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Odeporcaro docmammi Ymosu SUMUPAHHA, HE BUNCUBAHHA Y CEPEIHBOMY, CAGOKO20 MG CUALHO0
BUNCUBAHHA Y CEPETHDOMY NONYAAULT Y CMOTACTUHIT, 3aAeHCHIT 610 WIADHOCTIG TUNACAKLE MOJEAT
TUNCAK-2HCEPMBA 3 PYHKUYIOHAADHOM0 610N061dd muny Xoarine 11,

Kat01061 ca06a: CMOXACMUYHE MOJEAD TUNCAK-HCEPMBA, 3AAEHCHICMD 610 WIABHOCTE TUIHCAKIG,
BUMUPAHHA, HE GUINCUBAHHA Y CEPEOHDOMY, CAGDKE MG CUALHE GUNCUBIHHA Y CEPEIHBOMY.

The non-autonomous stochastic density dependent predator-prey model with Holling-type II functi-
onal response disturbed by white noise, centered and non-centered Poisson noises is investigated. Corres-
ponding system of stochastic differential equations has a unique, positive, global (no explosions in a finite
time) solution. Sufficient conditions are obtained for extinction, non-persistence in the mean, weak and
strong persistence in the mean of a predator and prey population densities in the considered stochastic
predator-prey model.

Key Words: stochastic predator-prey model, predator density dependence, extinction, non-persisten-
ce in the mean, weak and strong persistence in the mean.
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1 Introduction model with Holling-type II functional response, di-
sturbed by white noise and jumps generated by

The deterministic ~autonomous Rosenzweig- centered and non-centered Poisson measures. So
Mac’Arthur predator-prey model ([1]) has a form  the authors take into account the influence on the
predator-prey model of the predator population

dzy(t) = z1(t) (a1 —brx1(t) — #;,EB@)) dt, ) density dependence and of such random factors

dra(t) = 22(t) (—as + kex (t) )dt as fires, earthquakes, hurricanes etc. This model
Tmas(t) is driven by the system of stochastic differential
equations

where z1(t) and z2(t) are the prey and predator

population densities at time ¢, respectively; a; > 0 das(t) =2;(t) {(_1)171 (a-(t)— ci(t)zz—i(t) )

is the growth rate of prey x1; by > 0 measures ' ' ' Lrm{t)z1(t)
] dt + o;(t)z;(t)dw;(t)

()1 (dt, dz) (2)

the strength of competition among individuals of —b;(t)x;(t)

species x1; c is the maximum ingestion rate; m > 0 i f it 2)x

is the half-saturation; ae > 0 is the death rate of

predator zo, and x > 0 is the conversion factor. + f 0i(t, 2)x; (™ )vo(dt,dz),
In the paper [2] the stochastic version of

model (1) is considered. The authors studied the

non-autonomous density dependent predator-prey where x1(t) and x2(t) are the prey and predator

.Z'Z(O) =x;0>0,1=1,2.
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population densities at time ¢, respectively, z;(t7),
i 1,2 is a left limit of z;(t),4 1,2,
ba(t) > 0 is the predator density dependence
rate at time ¢, ca(t) key(t), wi(t),i = 1,2
are independent standard one-dimensional Wi-
ener processes, v;(t,A),i = 1,2 are independent
Poisson measures, which are independent on
wi(t),z' = 1,2, ﬁl(t,A> V1(t,A> — tHl(A),
Elvi(t,A)] = tIL;(A),i = 1,2, II;(A),i = 1,2 are
finite measures on the Borel sets A in R. In [2]
the authors proved that there is a unique positive
global (no explosion in a finite time) solution to
the system (2) and that this solution is stochasti-
cally ultimately bounded. It is deduced the suffi-
cient conditions for stochastic permanence of the
system (2).

The impact of centered and non-centered Poi-
sson noises to the stochastic non-autonomous
predator-prey models is studied in the papers [3],
[4].

In this paper, we derive the sufficient conditi-
ons for the extinction, weak and strong persistence
in the mean of predator and prey population densi-
ties, driven by system (2).

