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LIMIT THEOREMS IN THE GENERALIZED BIRTHDAY PROBLEM

In the authors’ previous papers, a novel approach to the classical coupon collector’s and birthday problems was introduced,
based on the theory of random point measures and their vague convergence. In this paper, we further develop this approach
using the birthday problem as a case study, and apply it to establish new limit theorems for a range of nontrivial characteristics
of the model.

More specifically, we define a point process on a metric space consisting of a countable number of copies of the real line.
The atoms of this process correspond to the arrival times of new objects. Owing to the structure of the constructed process, each
atom is naturally associated with an integer that indicates the number of times an object of that class has arrived. We demonstrate
that, as the number of classes tends to infinity, these processes converge vaguely to a certain Poisson point process on the
same space.

The application of the continuous mapping theorem to the proven convergence further yields distributional limit theorems
for various characteristics of the model. The essentially infinite-dimensional nature of the involved point processes leads to
corresponding infinite-dimensional limit theorems for these characteristics, fully revealing their asymptotic structure.

Keywords: generalized birthday problem, random point measures, vague convergence, poissonization, Poisson point
processes.

AMS 2020 classification: 60C05, 60G55.

1. Introduction

The birthday problem is a classical example in combinatorial probability theory. First formalized in 1939 by R. von Mises,
it has found numerous applications in fields such as statistics, cryptography, and the modeling of random processes, among
others, and has served as the basis for many generalizations. In its original form, the problem involves finding the probability
that, in a randomly chosen group of people, at least two will share the same birthday.

In this paper, we consider one of its generalizations. Suppose there are n distinct classes of objects that arrive indepen-
dently and sequentially at discrete time points, each with equal probability % Let TT(">, r > 1, denote the first time at which
one of the classes appears for the (r + 1)-th time. Note that in the classical formulation, the objects are people, n = 365
(the number of days in a non-leap year), and r = 1 (corresponding to a single match with someone already present).

This problem is closely related to another classical problem known as the coupon collector’s problem. If the classes
of objects are interpreted as different types of coupons, then 7™ represents the first time at which the collector obtains a
coupon of a certain type for the (r 4+ 1)-th time (this can also be referred to as the beginning of the (r + 1)-th collection).

This problem can also be considered in the context of random allocations, where the arrivals of objects of different
classes are interpreted as the placement of items into cells. Extensive literature is devoted to such allocations; see, e.g.,
the classical monographs (Kolchin, Sevast'yanov, & Chistyakov, 1976) and (Johnson & Kotz, 1977).

In (llienka, 2019) and (llienko & Stamatiieva, 2021), the authors proposed a new approach to the coupon collector’s
and birthday problems, based on the theory of vague convergence of point processes. More specifically, the arrival times of
different classes of objects can be interpreted as the atoms of a certain random point measure. By using well-known criteria
for the convergence of such measures, it is possible to establish their vague convergence as n — oo to a certain limiting
measure, which turns out to be Poisson. Further application of the continuous mapping theorem to this convergence allows
one to derive the limiting distributions of a number of interesting and important characteristics in these problems.

This paper can be viewed as a far-reaching and essentially infinite-dimensional generalization of the results from (llienko
& Stamatiieva, 2021), where the aforementioned approach was applied to individual collections. Here, we will consider all
collections simultaneously and construct the corresponding point process on the union of a countable number of copies of
the real line. This will enable the study of characteristics associated with different values of r simultaneously, such as the
relationships between the starting times of different collections.

The proposed approach is effective for determining the limiting distributions of various characteristics but is not designed
to address the asymptotics of their expected values. The latter requires completely different techniques. In the recent paper
by the second author (Stamatiieva, 2023), an asymptotic expansion for ET™ was derived using Laplace’s asymptotic
method. For » = 1, this expansion is well-known in the literature as the Ramanujan-Watson-Knuth expansion (Flajolet,
Grabner, Kirschenhofer, & Prodinger|, 1995).

