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IMPROVEMENT OF CHARACTERIZATION INEQUALITY FOR NORMS OF ¢©-SUB-GAUSSIAN
RANDOM VARIABLE

The paper is focused on refining the characterization inequality for the norm of p-sub-Gaussian random variables. The core
of this improvement lies in a detailed analysis of the remainder terms in Stirling’s formula, which provides an approximation
for n!. This study conducts a comparative analysis of several pairs of known remainder terms, «,, and (3, to identify the pair
that minimizes the approximation error. By calculating the absolute difference for these pairs, we demonstrate that the tightest
bounds are achieved with a specific selection of higher-order terms. This optimized approximation for n! is then applied to
sharpen the constant in a characterization inequality for comparing different norms of a p-sub-Gaussian random variable and
also in the theorem on p-sub-Gaussianity of a random variable.
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Introduction

Stirling’s formula is a cornerstone of mathematical analysis, offering a powerful approximation for the factorial function,
n!. The classical representation of this formula, known since the 18th century, states that as n approaches infinity, the ratio
of n! to v/27n(n/e)™ converges to 1. This approximation is indispensable in various fields, including probability theory,
statistics, and physics, where direct computation of factorials for large n is impractical.

While the limit-based formula is powerful, its practical application often requires more precise error bounds. Conse-
quently, a significant body of research has been dedicated to refining Stirling’s original approximation. The primary objective
was to conduct a comparative analysis of several of these well-established remainder terms. The goal is to identify the spe-
cific pair of ., and g, that yields the least approximation error among the considered options.

The refined result is then applied to sharpen the characterization inequality for the norm of ¢-sub-Gaussian random
variables. These variables are a generalization of Gaussian random variables and have been widely researched and
described in monographs (Buldygin, & Kozachenka, 2000; Vasylyk, Kozachenko, & Yamnenkd, 2008).

1. Stirling’s Formula Remainders
Since Stirling’s time (1764), it has been known that n! ~ C'/n(n/e)", with C = /27, that is
n!

lim NeTTeATEs 1. (1)

Formula (fl]) is known as Stirling’s formula, and many elementary proofs of it have been given. Most such proofs use Wallis’
formula
lim 2:2-4-4--... 2n - 2n _T 2)
n—so01:3-3-5-----2n—1)2n+1) 2’
to show that C = v/27. However, one of the elementary proofs by W. Feller (Feller, 1967) avoids any appeal to Wallis’
formula. Since completely elementary proofs of (B) are well known (see, for example, (SchwartZ, 1967)), this does not
seem to be essential. In addition, a number of upper and lower bounds for n!, most of which imply (i), have been obtained
by various authors. One of the most elementary estimates ¢!'/2,/n(n/e)” < n! < ey/n(n/e)™ was obtained by Hummel
(Hummel, 1940) in 1940. Most bounds are of the form

V2rn(n/e)"e®™ < nl < V2mn(n/e)"e ", (3)

where a,, and 4, tend to zero through positive values. For example, 5, = (12n)~" was proved in (Uspensky, 1937), while
the successively better values

 _ 1 2 1 1 @3 1 1 1
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- ’ Qp " = - + ) 4
(12”+2<2n3+1)) 12n  360n3 12n  360n3 (1260(1+ 2 )n5) (4)
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(1) — i _ ; where = 30M

" T 120 (360 + ya)nd) o n2(n+ 12

@_ 1 1 (5)
" 12n  (360n(n + 1)(n +2))’

@ 1 1 1

12n  360n3 + 1260n5
were obtained in (Maria, 1965; Nanjundiah, 1965; Beesack, 1969; Hu, Lui, & Shi, 2006; Long, 2014; Macyz, 2021). As
proofs for the mentioned remainders are given — we focus on choosing the left and right remainders that will give us the
least n! approximation error among those listed.

To do this, we need to calculate the possible error for each pair of left and right remainders. In common sense, it looks
like €2 =e"" _ can=Fn _ 1 And for an equation like this — we can use the fact that for small z, ¢* — 1 = z.

eBn

Let's calculate the first pair of & and 8 with ,, defined in (B).

wm_ 1 1 _ 1 1 _ 330 +91n® + 123n + 60 5
"7 I (60450t 120 (360 + 2000 G0n(Tn? + 1007 + 25 + 12) (6)
1 _ 1 B 4n + 2
ap’ = = : (7)
3 48n2 + 24n + 3
(12n + 2(2n+1))
With the equations calculated above (B) and ([d), we can compute the absolute difference between « and 3.
‘am s _ int2 (1 1
" " 48n2 4 24n + 3 12n (360 + v, )n3 @)
- 32n° + 80n" + 31n® — 75n° — 123n — 60
" 160n(112n5 + 360n* + 55903 + 411n2 + 121n + 12) |
Now let's do the same for the next two pairs of « and g from (f]) and (B) respectively.
@ _g@|_ |1 1 1 1 =t )(n+2)| _ 3n+2
] S (S - = C)
12n  360n3 12n 360n(n +1)(n + 2) 360n3(n+1)(n+2) 360n3(n+1)(n+2)
o® _ 5@ _ 1 o1 _ n>+n—(n*+n+2) _ 2 (10)
" " 1260 (n2(+rflr>2) ns 1260m° 1260(n? 4+ n + 2)n® 1260(n2 +n + 2)ns’