In the following we will use the notations
X(t) = (@1(t), x2(t), Xo = (z10,220), [X(?)] =

() +23(t), R2 = {X e R?: 21 > 0,22 > 0},

B;(t) =2 + [t 2) = (143t 2] (d2)
— [In(1+0; (t,z))]H (dz),i=1,2.
R

—1/Otf(s)ds

fo=liminf f(2), f* = li?ligpf(t)-

?

For the bounded, continuous functions f;(t),t €

[0,400),i = 1,2, let us denote

fisup = sup fi(t), fiinge = inf fi(t),71 =1, 2.
>0 t20

2 Auxiliary results

Let (2, F,P) be a probability space, w;(t),i =
1,2,t > 0 are independent standard one-
dimensional Wiener processes on (2, F,P), and
vi(t, A),i = 1,2 are independent Poisson measures
defined on (2, F,P) independent on w;(t),i =
1,2. Here E[v;(t, A)] = tIL;(A),i = 1,2, 5(t, A)
vi(t, A) — tIL;(A),7 = 1,2, II;(-),7 = 1,2 are finite
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measures on the Borel sets in R. On the probabi-
lity space (2, F,P) we consider an increasing, ri-
ght continuous family of complete sub-o-algebras
{Ft}t=0, where F;y = o{w;(s),vi(s,A),s < t,i =
1,2}.

We need the following assumption.

Assumption 1. It is assumed, that a;(t),b;(t),
ci(t), oi(t),vi(t, 2), 0i(t, 2), 4 1,2, m(t) are
bounded, continuous on ¢ functions, a;(t) > 0,7 =
1,2, biint > 0, ¢ciint > 0,2 = 1,2, myys > 0, and
In(1+;(t, 2)), In(1+6;(¢, 2)),7 = 1,2 are bounded,
IL(R) < 00,i = 1,2.

In what follows we will assume that Assumpti-
on 1 holds. In [2] the following result is proved.

Lemma 2.1. (Theorem 2.1, [2]) There exists
a unique global solution X (t) to the system (2)
for any initial value X(0) = Xo € R2, and
P{X(t)eR%} =1.

Lemma 2.2. For the density of the population
x;i(t),i = 1,2 we have

Inxz;(t
Jim sup 220
t—o00

<0,i=1,2

Proof. By the 1t6’s formula we have for ¢ = 1,2

t
e'lnwz;(t) —Inz = [ { In z;(s)+

0
l)i—l[ai(s)_01(5)13—1(3)} _bi(s)%(s)_‘%‘T(s) (3)

1Hm(s)z1(s)

—1—]1{[111(1 +7i(s, 2)) —7i(s, 2)] I (dz)}dﬁ-%‘(t),

31

where

feoz
—I—ffesln

—l—ff e’ In(1 + 9;(s, 2))ra(ds, dz), i
OR

)dw;(s)

+7i(s, z))n(ds, dz)

1,2.

From the exponential inequality ([5], Lemma

2.2) we have
P{ sup Gi(p,t) > 5} <e P
o<t<T
VO<upu<l >0,i=1,2
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where
Gl t) = i) — & [ a5
—L T+ i, 2 — 1
OR
—pe® In(1+7(s, 2)) | II1 (dz)ds
LI {14610, 2)) — 1] Thp(d=)ds,
OR
i=1,2.

Choosing T = kr,k € N7 > 0,u = e 7

B =0e"Ink, 0 > 1 we get
1
<F7

|

¢ = 1,2. By the Borel-Cantelli lemma for almost
all w € Q, there is a random integer ko(w), such
that for Vk > ko(w) and 0 < ¢ < k7

sup Ci(p,t) > 0e*" Ink
o<t<kr

2s 2
0;

+ehT ftf [(1 + 7i(s
OR
x In(1 + (s, z))} I1; (dz)ds

t

o I [0 -
OR

+0ek " Ink, i =1,2.