2. Notation and main results

Let Yf}”, i € N, = {1,...,n}, r,n € N, denote the arrival time of the (r + 1)-th object of class i. Then Yif’j) ~
NegBin (r +1, %) where NegBin stands for the negative binomial distribution representing the number of trials up to and
including the (r + 1)-th success:
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_ r+1 k—r—1
=g =(T) @0
? T n n
where k > r + 1.

For fixed values of r and n, the random variables Yi(;f% i € N, are identically distributed but dependent, at least
because Y(") £ Y(”) fori # 7',

Let us also con5|der the Poissonized scheme, in which objects arrive not at discrete time points but according to a
Poisson process with intensity 1. Let zM e N,, r,n € N, denote the arrival time of the (r + 1)-th object of class ¢ in this

7,7 7

Poissonized scheme. Then, by the thinning theorem for Poisson processes (see, e.g., Theorem 5.8 in (Last & Penrose,
2017)), z{"!) are independent and gamma-distributed, Z"”) ~ I (r + 1, 1). For any fixed value of n, the sequences (Y(”))

and (Zz“j)) are defined on the same probability space and are related as follows:

y(m
zZ{" = ZEJ, ieN,, r>1,

where E;, j € N, are independent Exp(1)-distributed random variables. Moreover, the sequences (Y;(”) <1< n)

and (E;, j € N) are independent, as the former sequence is determined by the object classes while the latter defines the
intervals between the arrival times.
Consider the point process H™ ,n € N, on the metric space X = UsZ {r} x R, defined as follows:

ﬁ<"><U({r}xB) ZN") ., B,eB[R), reN, (1)
r=1
where
i Z‘SAW ™)
and - .
r(r) = ——, z€R. (2)
nr+i

Here, J, stands for the unit mass ata.
We also consider the analogue of A in the classical (non-Poissonized) setting starting from r = 2:

§<"><G({r}x3 > igw

r=2

where .
s(n) _
& =D 850 (vey:
=1 ’

Recall that the vague topology on the space of locally finite measures is generated by the integration maps v — fX fdv
for all continuous functions f with bounded support; see, e.g., Chapter 4 in (Kallenberg, 2017) for a general exposition.

The difference between vague convergence and the more common weak convergence lies in the class of test functions:
for weak convergence, this class includes all bounded continuous functions, whereas for vague convergence it is restricted
to those with bounded support. In our case, using vague convergence allows us to avoid unnecessary consideration of the
behavior of measures at infinity.

Denote by 2% the distributional convergence of random point measures with underlying vague topology.

Theorem 1. Let H be a Poisson point process on X with intensity measure \ defined by
oo oo 1 ,
A (U ({r} = Br)> :Zﬁ/:v T{x > 0} dz.
r=1 r=1 B,

Then H™ % I asn — .

Remark 1. By the superposition theorem for Poisson processes (see, e.g., Theorem 3.3 in (Last & Penrose, 2017))), the
additive structure of X in Theorem 1 implies that the different levels H ({r} x -) of the limiting process H are independent.

Remark 2. The different levels H ({r} x -) can be interpreted as follows (see Remark 3.2 in (llienko, 2019)). Let ¢ be a
homogeneous Poisson point process with unit intensity. Define

hz) = ((r+Dla)™ 1, o

WV
o
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Then H ({r} x-) = > (s in distribution.
T ESUpp ¢

Indeed, by the transformation theorem for Poisson processes (see, e.g., Theorem 5.1 in (Last & Penrose, 2017)),
applying the function & to ¢ results in the process described in Theorem fil, since

a'r+1 r4+1 IT
h(Leb) [a,b] = (Lebo h™') [a,b] = Leb [m h} = / e

a

The following theorem is an analogue of Theorem fi in the non-Poissonized setting. Due to technical reasons related
to the depoissonization procedure, we can prove it only for r > 2.

