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Îäåðæàíî äîñòàòíi óìîâè âèìèðàííÿ, íå âèæèâàííÿ ó ñåðåäíüîìó, ñëàáêîãî òà ñèëüíîãî
âèæèâàííÿ ó ñåðåäíüîìó ïîïóëÿöié ó ñòîõàñòè÷íié, çàëåæíié âiä ùiëüíîñòi õèæàêiâ ìîäåëi
õèæàê-æåðòâà ç ôóíêöiîíàëüíîþ âiäïîâiääþ òèïó Õîëëiíã II.

Êëþ÷îâi ñëîâà: ñòîõàñòè÷íà ìîäåëü õèæàê-æåðòâà, çàëåæíiñòü âiä ùiëüíîñòi õèæàêiâ,
âèìèðàííÿ, íå âèæèâàííÿ ó ñåðåäíüîìó, ñëàáêå òà ñèëüíå âèæèâàííÿ ó ñåðåäíüîìó.

The non-autonomous stochastic density dependent predator-prey model with Holling-type II functi-
onal response disturbed by white noise, centered and non-centered Poisson noises is investigated. Corres-
ponding system of stochastic di�erential equations has a unique, positive, global (no explosions in a �nite
time) solution. Su�cient conditions are obtained for extinction, non-persistence in the mean, weak and
strong persistence in the mean of a predator and prey population densities in the considered stochastic
predator-prey model.

Key Words: stochastic predator-prey model, predator density dependence, extinction, non-persisten-
ce in the mean, weak and strong persistence in the mean.

Communicated by Prof. Moklyachuk M.P.

1 Introduction

The deterministic autonomous Rosenzweig-
Mac'Arthur predator-prey model ([1]) has a form

dx1(t) = x1(t)
(
a1−b1x1(t)− cx2(t)

1+mx1(t)

)
dt,

dx2(t) = x2(t)
(
−a2 + κcx1(t)

1+mx1(t)

)
dt,

(1)

where x1(t) and x2(t) are the prey and predator
population densities at time t, respectively; a1 > 0
is the growth rate of prey x1; b1 > 0 measures
the strength of competition among individuals of
species x1; c is the maximum ingestion rate;m > 0
is the half-saturation; a2 > 0 is the death rate of
predator x2, and κ > 0 is the conversion factor.

In the paper [2] the stochastic version of
model (1) is considered. The authors studied the
non-autonomous density dependent predator-prey

model with Holling-type II functional response, di-
sturbed by white noise and jumps generated by
centered and non-centered Poisson measures. So
the authors take into account the in�uence on the
predator-prey model of the predator population
density dependence and of such random factors
as �res, earthquakes, hurricanes etc. This model
is driven by the system of stochastic di�erential
equations

dxi(t)=xi(t)
[
(−1)i−1

(
ai(t)− ci(t)x3−i(t)

1+m(t)x1(t)

)
−bi(t)xi(t)

]
dt+ σi(t)xi(t)dwi(t)

+
∫
R
γi(t, z)xi(t

−)ν̃1(dt, dz)

+
∫
R
δi(t, z)xi(t

−)ν2(dt, dz),

xi(0) = xi0 > 0, i = 1, 2.

(2)

where x1(t) and x2(t) are the prey and predator
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population densities at time t, respectively, xi(t
−),

i = 1, 2 is a left limit of xi(t), i = 1, 2,
b2(t) > 0 is the predator density dependence
rate at time t, c2(t) = κc1(t), wi(t), i = 1, 2
are independent standard one-dimensional Wi-
ener processes, νi(t, A), i = 1, 2 are independent
Poisson measures, which are independent on
wi(t), i = 1, 2, ν̃1(t, A) = ν1(t, A) − tΠ1(A),
E[νi(t, A)] = tΠi(A), i = 1, 2, Πi(A), i = 1, 2 are
�nite measures on the Borel sets A in R. In [2]
the authors proved that there is a unique positive
global (no explosion in a �nite time) solution to
the system (2) and that this solution is stochasti-
cally ultimately bounded. It is deduced the su�-
cient conditions for stochastic permanence of the
system (2).