(s)ds

,))sk‘r_l_e —kr

(4)
1| IIy(dz)ds
Appling the inequality 2" < 1+ r(z — 1), Yz > 0,
0 <7< 1withe =1+%(s,2), r=e"", then

with £ = 14 6;(s, 2), r = e57*, we derive from
(4) the estimate

Pi(t) < 5

t
+[[ e s, 2) —In(1+7i(s, 2))| i (dz)ds ~ (5)
OR
t
+ [[ €36i(s, 2)a(dz)ds + 0k In k,
OR
i =1,2. So from (3) and (5) we get for i = 1,2

¢
e'Inz;(t) < Inwzi + [ e {lnz;(s)

0
HEDT ails) — HREREG] - bilomls)

—052(8) (1—e=m) + f&i(s,z)ﬂg(dz)} ds
+0eF" Ink < Inzip + f Inx;(s) — binrri(s)
+K;)ds + 0eF" Ink < ln w0+ L(e! — 1)

+0eF Ink, Vk > ko(w),0 < t < kr,
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for some constant L > 0, where

Ky = ajgup, Ko = sup/ 09(t, z)a(dz) + C2sup.
t>0 JR Minf
So for any (k — 1)7 < t < k7, Yk > ko(w) we
have
Inx;(t In x; L
nm()\_tnxg L e
Int Int Int
n OeFm In k 19
,i=1,2 a.s.
et=7In(k — 1)
Therefore
Inx;(t
lim sup nzi(t) < e,
t—00 Int
1=1,2, V0> 1, VT >0, as.
If0 ] 1, 710, then we obtain
Inx;(t
Jim sup 221 ) 1,i=1,2 as.
t—00 Int
So
Inz;(t
lmsup 25 <0 219 as)
t—o00

The lemma is proved.

3 Persistence and extinction

Definition 3.1. The solution X (t) = (x1(t), x2(t)),
t > 0 to the system (2) will be said extinct
if for every initial data X, € R2, we have
limy o 2(t) =0 as., i =1,2.

Theorem 3.1. If

t

g = hﬁijpi/%(s)ds <0,
0
where
1(t) = ()= F1(0), @(t) = —aa(e)+ ) Bl

then the solution X (t) to the system (2) with the
initial condition Xy € Ri will be extinct.

Proof.Under Assumption 1 there exists a unique
global solution X () to the system (2) for any ini-
tial value X (0) = Xo > 0, and P{X(¢t) e R} =1
(Lemma 2.1). By the Ito’s formula, we have

Inz;(t) = lnxo + fO {(=1)" 1 [ai(s)
—aleda] () — by(s) i<s>}ds ()
+M;(t) <In :r:zo+f0 qi(8)ds+M;(t),
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t = 1,2, where the martingale

M;(t) = Oftai(s)dwi(s)
+ ftf In(1 +7i(s, 2)) 1 (ds, dz)

—i—ffln

+9i(s, z))in(ds,dz), i =1,2,
has quadratic variation

(M;, M;)(t) = Ofai?(s)ds

+ ftf In?(1 + (s, 2))IL1 (dz)ds
OR

¢
+ [ In?(1 + 6;(s, 2))Ta(d2)ds < Kt, i = 1,2.
O0R

Then from the strong law of large numbers for
local martingales (|6]) we have
tlggloMi(t)/t =0,1=1,2 as.
Therefore, from (6) we obtain

¢

1

t/qi(s)ds <0, as.
0

So limy o0 x;i(t) = 0,% = 1,2 a.s. The theorem is
proved.

Inxz;(t
—0)
t—o0

< limsup
t—o0

Definition 3.2. ([7]) The solution X(t) =
(x1(t),z2(t)), t = 0 to the system (2) will be said
non-persistent in the mean if for every initial data
Xp € Ri, we have

t

1

lim —

t—oo t
0

zi(s)ds =0 as., i =1,2.

Theorem 3.2. Ifq; =0, i = 1,2, then the soluti-
on X (t) = (x1(t), x2(t)) to the system (2) with the
initial value Xo € Ri will be non-persistent in the
mean.

Proof. From the first equality in (6) we have

t
<lInzy —I—/qz
0
t
_biinf/wz
0

Inz;(t

)ds + M;(t), i = 1,2,
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where martingales M;(t),7 = 1,2 are defined in
(7). From the definition of ¢/, = 1,2 and the
strong law of large numbers for M;(t),i = 1,2
it follows, that Ve > 0, Ity = 0, and Q. C
P(Q.) > 1 — € such that

~+ | =

t
9 9
7 dg_* 9 gfv
/Q(S)S q7,+2 t 2
0
=1,2, Vt > t(),wEQa.

