiä îáîõ ÷àñòèí (8) i îäåðæèìî
E[(1+V1(N(t)))θ] 6 eη(t0−t)

E[(1 + V1(N(t0)))
θ] +

(K/η)(1 − eη(t0−t)). Òîìó lim sup
t→∞

E[V θ
1 (N(t))] 6

lim sup
t→∞

E[(1 + V1(N(t)))θ] 6 K/η, à îòæå

lim sup
t→∞

E[N−2θ(t)] 6 K/η = C. Ïîêëàäåìî

h = (ε/C)1/2θ äëÿ ∀ε > 0, òîäi çà íå-
ðiâíiñòþ ×åáèøåâà îäåðæèìî P{N(t) < h} =
P{N−2θ(t) > h−2θ} 6 h2θE[n−2θ(t)] =
εE[n−2θ(t)]/C i lim sup

t→∞
P{N(t) < h} 6 ε, à çíà-

÷èòü lim inf
t→∞

P{N(t) > h} > 1− ε. �
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