The impact of centered and non-centered Poi-
sson noises to the stochastic non-autonomous
predator-prey models is studied in the papers [3],
[4].

In this paper, we derive the su�cient conditi-
ons for the extinction, weak and strong persistence
in the mean of predator and prey population densi-
ties, driven by system (2).

In the following we will use the notations
X(t) = (x1(t), x2(t)), X0 = (x10, x20), |X(t)| =√
x21(t) + x22(t), R2

+ = {X ∈ R2 : x1 > 0, x2 > 0},

βi(t)=
σ2
i (t)
2 +

∫
R
[γi(t, z)−ln(1+γi(t, z))]Π1(dz)

−
∫
R
ln(1 + δi(t, z))]Π2(dz), i = 1, 2.

f̄(t) =
1

t

∫ t

0
f(s) ds,

f∗ = lim inf
t→∞

f(t), f∗ = lim sup
t→∞

f(t).

For the bounded, continuous functions fi(t), t ∈
[0,+∞), i = 1, 2, let us denote

fi sup = sup
t>0

fi(t), fi inf = inf
t>0

fi(t), i = 1, 2.

2 Auxiliary results

Let (Ω,F ,P) be a probability space, wi(t), i =
1, 2, t > 0 are independent standard one-
dimensional Wiener processes on (Ω,F ,P), and
νi(t, A), i = 1, 2 are independent Poisson measures
de�ned on (Ω,F ,P) independent on wi(t), i =
1, 2. Here E[νi(t, A)] = tΠi(A), i = 1, 2, ν̃i(t, A) =
νi(t, A) − tΠi(A), i = 1, 2, Πi(·), i = 1, 2 are �nite

measures on the Borel sets in R. On the probabi-
lity space (Ω,F ,P) we consider an increasing, ri-
ght continuous family of complete sub-σ-algebras
{Ft}t>0, where Ft = σ{wi(s), νi(s,A), s 6 t, i =
1, 2}.

We need the following assumption.

Assumption 1. It is assumed, that ai(t), bi(t),
ci(t), σi(t), γi(t, z), δi(t, z), i = 1, 2, m(t) are
bounded, continuous on t functions, ai(t) > 0, i =
1, 2, bi inf > 0, ci inf > 0, i = 1, 2, minf > 0, and
ln(1+γi(t, z)), ln(1+δi(t, z)), i = 1, 2 are bounded,
Πi(R) <∞, i = 1, 2.

In what follows we will assume that Assumpti-
on 1 holds. In [2] the following result is proved.

Lemma 2.1. (Theorem 2.1, [2]) There exists
a unique global solution X(t) to the system (2)
for any initial value X(0) = X0 ∈ R2

+, and
P{X(t) ∈ R2

+} = 1.

Lemma 2.2. For the density of the population
xi(t), i = 1, 2 we have

lim sup
t→∞

lnxi(t)

t
6 0, i = 1, 2 a.s.

Proof. By the It�o's formula we have for i = 1, 2

et lnxi(t)− lnxi0 =
t∫
0

es
{
lnxi(s)+

(−1)i−1
[
ai(s)− ci(s)x3−i(s)

1+m(s)x1(s)

]
−bi(s)xi(s)−

σ2
i (s)
2

+
∫
R
[ln(1+γi(s, z))−γi(s, z)]Π1(dz)

}
ds+ψi(t),

(3)

where

ψi(t) =
t∫
0

esσi(s)dwi(s)

+
t∫
0

∫
R
es ln(1 + γi(s, z))ν̃1(ds, dz)

+
t∫
0

∫
R
es ln(1 + δi(s, z))ν2(ds, dz), i = 1, 2.