As we consider n > 2, it's easy to see that « and 8 achieve their supremum with n = 2. So, to calculate the least possible
error — let’s substitute it into equations (8), (8), (f0):

1946

W _ 4| _ ~ 1,032

‘O‘” ™ 12015714 = 103%¢

@ _go|_ 3242 44

‘0‘" "7 360-8-3.4 ¢
@) _ 53] _ 2 ~ 6.2¢6 11
o =P = 960 (412 +2) 32 0% - (1)

As we convinced earlier, o and Bﬁf’) from (@) and (B) respectively give us the least error (f(1]). That is why we will be
using it further. Now let's assume that n = 2.

Then
@_ 1L 1 N 1 _ 1680 — 1441 1667
" T 12-2  360-8  1260-32 40320 © 40320
and
@ 1 1 2.3 13334 6667

Ay

- — = = . 12
12-2  360-8 + 1260-(2-3+2)-32 322560 161280 (12)

2. Improvements of inequality for norm of space of p-sub-Gaussian random variables

p-sub-Gaussian random variables, spaces, and their properties were introduced in (Giuliano-Antonini, Kozachenko, &
Nikitina, 2003). We will try to improve the accuracy of the inequality for the norms of the space of p-sub-Gaussian random
variables, referring to the lemmas from there.

Lemma 1. Let & € Sub,(?). Then for every a > 0 the next inequality holds true:

Eler <2 (£)" (o) o ot —amo) <20 (i)

Then, from |, we can obtain the following result.
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Corollary 1. Let ¢ € Sub,(2). Then the next inequality holds true
To(§) 2 99@(5)/\/57

where 6,(¢) = supE (|§\")% @, and 0, (€) is a norm for Sub, ().

n=2
Lemma 2. Let¢ € Sub, (). Thenfork =1,2,... the following inequalities hold true:

ek

E€*| <El¢]* <2(1(8)* ——— kL
B¢ < Bl <2

Corollary 2. If¢ € Sub,(Q2), then the next inequality holds true

where v, (§) = sup,,», [EE" ‘? £ 1(n)
("')

Norms 6,(-) and v,,(+) are less popular than 7, (-), yet they are used in applications of p-sub-Gaussian processes, see,
for example ([Troshki, 2017)).

Lemma 3. Let¢ € Sub, () and v, (§) > 0,(§). Then the next inequality holds true:

329227

Vp(§) < 3225600, (€). (13)

Proof. We can see that this inequality holds true accordlng to proposition ﬁ] lemma [, and Stirling’s formula (@), stating that

nl =n"e™" (2mn)"/? e’ forn > 2, where [0, | < 15 — 555 + — . Using the value calculated in (f2), we
(1260(1+n(n+1) n )
derive the following inequality
1490
my® =Lt e’ Lot 1 g
n(2mn)zn M n

Lemma [ improves the following result from (Giuliano-Antonini, Kozachenko, & Nikitind, 2003, Corollary 4.4):

ve(©) <en { 5 10.(6).

Lemma 4. Let £ be a random variable with E¢ = 0, and let ¢ be a N-function satisfying the condition Q). Let Ao > 0 be
some number and
co= inf  o(\)/)\°.

0<|A|<Ao

Let also v,(§) < oo. Then & € Sub,, () and the following inequality holds:

To(§) < Sevp(§), (14)
where S, = max ~; ', and v, is the root of the equation v = Xo+/co(1 — ), 72 is the root of the equation v* — 2(1 — ~) = 0,

i=1,3
and s is the root of the equation v = = *(2)/co(1 — 7).

The proof can be found in (Giuliano-Antonini, Kozachenko, & Nikitina, 2003).
Also, note that Lemmas [§ and [ establish the equivalence of the norms v, (¢) and 7,(¢). Furthermore, a random
variable ¢ belongs to Sub, () if and only if E€ = 0 and v, (&) < oc.

3. Orlicz spaces of exponential type

Let +) be an arbitrary N-function. The Orlicz space generated by the N-function U(z) = {exp {¢(z)} — 1,z € R, is called
an Orlicz space of exponential type. We shall be interested in the Orlicz space of exponential type Exp,- () generated
by the Young-Fenchel transform ¢* of an N-function . The Luxemburg norm in Ezp.- () is denoted by o+, i.e. for a
random variable £ € Exp,~ () we have

00+ (€) =inf{a > 0: E{expy™(¢/a)} < 2}.
The space Exzp,- () is a Banach space with respect to the norm o« ().