Theorem 2. Let H' be a Poisson point process on X with intensity measure \ given by

A(U ({T}XBT)> :Z%/Ir~ﬂ{x>0}da¢.

r=2

Then 2 ¢ I’ as n — oo.

3. Proofs
Proof of Theorem [i. By Theorem 4.18 in (Kallenberd, 2017)), it suffices to show that

lim P{A™ () = o} =P{H(U) =0}, (3)
lim. EH™ (U) = EH (U) (4)

foreachU e’ = {U;_, {r} x B;),s € N, B, € B(R)}.

By (fll), we have
IP’{FI(”) —0} IP’{A(”) )=0, Vr=1,. }

Forl1<ri<rs <...<7m < s, define
P = {00 (20)) € Bruso 00 (280)) € Br )

which does not depend on 4, since the variables fo;)

inclusion-exclusion formula, we obtain

p{amwy=ob=(1- 3 BP+ Y Pl -+ (-)TRD )

1<r1<s 1<r1<ra<s

are independent and identically distributed for different i. Using the

We will compute lim InP {HW U) = 0}. To do this, we use the asymptotic equivalence In (1 + a) ~ «, @ — 0. The
n—oo
fact that « — 0 in our case follows from the arguments below. We have
Jm mp{AC @) =0} == 55t (n-PP)+ 3 fim (2 AR) < ()7 Jim (neA).
1<ry1<s 1<r1 <ra<s
To prove (E), it suffices to show that the limit in the first sum equals %1, fB 2™ - I{x > 0} dz, while the limit in the
1JB,,

second sum equals zero. Since all subsequent sums are bounded from above by the second one, this will prove the claim.

Since Z") ~ T (r+1;1),and 2\ — 2, ..., 2" — Zz{")_| are independent Exp (1)-distributed random variables,
the densities f{™ (x) and £, (x, ) of foﬁ,) and (Z(") Z(">) respectlvely, have the form:

i,r1 “i,ro

n 1 s
5)(99):@99 exp( )H{I 0},
ro—rp—1

&P (—%) I{0 <z <y}

T1

- (y—=)
nr2tl. el (rg —ry —

o (@y) =

Then, the density of ¢ (Z“L) ) is given by

7,71

F(n _m1 il 1 o m
@) =m0 (0T a) = e (T e)
Ty
1 . 1
X exp _nnt -z {z >0} = 'x”-exp(f ml )I[{x}()},
n riln s
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and the density of ( e (Z<”)) ) (Z(") ))

1,71 1,72

2(n) "1 _T2 (n) "1 _T2
(I,y) =nntl .pr2tl . 1,72 (nT1+1 ~x,nr2tl y) =

71,72
L _T2
nritl .prot+l 1 1 ) 1 rog—r1—1
= nritl g nr2tl .y —nrntl g X
nr2tl .o pril(rg —rp — 1)1
ro it _,
nr2t+l -y 1 To nr2t+l T 7o ro—rp—1
xexp| ———— H{OgnH*l cx < nr2tl -y}:—-xr1-<y—nrl+l ro+1 gj) X
n ril(rg —r —1)!
Y _V1dognmitt g <nratt
X exp | — T <n TN ‘Y.
nr2+l
Thus,
N T
@) = e e (2 ) 1e 2 0),
1N N1l
e
A(n) nr2+lt ” T _To ro—r;—1 Y 1 To
m,rz(z y) ﬁ'ﬂfl(y—n”Jrl T2t «’E) exp | — T H{Oénﬁ“ cx L nr2tt ‘y}-
r1: (7’2 —r— 1)- nr2+t
Then,

n-PM =n. fr(?)(z)dgc:i m”-exp(— xl )]I{x}()}dm—) i/x”~]1{90>0} dx.
. nritl 7‘1!
Let a =inf By, and 8 = inf B,,. Then we have

—+o0 +oo
P F(n) ) dx dy =
ne Py, <n- friirs (@,y) dedy =
B

[e3

T+l —+o00 +oo
r2+1 _ro ro—rp—1 y 1 T
=— ] x" —nrl*’l BECE a:) exp | ——5 ]I{Oénﬁ+1 cx < nrett -y} dx dy.
71! (T2 —r1—1) nr2¥l

r1+1
ro+1 1 7‘2+l

Since r1 < r2, we have < 0, which implies that the last expression vanishes as n — oo.