From the exponential inequality ([5], Lemma
2.2) we have

P

{
sup

06t6T
ζi(µ, t) > β

}
6 e−µβ,

∀0 < µ 6 1, β > 0, i = 1, 2
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where

ζi(µ, t) = ψi(t)− µ
2

t∫
0

e2sσ2i (s)ds

− 1
µ

t∫
0

∫
R

[
(1 + γi(s, z))

µes − 1

−µes ln(1+γi(s, z))
]
Π1(dz)ds

−1
µ

t∫
0

∫
R

[
(1+δi(s, z))

µes−1
]
Π2(dz)ds,

i = 1, 2.
Choosing T = kτ, k ∈ N, τ > 0, µ = e−kτ ,

β = θekτ ln k, θ > 1 we get

P

{
sup

06t6kτ
ζi(µ, t) > θekτ ln k

}
6 1

kθ
,

i = 1, 2. By the Borel-Cantelli lemma for almost
all ω ∈ Ω, there is a random integer k0(ω), such
that for ∀k > k0(ω) and 0 6 t 6 kτ

ψi(t) 6 1
2ekτ

t∫
0

e2sσ2i (s)ds

+ekτ
t∫
0

∫
R

[
(1 + γi(s, z))

es−kτ − 1− es−kτ

× ln(1 + γi(s, z))
]
Π1(dz)ds

+ekτ
t∫
0

∫
R

[
(1 + δi(s, z))

es−kτ − 1
]
Π2(dz)ds

+θekτ ln k, i = 1, 2.

(4)

Appling the inequality xr 6 1 + r(x− 1), ∀x > 0,
0 6 r 6 1 with x = 1 + γi(s, z), r = es−kτ , then
with x = 1 + δi(s, z), r = es−kτ , we derive from
(4) the estimate

ψi(t)6 1
2ekτ

t∫
0

e2sσ2i (s)ds

+
t∫
0

∫
R
es [γi(s, z)−ln(1+γi(s, z))] Π1(dz)ds

+
t∫
0

∫
R
esδi(s, z)Π2(dz)ds+ θekτ ln k,

(5)

i = 1, 2. So from (3) and (5) we get for i = 1, 2

et lnxi(t) 6 lnxi0 +
t∫
0

es {lnxi(s)

+(−1)i−1
[
ai(s)− ci(s)x3−i(s)

1+m(s)x1(s)

]
− bi(s)xi(s)

−σ2
i (s)
2

(
1− es−kτ

)
+
∫
R
δi(s, z)Π2(dz)

}
ds

+θekτ ln k 6 lnxi0 +
t∫
0

es[lnxi(s)− bi infxi(s)

+Ki]ds+ θekτ ln k 6 lnxi0 + L(et − 1)
+θekτ ln k, ∀k > k0(ω), 0 6 t 6 kτ,

for some constant L > 0, where

K1 = α1 sup,K2 = sup
t>0

∫
R
δ2(t, z)Π2(dz) +

c2 sup
minf

.

So for any (k − 1)τ 6 t 6 kτ , ∀k > k0(ω) we
have

lnxi(t)

ln t
6 e−t lnxi0

ln t
+

L

ln t
(1− e−t)

+
θekτ ln k

e(k−1)τ ln(k − 1)τ
, i = 1, 2 a.s.

Therefore

lim sup
t→∞

lnxi(t)

ln t
6 θeτ ,

i = 1, 2, ∀θ > 1, ∀τ > 0, a.s.

If θ ↓ 1, τ ↓ 0, then we obtain

lim sup
t→∞

lnxi(t)

ln t
6 1, i = 1, 2 a.s.

So

lim sup
t→∞

lnxi(t)

t
6 0, i = 1, 2 a.s.

The lemma is proved.

3 Persistence and extinction

De�nition 3.1. The solution X(t) = (x1(t), x2(t)),
t > 0 to the system (2) will be said extinct
if for every initial data X0 ∈ R2

+, we have
limt→∞ xi(t) = 0 a.s., i = 1, 2.

Theorem 3.1. If

q̄∗i = lim sup
t→∞

1

t

t∫
0

qi(s)ds < 0,

where

q1(t) = a1(t)−β1(t), q2(t) = −a2(t)+
c2(t)

m(t)
−β2(t)

then the solution X(t) to the system (2) with the
initial condition X0 ∈ R2

+ will be extinct.