So, from (8) we derive

Inz;(t) —Inwz <t(q; +¢)

t
bsz/xz
0

Yds, i =1,2,

t

zlnff$z
0

=te —

Vt}to,wEQ

Let y;(t fo zi(s
we have for 1=1,2

s)ds,i = 1,2, then from (9)

In <dycjl£t)> Set=biintyi(t)+Hn zio, VE = fo, w € €.

Therefore

~—

dy;(t

bs inf i (t)
e
dt

<xi0et, i=1,2, Vt >

to, w € Q..

By integrating the last inequality from ¢g to t we
obtain

. . b £250
ebz 1nfyz(t) < Lin v (eat _

eEto ) + ebimeyi(to) ,
€

1=1,2,Vt > tg, w € Q. So
biintio (¢ —

eto
: )

)

1
Yi (t) < ——1In |:ebiinfyi(t0) +
bi int

1=1,2, Vt > tg, w € ., and therefore

t

1
lim sup — /xi(s)ds < L, 1=1,2, Vw € Q..
t biinf

t—o0

Since € > 0 is arbitrary and z;(¢) > 0,7 = 1,2 a.s.,
we have for i = 1,2

lim -
t—oo t

xi(s)ds =0 a.s.
0

The theorem is proved.
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Definition 3.3. (|7]) The population x;(t),i = 1,2
will be said weakly persistent in the mean if for
every initial data x;0 > 0,7 = 1, 2, we have

t

1
t/xi(s)ds >0, a.s., i1=1,2

0

lim sup
t—o00

Theorem 3.3. If p5 > 0, where pa(t) = —aa(t) —
Ba(t), then the predator population density xa(t)
with the initial condition o9 > 0 will be weakly
persistence in the mean.

Proof. If the assertion of theorem is not true, then
P{w e Q| 25 =0} > 0. From the first equality in

(6) we get
1/ 2(s)wa(s)ds
2(s)z1(s)

v Al+m<m@>
> t/o pa2(s)ds + (

where martingale Mas(t) is defined in (7). For
Vw € {w € Q] 5 = 0} in virtue of the strong law
of large numbers for martingale Ms(t) we have

1
z(ln x2(t) — Inxgo

1/0t]02(

) +
1 ds
t t
Ms(t)

t

t
lim su na(t) > py > 0.
t—00
Therefore
1 t
P {w € Q| limsup na(t) > O} > 0.
t—o00

But from Lemma 2.2 we have

P <oj-1

This is a contradiction. The theorem is proved.

In z9(t)

w e Q| limsup
t—o0

Theorem 3.4. If ¢f > 0 and @5 < 0, then the
prey population density x1(t) with initial conditi-
on x19 > 0 will be weakly persistence in the mean.

Proof. Let P{z} = 0} > 0. From the first equality
in (6) we get

t

1(lnx1(t)—lnx10)+1/o bi(s)z1(s)ds
i foore &S?iii;dsﬂf” o
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where martingale M;j(t) is defined in (7). From
the strong law of large numbers for martingale
M, (t) and the results of Theorem 3.1 and Theorem
3.2 for the predator population density z2(t) we
obtain from (10)

Inx(t)

lim sup >q >0

t—o00

for Vw € {w € Q| 75 = 0}. Therefore

1 t
P {w € Q| limsup na(t) > 0} > 0.
t—o0 t
But from Lemma 2.2 we have
In x4 (t)

w € Q] limsup
t—00

p{ <of-1

So we have a contradiction. The theorem is proved.

Definition 3.4. (|7]) The population density z(t),
t > 01is said to be strongly persistence in the mean
if for every initial data =(0) > 0, we have Z, > 0
a.s.

Theorem 3.5. If
1 t
P2« = lim inf t/o pa2(s)ds >0,
then for every initial data xog > 0 we have

1 t
/ xo(s)ds >
tJo

Therefore predator population density x2(t) will be
strongly persistence in the mean.

ﬁZ*
b2 sup

(11)

Toyx = liminf
t—o00

a.s.

Proof. Applying the Itd’s formula to the process
In x2(t), we obtain

Inza(t) =Inzog + [ pa(s)ds

t t
+/ 1 TR e ba(s

0 +m 0 (12)
+M2( ) In x99 + P2 S) ds

0

t
—bgsup / 1‘2(8) ds + MQ(t),
0

where martingale M (t) is defined in (7).