This proves (3). A
Let us proceed to the proof of (). Consider EH ™ (U). Then,

E]

EH™ (U) = EH™ <U ({r} x B, ) ZEA(")

r=1
Using the fact that 7™ (B,.) ~ Bin(n, P{™), we obtain
R s R s 1
(n) _ . pn) it L =
EH™ (U) = ;n P — Z:l . /Bl " - 1{z >0} dx =EH (U),

which, together with (8), completes the proof. O

The proof of Theorem B is based on the depoissonization procedure which follows the same lines as in the proof of
Theorem 1 in (llienko & Stamatiieva, 2021|). Therefore, we omit it here.

4. Applications

Fix s > 1 and consider the following random variables:

U<")—card{z Z(")<m|nZ(") dEfQ}, r=1,...,s—1,

i<n

where

r s

d") = prT TS

In other words, U™ represents the number of objects in the (r + 1)-th collection before the starting time of the (s + 1)-
th one multiplied by the adjustment factor d&?ﬁ. The necessity of multiplying by this factor is due to the fact that, without it,
™) would grow unboundedly.
The following theorem holds.
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(Gr,r=1,...,5—1)= <NT (W),rzl,...,sl),

where E ~ Exp(1), and N, are Poisson processes with unit intensity, independent of each other and of E. Then

Theorem 3. Denote

(U,E”),r: 1., s— 1) (G r=1,...,5—1)
inR*!asn — oco.
Proof. Let
7 = sup {w € R: A ({s} x (0,2)) = 0}, (5)

v = g™ ({r} X (07TS("))), r=1,...,s—1.

Thus, 7™ is the first point of 7™, and V™ is the number of points in 7™ to the left of 7™,
By the definition of (™ and 7™, we obtain

T = min g (21)) = 9 (107). (6)

i<n

Taking into account (g) and (B), V™) can be represented as

v, = card {z Lo« 22 % —card {z zm <™ ~d£?‘s>} .
nr+l ns+1 ’

From the definitions of U™, V,{™, and .., it follows that ;™) = U{™. Using Remarks fi, B, and Theorem 1, we have
by continuous mapping that

(U,(,"),rzl,...,s—l)&(Nr(,u,«,s), r=1,...,s—1), n— oo,

g1
where ji,.s = h, ! (hs (E)) = % which completes the proof. O

Theorem 4. Let W,., r > 1, be independent random variables following the Weibull distribution with the cdf of the form
.,L,'r+1

Then
T(-n d
L r 21> (W, r>1) inR* asn — oco.

nT+I

Proof. Taking into account Theorem fil, (B), (B), and Remarks fil, B, we have

(Aﬁn) (TT(")) , T > 1) = (Tr(n), r> 1) N (((T+ 1)!Er)'ri17 r> 1) , M — 00,

where FE, are independent Exp(1). To complete the proof, we now find the distribution function of ((r + 1)! E,.) T

r+1 r+1
P{((T—‘rl)!Er)’"Jlrl <x} :IP’{ET < “7} =1-—exp (-%) x> 0.

(r+1)! r+41)!
This completes the proof. O

Finally, we return to the depoissonized setting. Let
L™ = card {z Y;(f) < nlinY;(:) -dffs)}, r=2,...,8—1,
, in

X™ = min Yif:).

i<n
The following theorems hold.