Proof.Under Assumption 1 there exists a unique
global solution X(t) to the system (2) for any ini-
tial value X(0) = X0 > 0, and P{X(t) ∈ R2

+} = 1
(Lemma 2.1). By the It�o's formula, we have

lnxi(t) = lnxi0 +
∫ t
0

{
(−1)i−1 [ai(s)

− ci(s)x3−i(s)
1+m(s)x1(s)

]
− βi(s)− bi(s)xi(s)

}
ds

+Mi(t) 6 lnxi0+
∫ t
0 qi(s)ds+Mi(t),

(6)
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i = 1, 2, where the martingale

Mi(t) =
t∫
0

σi(s)dwi(s)

+
t∫
0

∫
R
ln(1 + γi(s, z))ν̃1(ds, dz)

+
t∫
0

∫
R
ln(1 + δi(s, z))ν̃2(ds, dz), i = 1, 2,

(7)

has quadratic variation

⟨Mi,Mi⟩(t) =
t∫
0

σ2i (s)ds

+
t∫
0

∫
R
ln2(1 + γi(s, z))Π1(dz)ds

+
t∫
0

∫
R
ln2(1 + δi(s, z))Π2(dz)ds 6 Kt, i = 1, 2.

Then from the strong law of large numbers for
local martingales ([6]) we have

lim
t→∞

Mi(t)/t = 0, i = 1, 2 a.s.

Therefore, from (6) we obtain

lim sup
t→∞

lnxi(t)

t
6 lim sup

t→∞

1

t

t∫
0

qi(s)ds < 0, a.s.

So limt→∞ xi(t) = 0, i = 1, 2 a.s. The theorem is
proved.

De�nition 3.2. ([7]) The solution X(t) =
(x1(t), x2(t)), t > 0 to the system (2) will be said
non-persistent in the mean if for every initial data
X0 ∈ R2

+, we have

lim
t→∞

1

t

t∫
0

xi(s)ds = 0 a.s., i = 1, 2.

Theorem 3.2. If q̄∗i = 0, i = 1, 2, then the soluti-
on X(t) = (x1(t), x2(t)) to the system (2) with the
initial value X0 ∈ R2

+ will be non-persistent in the
mean.

Proof. From the �rst equality in (6) we have

lnxi(t) 6 lnxi0 +

t∫
0

qi(s)ds

−bi inf

t∫
0

xi(s)ds+Mi(t), i = 1, 2,

(8)

where martingales Mi(t), i = 1, 2 are de�ned in
(7). From the de�nition of q̄∗i , i = 1, 2 and the
strong law of large numbers for Mi(t), i = 1, 2
it follows, that ∀ε > 0, ∃t0 > 0, and ∃Ωε ⊂ Ω,
P(Ωε) > 1− ε such that

1

t

t∫
0

qi(s)ds 6 q̄∗i +
ε

2
,

Mi(t)

t
6 ε

2
,

i = 1, 2, ∀t > t0, ω ∈ Ωε.

So, from (8) we derive

lnxi(t)−lnxi06 t(q̄∗i +ε)−bi inf
t∫

0

xi(s)ds

= tε− bi inf
t∫
0

xi(s)ds, i = 1, 2,

(9)

∀t > t0, ω ∈ Ωε.

Let yi(t) =
∫ t
0 xi(s)ds, i = 1, 2, then from (9)

we have for i = 1, 2

ln

(
dyi(t)

dt

)
6εt−bi infyi(t)+lnxi0, ∀t > t0, ω ∈ Ωε.

Therefore

ebi infyi(t)
dyi(t)

dt
6 xi0e

εt, i = 1, 2, ∀t > t0, ω ∈ Ωε.

By integrating the last inequality from t0 to t we
obtain

ebi infyi(t) 6 bi infxi0
ε

(
eεt − eεt0

)
+ ebi infyi(t0),

i = 1, 2, ∀t > t0, ω ∈ Ωε. So

yi(t) 6
1

bi inf
ln

[
ebi infyi(t0) +

bi infxi0
ε

(
eεt − eεt0

)]
,

i = 1, 2, ∀t > t0, ω ∈ Ωε, and therefore

lim sup
t→∞

1

t

t∫
0

xi(s)ds 6
ε

bi inf
, i = 1, 2, ∀ω ∈ Ωε.

Since ε > 0 is arbitrary and xi(t) > 0, i = 1, 2 a.s.,
we have for i = 1, 2

lim
t→∞

1

t

t∫
0

xi(s)ds = 0 a.s.