From definition of pa., strong law of large
numbers for Ms(t) it follows that Ve > 0, Jtg > 0,
IQ. C Q, such that P(2.) > 1 —¢,

1

¢
/ p2(s) ds = Pas —
t Jo

9 Mg(t)
ot

O |
WV
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Yt > tg, Yw € Q. So from (12) we have

t
Inzo(t) > Inwoy + t(Pox — €) — bgsup/ x9(s)ds
0

YVt > tg,Vw € Q.. Therefore for the process

t
() = [ aa(s)ds
0
we have inequality

In (dyz(t))

dt
Vit > tg, Vw € Q..
Hence

>

(pZ* - 5)t

— basupy2(t) + In a9,

eb2supy2(t) dy;t(t) = xQOe(ﬁQ**E)t

Y

YVt > to,Vw € (.. Integrating the last inequality
from tg to ¢t and using obvious calculations, yields

1 t
/ xo(s)ds >
t 0 2 sup

+b§supx20 (e(ﬁQ*—&‘)t _ €(p2*_€)t0):|
Pox — €

> to, Vw € Q. So

1 t
/ x9(s)ds >
tJo

Using the arbitrariness of € > 0, we get (11). The
theorem is proved.

In [ebz sup¥2(to)

vt

ﬁQ* — &
b2 sup

, Yw € Q..

Tox = liminf
t—o0

Theorem 3.6. If g1« > 0 and @5 <0, then
ZT1x = liminf — z1(s)ds > a.s.
! t—oo t Jo ! b1 sup

Hence the prey population density x1(t) will be
strongly persistence in the mean.

Proof. By the Itd’s formula for the process Inz; (),

we obtain
]

t

t
Inzq(t)=1In x10+/q1 (s)ds

bi(s)xi(s)ds

0
als)aals) -

/1+m() TO R
; (t)ds_blsup/o r1(s)ds

—Clsup ( )d8+M1(t),

0

where martingale M (t) is defined in (7).
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From definition of Gi«, strong law of large
numbers for M (t), Theorem 3.1 and Theorem 3.2
it follows that Ve > 0, 3tg > 0, Q. C €, such
that P(2,) > 1 —¢,

1/t e M(t) 5
- ds > g1« — 3 Z -,
t/o q1(s) a1 3 ; 3
1/t (5)ds < €

— | w2(s)ds

t Jo 2 3C2sup

Vit > to,Vw € Q. So from (14) we have

t
Inzi(t) > Inxio+ (g —€) — b1 sup/ x1(s)ds
0

YVt > tg, Vw € (.. Therefore for the process

yi(t) = /Ot x1(s)ds

we have inequality

dy (¢
In ( y;t( )> P (le* - 5)t - blsupyl(t) + Inz10,
Vit > to, Yw € Q.
Hence
o OB S @y

dt

YVt > to,Vw € Q.. Integrating the last inequality
from tg to t we obtaine

t
1/ x1(s)ds > In [eblsupyl(to)
t 0 1sup
+M (e(QI*—E)t _ e(Q1*—E)tO):|
qix — €

Vit > ty,Vw € Q.. So

1 t
/ x1(s)ds >
tJo

From the arbitrariness of ¢ > 0, we get (13). The
theorem is proved.

QI* — &
bl sup

, Yw € Q..

T1% = liminf
t—o00

4 Conclusion

In this paper we derive the sufficient conditions for
the extinction, non-persistence in the mean, weak
and strong persistence in the mean of predator
and prey populations in the non-autonomous
stochastic density dependent predator-prey model
with Holling-type II functional response driven
by the system of stochastic differential equati-
ons with white noise, centered and non-centered
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Poisson noises. So, in this model we take into
account levels of predator density dependence
and not only “small” jumps, corresponding to the
centered Poisson measure, but also the “large”
jumps, corresponding to the non-centered Poisson
measure. Under the weak persistence in the mean
liminf; o Z;(t) = 0,7 = 1,2 is allowed but is not
allowed under the strong persistence in the mean,
which means that the survival in Theorem 3.5 and
in Theorem 3.6 is stronger than in Theorem 3.3
and Theorem 3.4.
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