Theorem 5.
(Li"),r:&...,s—l)i (Gryr=2,...,5—1) inR* % asn — oo,

where G, are defined in Theorem .
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Theorem 6.

X d
—,r=22| = (W,, r>2)inR>™ asn — oo,

nr+t
where W, are defined in Theorem H.

The proofs of Theorems [ and B are similar to the proofs of Theorems [§ and [, but are based on the application of
Theorem J instead of Theorem .

5. Discussion and conclusions

In this paper, we investigate the generalized birthday problem from the perspective of point processes. The approach
to this problem, based on studying the vague convergence of specially constructed random point measures, proves to be
highly fruitful for obtaining the limiting distributions of a wide variety of model characteristics.

Authors’ contribution: Andrii llienko — methodology; Viktoriia Stamatiieva — derivation of the main results and preparation of the
paper.

Acknowledgments, funding sources. The authors thank the anonymous reviewer for the careful reading of the manuscript and the
constructive comments. The first author was supported by the Swiss National Science Foundation, Grant 229505.

References

Flajolet, P., Grabner, P. J., Kirschenhofer, P., & Prodinger, H. (1995). On Ramanujan’s Q-function. Journal of Computational and Applied
Mathematics, 58(1), 103-116. https://doi.org/10.1016/0377-0427(93)E0258-N

llienko, A. (2019). Convergence of point processes associated with coupon collector’s and dixie cup problems. Electronic Communications
in Probability, 24(51), 1-9. https://doi.org/10.1214/19-ecp263

llienko, A., & Stamatiieva, V. (2021). A limit theorem for point processes associated with the generalized birthday problem. Scientific
Bulletin of Uzhhorod University; Series of Mathematics and Informatics, 39(2), 38—46 [in Ukrainian]. [InbeHko, A., & CTtamarieBa,
B. (2021). IpaHn4yHa Teopema Afsi TOHYKOBUX MPOLIECiB, MOB’sI3aHMX 3 y3aranbHEHOW 3aJadqerd Npo AHi HapomkeHHs. Haykosul
8iCHUK Yxxeopodcbkozo yHieepcumemy. Cepia «Mamemamuka i iHgbopmamuka», 39(2), 38—46]. https://doi.ora/10.24144/2616-
7700.2021.39(2).38-46

Johnson, N. L., & Kotz, S. (1977). Urn models and their application. John Wiley & Sons.

Kallenberg, O. (2017). Random measures, theory and applications (Vol. 77). Springer, Cham. https://doi.org/10.1007/978-3-319-41598-7

Kolchin, V. F., Sevast’yanov, B. A., & Chistyakov, V. P. (1976). Random allocations. Nauka [in Russian]. [KonuuH, B. ®., CeBacTbsiHOB, B.
A., & Ynctskos, B. M. (1976). CnyyalHbie pasmeweHus. Hayka)

Last, G., & Penrose, M. (2017). Lectures on the poisson process. Cambridge University Press, Cambridge.
https://doi.ora/10.1017/9781316104477

Stamatiieva, V. (2023). Generalization of the asymptotic expansion of Ramanujan — Watson — Knuth. Scientific Bul-
letin of Uzhhorod University; Series of Mathematics and Informatics, 43(2), 52—61 [in Ukrainian]. [CtamartieBa, B. (2023).
Y3aranbHeHHst acMMITOTUYHOro posknaay PamaHynxaHa — BatcoHa — KHyTa. Haykosuli gicHuk Yxeopodcekozo yHisepcumemy. Cepisi
«Mamemamuka i iHgpopmamuka», 43(2), 52—61]. nttps://doi.org/10.24144/2616-7700.2023.43(2).52-61

OTpumaHo pepakuieto xypHany / Received: 02.09.24
NMpopeueHsoBaHo / Revised: 27.10.24
CxBaneHo go apyky / Accepted: 28.11.24

Anpgpin INNIbEHKO, kaHA. ¢is.-mat. Hayk, gou.