The theorem is proved.
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De�nition 3.3. ([7]) The population xi(t), i = 1, 2
will be said weakly persistent in the mean if for
every initial data xi0 > 0, i = 1, 2, we have

lim sup
t→∞

1

t

t∫
0

xi(s)ds > 0, a.s., i = 1, 2

Theorem 3.3. If p̄∗2 > 0, where p2(t) = −a2(t)−
β2(t), then the predator population density x2(t)
with the initial condition x20 > 0 will be weakly
persistence in the mean.

Proof. If the assertion of theorem is not true, then
P{ω ∈ Ω | x̄∗2 = 0} > 0. From the �rst equality in
(6) we get

1

t
(lnx2(t)− lnx20) +

1

t

∫ t

0
b2(s)x2(s)ds

=
1

t

∫ t

0
p2(s)ds+

1

t

∫ t

0

c2(s)x1(s)

1 +m(s)x1(s)
ds

+
M2(t)

t
> 1

t

∫ t

0
p2(s)ds+

M2(t)

t
,

where martingale M2(t) is de�ned in (7). For
∀ω ∈ {ω ∈ Ω| x̄∗2 = 0} in virtue of the strong law
of large numbers for martingale M2(t) we have

lim sup
t→∞

lnx2(t)

t
> p̄∗2 > 0.

Therefore

P

{
ω ∈ Ω| lim sup

t→∞

lnx2(t)

t
> 0

}
> 0.

But from Lemma 2.2 we have

P

{
ω ∈ Ω | lim sup

t→∞

lnx2(t)

t
6 0

}
= 1.

This is a contradiction. The theorem is proved.

Theorem 3.4. If q̄∗1 > 0 and q̄∗2 6 0, then the
prey population density x1(t) with initial conditi-
on x10 > 0 will be weakly persistence in the mean.

Proof. Let P{x̄∗1 = 0} > 0. From the �rst equality
in (6) we get

1

t
(lnx1(t)− lnx10) +

1

t

∫ t

0
b1(s)x1(s)ds

=
1

t

∫ t

0
q1(s)ds−

1

t

∫ t

0

c1(s)x2(s)

m(s)+x1(s)
ds+

M1(t)

t

>1

t

∫ t

0
q1(s)ds−

c1 sup
minft

∫ t

0
x2(s)ds+

M1(t)

t

(10)

where martingale M1(t) is de�ned in (7). From
the strong law of large numbers for martingale
M1(t) and the results of Theorem 3.1 and Theorem
3.2 for the predator population density x2(t) we
obtain from (10)

lim sup
t→∞

lnx1(t)

t
> q̄∗1 > 0

for ∀ω ∈ {ω ∈ Ω| x̄∗2 = 0}. Therefore

P

{
ω ∈ Ω| lim sup

t→∞

lnx1(t)

t
> 0

}
> 0.

But from Lemma 2.2 we have

P

{
ω ∈ Ω| lim sup

t→∞

lnx1(t)

t
6 0

}
= 1.

So we have a contradiction. The theorem is proved.

De�nition 3.4. ([7]) The population density x(t),
t > 0 is said to be strongly persistence in the mean
if for every initial data x(0) > 0, we have x̄∗ > 0
a.s.

Theorem 3.5. If

p̄2∗ = lim inf
t→∞

1

t

∫ t

0
p2(s) ds > 0,

then for every initial data x20 > 0 we have

x̄2∗ = lim inf
t→∞

1

t

∫ t

0
x2(s)ds >

p̄2∗
b2 sup

, a.s. (11)

Therefore predator population density x2(t) will be
strongly persistence in the mean.