Lemma 5. Let ¢ be an N-function and £ € Exp,~ (). Then, for any p > 1, the following inequality holds:

(El¢lP)r <27 @]f(p) (3} (15)

The proof can be found in (Giuliano-Antonini, Kozachenko, & Nikiting, 2003).
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As a consequence of ({3), the following inequalities are also improved.

Lemma 6. Let ¢ be a N-function satisfying the condition @), and let £ be a random variable such that ¢ € Sub,(Q2) and
E¢=0. Then

329227

To(§) < Spe322560 gpx (£),

where S, is defined in (4).

Lemma 7. Let ¢ be a random variable such that

P{el >t < Cexp{-v(5)},
where 1) (x) is an N-function. Then ¢ € Exp,, () and 4 (§) < (1 + C)D

Lemma 8. Let ¢ € Sub,(Q2); then { € Exp,«(2) and the following inequality holds:
oy (§) < 37 (). (16)

Considering the lemmas, propositions, and equation () mentioned above, we can arrive at the following theorem.

Theorem 1. A random variable & belongs to the space Sub,(2) only if E£ = 0 and there exist constants C > 0 and D > 0

such that
P{igl> ) <Cexp{~¢" (5)} (17)
for any = > 0. If ({{7]) holds, then
70(6) < S, 32560 (1+ C)D
where S, is defined in ({4).

H”

Example. Consider the Orlicz N-function ¢, (z) = , 1 <p <2 orforp > 2, the piecewise definition ¢, (z) = =,

|z| = 1, and pp(z) = % |z| < 1, and examine inequahty (f8) in this particular setting.
Put 7, (¢) = 7. Let's apply Lemma fi|. Since for s > 1

(&

inf exp {o, (1) — st} = ()7,

then .
S S q S
E [¢] <2(g)‘17. (18)
Since ¢, (z) = % for the case 1 < p < 2, and ¢, (z) < 'I (as ¢ < 2) we have by ({[§) fora > 0
. €9 _ N LE |s|k a
Eexp{¢"({/a)} < Eexp{ Zk— <1 +22 k'ek ( ) k. (19)
It follows from Stirling’s formula and ({J) that
k" 1 13334
—/ < € 322560 |
klek = /2rx

Therefore

13334
. § 2@ 322560 )
oo (£)) <1s 2R S
The above geometric series converges if 7/a < 1 and in such case its sum is equal to

26355560 (1/a)?

Vor 1= (7/a)®

13334 1/q
I — 2e 322560 ‘1
V2 ’

then the last quantity in (f9) is not greater than 2 if a/7 > L > 1. This gives us the following result

opr (§) < L7y, (£) -

1+

Put

Discussions and conclusion

By refining Stirling’s formula through an optimal choice of remainder terms, we obtained sharper constants in the char-
acterization inequality for norms of p-sub-Gaussian random variables. This illustrates how classical analytic improvements
translate into tighter probabilistic bounds, with potential applications to concentration inequalities and stochastic modeling.
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YTOYHEHHS XAPAKTEPU3ALINHOI HEPIBHOCTI AN151 HOPM (-CYBIAYCCOBOI BUNAAKOBOI BEJIMYMHU

30ilicHeHO ymoYHeHHs1 xapakmepu3ayiliHol HepieHocmi MiXk HopMamu p-cy62ayccoeoi eunadkoeoi eenuduHU. Cymb Y4b020 800CKOHaIeHHS
nonsieae 8 6inbw 0demanbHOMY aHani3i 3anuwKosux YneHie y gpopmyni CmipniHea, wjo sukopucmosyemsncsi 055 nNidpaxyHKy HabruXeHo20 3Ha4yeH-
Hs19nan!. Y npornoHoeaHoMy docidxeHHi npoeedeHo nopieHsIbHUU aHai3 OeKifnbKox nap i0oMux 3a/lUWIKOBUX YileHis, o, i 3,,, W06 eusHayumu
napy, sika MiHiMi3ye noxubky HabnuxeHHsi. O6yucnroroyu abconromHy pPi3HUYHo 05 yux nap, npodeMoHcmMpoeaHo, Wo HalimicHiwi Mexi docsiea-
rombcsl y pa3i KOHKpemHo20 eubopy 4neHie euwo2o nopsidky. Lle noninweHe Ha6nuxeHHs1 OnsA n! Momim 3acmocosyembcsi O yMOYHEHHs!
cmaiioi 8 xapakmepu3auyiliHili HepieHocmi Onsi NOPi8HSIHHA Pi3HUX HOPM ¢-Cyb2ayccoeoi 8unadKoeoi eeslu4UHU ma meopemi Npo p-cybaaycco-
gicmb eunadkoeor eeslUYUHU.

Knw4yoBi cnoBa: ¢opmyna CmipniHaa, 3anuwok, xapakmepu3ayiliHa HepieHicmb, HOpMa, p-cyb62ayccoea eunadkoea eesluyuHa.
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