ORCID ID: 0000-0003-4828-0788

e-mail: andrii.ilienko@unibe.ch

HauioHanbHWi TexHiYHWMI YHiBepcuTeT YKkpaiHu “KuiBcbkuii nonitexHiyHUit iHCTUTYT imeHi Irops Cikopcbkoro”, Kuis, YkpaiHa

Biktopin CTAMATIEBA, acn., acucT.

ORCID ID: 0000-0003-2721-8985

e-mail: stamatieva56@gmail.com

HauioHanbHWiA TexHiYHWUIA YHiBepcuTeT YKkpaiHu “KuiBcbkuii nonitexHiYHUin iHCTUTYT imeHi Iropsi Cikopcbkoro”, KuiB, YkpaiHa

FPAHUYHI TEOPEMU B Y3ATANBbHEHIA 3A0AYI NPO AHI HAPOMXXEHHA

Y nonepedHix po6omax aemopamu 6yio 3anponoHoeaHo Hoeuli Nidxid 0o knacu4yHux 3adayi 36upayva KyrnoHie i 3ad0ayi Npo OHi HapoO)KeHHs,
wjo 3acHoeaHuli Ha meopii sunadkosux Mo4Ykosux Mip i ix 2py6ili 36ixHocmi. Y npornoHoeaHili cmammi 3a3HavyeHull nidxi0 po3euHeHO Ha Npuknadi
3adayi npo OHi HapoOd)KeHHS ma 3acmocos8yeMo Uio2o y npoyeci dosedeHHs1 HO8UX 2paHUYHUX MeopeM 01 HU3KU HempuegiasibHUX Xapakmepucmuk
moderni.

Aemopamu 3adaHo mo4koeuli npoyec Ha Mempu4YHOMy rnpocmopi, Akuli cknadaemscs 3i 351i4eHHOT Kinbkocmi konil dilicHoi npsiMoi. Amomu
yboz20 npouyecy eidnosidarome MOMeHMaMm rnosieu Hoeux o6’ckmie. 3aedsiku cmpykmypi Mo6ydoeaHO20 MPOUECY KOXXHOMY amomy npupoOHUM
YuHOM gidnoeidae yine 4ucno, sike 8ka3ye Ha KinbKicmb pa3ie, Kosu 06’ekm Yb0o20 Knacy 3’aesisiecsi paHiwe. Mu noka3yemo, wio y pa3i 36inbweHHs
Kinbkocmi knacie 0o HeckiHYeHHOCcmI Ui npoyecu epy6o 36icatombcsi A0 NeeHO20 MoYKko8o20 npouyecy llyaccoHa Ha MOMYy X MPOCMopi.

3acmocyeaHHs1 meopemu npo HenepepeHe sidobpaxxeHHs1 0o doeedeHoi 36ixHOCMi daec 3Mo2y menep doeodumu 2paHUYHi meopemu ons
po3nodinie pisHoMaHimMHux xapakmepucmuk modeni. 1o cymi, HeckiH4eHHO8UMIpHa nNpupoda 3asy4yeHUx MoYKo8uUX npouyecie npusodums 00
8idnoeidHuUX HeCKIHYeHHOBUMIPHUX 2paHU4YHUX meopeM O/1s1 Yux Xapakmepucmuk, W0 MO8HICMI0 PO3KPUBAE iX acuMIMoOMmMuY4Hy cmpyKmypy.

Knw4yoBi cnoBa: y3azanbHeHa 3adaya npo OHi HapoO)keHHs!, eunadkoei moykoei mipu, 2py6a 36ixHicmb, nyaccoHi3ayiss, moykosei
npouyecu lMyaccoHa.

ABTOpYM 3asBMSAIOTL NPO BiACYTHICTb KOHMMIKTY iHTepeciB. CnoHcopu He Bpanu yyacTi B po3pobneHHi gocnigxeHHs (y 36opi, aHanisi
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