Proof. Applying the It�o's formula to the process
lnx2(t), we obtain

lnx2(t) = lnx20 +

∫ t

0
p2(s)ds

+

∫ t

0

c2(s)x2(s)

1 +m(s)x1(s)
ds−

∫ t

0
b2(s)x2(s)ds

+M2(t) > lnx20 +

∫ t

0
p2(s) ds

−b2 sup
∫ t

0
x2(s) ds+M2(t),

(12)

where martingale M1(t) is de�ned in (7).
From de�nition of p̄2∗, strong law of large

numbers for M2(t) it follows that ∀ε > 0, ∃t0 > 0,
∃Ωε ⊂ Ω, such that P(Ωε) > 1− ε,

1

t

∫ t

0
p2(s) ds > p̄2∗ −

ε

2
,
M2(t)

t
> −ε

2
,
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∀t > t0,∀ω ∈ Ωε. So from (12) we have

lnx2(t) > lnx20 + t(p̄2∗ − ε)− b2 sup

∫ t

0
x2(s) ds

∀t > t0, ∀ω ∈ Ωε. Therefore for the process

y2(t) =

∫ t

0
x2(s) ds

we have inequality

ln

(
dy2(t)

dt

)
> (p̄2∗ − ε)t− b2 supy2(t) + lnx20,

∀t > t0, ∀ω ∈ Ωε.
Hence

eb2 supy2(t)dy2(t)

dt
> x20e

(p̄2∗−ε)t,

∀t > t0,∀ω ∈ Ωε. Integrating the last inequality
from t0 to t and using obvious calculations, yields

1

t

∫ t

0
x2(s)ds >

1

b2 supt
ln
[
eb2 supy2(t0)

+
b2 supx20
p̄2∗ − ε

(
e(p̄2∗−ε)t − e(p̄2∗−ε)t0

)]
∀t > t0, ∀ω ∈ Ωε. So

x̄2∗ = lim inf
t→∞

1

t

∫ t

0
x2(s) ds >

p̄2∗ − ε

b2 sup
, ∀ω ∈ Ωε.

Using the arbitrariness of ε > 0, we get (11). The
theorem is proved.

Theorem 3.6. If q̄1∗ > 0 and q̄∗2 6 0, then

x̄1∗ = lim inf
t→∞

1

t

∫ t

0
x1(s) ds >

q̄1∗
b1 sup

a.s. (13)

Hence the prey population density x1(t) will be
strongly persistence in the mean.

Proof. By the It�o's formula for the process lnx1(t),
we obtain

lnx1(t)=lnx10+

∫ t

0
q1(s) ds−

∫ t

0
b1(s)x1(s) ds

−
∫ t

0

c1(s)x2(s)

1 +m(s)x1(s)
ds+M1(t) > lnx10

+

∫ t

0
q1(s) ds− b1 sup

∫ t

0
x1(s) ds

−c1 sup
∫ t

0
x2(s) ds+M1(t),

(14)

where martingale M1(t) is de�ned in (7).

From de�nition of q̄1∗, strong law of large
numbers forM1(t), Theorem 3.1 and Theorem 3.2
it follows that ∀ε > 0, ∃t0 > 0, ∃Ωε ⊂ Ω, such
that P(Ωε) > 1− ε,

1

t

∫ t

0
q1(s) ds > q̄1∗ −

ε

3
,
M1(t)

t
> −ε

3
,

1

t

∫ t

0
x2(s) ds 6

ε

3c2 sup

∀t > t0, ∀ω ∈ Ωε. So from (14) we have

lnx1(t) > lnx10 + t(q̄1∗ − ε)− b1 sup

∫ t

0
x1(s) ds

∀t > t0, ∀ω ∈ Ωε. Therefore for the process

y1(t) =

∫ t

0
x1(s) ds

we have inequality

ln

(
dy1(t)

dt

)
> (q̄1∗ − ε)t− b1 supy1(t) + lnx10,

∀t > t0, ∀ω ∈ Ωε.
Hence

eb1 supy1(t)dy1(t)

dt
> x10e

(q̄1∗−ε)t,

∀t > t0,∀ω ∈ Ωε. Integrating the last inequality
from t0 to t we obtaine

1

t

∫ t

0
x1(s)ds >

1

b1 supt
ln
[
eb1 supy1(t0)

+
b1 supx10
q̄1∗ − ε

(
e(q̄1∗−ε)t − e(q̄1∗−ε)t0

)]
∀t > t0, ∀ω ∈ Ωε. So

x̄1∗ = lim inf
t→∞

1

t

∫ t

0
x1(s) ds >

q̄1∗ − ε

b1 sup
, ∀ω ∈ Ωε.

From the arbitrariness of ε > 0, we get (13). The
theorem is proved.

4 Conclusion

In this paper we derive the su�cient conditions for
the extinction, non-persistence in the mean, weak
and strong persistence in the mean of predator
and prey populations in the non-autonomous
stochastic density dependent predator-prey model
with Holling-type II functional response driven
by the system of stochastic di�erential equati-
ons with white noise, centered and non-centered
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Poisson noises. So, in this model we take into
account levels of predator density dependence
and not only �small� jumps, corresponding to the
centered Poisson measure, but also the �large�
jumps, corresponding to the non-centered Poisson
measure. Under the weak persistence in the mean
lim inft→∞ x̄i(t) = 0, i = 1, 2 is allowed but is not
allowed under the strong persistence in the mean,
which means that the survival in Theorem 3.5 and
in Theorem 3.6 is stronger than in Theorem 3.3
and Theorem 3.4.

Ñïèñîê âèêîðèñòàíèõ äæåðåë

1. Iannelli M. An Introduction to Mathematical
Population Dynamics / M. Iannelli, A. Pugli-
ese � Springer, 2014. � 338 p.

2. Borysenko O. A stochastic predator-prey
model that depends on the population densi-
ty of the predator / O. Borysenko, Olg.
Borysenko // Bulletin of Taras Shevchenko
National University of Kyiv, Series: Physics &
Mathematics. � 2022.� no.4. � pp.11 � 17.

3. Borysenko Olg. Long-time behavior of a non-
autonomous stochastic predator-prey model
with jumps / Olg. Borysenko, O. Borysenko
// Modern Stochastics: Theory and Applicati-
ons. � 2021. � 8(1). � p.17-39.

4. Borysenko O. Long-Time Behavior of
Stochastic Models of Population Dynamics
with Jumps / O. Borysenko, Olg. Borysenko
// In: Stochastic Processes: Fundamentals
and Emerging Applications Ed. by Mikhail
Moklyachuk. New York, NY: Nova Science
Publishers � 2022. � pp. 37-63.

5. Borysenko O.D. Persistence and extinction
in stochastic nonautonomous logistic model
of population dynamics / O.D. Borysenko,
D.O. Borysenko // Theory of Probability and
Mathematical Statistics. � 2018. � 2(99). �
pp. 63�70.

6. Lipster R. A strong law of large numbers for
local martingales / R. Lipster // Stochastics
� 1980. � vol. 3. � pp. 217�228.

7. Liu M. Persistence and extinction in
stochastic non-autonomous logistic systems /
M. Liu, K. Wanga // Journal of Mathemati-
cal Analysis and Applications. � 2011. �
375. � pp. 443�457.

References

1. IANNELLI, M., PUGLIESE, A. (2014)
An Introduction to Mathematical Population
Dynamics. Springer.

2. BORYSENKO, O. and BORYSENKO,OLG.
(2022) A stochastic predator-prey model that
depends on the population density of the
predator. Bulletin of Taras Shevchenko Nati-
onal University of Kyiv, Series: Physics &
Mathematics. no.4. pp.11 � 17.

3. BORYSENKO, OLG. and BORYSENKO,O.
(2021) Long-time behavior of a non-
autonomous stochastic predator-prey model
with jumps Modern Stochastics: Theory and
Applications. 8(1). p.17 � 39.

4. BORYSENKO, O. and BORYSENKO, OLG.
(2022) Long-Time Behavior of Stochastic
Models of Population Dynamics with Jumps.
Stochastic Processes: Fundamentals and
Emerging Applications. Ed. by Mikhail
Moklyachuk. New York, NY: Nova Science
Publishers. pp. 37 � 63.

5. BORYSENKO, O.D. and BORYSENKO,
D.O. (2018) Persistence and extinction in
stochastic nonautonomous logistic model of
population dynamics. Theory of Probability
and Mathematical Statistics. 2(99), pp.63 �
70.

6. LIPSTER, R. (1980) A strong law of large
numbers for local martingales. Stochastics.
vol. 3. pp. 217 � 228.

7. LIU, M., WANGA, K. (2011) Persistence
and extinction in stochastic non-autonomous
logistic systems. Journal of Mathematical
Analysis and Applications. 375, pp. 443�457.

Received: 20.01.2023

36


